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Abstract
By an ABC-hit, we mean a triple (a,b,c) of relatively prime positive
integers such that a+b = ¢ and rad(abc) < c. Denote by N(X) the number
of ABC-hits (a,b,c) with ¢ < X. In this paper we discuss lower bounds
for N(X). In particular we prove that for every ¢ > 0 and X large enough

N(X) > exp ((logX)l/Q%).

1 Introduction

Definition 1. A triple (a,b,c) € Z3 is called an ABC-sum if a + b = ¢ and
ged(a,b,c) = 1.

The ABC conjecture states that for every € > 0 there exist at most finitely many
ABC-sums (a, b, ¢) such that ¢ > (rad(abc)) ™.

Definition 2. An ABC-sum (a,b,c) is called an ABC-hit if ¢ > rad(abc).

It is easy to construct infinitely many ABC-hits. Let for example s € Z>9 and p
be a prime not dividing s. Now define for every n € Z~q an ABC-sum (ay, by, ¢p,)
by letting

an = sP=p" _ 1, b,=1, ¢, = sP=Dr"

Since s®=DP" = ¢¢@" ™) =1 (mod p"*'), we have p"*1|a,, hence
a s
rad(apbnen) < p—Z 18 < —cy.

So for n large enough, the ABC-sums (ay,, by, ¢,,) are ABC-hits.

There are better so-called lower bounds in the ABC conjecture. C. L. Stewart
and R. Tijdeman proved in [S-T] that if Cy < 4, then there exist infinitely many
ABC-sums (a, b, ¢) such that

VR

c> ReXp <Com

) , R:=rad(abc).

Later, M. van Frankenhuysen improved this result by showing that it holds with
Cy < 4 replaced by Cy = 4v/2. Together with an idea of H. W. Lenstra, this
Co = 4+/2 can even be replaced by Cy < 4 - 29299 /27 /e; see [Fra).



Now define the counting function N(x) : R>¢g — Z>¢ by
N(X) :=|[{ABC — hits (a,b,c) | ¢ < X}|.

In [S-T] and [Fra] methods from the geometry of numbers together with versions
of the prime number theorem with error term are used to arrive at the above
mentioned results. In this paper these methods are applied to prove the following
theorem.

Theorem 3. For every € > 0 there exists an Xo > 0 such that for all X > X
N(X) > exp ((1og X)%—f) :

Before we start with (the preliminaries of) the proof of this theorem, we would
like to mention that according to [G-S] we have the following upper bound.

Theorem 4. For every € > 0 there exists an Xo > 0 such that for all X > X

N(X) < Xite,

2 Preliminaries

In this section we discuss some isolated results used in the proof of Theorem 3.

2.1 Minkowski

We have the following generalized version of Minkowski’s convex body theorem.

Theorem 5. Let A C R™ be a lattice of rank n and let V be a convex, centrally
symmetric subset of R™. If

vol, (V) > m2™ det A

for some m € Zsg, then V contains at least m different pairs of nonzero lattice
points tv;, € A, i =1,...,m.

Proof. See [Cas, Ch. III, Theorem II]. O

The set V' that will be used in the theorem above is (up to a scalar multiple)
described in the following lemma.

Lemma 6. Let n € Z~q and define the subset V C R™ as
Vi.={zxeR"| Z r; <1 and Z |x;| < 1}
i=1 i=1
x; >0 z; <0

Then vol, (V) = Znt

n!3




Proof. Let p be an integer satisfying 0 < p < n, define
K,:={z=(x1,...,2,) € R" | 2; >0 for i < pand x; <0 for i > p}

We will compute the volume of V' contained in K. First define the ‘m-dimensional
hyperpyramid’

Yoo ={x=(x1,...,2m) ER™ | 21,...,2:n > 0 and ingl},
i=1

which has volume 1/m!. Identify R” with RP x R™~P, then it follows that K, N
Vo =Y, x (=Y,—p). So

1

vol, (K, NV,) =vol,(Y,).vol,_,(Y,_)) = —————.

( p ) ;D( ;D) ;D( P) p'(n_p)'

Now let I C {1,2,...,n} and define
Kr={z=(z1,...,2p) €R"|2; >0forie [ and z; <0 fori ¢ I}.

Adding up the volumes of V contained in K for all 2" possible sets I gives
the volume of V. Note that K, = Ky . ). If I contains p elements then by
symmetry also vol, (K;NV) = 1/(p!(n—p)!). If I contains p elements, there are
( ) possibilities for the set I. Summing over all possible sets I we arrive at

o) =3 ()t ()

From the identity >, _, (2)2 = (2:) (which can be proven by considering the
identity (14 2)"(1 + )" = (1 + x)?" and comparing the coefficients of 2™ on

both sides) we conclude
1 /2 2n)!
vol, (V) = ( n) = (2n) .

T al\n n!3

2.2 The Prime Number Theorem

Let 7(z) denote the number of primes < x. Then for any k € Zxg

1 1! kE—1)! 1
W(ZE)I< +—2+...+( k)JrO( T >)
logz  log”x log" « log"" " x

For a proof see [Ing, p. 65]. Taking k = 3 we obtain a formula with the precision

we need: . . ) .
ﬂ'(:c):x( +—+— +O( 1 )) (1)
logz  log”x log”z log™ z

Using this version of the prime number theorem with error term, we can now
derive two formulas that will be needed later.




Lemma 7. Let x € Ryg and denote by n := 7w(x) — 1 the number of odd primes
<z and by p1,...,pn the first n odd primes. Then

= x x x
logpi = nlo (—) — +0 < ) ,
; &P & e log® x log®

Zloglogpi = nlog (f) +0 (Lg) .
= n log” x

Proof. For f(y) =logy or f(y) =loglogy we have

> 1) = s - [ 1wy ©)

Now let f(y) =logy. Using (1) we have

s = (1+ o+ o+ 0 (553 ®)

/; f(y)m(y)dy = /; <1O;y + 10;2?/ +0 (k)glgy)) dy. (4)

Partial integration shows that for m € N

b b b
/a loglm 7 Log%” y] . m/a IOg"}“ g ©
So (4) becomes
* x 2x * 1
| rwmad = g e [0 )
B logggas—i_loz—g:c—i—o(lo;:c)-
Substituting this and (3) in equation (2) yields

> togp =0 (5-)). (

3
Py log® z

and

By definition we have n = 7(z) — 1. Rewriting equation (1) using the geometric

series, we obtain
1 1 1
n=ux ( +——+0 ( T )) .
logz -1  log”x log* z

Multiplication with logx — 1 now gives

n(logx_l):x+1””2 +0( ° ) (7)

og” x log?’ x



From this and (6) we now obtain the first part of the lemma.
Now let f(y) = loglogy. Using equation (1) we have

[f(y)7(y)]5 = (loglogz)(n + 1)+ O (1) =nloglogz + O (loglogz)  (8)

/ f dy_/; (105;12y+0(10g13y))dy' ®)

Partial integration (5) gives

| rmta - 0 <1g> . (10)

Substituting this and (8) in equation (2) yields

and

Zloglogpi:nloglogxf $2 +(9< x3 ) (11)
= log” x log” x
On the other hand
1
nlog(logx —1) = n (10g10gm + log (1 - ))
log x

1 1
= n<1oglogx< +(9< 5 )))
log x log” x

x x
= nloglogx — + 0O ,
808 log? x (1og3z)

where the second equality follows from a first order Taylor expansion, and the
third from (1). Together with (11) we obtain

Zloglogpz =nlog(logxz — 1)+ O ( 3 ) . (12)
P log” x
We conclude:
= logz — 1
Zloglogpi = nlog( (log @ ))—1—0( x3 )
P n log” x
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where the first equality of course follows from equation (12), the second from
(7) and the fourth from (1) and a first order Taylor expansion. This completes
the proof of (the second part of) the lemma. O

3 The Proof

We are now ready to give the proof of Theorem 3.

Proof. For ¢ = b/c € Q*, with b,¢ € Z and ged(b,¢) = 1, define the height
h(q) := log(max(|b|, |c|)), where |.| denotes the standard Archimedean valuation.
Let > 5 and define n := w(z) — 1 the number of odd primes < z. Denote by
D1, ..,Pn the first n odd primes. Consider the subgroup of Q% generated by
the first n odd primes

Qn:=A{py"...p5" | @i € Z}
and the subset of elements of bounded height

Qo :={q € Qn|h(q) < B(x)},

where B(x) : Rsg — Rso is some function to be specified later. Define the
injective group homomorphism

©n: Qn — R pit . pin — (ag logpi, ..., anlogpy).
Then

A =4 (Qn) = {(arlogp1,...anlogp,) € R" | a; € Z}

is a lattice of rank n. Define two more sets

L, := (Pn(Qm) = {y €A, | Z yi < B(aj) and Z |yz| < B(a:)},

=1 i=1
>0 ;<0

Lo CVei={y €eR"| Y 4 <B(x)and > |yi| < B(x)}.
yzi>10 yzi<10

An important fact that we will use is that there is a 1 — 1 relation between
(unordered) pairs +y € A, — {0} and ABC-sums (a, b, ¢) with rad(be)| [T;-, ps,
given by (a,b,¢) — {¢n(b/c), —pn(b/c)}. Pairs +y € L, — {0} correspond under
this 1 —1 relation to ABC-sums (a, b, ¢) with rad(bc)| [T\, p; and logc < B(z).
Define 9y, = {b/c € O, | b = ¢ (mod 2™);b,¢c € Z~o andged(b,c) = 1}
and Ay := @5 (Qn,m). Since 3 and 5 (mod 2™) generate (Z/2™Z)*, we have
a surjective homomorphism Q,, — (Z/2™Z)* with kernel equal to Q, . So
O/ Qnm =~ (Z/2™Z)*. Which gives us |Q,,/Qp.m| = 271, hence

|An/Ap | =271 (13)



Let @« € Q with 0 < a < 1, denote by d the denominator of o and define
B :=1—a. Let m € Z be such that dlm and

vol, (Vz) -

2m—d
2ndet A,, —

2. (14)

Together with Lemma 6 and det A,, = []!"_; logp; we get

om > (2n)!Bn(a:)" ~ exp <1Og((2n NB(z ) Zloglong) (15)

2n(n!)3 1, logp;

Stirling’s formula, logn! = nlogn —n + O (logn), gives

o gz ) = nlog (20 + 0 (logn).

Using this identity and Lemma 7 we obtain from (15)

2™ > exp (nlog (%@)) +O<1ogx?’z>)' (16)

Now note that am, fm € Z and that from (13) and (14) we get

vol, (Vi) > 2m =4 det A, = 20mF1=dongam=1 qet A, = 20mHF1=42n det A, 4.

We will see later that 2™ — oo when z — o0, hence for = large enough
26m+l=d ¢ 7_,. So by Theorem 5 we have that for  large enough at least
20m+1-d (Jifferent pairs of nonzero lattice points +y of Ay om are contained in
V, and hence in L,. Under the 1 — 1 relation mentioned earlier, these pairs of
points correspond to 20™m*1=4 different ABC-sums (a,b,c) with loge < B(x)
and

rad(be)| Hpi, 29 e — b = a. (17)
i=1
We claim that for x large enough, these ABC-sums are in fact ABC-hits. From
(17), (16) and Lemma 7 we obtain

rad(abc) < Sam ﬁpz <2c (2m ) ) ﬁpz

i=1

2eB(x
cexp (—anlog( ¢ +Zlogpz+(9( 3 ))

log” x

- cexp<nlog< <2eB )) 1ng O<1ogz%>)'

Now define B(z) such that z/e - (z/(2eB(x)

IN

@ =1,ie.

B(x) := =

2 (E)H_'



Then for x large enough

rad(abe) < cexp (—LQ +0 (%)) <ec.
log” x log” x

This proves our claim and we conclude that for x large enough
N (exp(B(z)) > 20m+1-d, (18)

Using (16), 2eB(z)/z = (z/e)*/* and (1) we obtain

x x
log (g) +O(log3z))

1 1 2 1
( +t——+— +(9< I ))(logosl))

logz  log“z log”z log™ z
1 1

(1+ , +o( : )))

log” x log” x

we obtain that for x large enough

8 1 1 8
o (o (o () 20 (&)

= exp (CLB(z)T),
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Together with (18

~—

N(exp(B(z))

v

where C!, := e(1/a — 1)2%/0+%) > 0. Since = — exp(B(z)) : 0, 00[—]1, o[ is
surjective and monotonously increasing, we have for X large enough

N(X) > exp (C;(logX)HLa) . (19)

Since a/(1 4+ @) 1 1/2 when « T 1, we obtain that for every ¢ > 0 there exists a
C. > 0 such that for X large enough

N(X) > exp (Ce(logX)%_E) .
For the final statement, note that for every e > 0 and X large enough

log N(X) > Cs (log X)* ™% = ¢ (log X ) (log X))~ > (log X) .

%
O

We remark that instead of using lattices to find ABC-hits, we could have used
the box principle like in [S-T]. Our method of proof then gives, that for X large
enough (19) holds, but now with C?, = e(1/a — 1). With this smaller constant
we of course also end up with Theorem 3. On the other hand, one can try to
find more lattice points inside V,. Heuristically, one could expect a factor of
2" more than used in the proof. But this extra factor would only increase the
constant C7, in (19) and again would not change the final result. Using not only
ABC-sums (a, b, ¢) with a divisible by a large power of 2 to construct ABC-hits,



but also ABC-sums with a divisible by a large power of other primes, would also
not necessarily improve Theorem 3. We do however not expect that Theorem
3 is best possible (in some natural sense). It might be possible that with some
extra effort the (log X )¢ term could be replaced by some power of loglog X. We
leave this to the interested reader.

References

[Cas] J. W. S. Cassels, An Introduction to the Geometry of Numbers, Reprint
of the 1971 Edition, Springer-Verlag, Berlin Heidelberg, 1997.

[Fra] M. van Frankenhuysen, A Lower Bound in the abc Conjecture, J. Number
Theory 82 (2000), 91-95.

[G-S] G. Geuze and B. de Smit, Reken Mee met ABC, On-line reference:
http://www.math.leidenuniv.nl/"desmit/vakantiecursus2006.pdf .

[Ing] A.E. Ingham, The Distribution of Prime Numbers, Cambridge University
Press, 1964.

[S-T] C. L. Stewart and R. Tijdeman, On the Oesterlé-Masser Conjecture, Mon.
Math. 102 (1986), 251-257.



