
Chapter 9

Fluids

9.1 Newtonian Fluids

The equations of motion for an incompressible Newtonian fluid were derived
in the previous chapter. The conclusion was that the constitutive law for the
stress is

T = −pI + 2µD, (9.1)

where p is the pressure, D is the rate of deformation tensor given in (8.67),
and µ is the dynamic viscosity. The SI unit for µ is the Pascal-second (Pa
s), and to help provide some perspective on this, the viscosities of some well-
known fluids are given in Table 9.1. Not unexpectedly, the viscosity of air is
significantly less than the viscosity of water, which in turn is less viscous than
olive oil. What might seem odd is that there is an entry for peanut butter,
which was determined experimentally in Baker et al. [2004]. You might think
that a substance like peanut butter behaves more as a solid than a fluid.
This is partly due to the length of time it takes peanut butter to flow. It is so
slow that it seems to have more of the characteristics of a solid. As it turns
out, peanut butter is not a Newtonian fluid, but this is not due to its slow
flow characteristic. It has properties similar to toothpaste and ketchup, two
materials that are discussed in more depth in the next section.

Fluid Viscosity (Pa s) Density (kg/m3)

Air 1.8× 10−5 1.18

Water 0.89× 10−3 0.997× 103

Mercury 1.5× 10−3 1.3× 104

Olive Oil 0.8× 10−1 0.92× 103

Peanut Butter 1.2× 105 1.02× 103

Table 9.1 Viscosity and density of various substances at 25◦ C.
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The question that arose about peanut butter is one of the objectives of
this chapter, namely how can you determine if a substance can be modeled
as a Newtonian fluid? This same question came up in Chapters 6 and 7 when
studying elasticity and viscoelasticity, and the answer is the same as before.
Namely, we will derive solutions to the equations of motion and then compare
them with what is found experimentally. Assuming they agree then we should
be able to use the experimental data to determine the viscosity. We will also
use this approach to investigate various simplifications that can be made in
the Newtonian model. For example, the viscosity of air is so small, it would
seem that it might be possible to simply assume it is zero. This assumption
produces what is known as an inviscid fluid, and the resulting mathematical
problem gives the appearance of being simpler than what is obtained for a
viscous fluid. In this chapter a progression of such simplifying assumptions is
examined, with the goal of better understanding fluid motion.

9.2 Steady Flow

One of the more studied problems in fluids involves steady flow. This means
that the fluid velocity and pressure are independent of time. Assuming there
are no body forces then the equations of motion for a steady incompressible
fluid, coming from (8.77) and (8.78), are

ρ(v · ∇)v = −∇p+ µ∇2v, (9.2)
∇ · v = 0. (9.3)

As always, with incompressible motion, it is assumed that ρ is constant.
We will solve several fluid problems, and it is always of interest on such

occasions to be able to visualize the flow. One method is to find the paths
of individual fluid particles as the fluid moves, what are known as pathlines.
Once the velocity is known, then the pathline x = X(t) that starts out at
x = A is found by solving

dX
dt

= v(X, t), (9.4)

where
X(0) = A.

As is probably evident, a pathline is just the position function used to define
material coordinates introduced in Sections 6.2 and 8.2. As demonstrated in
Exercise 6.3, even for one dimensional motion it is not particularly easy to
find an analytical solution of (9.4). For steady motion, which is what we are
currently investigating, the problem is a bit easier as the velocity does not
depend explicitly on time. However, for most problems numerical methods
are usually needed to find the solution.
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Figure 9.1 In plane Couette flow the lower plate is stationary, while the top plate
moves in the x-direction. Solving this problem shows that the velocity of the fluid
varies linearly between the two plates.

9.2.1 Plane Couette Flow

One of the more basic flows arises when studying the motion of a fluid between
two parallel plates. A cross-section of this configuration is shown in Figure
9.1. The lower plate, located at y = 0, is fixed, while the upper plate, at
y = h, moves with a constant velocity u0 in the x-direction. The associated
boundary conditions are

v = (u0, 0, 0) on y = h, (9.5)
v = 0 on y = 0. (9.6)

It is assumed that the upper plate has been moving with this constant velocity
for a long time, so the flow is steady. It is also assumed that the fluid is
incompressible, so (9.2), (9.3) apply.

At first glance, given that (9.2) is a nonlinear partial differential equation,
finding the velocity and pressure would seem to be an almost impossible
task. However, some useful insights on the properties of the solution can be
derived from the boundary conditions and the geometry. In particular, given
that the upper and lower boundaries are flat plates, and the upper one moves
with a constant velocity in the x-direction, it is not unreasonable to guess
that there is no dependence on, or motion in, the z-direction. In other words
v = (u, v, 0), where u, v, and p are independent of z. In this case, (9.2), (9.3)
reduce to

ρ(u∂x + v∂y)u = −∂xp+ µ∇2u,

ρ(u∂x + v∂y)v = −∂yp+ µ∇2v,

∂xu+ ∂yv = 0.

This is still a formidable problem, so we need another insight into the form
of the solution. Given that the upper plate is sliding in the x-direction, it is
not unreasonable to expect that there is no flow in the y-direction. In this
case, v = 0 and the above system reduces to
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ρu∂xu = −∂xp+ µ∂2
yu,

0 = −∂yp,

∂xu = 0.

From the last two equations we have that p = p(x) and u = u(y). In this case,
the first equation reduces to p′(x) = µu′′(y). The only way for a function of
x to equal a function of y is that both functions are constants. Consequently,
p′(x) constant means p(x) = p0 + xp1, where p0 and p1 are constants. It is
assumed that the pressure remains bounded, and so p1 = 0. With this, the
solution of µu′′(y) = p′(x) is u = ay + b. Imposing the boundary conditions
u(0) = 0 and u(h) = u0, it follows that u = u0y/h.

The solution of the plane Couette flow problem is, therefore,

v = (γy, 0, 0), (9.7)

where p = p0 is constant, and
γ =

u0

h
(9.8)

is known as the shear rate. This shows that the fluid velocity in the x-direction
increases linearly between the two plates, from zero to u0. This dependence
is illustrated in Figure 9.2. Also, the resulting fluid stress tensor (9.9) is

T = −p0I + µ


0

u0

h
0

u0

h
0 0

0 0 0

 . (9.9)

The above solution gives us something we sorely need, and that is a method
for checking on the assumption that a fluid is Newtonian. The solution shows
that for a Newtonian fluid the shear stress is T12 = µu0/h. Therefore, the
shear stress depends linearly on the shear rate γ = u0/h, with the slope of
the curve equal to the viscosity. This is the basis for one of the more impor-
tant experiments in fluid dynamics, where the shear stress is measured as a
function of the shear rate. Results from such tests are shown in Figures 9.2
and 9.3, for fluids most people have experience with. Based on the linearity
of the data in Figure 9.2, the assumption that water and oil are Newtonian is
reasonable. For the same reason, from Figure 9.3, ketchup and toothpaste are
not Newtonian, or only Newtonian for very small shear rates. They are exam-
ples of what are called nonlinear power-law fluids, where T12 = αγβ . Based
on the data in Figure 9.3, for ketchup, β = 0.55, where as for toothpaste,
β = 0.44. Some of the implications of such a constitutive law are investigated
in Exercise 9.7.

Before moving on to another topic, a comment needs to be made about
our solution of the plane Couette flow problem. The assumptions we made in
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Figure 9.2 Shear stress, as a function of shear rate γ, for water and oil at 25◦ C
(Ellenberger et al. [1976]).

deriving the solutions worked in the sense that we found pressure and velocity
functions that satisfy the original steady flow problem given in (9.2), (9.3),
along with the stated boundary conditions (9.5), (9.6). So, if the solution to
this problem is unique then we have found it. The question is uniqueness.
We saw in Chapter 3 that nonlinear problems often have multiple solutions.
In such cases the question that arose was whether the solution was asymp-
totically stable, because even if there are multiple solutions, those that are
unstable are effectively unachievable. This question arises in all but the sim-
plest fluid problems because of the inherent nonlinear nature of fluid flow.
It has been shown that the solution we have derived for plane Couette flow
is linearly stable (Drazin and Reid [2004]). However, it has been found ex-
perimentally that as the shear rate increases there is a value where the flow
changes dramatically, from the unidirectional flow we found to one that is
three-dimensional and turbulent. The appearance of a solution different than
the one we derived is due to the experimental setup, where the flow is per-
turbed sufficiently to cause the turbulence to appear. This means that for
higher shear rates the solution we derived is not globally asymptotically sta-
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Figure 9.3 Shear stress, as a function of shear rate γ, for ketchup and toothpaste
at room temperature (Leong and Yeow [2003]).
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ble, and an article discussing the ramifications of this issue can be found in
Tillmark and Alfredsson [1992].

9.2.2 Poiseuille Flow

A second steady flow that is often studied involves the fluid motion through a
long pipe due to a pressure difference between the two ends of the pipe. The
pipe is assumed to have length L, and radius R. Given the geometry, it is
easier to use cylindrical coordinates, with the pipe oriented as shown in Figure
9.4. In this case the spatial coordinate system is (r, θ, z), and the associated
velocity vector is v = (vr, vθ, vz). It should be noted that the subscripts on
the components of this vector do not indicate differentiation, but identify the
coordinate of the particular velocity component. So, for example, vr is the
velocity in the r-direction.

The boundary conditions for Poiseuille flow are

v = 0 on r = R, (9.10)
p = p0, vr = vθ = 0 on z = 0, (9.11)
p = p1, vr = vθ = 0 on z = L. (9.12)

To explain these, (9.10) is the no-slip condition and it applies because the
pipe does not move. The conditions at z = 0, L account for the prescribed
pressures at these ends, and the assumption that the fluid velocity is only in
the axial direction as it enters and leaves the pipe.

To find the solution, we will first consider some of the basic properties of
the flow. Given the boundary conditions (9.10) and (9.11), both vr and vθ

are zero on the pipe and at both ends. Based on this, it is expected that
vr = vθ = 0 everywhere. Also, there is no θ dependence in the boundary, or
the boundary conditions. Because of this it is expected that the axial velocity
vz and pressure p do not depend on the angular coordinate θ. In other words,
it is expected that vz = vz(r, z) and p = p(r, z). The equations of motion in

�

�

�

Figure 9.4 In Poiseuille flow, fluid moves through a pipe due to a pressure difference
across the ends. Solving this problem shows that the axial velocity of the fluid has a
parabolic distribution, as given in (9.14).
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cylindrical coordinates, which are given in Appendix E, in this case reduce
to

∂p

∂r
= 0,

ρvz
∂vz

∂z
= −∂p

∂z
+ µ

(
∂2vz

∂r2
+

1
r

∂vz

∂r
+
∂2vz

∂z2

)
, (9.13)

∂vz

∂z
= 0.

From the first and third equation we conclude that p = p(z) and vz = vz(r).
In this case (9.13) reduces to

dp

dz
= µ

(
d2vz

dr2
+

1
r

dvz

dr

)
.

The left hand side is only a function of z, while the right-hand side is only
a function of r. The only way that this can happen is that p′(z) is constant.
Given the boundary conditions on the pressure we conclude that p = p0 +
z(p1 − p0)/L. The remaining equation (9.13) reduces to

µ

(
d2vz

dr2
+

1
r

dvz

dr

)
= p1/L.

This is a first order equation for d
drvz. Using this observation to solve the

equation, one finds that the general solution is

vz =
p1 − p0

4µL
r2 + a ln(r) + b.

The solution must be bounded, so a = 0, and it must also satisfy the no-slip
boundary condition vz = 0 at r = R. The resulting axial velocity is therefore

vz =
p0 − p1

4µL
(R2 − r2). (9.14)

This shows that the velocity has a parabolic distribution in the pipe, and this
is illustrated in Figure 9.4. The fact that pipe flow has this parabolic shape
is demonstrated in Figure 9.5.

It is important to make a point that was also made after solving the plane
Couette flow problem. Several simplifying assumptions were made about the
velocity and pressure functions, based on the given boundary conditions and
geometry of the pipe, to reduce the momentum equations down to (9.13).
These assumptions might be better described as educated guesses on the form
of the solution. They worked in the sense that we found pressure and velocity
functions that satisfy the original steady flow problem given in (9.2), (9.3),
along with the stated boundary conditions (9.10)-(9.12). So, if the solution
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t = 0

t = 5

t = 10

Figure 9.5 Two fluids flowing, from left to right, in a clear pipe (Kunkle [2008]). At
t = 0 the darker fluid is located at the left end. At t = 10 sec the darker fluid shows
the parabolic shape predicted by the solution given in (9.14).

to this problem is unique then we have found it. Moreover, an experimental
demonstration that the solution has the predicted parabolic profile is shown
in Figure 9.5.

As it turns out, experiments show that non-parabolic flow can be obtained
in pipe flow. As with the plane Couette problem, for large enough perturba-
tions in the flow, it is found that at high velocities the flow in the pipe can
be three-dimensional and turbulent. This does not mean our solution is in
question, it just means that it is not globally asymptotically stable at high
flow rates. A great deal of effort has been invested into understanding the
properties of flow in a pipe, and a recent review of this work can be found in
Eckhardt et al. [2007].
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9.3 Vorticity

If you float on an inner tube on a river you notice that not only do you move
downstream, the moving water also causes you to spin. It is the rotational
component of the motion that we are now interested in exploring. The first
step is to derive a variable that can be used to measure the rotation, at least
locally.

To explain how this is done, consider three fluid particles located on the
coordinate axis, at t = 0, as shown in Figure 9.6. For simplicity the flow is
assumed to be two-dimensional, and the positions of the three particles at
t = ∆t are also shown in the figure. The velocity, at t = 0, of the particle
located at the origin is v0 = (u0, v0), where u0 = u(0, 0) and v0 = v(0, 0).
The initial velocity of the particle located at x = ∆x is v1 = (u1, v1), where
u1 = u(∆x, 0) and v1 = v(∆x, 0). We are interested in the case of when ∆x
and ∆t are small. In this case, Taylor’s theorem gives us

u1 = u(∆x, 0)
= u(0, 0) +∆xux(0, 0) + · · ·
= u0 +∆xux + · · · .

Similarly, v1 = v0 +∆xvx + · · · . With this, v1 ≈ v0 +∆x(ux, vx). Now, at
t = ∆t the particle that started at the origin is located at approximately
∆tv0, and the one that started at x = ∆x is at approximately ∆tv1 ≈
∆t(v0 +∆x(ux, vx)). With this

tan(θ1) ≈
∆t(v0 +∆xvx)−∆tv0

∆x+∆t(u0 +∆xux)−∆tu0

=
∆tvx

1 +∆tux

≈ ∆tvx.
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Figure 9.6 Three nearby fluid particles used to introduce the concept of vorticity.
Their motion from t = 0 to t = ∆t, causes both a translation and relative rotation in
their configuration.
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Given that the angle is small, so tan(θ1) ≈ θ1, we have that θ1 ≈ ∆t vx.
Carrying out a similar analysis using the particle that started at y = ∆y one
finds that θ2 ≈ −∆tuy. The average angular velocity around the z-axis is
therefore (θ1 +θ2)/(2∆t) ≈ 1

2 (vx−uy). Similar expressions can be derived for
the rotation around the other two axes. This is the motivation for introducing
the vorticity ω, which is defined as

ω = ∇× v

=
(
∂w

∂y
− ∂v

∂z

)
i +
(
∂u

∂z
− ∂w

∂x

)
j +
(
∂v

∂x
− ∂u

∂y

)
k, (9.15)

where v = (u, v, w). Consequently, ω is twice the average angular velocity
in the three coordinate planes. This also helps explain why W in (8.68) is
known as the vorticity tensor.

Example: Plane Couette Flow

As shown in Figure 9.1, the fluid particles in Couette flow move in straight
lines, and, consequently, appear to have no rotational component. However,
using the solution (9.7) in (9.15), one obtains ω = (0, 0,−γ). In other words,
the vorticity is nonzero. To explain this, plane Couette flow can be thought
of using traffic flow on a multilane road, where the fluid particles are the cars.
This is shown in Figure 9.7. The slowest lane is at y = 0, and the fastest lane
is at y = h. Given a line of cars that start out at x = 0, after a short time they
will have a linear distribution as shown in Figure 9.7. A driver in one of middle
lanes will see the car on the left a bit farther ahead, and the one on the right
a bit farther behind. Hence, from the driver’s perspective there has been a
rotation in the orientation, the rotation being in the clockwise direction. This
gives rise to a negative angular velocity, and this is why the z-component of
the vorticity is negative for this flow. This example also shows that nonzero
vorticity does not necessarily mean that the fluid particles themselves are
rotating. The definition of vorticity assumes nothing about how the fluid
particles interact, it only measures their respective orientations as they flow
past each other. �

9.3.1 Vortex Motion

A vortex is a circular flow around a center, and is similar to what is seen
in a tornado, hurricane, and in the swirling flow through a drain. To study
such motions, it is often convenient to use cylindrical coordinates, and the
equations of motion in this coordinate system are given in Appendix E.
The coordinates in this system are (r, θ, z), with corresponding velocity
v = (vr, vθ, vz). Assuming the center of the vortex is the z-axis then to have
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circular motion around the z-axis we assume that vr = vz = 0. This means
there is no motion in either the z- or r-direction, and so the fluid particles
move on circles centered on the z-axis. Making the additional assumption
that vθ = vθ(r, t) then the equations of motion reduce to

∂vθ

∂t
= ν

∂

∂r

(
1
r

∂(rvθ)
∂r

)
, (9.16)

∂p

∂r
=
ρ

r
v2

θ . (9.17)

This assumes the fluid is incompressible, and that there are no body forces.
The vorticity for this flow is

ω =
(

0, 0,
1
r

∂(rvθ)
∂r

)
. (9.18)

The momentum equation (9.16) is an old friend because it is the radially
symmetric diffusion equation given in (4.78). In this case, the kinematic vis-
cosity is the diffusion coefficient. The point source solution given in (4.81)
gives rise to what is known as the Taylor vortex. The analysis of this vortex
is carried out in Exercise 9.10, while we will investigate a related vortex in
the following example.

Example: Oseen-Lamb Vortex

In this flow vr = vz = 0, and

vθ =
α

r

(
1− exp

(
−r2

β2 + 4νt

))
. (9.19)

It is not hard to show that this function satisfies (9.16), and is therefore an
exact solution of the incompressible fluid equations. The pressure is found by
integrating (9.17), and the vorticity is calculated using (9.18). One finds that

�

�
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Figure 9.7 Multilane traffic flow analogy used to explain vorticity in plane Couette
flow.
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Figure 9.8 The rotational motion
of a hurricane is an example of vortex
type motion, with the eye containing
the central axis.

ω =
(

0, 0,
2α

β2 + 4νt
exp
(

−r2

β2 + 4νt

))
. (9.20)

The velocity (9.19) is shown in Figure 9.9 at different time points, for α =
β = 4ν = 1. This shows that when the vortex starts out, it is confined to the
region near r = 0. As time passes the vortex slows down, with the maximum
velocity moving outward from the center and decreasing in the process. This
is due entirely to the viscosity of the fluid, and the result is that in the limit
of t→∞, the vortex disappears. Also note that when this vortex starts out,
there is a region near r = 0 where there is little motion, which is reminiscent
of the eye of the hurricane shown in Figure 9.8. �

9.4 Irrotational Flow

One of the ideas underlying the introduction of vorticity is that the mo-
tion of a fluid can be split into two components, a rotational part and a
non-rotational part. How this can be done is obtained from the Helmholtz
Representation Theorem, and this will be presented shortly. In preparation
for this we introduce the concept of an irrotational flow.
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Figure 9.9 Circumferential velocity (9.19) for a Oseen-Lamb vortex.
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Definition 9.1. A fluid for which the vorticity is identically zero is said to
be irrotational. The flow is rotational if the vorticity is nonzero anywhere in
the flow.

One might guess that a flow which moves in a straight line is irrotational, but
the plane Couette flow example shows that statement is incorrect. It is also
incorrect to assume that if the flow is a vortex then it must be rotational.
The next example explains why.

Example: Line Vortex

In the special case of when vr = vz = 0, and vθ = vθ(r, t), then the vortic-
ity is given in (9.18). This will be zero if rvθ is constant. Consequently, an
irrotational flow is achieved by taking

vθ =
α

r
, (9.21)

where α is a constant. The flow in this case is circular motion around the
z-axis, just as it is for the Oseen-Lamb vortex shown in Figure 9.9. This is
called a line vortex, and it produces irrotational flow. �

As the above example clearly demonstrates, rotational motion around the
origin does not necessarily mean that the vorticity is nonzero. The reason
this is confusing is that vorticity is a local property of the flow, and it is
determined by the relative movement of nearby fluid particles. This is not
necessarily the same as what is happening to the flow on the macroscopic
level. This is why the conclusion coming from the line vortex example, that
this particular rotational flow around the origin is irrotational, is not self-
contradictory.

One of the difficulties with assuming a flow is irrotational is that it is a
statement about the absence of a property, namely no vorticity. The question
arises whether it might be possible to characterize the solutions of the Navier-
Stokes equation that are irrotational. To answer this, we will make use of the
following result, which is known as the Helmholtz Representation Theorem.

Theorem 9.1. Assume q(x) is a smooth function of x in a domain D. In
this case, there exists a scalar function φ(x) and a vector function g(x) so
that for x ∈ D,

q(x) = ∇φ+∇× g, (9.22)

where ∇ · g = 0. The function φ is called the scalar potential, and g is the
vector potential, for q.

The proof of this theorem involves two vector identities and a result from
partial differential equations. The first identity is that, given any smooth
vector function h(x),
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∇2h = ∇(∇ · h)−∇× (∇× h).

The right hand side of this equation resembles the result in (9.22), where
φ = ∇ · h and g = −∇ × h. What is needed is to find h so that q = ∇2h.
This is where the result from partial differential equations comes in. Solving
∇2h = q for h is known as Poisson’s equation, and a particular solution is
(Weinberger [1995])

h(x) = − 1
4π

∫∫∫
D

q(s)
||x− s||

dVs, (9.23)

where the subscript s indicates integration with respect to s. With this choice
for h we have derived an expression of the form given in (9.22). The only thing
left to show is that ∇·g = 0. This follows because g = −∇×h and the vector
identity that states, given any smooth vector function h(x), ∇ · (∇×h) = 0.

The above proof relied on the solution of Poisson’s equation, and this
requires certain conditions to be satisfied. If the closure of D is a bounded
regular region, then the stated assumption that q is smooth is sufficient.
Specifically, what this means is that∇×q and∇·q are continuous functions. If
D is not bounded then the integral requires an additional condition, which is
that q goes to zero faster than ||x||−2 as ||x|| → ∞. It is, however, possible to
modify the proof so this latter condition is not needed. The details concerning
the extension to unbounded domains can be found in Gregory [1996].

Another comment concerning the proof is that it is constructive in the
sense that it provides formulas for the potential functions. To explore some
of the consequences of this, suppose for the moment that D = R3. Given that
φ = ∇ · h, then from (9.23) the scalar potential function can be written as

φ = − 1
4π
∇ ·
∫∫∫

q(s)
||x− s||

dVs

= − 1
4π

∫∫∫
q · ∇x

1
||x− s||

dVs

= − 1
4π

∫∫∫
q · ∇s

1
||x− s||

dVs

= − 1
4π

∫∫∫
∇s ·

q
||x− s||

− ∇s · q
||x− s||

dVs

=
1
4π

∫∫∫
∇s · q
||x− s||

dVs.

Carrying out a similar calculation for g one finds that the vector potential
can be written as

g = − 1
4π

∫∫∫
∇s × q
||x− s||

dVs. (9.24)
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It should be remembered that this is for D = R3, so any contribution from
the boundary of the domain is not accounted for in this formula.

9.4.1 Potential Flow

We are interested in irrotational fluid motion, and what can be learned using
the Helmholtz Representation Theorem. Taking q to be the fluid velocity
then ∇×q = ω. For an irrotational flow, so ω = 0, the conclusion we derive
from (9.22) and (9.24) is that the velocity has the form

v = ∇φ. (9.25)

Any flow in which the velocity can be written in this way is called potential
flow. To investigate the consequences of this, we will assume that the fluid is
incompressible and there are no body forces. The continuity equation∇·v = 0
in this case reduces to

∇2φ = 0. (9.26)

This means that the velocity can be found by simply solving Laplace’s equa-
tion, and this is one of the reasons why potential flow is a centerpiece in most
fluid dynamics textbooks. It is important to point out here that nothing has
been said about the boundary conditions. These have major repercussions
for potential flow, and this will be discussed in more detail shortly.

The pressure p for potential flow is determined by solving the momentum
equations. In the x-direction, as given in (8.77), we have that

ρ

(
∂2φ

∂x∂t
+
∂φ

∂x

∂2φ

∂x2
+
∂φ

∂y

∂2φ

∂x∂y
+
∂φ

∂z

∂2φ

∂x∂z

)
= −∂p

∂x
+ µ∇2 ∂φ

∂x
. (9.27)

Given (9.26), then the viscous stress term µ∇2∂xφ in the above equation is
zero. In other words, for irrotational flow the viscosity does not contribute
to the momentum equation. With this, it is possible to rewrite (9.27) in the
form

∂

∂x

[
∂φ

∂t
+

1
2

(
∂φ

∂x

)2

+
1
2

(
∂φ

∂y

)2

+
1
2

(
∂φ

∂z

)2

+
1
ρ
p

]
= 0.

Not too surprisingly, the y and z momentum equations show that the y
and z derivatives of the above quantity in the square brackets are zero. The
conclusion is that

∂φ

∂t
+

1
2

(
∂φ

∂x

)2

+
1
2

(
∂φ

∂y

)2

+
1
2

(
∂φ

∂z

)2

+
1
ρ
p

is only a function of time. In other words,
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p = p0(t)− ρ

[
∂φ

∂t
+

1
2

(
∂φ

∂x

)2

+
1
2

(
∂φ

∂y

)2

+
1
2

(
∂φ

∂z

)2
]
, (9.28)

or equivalently

p = p0(t)− ρ

(
∂φ

∂t
+

1
2
∇φ · ∇φ

)
. (9.29)

This is known as Bernoulli’s theorem for irrotational flow. Once Laplace’s
equation is solved to find the potential function, (9.25) is used to find the
velocity and (9.29) is used to find the pressure.

Example: Line Vortex (cont’d)

Using cylindrical coordinates, then v = (vr, vθ, vz), and

∇φ =
(
∂φ

∂r
,
1
r

∂φ

∂θ
,
∂φ

∂z

)
. (9.30)

To obtain vr = vz = 0 it is required that φ = φ(θ, t). To have (9.21) hold it
is required that ∂φ

∂θ = α. Therefore, the scalar potential function for the line
vortex is φ = αθ. The pressure, obtained from (9.29), is p = p0− 1

2ρα
2/r2. �

One question that has not been addressed is, how realistic is it to assume
a flow is irrotational? In applications, in addition to the equations of mo-
tion, there are boundary and initial conditions, and these were conveniently
ignored when deriving (9.24). The fact is that they can easily ruin the assump-
tion of irrotationality. To explain why, consider the no-slip condition (8.7).
This prescribes all three components of the velocity vector on the boundary.
The equation to solve for an irrotational flow is Laplace’s equation (9.26),
from which the velocities are determined using (9.25). Mathematically, for
Laplace’s equation, one can only impose one condition on the boundary, and

Figure 9.10 The motion of the
airflow around a plane generates
vorticity into the flow (Morris
[2006]). This is evident in the mo-
tion of the clouds behind the plane
in the photograph.
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not three as required from the no-slip condition. The usual choice is to have
the solution satisfy the impermeability condition (8.79). Therefore, if the flow
is to be irrotational, the other two boundary conditions making up the no-
slip condition would have to be selected to be consistent with the resulting
solution of Laplace’s equation. What this means is that irrotational flow in a
viscous fluid is possible, but the boundary conditions have to be just right. An
example is the line vortex above, where there are no boundaries, and hence
no difficulties trying to satisfy the no-slip condition. Physically, what hap-
pens in most fluid problems is that the boundaries generate vorticity, which
then spreads into the flow and causes it to be rotational. An example of this
is shown in Figure 9.10. One way to avoid this from happening, in addition
to adjusting the boundary conditions, is to assume the fluid viscosity is zero.
This produces what is known as an inviscid fluid, and this is the subject of
the next section.

Because of the complications of the no-slip condition, most textbooks as-
sociate potential flow with an inviscid fluid. In fact, to overcome this asso-
ciation, in the research literature the above discussion would be referred to
as viscous potential flow, just to make sure to point out that the viscosity
has not been assumed to be zero. Those interested in learning about some of
the consequences of keeping the viscosity in a potential flow should consult
Joseph [2006].

9.5 Ideal Fluid

As seen in Table 9.1, the viscosity of air is much less than it is, for example,
for water. It is for this reason that when studying air flow that it is often
assumed to be inviscid, which means the viscosity is zero. If, in addition, the
fluid is assumed to be incompressible then one has what is called an ideal
fluid. The equations of motion in this case are

ρ(∂t + v · ∇)v = −∇p, (9.31)
∇ · v = 0. (9.32)

The above system is known as the Euler equations. The absence of viscosity
means that the no-slip condition is inappropriate, but the impermeability
boundary condition still applies.

Two assumptions are made in this section. One is relatively minor, and it
is that there are no body forces. The formulas derived below can be extended
in a straightforward manner to include body forces, and the results are given
in Exercise 9.15. The second assumption is not minor, and it is that there is
a unique solution of the ideal fluid problem and it is smooth. This issue will
be discussed again at the end of this section.
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Example: Plane Couette Flow Revisited

The lack of viscosity has some interesting consequences. As an example, sup-
pose in the plane Couette flow problem the fluid starts from rest. With a
viscous fluid, because of the no-slip condition, when the upper surface starts
to move it pulls the nearby fluid with it. After a short amount of time the fluid
between the two plates approaches a steady flow, and the solution given in
(9.7) applies. This does not happen if the fluid is inviscid. The only boundary
condition at y = h is the impermeability condition, which is that the velocity
in the vertical direction is zero. The motion of the plate has no effect on the
fluid, and so the fluid remains at rest. Therefore, the solution of the plane
Couette flow problem for an ideal fluid is simply v = 0 and p = p0. �

9.5.1 Circulation and Vorticity

An important property of an ideal fluid is that if it starts out irrotational, it
is irrotational for all time. To explain why, we start with the surface integral∫∫

S

ω · n dA, (9.33)

where S is an oriented smooth surface that is bounded by a simple, closed,
smooth boundary curve C with positive orientation. This is the vorticity flux
across the surface S, and it can be used to measure the vorticity. The first
step is to recall Stokes’ theorem, which states that∫∫

S

∇× v · n dA =
∫

C

v · dx.

Using this in (9.33) we have∫∫
S

ω · n dA =
∫

C

v · dx. (9.34)

It is the last integral that we will work with, and so let

Γ (t) =
∫

C

v · dx. (9.35)

The function Γ (t) is called the circulation.

Example: Oseen-Lamb Vortex Revisited
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The vorticity for the Oseen-Lamb vortex is given in (9.20). Suppose we want
to calculate the circulation when the curve C is the circle in the x,y-plane,
with radius R and centered at the origin (see Figure 9.11). It is easier, in this
case, to use (9.34) and write

Γ (t) =
∫∫
S

ω · n dA.

Using cylindrical coordinates, the surface S is the disk r ≤ R in the plane
z = 0, and n = (0, 0, 1). From (9.20), ω · n = 2αq(t) exp(−q(t)r2), where
q(t) = 1/(β2 + 4νt), and so

Γ =
∫ 2π

0

∫ R

0

2αq(t) exp(−q(t)r2)rdrdθ

= 2πα
[
1− exp(−q(t)R2)

]
.

Consequently, for a viscous fluid, the circulation starts out with the value
Γ0 = 2πα

[
1− exp(−R2/β2)

]
, and decays to zero as t→∞. In contrast, for

an ideal fluid, so ν = 0, the circulation has the constant value Γ0. It is this
property, that the circulation is constant for an ideal fluid, that is the central
idea of the next theorem. �

Before stating the theorem, the concept of a material curve needs to be
explained. Suppose one starts out, at t = 0, with a simple closed curve. As
time progresses, the material points making up this initial curve move with
the fluid, deforming the original shape. Due to the impenetrability of matter
assumption, the points never intersect, so the shape remains a simple closed
curve. This is what is known as a material curve. With this, we can now state
what is known as Kelvin’s Circulation Theorem.

Theorem 9.2. For an ideal fluid, if C is a material curve, then dΓ
dt = 0.

Figure 9.11 Surface, and contour, used to calculate the circulation for an Oseen-
Lamb vortex.
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To prove this, we need what effectively is a Reynolds transport theorem for
line integrals. The first step is to use material coordinates to get the time
dependence out of the limits of integration, and so, at t = 0 assume the curve
C is given as A = G(s), for a ≤ s ≤ b. At later times the curve is described
as x = X(G(s), t). With this, dx = FG′(s)ds, and so (9.35) becomes

Γ =
∫ b

a

V · FG′(s)ds,

where V and F are evaluated at A = G in the above integral. Taking the
time derivative yields

dΓ

dt
=
∫ b

a

(
∂V
∂t

· FG′(s) + V · ∂F
∂t

G′(s)
)
ds. (9.36)

Using the results from Exercise 8.9, and remembering that V is evaluated at
A = G, it follows that

V · ∂F
∂t

G′(s) = V · ∇AVG′(s)

=
d

ds

1
2
(V ·V).

Given that the curve is closed then (9.36) reduces to

dΓ

dt
=
∫ b

a

∂V
∂t

· FG′(s)ds

=
∫

C

Dv
Dt

· dx. (9.37)

What remains is to recall a property of line integrals. Specifically, given any
smooth function φ, and a closed curve C, the following holds

∫
C
∇φ ·dx = 0.

From (9.32) we have that Dv
Dt = − 1

ρ∇p, where ρ is constant. Therefore, from
(9.37), we have that dΓ

dt = 0.
The above result will enable us to make the stated conclusion about the

irrotationality of an ideal fluid. The following result is known as Helmholtz’s
Third Vorticity Theorem.

Theorem 9.3. If an ideal fluid is irrotational at t = 0, then it is irrotational
for all time.

The proof of this starts with using Stokes’ theorem to write the circulation
as

Γ =
∫∫
S

ω · n dA.
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This shows that because ω = 0 at t = 0, then Γ = 0 at t = 0. Given that
Γ is constant, it follows that Γ = 0 for all time. To use this observation to
prove the vorticity is always zero, suppose ω is nonzero at some point in the
flow. In this case, given that ω is continuous, it is possible to find a small
surface containing this point for which the above integral is nonzero. This is
a contradiction, and therefore ω must be zero everywhere.

As an example, the above theorem shows that an ideal fluid which starts
at rest is irrotational for all time. The reason is that because v = 0 at t = 0
then ω = 0 at t = 0.

9.5.2 Potential Flow

What we have been able to show is that if the fluid is irrotational at t = 0,
then it is possible to introduce a potential function φ so that

v = ∇φ, (9.38)

and

p = p0(t)− ρ

(
∂φ

∂t
+

1
2
∇φ · ∇φ

)
. (9.39)

To find φ one solves
∇2φ = 0, (9.40)

along with the appropriate boundary conditions. For example, at a solid
boundary surface the impermeability boundary condition (8.79) is imposed.
If the boundary S is not moving then, given (9.38), the resulting boundary
condition is

∇φ · n = 0 on S, (9.41)

or equivalently
∂φ

∂n
= 0 on S. (9.42)

If the problem involves a pressure boundary condition, then the corresponding
boundary condition for φ is obtained using (9.39). However, this can make the
problem much harder to solve because the ∇φ · ∇φ term causes the problem
to be nonlinear.

Any fluid flow in which the velocity satisfies (9.38) is known as potential
flow. Although this might seem obvious, it differs from the definition used
in some textbooks on fluid dynamics, where a potential flow is defined as
“an irrotational flow in an inviscid and incompressible fluid.” The reason for
including these additional qualifications, as explained at the end of Section
9.4.1, is the difficulty of obtaining a potential flow when the fluid is viscous.
However, it is inappropriate to include them. The reason is that potential
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Figure 9.12 Cross-section for uniform flow past a cylinder.

flow is a statement about a fluid’s motion, while the statement that it is
inviscid is an assumption about its material properties.

We have been making a series of simplifying assumptions in this chap-
ter, attempting to obtain a more tractable mathematical problem. By this
measure, we have been extraordinarily successful because we have reduced a
coupled system of nonlinear equations down to the single linear equation in
(9.40). This has been done by excluding the effects of viscosity, and assuming
the flow is irrotational. This degree of simplification helps explain the inter-
est in potential flow. It is also why textbooks on the applications of complex
variables inevitably have a chapter on fluid flow, although they must limit
their analysis to flow in two dimensions. The question is, however, just how
realistic is it to assume a potential flow? The next example will shed some
light on this topic.

Example: Potential Flow Past a Cylinder

Consider air flow over a solid cylinder of radius R centered on the z-axis, as
shown in Figure 9.12. It is assumed that the flow is from left to right, and
the specific condition is that v = (u0, 0, 0) as x → −∞. The flow must also
satisfy the impermeability condition on the surface of the cylinder, and this
means that v ·n = 0 on ||x|| = R, where n is the unit normal to the boundary.
Given the geometry and flow at infinity it is reasonable to expect there is no
flow in the z-direction, and the potential function is independent of z. With
this, Laplace’s equation in cylindrical coordinates becomes

∂2φ

∂r2
+

1
r

∂φ

∂r
+

1
r2
∂2φ

∂θ2
= 0, for r > R. (9.43)

The impermeability condition (9.42) takes the form

∂φ

∂r
= 0, for r = R, (9.44)

and the flow at infinity requires that
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Figure 9.13 Flow lines around a cylinder in uniform flow, calculated using the
potential function given in (9.46). In this calculation, u0 = R = 1.

cos θ
∂φ

∂r
+ sin θ

1
r

∂φ

∂θ
= u0,

sin θ
∂φ

∂r
+ cos θ

1
r

∂φ

∂θ
= 0.

 for r →∞ (9.45)

This is one of the few unbounded domain problems for which the method of
separation of variables can be used. So, assuming that φ(r, θ) = F (r)G(θ)
one finds from (9.43) that F = αrn + βr−n and G = A cos(nθ) + B sin(nθ).
Because the solution must be 2π periodic in θ, it is required that n be a
positive integer. From (9.44) it follows that β = αR2n. Imposing (9.45) yields
n = 1, αA = u0, and B = 0. The resulting potential is

φ = u0 cos θ
(
r +

R2

r

)
. (9.46)

The velocity field is therefore

vr =
∂φ

∂r
= u0 cos θ

(
1− R2

r2

)
,

vθ =
1
r

∂φ

∂θ
= −u0 sin θ

(
1 +

R2

r2

)
.

It is possible to determine the paths of individual fluid particles by solving
(9.4) using the above velocity functions. This is easily done numerically, and
the results from this calculation are shown in Figure 9.13. �

If air can be assumed to be an ideal fluid, then it would seem that potential
flow could be used in aerodynamics to help understand flight. As an example,
you could think of Figure 9.13 as the flow around an airplane wing that has
a circular cross-section. You also might think that this is not particularly
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realistic because cross-sections of airplane wings are relatively thin, to help
reduce the drag and increase lift. Well, let’s see about this. The pressure is
determined by substituting (9.46) into (9.39), yielding

p =
1
2
ρ

(
u0R

r

)2(
4 cos2 θ − 2− R2

r2

)
. (9.47)

The force on the circular-cross section is

F = −
∫

C

pnds,

where C is the boundary circle x2 + y2 = R2, and n is the unit outward
normal to the circle. The x and y components of this force are

Fx = −R
∫ 2π

0

p(R, θ) cos(θ)dθ,

Fy = −R
∫ 2π

0

p(R, θ) sin(θ)dθ.

A straightforward calculation shows that both integrals are zero. In other
words, the drag Fx, and the lift Fy, are both zero. As it turns out, this
happens with any shape, as long as the fluid is ideal and the flow is steady
and irrotational. This is clearly at odds with what is expected, and it is
known as d’Alembert’s paradox. It is possible to produce lift, an essential
requirement to be able to fly, if the flow is rotational. This result is known as
the Kutta-Joukowski theorem, but as we saw earlier, it is impossible to get an
ideal fluid to be rotational if you start from rest. In other words, if you strap
on a pair of wings and starting running in still air, there is no way you are
taking off, no matter how fast you are able to run. What this means is that
if you want your airplane to fly it is essential that the fluid is viscous. Or,
more precisely, that the contribution of the viscosity in generating vorticity
from the solid surface of the wing is accounted for in the model. One method
how this can be done is explained in the next section.

9.5.3 End Notes

An important issue that arises when assuming the fluid is inviscid concerns
the regularity of the solution. Viscosity acts to smooth out jumps and other
irregular behavior. By not having viscosity, we have equations similar to those
used to model traffic flow. This means that shock wave solutions are possible,
and the uniqueness of the solution is an issue. In traffic flow we introduced
the entropy condition to determine uniqueness, but for multidimensional fluid
problems there are still questions related to the appropriate condition. In fact,
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there are several open problems associated with the Euler equations. One
that has generated considerable interest is the Euler blow-up problem. It is
suspected that the solution of the three-dimensional Euler equations develops
a singularity in finite time, but no one has been able to prove this assertion.
This means that most of the evidence has come from numerical solutions,
but even this has been contradictory. An interesting survey of the blow-up
problem, as well as other aspects of the Euler equations, can be found in the
proceedings of the conference, Euler Equations: 250 Years On (Eyink et al.
[2008]).

9.6 Boundary Layers

The assumption that a fluid is inviscid corresponds to setting the viscosity
equal to zero in the Navier-Stokes equation (8.77). What drops out of the
equation in this case is the highest spatial derivative in the problem. As we
found in Section 2.4, this is the type of limit that is associated with the
appearance of a boundary layer. The fact that boundary layers might occur
in the flow of a viscous fluid is not surprising given the rapid transitions
shown in Figure 8.7. However, the situation is not as straightforward as what
occurred in Chapter 2, because the viscous fluid problem is time dependent,
and it is not clear what exactly the assumption “small viscosity” means. To
get started, we will consider a example that illustrates what happens in a
time-dependent flow.

9.6.1 Impulsive Plate

This example is known as Stokes’ first problem, and it is one of the few time
dependent solutions known for the Navier-Stokes equation. It is assumed that
the fluid is incompressible, has no body forces, and it occupies the region
y > 0. Also, it is at rest for t < 0, and at t = 0 the lower boundary, at
y = 0, is given the constant velocity v = (u0, 0, 0). This situation is similar to
the plane Couette flow problem, in the sense that a planar boundary surface
produces a flow in the x-direction. For this reason, the argument used to solve
the Couette flow problem can be used here. Assuming that v = (u(y, t), 0, 0),
then the problem reduces to solving

ρ(ut + u∂xu) = −∂xp+ µ∂2
yu,

0 = −∂yp,

∂xu = 0.
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Figure 9.14 Solution (9.49) of the impulsive plate problem, at three time values.

As before, it follows that p is constant, and the entire problem reduces to
solving

∂u

∂t
= ν

∂2u

∂y2
, (9.48)

where u(y, 0) = 0, u(0, t) = u0, and u(∞, t) = 0. Also, ν = µ/ρ is the
kinematic viscosity. This diffusion problem was solved in Section 1.4 using a
similarity variable. The solution, given in (1.61), is

u(y, t) = u0 erfc
(

y

2
√
νt

)
, (9.49)

where

erfc(η) = 1− 2√
π

∫ η

0

e−s2
ds. (9.50)

This solution is shown in Figure 9.14 at three time values, in the case of
when u0 = ν = 1. What is seen is that the effect of the moving plate is
initially located near y = 0, which is expected of a boundary layer. However,
as time passes the effects spread through the fluid domain, and this is due to
the diffusive nature of the viscous stress. This gives rise to what is known as
a diffusive boundary layer. To quantify what this means, in the engineering
literature the boundary layer thickness is defined to be the distance between
the boundary and the point where the velocity is 1% of the imposed value.
Given that erfc(η) = 0.01 for η ≈ 1.8, then the boundary layer thickness in
this problem is approximately y = 3.6

√
νt. Consequently, this layer grows

and spreads through the fluid region.
The existence of a boundary layer separates the flow into an inner and

outer region. In the outer region the fluid can be approximated to be inviscid,
and the viscous effects are confined to the inner, or boundary layer, region.
This observation is routinely used in the numerical solution of the Navier-
Stokes equation, because the resolution needed in the inviscid region is usually
much less than what is needed in the boundary layer. This is seen in Figure
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??, where the grid structure near the surface of the plane is much finer than
the one used in the outer, inviscid, flow region.

9.6.2 Blasius Boundary Layer

The next boundary layer example involves the steady flow over a stationary
flat plate (see Figure 9.15). The plate occupies the plane y = 0, for 0 < x < L,
and the flow is coming in from the left. Assuming that the flow is steady, and
that there is no flow in the z-direction, then the fluid equations are

ρ

(
u
∂u

∂x
+ v

∂u

∂y

)
= −∂p

∂x
+ µ

(
∂2u

∂x2
+
∂2u

∂y2

)
,

ρ

(
u
∂v

∂x
+ v

∂v

∂y

)
= −∂p

∂y
+ µ

(
∂2v

∂x2
+
∂2v

∂y2

)
,

∂u

∂x
+
∂v

∂y
= 0.

The boundary conditions are

v = (0, 0, 0) on y = 0, 0 < x < L,

v = (u0, 0, 0) for y → −∞.

To undertake a boundary layer analysis we must nondimensionalize the prob-
lem. This is done by letting x = Lx̄, y = Lȳ, u = u0ū, v = u0v̄, and p = pcp̄,
where pc = ρu2

0. In this case the equations of motion become(
ū
∂ū

∂x̄
+ v̄

∂ū

∂ȳ

)
= −∂p̄

∂x̄
+ ε2

(
∂2ū

∂x̄2
+
∂2ū

∂ȳ2

)
, (9.51)(

ū
∂v̄

∂x̄
+ v̄

∂v̄

∂ȳ

)
= −∂p̄

∂ȳ
+ ε2

(
∂2v̄

∂x̄2
+
∂2v̄

∂ȳ2

)
, (9.52)

∂ū

∂x̄
+
∂v̄

∂ȳ
= 0, (9.53)

�

�

� �

�

Figure 9.15 Flow over a flat plate used to study viscous boundary layers.
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where
ε2 =

µ

ρLu0
. (9.54)

From (1.20), we have that ε2 = 1/Re. In other words, ε2 is the inverse of
the Reynolds number for the flow. Our assumption that the viscosity is small
translates into the assumption that the Reynolds number is large. As an
example, consider the flow over an airplane wing. The width of the wing on
the Boeing 787 is 18 ft (5.5 m) and cruises at a speed of 561 mph (903 km/h).
In this case, Re = 4×107, which certainly qualifies as high Reynolds number
flow.

The reduction of the above problem will closely follow the format used in
Section 2.4, although the calculations are a bit more involved.

Outer Solution
The expansion in this region is assumed to have the form v̄ ∼ v̄0 + εv̄1 + · · ·
and p̄ ∼ p̄0 + εp̄1 + · · · . The problem for the first term, obtained by setting
ε = 0 in (9.51) - (9.53), is the problem for an inviscid flow. The solution is
just v0 = (u0, 0, 0), and p̄0 is a constant. It is assumed, for simplicity, that
p̄0 = 0.

Boundary Layer Solution
The boundary layer coordinate is

Y =
ȳ

ε
.

As in Section (2.4), capitals will be used to designate the dependent variables
in the boundary layer region. With this, (9.51) - (9.53) take the form(

Ū
∂Ū

∂x̄
+

1
ε
V̄
∂Ū

∂Y

)
= −∂P̄

∂x̄
+ ε2

∂2Ū

∂x̄2
+
∂2Ū

∂Y 2
, (9.55)(

Ū
∂V̄

∂x̄
+

1
ε
V̄
∂V̄

∂Y

)
= −1

ε

∂P̄

∂Y
+ ε2

∂2V̄

∂x̄2
+
∂2V̄

∂Y 2
, (9.56)

∂Ū

∂x̄
+

1
ε

∂V̄

∂Y
= 0, (9.57)

The appropriate expansions in this case are Ū ∼ Ū0 + · · · , V̄ ∼ ε(V̄0 + · · · ),
and P̄ ∼ P̄0 + · · · . Introducing these into (9.55) - (9.57), and letting ε → 0
we obtain (

Ū0
∂Ū0

∂x̄
+ V̄0

∂Ū0

∂Y

)
= −∂P̄0

∂x̄
+
∂2Ū0

∂Y 2
, (9.58)

∂P̄0

∂Y
= 0 , (9.59)

∂Ū0

∂x̄
+
∂V̄0

∂Y
= 0. (9.60)



9.6 Boundary Layers 431

From the no-slip condition on the plate, it is required that

(Ū0, V̄0) = (0, 0) on Y = 0, 0 < x̄ < 1. (9.61)

Moreover, the solution must match with the outer solution, and for this reason
it is required that

Ū0 → 1 and P̄0 → 0 as Y →∞, 0 < x̄ < 1. (9.62)

There is a matching condition for V̄0, but it is not needed at the moment and
this will be explained after the solution is derived.

From (9.59) and (9.62) it follows that P̄0 = 0. The usual method for finding
the velocity functions is to introduce a stream function ψ(x̄, Y ), which is
defined so that

Ū0 =
∂ψ

∂Y
, (9.63)

V̄0 = −∂ψ
∂x̄

. (9.64)

By doing this, the continuity equation (9.57) is satisfied automatically. This
leaves the momentum equation (9.55), which reduces to

∂ψ

∂Y

∂2ψ

∂Y ∂x̄
− ∂ψ

∂x̄

∂2ψ

∂Y 2
=
∂3ψ

∂Y 3
. (9.65)

The boundary (9.61) and matching (9.62) conditions transform into the fol-
lowing

∂ψ

∂Y
=
∂ψ

∂x̄
= 0, on Y = 0, (9.66)

and
∂ψ

∂Y
→ 1, as Y →∞. (9.67)

Something that was not explained above is where the idea of using a stream
function comes from. The answer is the Helmholtz Representation Theorem
(9.22). When the flow is incompressible, and two-dimensional as in the present
example, then the velocity vector can be written as v = ∇ × g, where g =
(0, 0, ψ). Expanding the curl, one obtains v = (∂yψ,−∂xψ, 0), and this gives
rise to the stream function.

It is not possible to find an analytical solution of the above problem for the
stream function. However, it is possible to come close if we make one more
assumption. Instead of a plate of finite length, we assume that the plate is
semi-infinite and occupies the interval 0 ≤ x̄ < ∞. This gives rise to what
is known as the Blasius boundary layer problem, and it can be reduced by
introducing a similarity variable. Specifically, assuming that ψ =

√
x̄f(η),

where η = Y/
√
x̄, then (9.65) reduces to
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f ′′′ +
1
2
ff ′′ = 0, for 0 < η <∞, (9.68)

where (9.66) and (9.67) become

f(0) = f ′(0) = 0, and f ′(∞) = 1. (9.69)

One might argue that we have not made much progress, because the solution
of the above problem is not known. However, the ordinary differential equa-
tion (9.68) is certainly simpler than the partial differential equation (9.65),
and this does provide some benefit. For example, it is much easier to solve
(9.68) numerically than it is to solve (9.65) numerically. Just one last com-
ment to make here, before working out an example, is that once the function
f is determined then the velocity functions are calculated using the formulas

Ū0 = f ′(η), (9.70)

V̄0 = − 1
2
√
x̄

(f − ηf ′). (9.71)

These expressions are obtained by substituting the similarity solution into
(9.63) and (9.64).

Example: Numerical Solution

To use a numerical method to solve (9.68) it is a bit easier to rewrite the
equation as a system by letting g = f ′. In this case the equation can be
written as

0
0y

−a
xi
s

0
0

x−axis

y−
ax
is

Figure 9.16 Flow over a flat plate, as determined from solving (9.68), (9.69). The
upper graph shows Ū0, as a function of Y , at three points on the plate. The dashed
curve in the lower graph is where Ū0 = 0.99.
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f ′ = g,

g′′ = −1
2
fg′.

The boundary conditions (9.69) become g(0) = 0, g(∞) = 1, and f(0) = 0.
With this, it is relatively straightforward to use finite differences to solve the
problem (Holmes [2005]). The result of such a calculation is given in Figure
9.16. The upper graph shows the horizontal velocity u at three locations along
the plate. As required, the velocity is zero on the plate, and as the vertical
distance from the plate increases it approaches the constant velocity of the
outer region. It is also evident that the velocity reaches this constant value
fairly quickly for a point on the plate that is near the leading edge, where
x̄ = 0, and less so as the distance from the leading edge increases. The reason
is that the boundary layer on the plate grows with distance from the leading
edge. Using the engineering definition that the boundary layer thickness is
where the flow reaches 99% of the outer flow value, the dashed curve shown
in the lower graph is obtained. The shape of this curve can be explained using
(9.71). By definition, the dashed curve is where Ū0 = 0.99, and this means
that f ′(η) = 0.99. Letting the solution of this equation be η0 then, because
η = Y/

√
x̄, we have that the dashed curve is Y = η0

√
x̄. �

The above example illustrates how a flow can be separated into an outer,
inviscid, region, and a boundary layer where the viscous affects play an im-
portant role. This requires a large value for the Reynolds number, and does
not hold for a low Reynolds number. It is also based on the solution for an
infinitely long plate, something that is rather rare in the real world. When
the plate has finite length, a wake is formed downstream from the plate.
An example of this is shown in Figure 9.17. The pattern seen in the wake is
known as a Karman vortex street. It is also possible to see the boundary layer
on the plate in the upper figure. What is interesting is that the fluid used in
this experiment is water, and not air. This is indicative of the fact that the
separation of the flow into inviscid and boundary layer domains is a charac-

Figure 9.17 Wake behind a flat plate, showing the vortices generated in the flow
(Tanaka [1986]). The photograph of the left is the flow immediately behind the plate,
and the one on the right is further downstream. The vortices are evident because
aluminum particles are suspended in the flow. In this experiment, Re = 15800.
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teristic of any fluid governed by the Navier-Stokes equations, assuming the
Reynolds number is sufficiently large. It is also evident, given the complexity
of the flow, that finding the solution for the finite plate requires numerical
methods. Some of the issues that arise with this are discussed in Cebeci and
Cousteix [2005].

Before closing this section, a couple of comments are needed about the
boundary layer reduction. First, the flow in the immediate vicinity of the
leading edge requires a more refined boundary layer analysis that was used
here. The same comment applies to the trailing edge for the finite length plate.
Second, there are questions remaining about the matching requirement for
the vertical velocity. In particular, there must be a matching condition, yet
it is not included in (9.62). This is an issue, because according to (9.71), it
appears that the vertical velocity is unbounded when one moves out of the
boundary layer into the outer region. Namely, given that f ′(∞) = 1 then ηf ′

is unbounded as η → ∞. In comparison, we know that the vertical velocity
in the inviscid region is just zero. Therefore, to guarantee that the vertical
velocity matches it must be that f ∼ η as η → ∞. If the solution of (9.68)
does not do this then the whole approximation fails. It is found, from the
numerical solution, that f does indeed have the correct limiting behavior,
and so the expansions match.

Exercises

9.1. Suppose an incompressible viscous fluid has velocity v = (u, v, 0), with
u = ax2 + bxy + cy2, where a, b, and c are constant.

(a) Find v assuming that v(x, 0, z) = 0.
(b) Find T.
(c) For what values of a, b, and c, if any, is the flow irrotational?

9.2. Suppose the velocity for an incompressible fluid is v = (−αy, αx, β),
where α and β are constants.

(a) Show v satisfies the continuity equation.
(b) Assuming no external body forces, find the pressure.
(c) Is this flow rotational or irrotational?
(d) Find the pathlines.
(e) This is known as steady helical flow. Why?

9.3. Suppose the velocity for an incompressible fluid is v = (x+ y, 3x− y, 0).
(a) Show v satisfies the continuity equation.
(b) Assuming no external body forces, find the pressure.
(c) Is this flow rotational or irrotational?
(d) Find the pathlines.
(e) Use the result from part (d) to find the material description of the flow.
(f) Find the invariants for D.



Exercises 435

�

�

��

��

Figure 9.18 Concentric rotating cylinders used in the Taylor-Couette problem in
Exercise 9.6.

9.4. This problem considers some of the limitations on the method used to
solve the steady flow equations.

(a) Suppose in the Poiseuille flow problem in Section 9.2.2 that the pipe has
an elliptical cross-section. What assumptions about the solution used to
derive (9.13) no longer apply? What assumptions should still be valid?

(b) Suppose in the plane Couette flow problem in Section 9.2.1 that gravity
is included. This means that a forcing function must be included in (9.2),
as determined from (8.77), of the form f = (0,−g, 0). What assumptions
about the solution used to derive (9.7) no longer apply? What assumptions
should still be valid?

9.5. As a modification of the plane Couette flow problem, suppose there are
two fluids between the plates. One fluid occupies the region 0 < y < h0,
and has density ρ1 and viscosity ν1. The second fluid occupies the region
h0 < y < h and has density ρ2 and viscosity ν2.

(a) In plane Couette flow the velocity has the form v = (u(y), 0, 0). Also, at
the interface, where y = h0, the velocity and stress are assumed to be
continuous. Use this to show that p, u and u′(y) are continuous at y = h0.

(b) Using the results from part (a), solve this plane Couette problem.

9.6. An incompressible viscous fluid occupies the region between two concen-
tric cylinders of radii R1 and R2, where R1 < R2. Assume the cylinders are
infinitely long, and centered on the z-axis (see Figure 9.18). The inner cylin-
der is assumed rotating around the z-axis with angular velocity ω1, while the
outer cylinder rotates around the z-axis with angular velocity ω2. The flow
is assumed to be steady, and there are no body forces. This is known as the
Taylor-Couette problem.

(a) Using cylindrical coordinates, explain why the boundary conditions on the
cylinders are (vr, vθ, vz) = (0, ωiRi, 0) for r = Ri.

(b) Explain why it is reasonable to assume that the solution has vz = 0 and
vr = 0.
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(c) Find vθ and p.
(d) What is the vorticity for this flow? With this show that the flow is irrota-

tional if R2
1ω1 = R2

2ω2.

9.7. This problem examines a model for power-law fluids. It is based on the
observation coming from Figure 9.3 that the shear stress for plane Couette
flow has the form T12 = α(∂u

∂y )β . It is assumed here that the fluid is incom-
pressible.

(a) In plane Couette flow the velocity has the form v = (u(y), 0, 0). What are
D and its three invariants in this case?

(b) As shown in Section 8.10.2.1, the general form of the constitutive law for
a nonlinear viscous fluid is T = −pI + G, where G = α0I + α1D + α2D2.
Explain how the power-law

T12 = α

∣∣∣∣∂u∂y
∣∣∣∣m ∂u

∂y

is obtained by assuming that α0 = α2 = 0 and α1 depends on IID in a
particular way. It is assumed that m > −1, which guarantees that G = 0
if D = 0.

(c) Assuming that ∂u
∂y > 0, and using the constitutive law from part (b),

solve the resulting plane Couette flow problem. From this show that T12 =
αγm+1, where γ is given in (9.8).

(d) On the same axes, sketch T12 as function of γ when −1 < m < 0, when
m = 0, and when 1 < m. Use this to compare the differences in the
behavior of the shear stress for large values of γ. Would the −1 < m < 0
case be called a shear-thickening or a shear-thinning situation?

9.8. This problem examines the vorticity for a linear flow, which means that
v = Hx + h, where the matrix H and vector h can dependent on t. Other
properties of linear flows were developed in Exercises 8.4 and 8.5.

(a) Show that ω = (H32 −H23,H13 −H31,H21 −H12). What is the vorticity
when H is symmetric?

(b) Show that for rigid body motion, as given in (8.13), H = Q′QT and
h = b′−Q′QT b. Therefore, rigid body motion is a special case of a linear
flow.

(c) What is v in the case when Q is given in (8.14) and b = 0? For this flow
show that ω = (0, 0, 2ω).

(d) The equations for vortex motion are given in Section 9.3.1. Show that the
only vortex with a smooth velocity and constant vorticity has vθ = 1

2rω.
In this case, show that h = 0 and

H =


0 −ω 0

ω 0 0

0 0 0

 .
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(e) For the H given in part (d) find a rotation Q so that H = Q′QT . Do
this by showing that this equation reduces to solving Q′′ = H2Q, with
Q(0) = I and Q′(0) = H, and then solving for Q. Make sure to verify that
the solution is a rotation matrix.

(f) Explain why it is possible to conclude that a vortex motion with a smooth
velocity and constant vorticity must be a rigid body motion.

9.9. Suppose that v = α||x||kx, where k and α are real numbers.
(a) Show that the flow is irrotational.
(b) Find a potential function φ for this flow.
(c) Show that this velocity function does not correspond to incompressible

fluid motion, unless α = 0.

9.10. For a Taylor vortex, vr = vz = 0, and

vθ =
αr

t2
exp
(
−r2/(4νt)

)
.

Show this satisfies the equations of motion, assuming the fluid is incompress-
ible and there are no body forces. In doing this also determine the pressure.

9.11. For Burger’s vortex, vr = −αr, vz = 2αz, and

vθ =
β

r

(
1− e−αr2/(2ν)

)
.

Show this satisfies the equations of motion, assuming the fluid is incompress-
ible and there are no body forces. In doing this also determine the pressure.

9.12. This exercise explores the connections between vorticity and energy
dissipation in a viscous fluid.

(a) The viscous dissipation function Φ is given in (8.110). Show that

Φ = 2µ(D2
xx +D2

yy +D2
zz + 2D2

xy + 2D2
xz + 2D2

yz),

where the Dij ’s are the components of the rate of deformation tensor given
in (8.67).

(b) Show that for an incompressible fluid,

Φ = µω · ω + 2µ∇ · q,

where q = (∇v)v.
(c) Let B is a bounded region in space. Use the result from part (b) to derive

what is known as the Bobyleff-Forsyth formula, given as∫∫∫
B

ΦdV = µ

∫∫∫
B

ω · ω dV + 2µ
∫∫
∂B

n · q dS.
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(d) If v = 0 on ∂B show that∫∫∫
B

ΦdV = µ

∫∫∫
B

ω · ω dV .

This shows that the total energy dissipation in the region is determined
by the magnitude of the vorticity vector.

(e) Show that for an incompressible fluid, with no body force,

d

dt

∫∫∫
R(t)

1
2
ρv · v dV =

∫∫
∂R(t)

g · n dS − µ

∫∫∫
R(t)

ω · ω dV ,

where g = −pv − µω × v + 2µq, and q is given in part (b).
(f) If the fluid is compressible, show that the generalization of the Bobyleff-

Forsyth formula is∫∫∫
B

ΦdV =
∫∫∫

B

[
(λ+ 2µ)Θ2 + µω · ω

]
dV + 2µ

∫∫
∂B

n · q dS,

where Θ = ∇ · v and q = (∇v)v −Θv.

9.13. There are three known principal invariants, or conserved quantities,
for an ideal fluid. One is the circulation, which comes directly from Kelvin’s
Circulation Theorem. This problem derives the other two. Assume R(t) is a
material volume, as used for the Reynolds Transport Theorem, and there are
no body forces.

(a) If v · n = 0 on ∂R, show that

d

dt

∫∫∫
R

v · v dV = 0.

This is the energy invariant, and states that the kinetic energy of the
material volume is constant.

(b) If ω · n = 0 on ∂R, show that

d

dt

∫∫∫
R

ω · v dV = 0.

This is called the helicity invariant, and it measures the extent the path-
lines coil around each other.

(c) Explain why the conclusions of parts (a) and (b) hold if the body force
has the form f = ∇Ψ .

9.14. Suppose that the velocity of an incompressible fluid is v = v0+ 1
2Ω×x,

where v0 and Ω are constant vectors. Consequently, v consists of a constant
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velocity v0 added to the velocity for circular motion in the plane perpendic-
ular to Ω.

(a) Show that ω = Ω.
(b) The helicity density is defined as h = ω ·v, and it gives rise to the invariant

derived in Exercise 9.13(b). Using the result from part (a), show that
h = Ω · v0.

(c) Assuming Ω = (0, 0, Ω) and v0 = (0, 0, w0), find the pathlines and from
this show that the flow is helictical.

(d) From the description of v given above, one might think that it corresponds
to rigid body motion. Prove this using the results from Exercises 8.22(d)
and 9.8(b).

9.15. In this problem assume the body force in the Navier-Stokes equations
can be written as f = ∇Ψ .

(a) Assuming that the fluid is ideal show that

∂v
∂t

+∇
(

1
2
v · v +

1
ρ
p− Ψ

)
+ ω × v = 0.

In the case where the fluid is also irrotational show that

p = p0(t)− ρ

(
∂φ

∂t
+

1
2
∇φ · ∇φ

)
+ ρΨ.

This is a generalization of Bernoulli’s theorem given in (9.29).
(b) Suppose the fluid is inviscid and irrotational. Also, assume it satisfies the

equation of state for a polytropic fluid, which is p = kργ , where γ > 1.
Adapt the argument of part (a) to show that

∂φ

∂t
+

γ

γ − 1
p

ρ
+

1
2
∇φ · ∇φ− Ψ = c(t).

9.16. For the impulsive plate problem in Section 9.6.1, suppose the lower
plate moves with velocity v = (u0f(t), 0, 0). Assuming that f(t) is a smooth
function of t, use the Laplace transform to show that

u(y, t) = u0f(0)erfc
(

y

2
√
νt

)
+ u0

∫ t

0

f ′(t− r)erfc
(

y

2
√
νr

)
dr.

9.17. For the impulsive plate problem in Section 9.6.1, suppose the lower
plate moves with velocity v = (u0 cos(ωt), 0, 0). This is known as Stokes’
second problem. The exact solution can be found using the formula from the
previous problem, but a different approach is taken here.

(a) After a sufficiently long period of time the solution should be approxi-
mately periodic. Assume that u = eiωtq(y), where it is understood that
the real part of this expression is used. This expression should satisfy the
momentum equation, and the two boundary conditions. Show that this
results in the solution of the form u = u0e

−σy cos(σy − ωt).
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(b) Sketch the solution as a function of y, and describe the basic characteristics
of the solution.

(c) Show that the boundary layer thickness is approximately 5
√

2ν/ω. What
happens to the thickness as the frequency increases?
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