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Motivation

Problems in high energy physics:
o T duality
o Chern Simons field theories

Topological formulation.
The Gysin exact sequence: a powerful tool at hand.
Our question: look at the quantized version of these theories by studying

noncommutative spaces.
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T-duality

T-duality is a symmetry in superstring theory, relating type IIA and |IB sigma
models.

The physics of a type IlA sigma model compactified along a circle of radius R
is indistinguishable from a type IIB sigma model compactified on a circle of

dual radius o//R.
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T-duality

T-duality is a symmetry in superstring theory, relating type IIA and |IB sigma
models.

The physics of a type IlA sigma model compactified along a circle of radius R
is indistinguishable from a type IIB sigma model compactified on a circle of
dual radius o//R.

We consider strings in presence of a background field B with flux dB =: H.
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Ingredients for T-duality

Let E be our spacetime.

Type A Type IIB
Background H-flux HeQ¥E),dH=0| Hec Q*E),dH=0
Ramond-Ramond (RR) field G € Q**"(E) G € Q°%(E)
(d—H)AG=0 (d—H)AG=0
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Topological T-duality

To get a better understanding of these topological issues let us formulate

everything in terms of U(1) bundles.

E Xx E
H e H*(E,zZ)
F=#.H), F=m.(H)
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Topological T-duality

To get a better understanding of these topological issues let us formulate

everything in terms of U(1) bundles.

ExxE - (@)

F=#.(H), F=m.(H) ()

He H*(E,Z) H e H}(E,Z)

R/

and on the correspondence space E xx E we have p*(H) = ﬁ*(/l:l).
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Long exact sequence in cohomology, associated to any U(1) — E —7 X.
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Long exact sequence in cohomology, associated to any U(1) — E —7 X.
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The Gysin Sequence and T-duality

Long exact sequence in cohomology, associated to any U(1) — E —7 X.
> HA(E) —> R (Xx) H"“(X) H Y E) —— -+~
The segment k = 3 is the statement of T-duality:

H3(E) H*(X) ——0

HFH——— 7. (H) = F

the curvature of the T-dual bundle E’.
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Example I: The Monopole Fibration

Let E = S3 ~ SU(2). Let S* (maximal torus) act freely on E. The quotient
X = §*/Stis CP* ~ S2.

H =0, and curvature F = w, with w the generator of H*(5%,7Z) .

$3 xSt (3)
PN
s3 52 x st
\ . /
Integrating along the fiber
a(E)=7"(H) a(E)=n"(H)=0. (4)
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Example II: Lens Spaces

8/18

Orbit spaces of a free action of Z, on odd dimensional spheres.

Particular case:
S ={(z1,2) € C* | |al’ +|z* =1} (5)

Action of Z, on §3 by

k-(z1,2) = (21,C*2),  C=eF k=0,...,r—1 (6)
3
L(L;r):= %r @)

It is the total space of the circle bundle over S? with Chern class r-times the

generator of H*(S?, 7).

(L) H = k)2 k), o= )
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Chern Simons on Lens Spaces

The study of the CS action functional and its partition function simplify slightly
when one does not consider general 3 manifolds, but rather total spaces of U(1)

bundles ( Blau, Thompson 2006) and Seifert fibrations (Blau, Thompson 2013).
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Chern Simons on Lens Spaces

The study of the CS action functional and its partition function simplify slightly
when one does not consider general 3 manifolds, but rather total spaces of U(1)

bundles ( Blau, Thompson 2006) and Seifert fibrations (Blau, Thompson 2013).

Then one can exploit the tecniques of abelianization to relate CS on Seifert

Manifolds to g-deformed YM on Riemann Surfaces.
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Chern Simons on Lens Spaces

9/18

The study of the CS action functional and its partition function simplify slightly
when one does not consider general 3 manifolds, but rather total spaces of U(1)

bundles ( Blau, Thompson 2006) and Seifert fibrations (Blau, Thompson 2013).

Then one can exploit the tecniques of abelianization to relate CS on Seifert

Manifolds to g-deformed YM on Riemann Surfaces.

This was already pointed out by Vafa et al in 2004 and formalized by Beasley
and Witten in 2005.
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Chern Simons on Lens Spaces

9/18

The study of the CS action functional and its partition function simplify slightly
when one does not consider general 3 manifolds, but rather total spaces of U(1)

bundles ( Blau, Thompson 2006) and Seifert fibrations (Blau, Thompson 2013).

Then one can exploit the tecniques of abelianization to relate CS on Seifert

Manifolds to g-deformed YM on Riemann Surfaces.

This was already pointed out by Vafa et al in 2004 and formalized by Beasley
and Witten in 2005.

This phenomenon lies again on the Gysin sequence.
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Towards Noncommutative Spaces

The key idea in the generalization to noncommutative spaces is contained in

the following diagram:
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Towards Noncommutative Spaces

The key idea in the generalization to noncommutative spaces is contained in

the following diagram:

geometry algebra
locally compact Hausdorff space C*-algebra
compact Hausdorff space unital C*-algebra
vector bundle locally free projective module
Lie Group Hopf Algebra
Action Coaction
Principal Bundle Hopf-Galois Extension
Singular cohomology ?
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Towards Noncommutative Spaces

The key idea in the generalization to noncommutative spaces is contained in

the following diagram:

geometry algebra

locally compact Hausdorff space C*-algebra

compact Hausdorff space unital C*-algebra
vector bundle locally free projective module
Lie Group Hopf Algebra
Action Coaction
Principal Bundle Hopf-Galois Extension
Singular cohomology ?

K-theory Operator K-theory.
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The Gysin Sequence in K-Theory

Main reference: Karoubi 1978.
Cyclic Six Term exact sequence with K*(CP!) = 0.

0 — KY(L(1,r)) -2 KO(CPY) 2 KO(CP') = KO(L(1,r)) — 0, (8)
where « is the mutiliplication by the Euler class
xX(Lr) =1~ [L/] (9)

of the bundle £, := £®", where £ is the canonical line bundle on CP.
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The Gysin Sequence in K-Theory

Main reference: Karoubi 1978.
Cyclic Six Term exact sequence with K*(CP!) = 0.

0 — KY(L(1,r)) -2 KO(CPY) 2 KO(CP') = KO(L(1,r)) — 0, (8)
where « is the mutiliplication by the Euler class
xX(Lr) =1~ [L/] (9)

of the bundle £, := £®", where £ is the canonical line bundle on CP.

... Is there a quantum version?
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Algebraic Ingerdients: the Hopf g-Monopole Fibration

Total space: A(SUq4(2)), coordinate algebra of the quantum group SUq(2):
*_algebra generated by a, b subject to the relations

* * * *
ac =gqca, ac =gqc’a, cc =c’c,
(10)

2
a'at+c'c=aa"+qcct =1,
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Algebraic Ingerdients: the Hopf g-Monopole Fibration

Total space: A(SUq4(2)), coordinate algebra of the quantum group SUq(2):
*_algebra generated by a, b subject to the relations

*

* * *
ac =gqca, ac =gqc’a, cc =c’c,

(10)
a*a+c'c=aa"+q°cc” =1,
Define a U(1)-action on the algebra by
w - (a, b) = (wa,wb), Yw € U(1). (11)
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Algebraic Ingerdients: the Hopf g-Monopole Fibration

Total space: A(SUq4(2)), coordinate algebra of the quantum group SUq(2):
*_algebra generated by a, b subject to the relations

*

* * *
ac =gqca, ac =qc’a, cc =c’c,

(10)
a*a+c'c=aa* +q’cct =1,
Define a U(1)-action on the algebra by
w - (a,b) = (wa,wb), Yw € U(1). (11)
The algebra of coinvariant elements,
(A(SUq(2))"™ =~ A(CP), (12)

is the algebra of function on the noncommutative projective line.
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Line bundles

For the coordinate algebra of the quantum 3 sphere we have

A(SUq(2)) = EP £a (13)

neZ
where the L, are finetely generated projective modules that can be thought of

as line bundles:

Ln:={p € A(SUq(2)) |w - ¢ = w"p}. (14)

13/18 Gysin Si for ive Spaces and their Applications Francesca Arici (SISSA)




Line bundles

For the coordinate algebra of the quantum 3 sphere we have
A(SUq(2)) = B La (13)
nez
where the L, are finetely generated projective modules that can be thought of

as line bundles:

Ln:={p € A(SUq(2)) |w - ¢ = w"p}. (14)

We have
Lo = A(CP}) (15)
Lm @acpy) Ln = Lotm. (16)
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We define the coordinate algebra of the quantum lens space
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Algebraic Ingredients: Quantum Lens Spaces

We define the coordinate algebra of the quantum lens space

A(Lq(lvr)) = @Lnr (17)
n€Z

This algebra agrees with the invariant algebra of SU4(2) under a Z, action

defined as classically.
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Algebraic Ingredients: Quantum Lens Spaces

We define the coordinate algebra of the quantum lens space
A(Lg(1,7)) = P Lo (17)
ne”z
This algebra agrees with the invariant algebra of SU4(2) under a Z, action
defined as classically.

Moreover, we have a quantum principal bundle over the projective line A(CP?').

14/18 Gysin Si for ive Spaces and their Applications Francesca Arici (SISSA)




The Construction of the Gysin sequence (F. A. - S. Brain - G.Landi)

o A key role in the construction is played by the line bundle L,.
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The Construction of the Gysin sequence (F. A. - S. Brain - G.Landi)

o A key role in the construction is played by the line bundle L,.

We may again consider multiplication by the Euler class of L,;

@ Moreover, we can define the pullback of line bundles:

Je(Ln) = Ln @ acpy) ALq(1, r)); (18)

15/18 Gysin S for ive Spaces and their Applications Francesca Arici (SISSA)




The Construction of the Gysin sequence (F. A. - S. Brain - G.Landi)

o A key role in the construction is played by the line bundle L,.

We may again consider multiplication by the Euler class of L,;
@ Moreover, we can define the pullback of line bundles:

Je(Ln) = Ln @ acpy) ALq(1, r)); (18)

@ We have an index map constructed using KK-theory.
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The Construction of the Gysin sequence (F. A. - S. Brain - G.Landi)

o A key role in the construction is played by the line bundle L,.

We may again consider multiplication by the Euler class of L,;

@ Moreover, we can define the pullback of line bundles:

Je(Ln) = Ln @ acpy) ALq(1, r)); (18)

@ We have an index map constructed using KK-theory.

0 — Ki(Lq(1,r)) 2 Ko(CPh) < Ko(CP) — Ko(Lg(1, 7)) — 0.

(19)
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the K-theory classes.

@ The computations can be exploited in the above mentioned problems.
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the K-theory classes.
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@ It is more general than that: in any dimensions.
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Conclusions and Future Developlments

@ Our construction is very explicit: it allows to compute representative of

the K-theory classes.
@ The computations can be exploited in the above mentioned problems.
@ It is more general than that: in any dimensions.

@ General U(1) bundles with a free action:

work in progress with J. Kaad and G. Landi.
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Conclusions and Future Developlments

@ Our construction is very explicit: it allows to compute representative of

the K-theory classes.
@ The computations can be exploited in the above mentioned problems.
@ It is more general than that: in any dimensions.

o General U(1) bundles with a free action:

work in progress with J. Kaad and G. Landi.

o Computation of Chern Simons invariants of Noncommutative spaces:

work in progress with S. Brain, G. Landi, R. Szabo.
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Conclusions and Future Developlments

@ Our construction is very explicit: it allows to compute representative of

the K-theory classes.
@ The computations can be exploited in the above mentioned problems.
@ It is more general than that: in any dimensions.

o General U(1) bundles with a free action:

work in progress with J. Kaad and G. Landi.

o Computation of Chern Simons invariants of Noncommutative spaces:

work in progress with S. Brain, G. Landi, R. Szabo.
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Thank you very much for your attention!
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