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2.1 Introduction

Geometry of numbers is concerned with the study of lattice points in certain bodies
in R”, where n > 2. We discuss Minkowski’s theorems on lattice points in central
symmetric convex bodies. In this introduction we give the necessary definitions.

Lattices. A (full) lattice in R™ is an additive group
L={zxvi+- -4z, 21,...,2, €L}

where {vy,...,v,} is a basis of R", i.e., {vy,...,v,} is linearly independent over R.

We call {vy,...,v,} a basis of L. The determinant of L is defined by
d(L) :=|det(vy,...,v,)l,

that is, the absolute value of the determinant of the matrix with columns vq,...,v,.



We show that the determinant of a lattice does not depend on the choice of the
basis. Recall that GL(n,Z) is the multiplicative group of n x n-matrices with entries
in Z and determinant +1.

Lemma 2.1. Let L be a lattice, and {vi,...,v,}, {w1,...,w,} two bases of L.
Then there is a matriz U = (u;;) € GL(n,Z) such that

n
(2.1) w; :Zuijvj fori=1,... n.
j=1
Consequently, | det(vy,...,v,)| = |det(wq,...,w,)|.
Proof. Let U be the matrix expressing wq, ..., w,, into vy,...,v,, that is, the matrix
given by (2.1). A priori, U is just a non-singular matrix, but since wy, ..., w,, lie in
the lattice generated by vq,...,v,, it must have its entries in Z.

Let U~" = (u”). Then from linear algebra we know that v; = >°"_, u”w; for
i=1,...,n. Now U~ ! has its entries in Z since vy, ..., v, lie in the lattice generated
by w1, ..., W,. Since both det U and det U ! are integers and must be multiplicative
inverses of one another, we have det U = +1, i.e., U € GL(n, Z).

Finally, we observe that
|det(wy,...,wy,)| =|det U] - |det(vy,...,v,)| =]|det(vy,...,v,)|.

]

Let L, M be two lattices in R™ with M C L. Choose bases {vy,...,v,} of
L, {wy,...,w,} of M. Let U = (u;;) be the matrix expressing wy,...,w, into
Vi,...,V,. Then U has its entries in Z. We define the index of M in L by
|L: M| :=|detU].
The relation det(wy, ..., w,) =detU - det(vy,...,v,) easily translates into
d(M)=|L:M|-d(L)

and this shows that |L : M| does not depend on the choices of the bases of L and
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M. !

Convex bodies. Notions such as boundedness, openness, closedness, etc. for
subsets of R™ are all with respect to the usual Euclidean metric on R™ and the
topology induced by it.

Recall that a subset C' of R" is convex if for any two points x,y € C, also the
line segment connecting them, i.e., {tx + (1 —t)y : 0 <t < 1}, is contained in C.
A central symmetric convexr body in R™ is a closed, bounded, convex subset C' of R"
having 0 as an interior point, and which is symmetric about 0, i.e. if x € C then
also —x € C.

Given a central symmetric convex body C in R and a real A > 0, we define the
dilation of C' with factor A by

AC:={ ) x: xe(}.
In case that A > 0, this is again a central symmetric convex body.

Exercise 2.1. Let C be a central symmetric convex body.

(i) Let A, p be reals with 0 < A < p. Prove that \C C uC.

(i1) Let x € A\C, y € uC where A, u = 0. Prove thatx +y € (A + p)C.

(i1i) Let B be a bounded subset of R". Then there is X > 0 such that B C \C.

Examples.

(i). Images under linear transformations: If C' is a central symmetric convex
body and ¢ a linear transformation of R" (i.e., an invertible linear map from R" to
itself), then ¢(C) is also a central symmetric convex body.

(ii). Parallelepipeds, ellipsoids and octahedra: Let

K,={xeR": mgzx|$i|<1}, B,={xecR": 22+ .-+ 22 <1},

1<s

O, ={xeR": |z1|+ - +|z,| <1}

be the n-dimensional unit cube, Euclidean unit ball, and unit octahedron, respec-
tively, where x = (zy,...,2,) € R". Then (central) parallepipeds, ellipsoids and

!The index |L : M| as defined above is equal to the index as defined in group theory, that
is the order of the quotient group L/M. This can be seen as follows. By a general theorem
for abelian groups, there are a basis {vy,...,v,} of L and positive integers dy,...,d, such that
{d1v1,...,dpv,} is a basis of M. On the one hand, according to the above definition, |L : M| =
dy - - -dy, on the other hand, L/M 2 Z/d\Z & --- ® Z/d,Z, and so it has cardinality d; - - - d,.

11



octahedra in R™ are the images of K, B, and O,, respectively under linear trans-
formations of R™. These are all central symmetric convex bodies.

(iii). Unit balls of norms: Recall that a norm on R™ is a function ||-|| : R" — Ry
such that

o | \x|| = |A| - ||x]| for all x € R", A\ € R;

o [Ix + ] < [xl| + lly] for all x,y € R

¢ x| =0<=x=0.

Then the unit ball By := {x € R": ||x|| < 1} is a central symmetric convex body.
Indeed, recall that all norms on R” induce the same topology, that is that the defi-
nitions of openness, closedness, interior points, boundedness, etc., do not depend on
the choice of the norm. This implies directly that By, is closed and bounded and
has 0 as an interior point. The central symmetry and convexity follow easily from
the first and second property of a norm.

In fact, every central symmetric convex body arises from a norm. Let again C
be a central symmetric convex body in R™ and define for x € R",

|x||c := min{X € Ryo: x € AC'}.

Lemma 2.2. (i) || - ||c is well defined.
(i) || - ||c defines a norm on R™.
(1ii) \C' = {x € R": ||x||c < A} for A > 0.

Proof. (i). Clearly, ||0]|c = 0. Let x € R" with x # 0. Consider the set
S:={A: XeRyy, x € NC}.

We have to prove that S is non-empty and that it has a minimum. Our argument
will imply also that this minimum is positive. Let r denote the (Euclidean) length
of x.

First, 0 is an interior point of C' which means that there is § > 0 such that C
contains all vectors in R™ of length at most 6. As a consequence (r/d)C contains all
vectors of length at most r, so in particular x. Hence S # (). Thus, the set S has
an nfimum, which we denote by .

The definition of the infimum implies that x € (u 4+ €)C for every € > 0, hence
(u+¢)"'x € C for every € > 0. Since the set C is bounded, this implies p > 0.
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Further, since the set C' is closed, it contains the limit of the sequence of points
{(p+1/m)x: m=1,2,...}, which is p~'x. So x € uC, i.e., p € S. Hence p is
the minimum of S. This shows that ||x||¢ is well-defined and positive.

(11). We have shown above that ||x||¢ > 0 if x # 0. The proofs of the other two
norm properties are left to the reader.

(111). Left to the reader. ]

Exercise 2.2. Prove (i) and (iii).

2.2 Minkowski’s first convex body theorem

Using Lebesgue theory, one can define an n-dimensional volume vol(S) € R5oU{oco}
(the so-called Lebesgue measure) for subsets S of R” from a large class, the so-called
measurable subsets of R”. We do not need the precise definition of Lebesgue mea-
sure or measurable set. What is important to us is that all open sets and all closed
sets are measurable, bounded measurable sets have finite volume, and the empty
set has volume 0. The volume of S is equal to the Riemann integral |, gdry - dxy
for every set S for which this integral is defined. However, there are measurable
sets S for which the Riemann integral is not defined. We mention some important
properties of the volume:

1. Let S be a measurable subset of R™. Then every translate a+S := {a+x: x € S}
is also measurable and vol(a 4 ) = vol(S). Further, if ¢ is a linear transformation

of R", then ¢(.S) is measurable and vol(¢(S)) = | det ¢ - vol(.5).
2. Let S C R"™ be measurable. Then S¢:=R"\ S is measurable.

3. Let S, (n =1,2,3,...) be a countable collection of measurable subsets of R".
Then S = |J~, S, is measurable. Moreover, if the sets S, are pairwise disjoint,

then vol(S) = > 7 vol(S,).

Theorem 2.3. (Minkowski’s first convex body theorem, 1896). Let C be a
central symmetric convezr body in R™ and L a lattice in R™ of rank n. Suppose that
vol(C) = 2"d(L). Then C contains a point from L\ {0}.
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Choose a basis {vy,...,v,} of L. We call
F={x;vi+- - +a,vp,: 5, e R, 0Lz, <1fori=1,...,n}

a fundamental parallelepiped for L. Notice that F' has volume d(L) and that the
translates u + F' (u € L) are pairwise disjoint and cover R, that is,

R" = U(u+F).

uel

We present two proofs of Theorem 2.3: one based on computing volumes, and
another one based on a lattice point counting result which is of interest in itself.

First proof of Theorem 2.3. We first assume that vol(C) > 2"d(L). Then the set
5C = {3x: x € C} has volume > d(L). For u € L, define S, := 3CN(u+F). Then

— 2
the sets S, (u € L) are pairwise disjoint and their union is precisely $C. Hence

> vol(Sy) = vol(3C) > d(L).

We shift the sets Sy, into F, that is, we define
Si=-u+S,=(—u+3iC)NF forue L.
Since S} has the same volume as S, we have

> vol(Sz) =Y vol(Sy) > d(L) = vol(F).

uel uel

That is, we have a collection of subsets S} (u € L) of F', the sum of whose volumes is
larger than the volume of F'. So there are two distinct u, v € L such that SENSE # 0.

Pick a point a € S;NS;. Then for certain x,y € 1C wehavex—u=y—v =a.
Hence x —y =u—v € L\ {0}.

Now 2x,2y € C, by the symmetry of C' we have —2y € C, and by the convexity
of C' we have %(QX —2y) =x—y € C. This shows that C' contains a non-zero point
from L.

Now assume that vol(C') = 2"d(L). Suppose that C' does not contain a non-zero
point from L. Then for every integer m > 1, (1 +m™!)C contains a non-zero point
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Xm from L since vol((1 +m™1)C) = (1 +m~1)"vol(C) > 2"d(L). All points x,, lie
in 2C, and since (2C) N L is finite, there can be only finitely many distinct among
them. So there is a non-zero x € L such that x € (1 + m™1)C for infinitely many
m. Hence (1 +m™)"'x € C for infinitely many m. Taking the limit, using that C
is closed, it follows that x € C. H

Exercise 2.3. Prove the following theorem of Blichfeldt. let S be a measurable, not
necessarily convex, subset of R™ with vol(S) > d(L). Then there are x,y € S with
x#y andx —y € L.

Before giving the second proof of Theorem 2.3, we derive a lattice point counting
result. We use Landau’s O-notation: for real functions f, g, h, defined on subintervals
of R, we write

f(x) =g(z) + O(h(x)) asz — o0

if there are real numbers xy and ¢ such that f, g, h are defined for z > x(, and
|f(z) — g(x)| < ch(x) for x > xy. This means that if we approximate f(z) by g(z)
and let x — oo, then asymptotically our error has order of magnitude at most h(z).
For instance, for fixed n,a we have (x + a)" = 2" + O(z" 1) as © — 0.

The cardinality of a set S is denoted by #5.

Lemma 2.4. Let C be a central symmetric convex body and L a lattice in R™. Put
a:=vol(C)/d(L). Then

#ACNL)=aN"+ 0\ as A — oo.

Proof. Let N()) := #(AC N L). Consider the set S := J,crcnr (0 + F). Note that
S is a disjoint union of precisely N(C') parallelepipeds, each of volume d(L). So
S has volume N(A) - d(L). Further, A\C' has volume A" vol(C'). Suppose that all
parallelepipeds u + F' lie either completely inside, or completely outside A\C'. Then
S = AC, and N(\) = aA™. But of course, in general some of the parallelepipeds
u + F' lie partly inside, partly outside AC. So by approximating N(\) by a\" we
make an error, which we have to estimate.

Since F' is bounded, there is a > 0 such that ||y||c < a for y € F. We first prove
that

(*) A—a)C CSC(A+a)C for A >a.
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Write x € R" as u+y, withu € Landy € F. So ||[x—ul|¢ < a. Translating (*) into
norms via Lemma 2.2, what we have to show that ||x||c <A —a = |[ullc < A, and
lulle < A= ||x]|c < A+ a. But this follows directly from the triangle inequality.

Taking volumes in (*), we obtain
(A—a)"vol(C) < N(A\) -d(L) < (A +a)"vol(C),

and this shows that there are ¢ > 0, \g > 0 such that |[N()\) — a\"| < A" for all
A > Ao ]

Second proof of Theorem 2.3. We first consider again the case that vol(C') > 2"d(L),
so that a > 2". Let m be a positive integer. The previous lemma implies that
#(mCNL) = am™+0(m™1) is larger than (2m)", provided we choose m sufficiently
large.

We divide L into congruence classes modulo 2m by setting x = y(mod 2m) if
(2m)~'(x —y) € L. Thus, if {vy,...,v,} is a basis of L and if we write x =
TIVy+ o+ TV, Y = Y1Vy + - Yp Vi, With z;,y; € Z, we have x = y(mod 2m) if
and only if z; = y;(mod 2m) for i = 1,...,n. Hence L can be divided into precisely
(2m)™ congruence classes modulo 2m.

Now by the box principle, there are two distinct x,y € mC N L with x =
y(mod2m). So u := ﬁ(x —y) is a non-zero element of L. By the symmetry of
mC', we have —y € mC, and by its convexity, %(X —y) € mC. Hence u € C. Thus
Theorem 2.3 follows in the case vol(C') > 2"d(L). The case vol(C') = 2"d(L) is
treated in the same way as in the first proof. O

Exercise 2.4. Let C, L be a central symmetric convex body and lattice in R™ and r a
positive integer such that vol(C') > r-2"d(L). Prove that there areuy,...,u, € CNL
such that w; # £u; fori,j=1,...,r.

Hint. Given distinct points Xo, ..., %, € R"™, prove that there is i € {1,...,r} such
that 2x; # x; +xy, for all j,k € {1,...,r}\ {i}.

We give some consequences of Theorem 2.3.

Corollary 2.5. Letl; = an X1+ -+ Xy, (i =1,...,n) be linear forms with real
coefficients and with det(ly,...,l,) # 0. Let Ay,..., A, be positive reals with

AlAn> |det(ll,,ln)\
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Then there is a non-zero x € Z"™ with

[h(x)] < A, (%)) < An

Proof. Recall that
K,={y= 1, - .- ,yn) ER": |ys| < 1fori=1,...,n},
and define the lattice
L:={(A7'"L(x),..., A (%) : x € Z"}.

Clearly, K, is a central symmetric convex body with volume 2", while L is a lattice
of determinant | det(ly,...,l,)|/A; -+ A, < 1. Theorem 2.3 implies that K, contains
a non-zero point from L. Corollary 2.5 follows. O

In the introduction we showed that if £ is a real irrational number, then there
are infinitely many pairs of integers (z,y) with ged(z,y) =1, y > 0 and

(22) \s—g <y

We prove some generalizations.

Corollary 2.6 (Dirichlet, 1842). (i) Let &y, ..., &, be real numbers, at least one of
which is irrational. Then there are infinitely many tuples of integers (x1,..., Ty, y)
with ged(xy, ..., x,,y) =1, y >0 and

(2.3) fz—& <y 7V fori=1,...,n.
Y
(ii) Let &y, . . ., &, be real numbers such that 1,&y, ..., &, are linearly independent over

Q. Then there are infinitely many tuples of integers (z,y1, ..., Yn) With (Y1, ..., Yn) #
(0,...,0) and
|§1y1 + -+ fnyn - l‘| < max(|y1|, M |yn|)_n'

Proof. We prove only (i). We consider instead of (2.3) the system of inequalities
(24) o —&yl<QTV (i=1,...,n), 0<y<Q, ged(zy,...,20,y) =1
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for any integer @) > 1, and let @ vary. If (z1,. .., z,,y) is a tuple of integers satisfying
this system, then it is also a solution of

v — &yl <y MV fori=1,...,n

with y > 0, ged(zq, ..., x,,y) = 1, and hence a solution of (2.3) with these proper-
ties.

Notice that the system of linear forms X7 — & X, 11, ..., X, — £, X a1, Xyt has
determinant 1. So by Corollary 2.5, for every integer ¢ > 1 there is a non-zero
tuple of integers (z1,...,o,,y) satisfying |z; — &y| < Q7Y™ fori = 1,...,n and
lyl < Q. If y = 0 then x; = --- = z,, = 0 which is impossible. Hence y # 0. By
changing signs and dividing out the ged of x4,...,z,,y if necessary, we obtain a
solution xg = (21,...,%,,y) of (2.4).

We claim that if we let () — oo, then x¢ runs through an infinite set. Indeed, sup-
pose the contrary. Then there is an infinite sequence of integers ); — oo such that
for each (); the point x(), is equal to some fixed tuple of integers x = (z1, ..., %, Y)
independent of i. But then, & = z;/y € Q for i = 1,...,n, against our assumption.

Thus, as observed above, the vectors x¢ give infinitely many solutions of (2.3)
with y > 0 and ged(xq, ..., 2z,,y) = 1. O

Exercise 2.5. Prove the following common generalization of both (i) and (ii). Let
m,n be positive integers and l; = {1 X1 + -+ + & Xn (1 = 1,...,m) linear forms
with real coefficients satisfying

{yeZ": li(y)€Z fori=1,...,m} ={0}.

Then there are infinitely many tuples (x,y), with x = (x1,...,2,) € Z™, y =
(yb see 73/77,) S ZTL’ Y 7£ 0, such that

—n/m )
li(y) — x| < (max \y]\) fori=1,...,m.

1<j<n

Given a real number 6, we denote by ||0|| the distance of 0 to the nearest integer,
ie., ||0|| = min{| —m| : m € Z}. Corollary 2.6 implies that for any two real
numbers &1, &, not both in Q, there are infinitely many positive integers y such that

16yl <y~ 12, |6yl <y
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This implies that there are infinitely many positive integers y such that

yll&yll - [yl < 1.

In fact, this is true also if both &,& € Q, since then, there are infinitely many
integers y with ||&1y|| = 0, ||&y|| = 0. The following famous conjecture, due to
Littlewood, is still open:

Littlewood’s Conjecture. Let &,& be any two real numbers. Then for every
€ > 0 there exists a positive integer y such that

yll§wyll - 162yl < e

Note that ||z|| < 3 for every z € R. So Littlewood’s conjecture would imply also
that for any n > 3 reals &,...,&,, and for any € > 0 there is a positive integer y

with y||&yl| - - |€ayll < e

Exercise 2.6. Let d be a positive integer that is not a square. Prove that there is a
constant ¢(d) > 0 such that

y - [[Vayl| = c(d) for all y € Zq

(that is, there is no one-dimensional analogue of Littlewood’s Conjecture).

In general, a real, irrational number £ for which there exists ¢ > 0 such that
y - ||€y|| = ¢ for all positive integers y is called badly approximable. It can be
shown that there are uncountably many badly approximable numbers.

2.3 Minkowski’s second convex body theorem

Let L be a lattice in R™ and C' a central symmetric convex body in R".

Definition. The n successive minima Ay, ..., A\, of C' with respect to L are defined
as follows:

A; is the minimum of all positive reals A such that A\C'N L contains at least ¢ linearly
independent points.
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Lemma 2.7. The successive minima Ay, ..., A\, of C with respect to L are well-
defined, and 0 < A\ < --- <\, < 00.

Further, there are linearly independent vy, ...,v, € L withv;, € \;C fori=1,...,n.

Proof. Let || - ||¢ be the norm associated with C, defined by [|x||¢ = min{\ € Ry :
x € AC'}. Recall that A\C' = {x € R": ||x]|c < \}.

We can order the points of L as a sequence xy = 0,X7,Xs,... such that 0 =
Ix0lle < ||x1]lc < [|Ix2|le < --+. To see this, consider for each positive integer m
the points x € L with m — 1 < [|x]|c < m, these are the points with x € mC,
x ¢ (m — 1)C. Since L is discrete and mC' is closed and bounded, there are only
finitely many such points and these can be ordered according to their || - ||c-values.

Define A\, := ||x1]|¢ and put ky := 1, vi := x3. For i = 2,...,n, let k; be the

first index k such that rank {xy,...,x;} = ¢, and put \; := ||xy,||c and v; := xy,.
Clearly, 0 < A\ < -+ < A\, < o0, Vi,...,V, are linearly independent, and v; € \;C
fori=1,...,n.

It remains to show that \; is the ¢-th successive minimum of C' with respect
to L, for i = 1,...,n. Clearly, \;C N L contains the ¢ linearly independent points
vi,...,Vv;. We have to show that A\C' N L does not contain ¢ linearly independent
points if 0 < A < \;. Take such A. Note that A\C' N L contains precisely the points
x € L with [|x]|c < A, i.e., the points xg, X, ..., X, where ||xx]|c < A < ||Zgi1]c-
Clearly, k < k;, so there cannot be ¢ linearly independent points among X, . . ., Xj.
This proves our lemma. O

Remark. The vectors vq,..., Vv, from the above lemma need not form a basis of L.

Minkowski’s second convex body theorem gives an optimal upper and lower
bound for the product of the successive minima of a central symmetric convex body
C with respect to a lattice L.

Theorem 2.8 (Minkowski’s second convex body theorem, 1910). Let L be
a lattice and C' a central symmetric convex body, both in R™, and let \1,..., A\, be
the successive minima of C' with respect to L. Then

2" d(L)
nl vol(C)

d(L)
vol(C)’

<Aoo\, <27
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Remark. Theorem 2.8 is invariant under linear transformations in the following
sense. Let C, L, A\,..., A, be as in Theorem 2.8. Let ¢ : R® — R” be a linear
transformation. Then ¢(C) is a central symmetric convex body, ¢(L) is a lattice,
and one easily shows that Aq, ..., \, are the successive minima of ¢(C') with respect
to ¢(L). Further,

d6(L)) _ |det(@)-d(L) _ d(L)
vol(@(C))  [det(e)] - vol(C) — vol(C)°

For every lattice L of R™ there is a linear transformation ¢ of R” such that ¢(L) = Z".
This observation shows that the general Minkowski’s second convex body theorem
with arbitrary lattices L follows from the special case where L = Z".

We show that Minkowski’s second convex body theorem implies his first.

Second convex body theorem = First convex body theorem. Minkowski’s second con-
vex body theorem implies that A} < 2"d(L)/ vol(C'). Assume that vol(C') > 2"d(L);
then Ay < 1. Now A\ C contains a non-zero point from L and \{C' C C; hence C
contains a non-zero point from L. O

Example 1. Let B, be the Euclidean ball in R", given by 2% + --- + 22 < 1. Let
L be a lattice in R™, and let Ay, ..., A, be the successive minima of B,, with respect
to L. It is clear that x € AB,, if and only if ||x||2 < A, where ||z||s = (Z?:l x?)l/z
is the Euclidean norm. There are linearly independent vectors vy,...,v, € L with
|villa = A\; for i = 1,...,n. In fact, v; is a (not necessarily unique) shortest non-
zero vector in L, and for ¢ = 2, ..., n, v; is a shortest vector in L outside the linear

subspace spanned by vy,...,v;_1.

Now Theorem 2.8 implies that
[T1villz < 2"V(n)~'d(L),
i=1

where V(n) = vol(B,). Recall that V(1) =2, V(2) =7, and V(n) = 2%V(n —2)
for n > 3. We mention once more that {vy,...,v,} need not be a basis of L.

Example 2. We prove that the constant 2" in the upper bound of Theorem 2.8 is
best possible, i.e., the theorem becomes false if 2" is replaced by a smaller quantity.
Moreover, we show that every sequence of reals 0 < A\; < --- < A, may occur as
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successive minima. For the lattice we take Z". Let e; = (1,0,...,0),...,e, =
(0,...,0,1) be the standard basis of Z". Further, let Aq,...,\, be reals with 0 <
A < -+ < \,. Define

Cri={x=(21,...,2,) ER": |zy| < N\ ' fori=1,...,n}.
Clearly, C] is a central symmetric convex body with volume 27(\; - -+ \,,)~'. Thus,
A1 Ay = 27d(Z7) vol(Cy) L.
We now show that ); is the j-th the successive minima of C'; with respect to Z",
for j=1,...,n. For A > 0 we have
MO ={xeR": |z;] < A/ fori=1,...,n}.

This implies that A\;C; contains the j linearly independent points ey,...,e;. Let
A< Ajand lety = (y1,...,y,) € Z" be a point in AC;. Then |y;| < 1,...,|y,| <1,
implying that y; = --- = y, = 0. So all lattice points in AC; lie in the (j — 1)-
dimensional space spanned by ey, ...,e;_;, and this space cannot contain j linearly
independent points. So J; is the j-th successive minimum of C with respect to Z".

Example 3. We prove that the factor 2" /n! in the lower bound of Theorem 2.8 is
best possible. For our lattice we take again Z". Let

Cy = {x: (x1,...,2,) ER: Z)\z|xz| < 1}'
i=1

Then Cs is a central symmetric convex body of volume 27(Ay -+ \,) ™! (verify this!).
Hence A - -+ \, = 27d(L)/ vol(Cy).

Exercise 2.7. Prove that \i,...,\, are the successive minima of Coy with respect
to 7.

We deduce the lower bound for Ay - - - A\, in Theorem 2.8. For a proof of the upper
bound, which is much more involved, we refer to the book of Cassels, Chapter 8.
We need a lemma.

Lemma 2.9. Let wy,...,w, € R". Then

T

{Zr::ciwi: z €R fori=1,...,n, Z]xz\gl}

i=1 i=1
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15 the smallest convex subset in R™, symmetric about O, that contains wq, ..., W,,
that 1is, the set itself is conver and symmetric about 0, and it is contained in every
other convex set which is symmetric about O and contains wq, ..., W,.

Exercise 2.8. Prove this lemma.
Proof of the lower bound in Theorem 2.8. Choose linearly independent vectors

Vi,...,v, of Lsuch that v € \;C fori=1,...,n. Then \;'v; € Cfori=1,...,n.
Consider the set

D::{in-)\[lvi: r, €ERfori=1,...,n, Z\:mgl}
i=1 =1

By Lemma 2.9, this is the smallest symmetric convex set containing the points
AN'v;€eC(i=1,...,n). Hence D C C.

Note that D is the image of the n-dimensional octahedron
On = {X:(I‘l,...,.’l}'n) € R": Z‘.’L’Z’ g 1}
i=1

under the linear transformation ¢ given by ¢(e;) = A\;'v; fori = 1,... n. Hence

_|det(vy, ..., v))| 27

(D) = |det -vol(O,,) = —
vl(D) = det(9)] - vol(0,) = =TT
_don >
N /\17-“7)\71 Tl!7

where M is the lattice with basis {vy,...,v,}.

Clearly, M is a sublattice of L, therefore, d(M) = |L : M|-d(L) > d(L). By
combining this with what we obtained above, we obtain

vol(C)) > vol(D) > %d(L)()\l )

This implies the lower bound for A; - -- A\, from Theorem 2.8. O

We prove a weaker version of the upper bound in the special case that C' = B,
is the n-dimensional Euclidean unit ball. Recall that the associate norm is || - ||2. In
fact, we prove the following theorem which goes back to Hermite.
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Theorem 2.10. Let L be a lattice in R™. Then L has a basis {v1,...,v,} with
Vil [vallz < (4/3)"" D/ - d(L).

Corollary 2 11. let A\1,..., \, be the successive minima of B, with respect to L.
Then A --- A\ < (4/3)7(=1) . d(L).

For suppose that ||vi|l2 < -+ < ||vy]|2. Then clearly, \; < ||v;|]2 fori=1,...,n.

Corollary 2.12. Let E be a central ellipsoid in R™ and L a lattice in R™. Then for

the successive minima A1, ..., N\, of E with respect to L we have
d(L)
Ay - 4 n(n—1)/4 .
L < (473) OB

where V(n) := vol(B,).

For this is clearly true for £ = B,,, and the assertion for an arbitrary ellipsoid
E follows by taking a linear transformation ¢ such that £ = ¢(B,,) and using the
invariance of Corollary 2.12 under linear transformations.

In fact, by applying a theorem from 1949 of the German mathematician Fritz
John, one can proceed further, and prove a weaker version of Minkowski’s theorem
for arbitrary central symmetric convex bodies. For a proof, we refer to Schmidt’s
lecture notes, p. 87 (there called "Jordan’s Theorem’).

Theorem 2.13. Let C' be a central symmetric body in R™. Then there is a central
ellipsoid E such that E C C' C \/nE.

As has also been explained in Schmidt’s lecture notes (and you should be able to
prove this yourself), together with Corollary 2.12, this implies the following weaker
version of Minkowski’s second convex body theorem:

Corollary 2.14. There is a number c¢(n) > 0, depending only on n, with the fol-
lowing property. Let C' be a central symmetric convex body, and L a lattice in R™.
Then for the successive minima Ay, ..., A\, of C with respect to L we have




Proof of Theorem 2.10. We need some first year linear algebra. We proceed by
induction on n. For n = 1 the assertion is easily verified. Let n > 2 and assume
Theorem 2.10 is true for lattices of dimension n — 1. Let v; be a non-zero vector in
L of minimal length. We take for granted that v; can be augmented to a basis of
L. 2 Then ||vi]2 = A\;. Put e; := A{'vy. Then e; has length 1. We augment e; to
an orthonormal basis {ej,...,e,} of R”. Then a vector x € R" can be expressed
uniquely as Y| z;€; with z; € R for all 4, and ||x[ls = (Y1, :13?)1/2. We define a
linear map

n
p: R" - R inei = (T, .0, Tp)-
i=1

Define L' := p(L). We need a few lemmas.

Lemma 2.15. L’ is a lattice in R" 1.
More precisely, if {vi1, ..., vy} is any basis of L containing vy, then {p(va),...,p(v,)}
is a basis of L'.

Proof. Left to the reader. n

Lemma 2.16. Let {v),..., v} be a basis of L' and let v; € L with p(v;) = v for
i=2,...,n. Then {vi,va,...,v,} is a basis of L.

Proof. Let w be any element of L. We have to show that w = Y | z;v; with z; € Z.
Since {v1, va,...,v,} is a basis of R", as can be easily verified, we know that w can
be expressed as such, but with x; € R. By applying p, we get x; € Z fori =2,... n.
Let m be an integer with |z1 —m| < % Then (z1—m)vy = w—mv;—> " ,x;V; € L.
Since vy is a non-zero vector of minimal length in L, we must have x; =m € Z. [

Lemma 2.17. d(L) = X\, - d(L/).

2This can be deduced from the following theorem on free abelian groups: if L is a free abelian
group of rank n, and M is a subgroup of L, then M 1is free of rank s < n, and there are a basis
{w1,...,w,} of L, and positive integers di,...,ds, such that {dyw1,...,dsws} is a basis of M.
You have to apply this with L the lattice from above, and M the subgroup generated by v;. Then
a basis of M is necessarily either {vy} or {—v1}.
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Proof. Pick a basis {vy,...,v,} of L. Then v; = \e; and v; = 2?:1 a;;e; with
a;; € Rfor i =2,... n. Recall that p(v;) = (as2, ..., a). Now we get

M O -0

a a N Aoy,
d(L) = |det(er,...,en)| |det| = 7 ?

ap1 Ap2 -+ App

= A1 -|det(p(va),...,p(vy))] = A - d(L).
[

Lemma 2.18. Let v/ € L'. Then there is v € L with p(v) = v and ||v||3 < 3-[v/|3.

Proof. If v/ = 0 we may take v = 0. Assume v’ # 0. Write v/ = (z,...,x,). Take
w € L with p(w) = v'. Then w = ze; + ) ., z;€; with 2 € R. Let m be an integer
such that [z —mA| < A\ and put v := w —mvy. Then v € L, p(v) = v/ and
v =1 xie; with |z1] < 2A = 3| /vi]]2. Now using that vy is a vector of minimal
length in L we get

IVIE =21+ a5+ +ap =2t + VI < Glvalls + V15 < 5V + V5.
Hence § - [[v]|3 < [[v'[I3. 0

Completion of the induction step. By the induction hypothesis, L’ has a basis
{vh,..., v} } such that

HHV/HQ 4/3 n—1)(n—2)/4 d(L,)

By Lemma 2.18, for i = 2,...,n, there exists v; € L such that p(v;) = v, and

|Villz < \/gﬂngg By Lemma 2.16, {vy,...,v,} is a basis of L. For this basis we
have

[Tivilla < (4/3)" D2 vy > H Vil
=1
< (4/3)n 1)/2+(n— 1)(n 2/4 )\ d( ) (4/3>nn 1)/4d(L),

where in the last step we used Lemma 2.17. O
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Exercise 2.9. Prove Hadamard’s inequality: iof L s a lattice in R™ with basis
{vi,..., v}, then ||vi]l2 -« ||valla = d(L).

Hint. From the Gram-Schmidt orthogonalization process, one computes an or-
thonormal basis {ei,...,e,} of R" such that v; = Z;Zl a;je; with a;; € R for
1=1,....n,7=1,...,1.

Exercise 2.10. Letl; = an X+ +aiu X, (i =1,...,n) be linear forms with real
coefficients and with det(ly, ..., l,) #0. Let Ay, ..., A, be positive reals. Denote by
A1, ..y Ay the successive minima of the central symmetric convex body

C:={xeR": |h1(x)]|<A,.. ,|Lx|<A}

with respect to Z". Using Theorem 2.10, prove that

,1)/4|det(l1, .. 7ln)|
AlAn '

Ao\, < (4/3)71(11

For many applications, for instance to factorization of polynomials, cryptogra-
phy, determining all solutions of Diophantine equations from certain classes, it is
desirable to have a computationally efficient algorithm, which for a given lattice
computes a basis such as in Theorem 2.10. In 1982, Arjen Lenstra, Hendrik Lenstra
and Laszl6 Lovasz developed a fundamental algorithm, now known as the LLL lattice
basis reduction algorithm which, from input an arbitrary basis of a given lattice L,
computes a so-called LLL-reduced basis of L. Such a basis {vy,...,v,} has various
properties, among which

Ivilla - Ivallz < 270D d(L).

So in certain respects it is slightly worse than the one from Theorem 2.10, but
good enough for most purposes. For more information on the LLL-algorithm, see
for instance the paper where it was introduced, A.K. Lenstra, H-W. Lenstra, L.

Lovasz, Factoring polynomials with rational coefficients, Mathematische Annalen
261 (1982), 515-534.

2.4 Polar lattices

Henceforth, vectors in R” will be column vectors, unless otherwise stated. By AT
we denote the transpose of a matrix A. As usual, the standard inner product of
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x = (1, 0)"y = (1, yn)" € R™is given by (x,y) = >0, 2y = x"y. We
denote as before by B,, the n-dimensional Euclidean ball given by ||x||; = (x,x)!/? <
1. We will need the Cauchy-Schwarz inequality:

|6 < Xl - [lyfla for x,y € R™.

Let L be a lattice in R™ The polar (or reciprocal) of L is given by
L*:={xeR": (x,y) € Zforalye L}

Let {vy,...,v,} be a basis of L, and V' the matrix with columns vy, ..., v,. Thus,
L={Vz:zeZ"}. Using (x,Vy)= (VIx,y) for x,y € R", we obtain

L = {xeR": (x,Vz) € ZVz € Z"}
{xeR": (Vx,z) € ZVz € Z"}
= {xeR": Vixecz"} ={(V))'w: weZ"}.

Hence L* is a lattice in R™, with basis the columns v, ..., v’ of (VT)~1. Note that
d(L*) = [det(V") ! = |det V7' = d(L)~".

Theorem 2.19. Let L be a lattice in R™ and L* its polar. Further, let A1, ..., )\, be
the successive minima of B, with respect to L, and A}, ..., X the successive minima
of B, with respect to L*. Then

L< AN <cln) fori=1,...,n,

where c¢(n) depends only on n.

Remark. If we use Minkowski’s second convex body theorem, we obtain the above
theorem with c(n) = 4" vol(B,)~2. If we use instead Theorem 2.10, we can prove
the above theorem with c(n) = (4/3)""=Y/2, For the application we have in mind,
the precise value of ¢(n) doesn’t matter.

Proof. We first deduce the lower bound for \;Ay ;. Let vq,...,v, be linearly

independent vectors from L such that v; € \;B,, i.e., ||vi|a = A\; fori =1,... n.
Likewise, let vi, ..., Vv be linearly independent vectors from L* such that ||v}||s = A
fori=1,...,n.
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Take ¢ € {1,...,n}, and consider the set of vectors
{xeR": (vip,x)=0for k=1,...,i}.

Since vy, ..., v; are linearly independent, this is a linear subspace of R” of dimension
n — 1. Hence at least one of the vectors vi,...,v;_ ;_; does not lie in this space. It
follows that there are indices k <4, I < n+ 1 — 1, such that (vg,v;) # 0.

But (vg,v)) € Z, since v, € L, vi € L*. Hence |(vi,v])| = 1. Now by the
Cauchy-Schwarz inequality,

U< (v VO < IVll2f[V7 12 < AN < Ay

This establishes the lower bound. To prove the upper bound, recall that by
Theorem 2.10, we have

AL A < (n)d(L), A+ X < d(n)d(LY),

n

where ¢/(n) depends on n only. Further, d(L*) = d(L)~'. Hence

n

[T ) < dmPAL)d(L7) = ¢ (n)* =: e(n).

i=1

It follows that for i =1,...,n,
c(n)

! Hj;éi )‘J)‘n+1—j

This proves Theorem 2.19. 0

As an application we show that if the polar lattice L* does not have small non-

zero vectors, then every point of R™ can be approximated closely by a point from
L.

Corollary 2.20. Let L be a lattice of R™ and R > 0. Assume that ||y|l2 > R
for every non-zero'y € L*. Then for every b € R" there is x € L such that
|x —bll2 <n-c(n)/2R.

Proof. Let Ai,...,\, be the successive minima of B, with respect to L, and let
AT, ..., A5 be the successive minima of B, with respect to L*. By assumption,
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Af = R. So by Theorem 2.19, A\, < ¢(n)/R. Choose linearly independent vectors
Vi,...,V, € L with [|vi]jls = X\; for i = 1,...,n. So ||[villa < A\ < ¢(n)/R for
1=1,...,n.

Let b e R". Thenb = & vi+---+&,v, with &, ...,&, € R. There exist integers
21y ey 2 With |2, —&| < % fori=1,...,n. Putx:=z;vi+---+2,v,. Thenx € L
and

I =bllz = [z = &)va+ -+ (zn = &) Valla < 5([Vallz + - + [[vall2)
< n-c(n)/2R.

2.5 Kronecker’s approximation theorem

Recall that by Dirichlet’s Theorem, if &, ..., &, are real numbers of which at least
one is irrational, then there are infinitely many tuples of integers 1, ..., x,,y such
that

& —zifyl <y U Yrfori=1,....n, y>0.

This implies that for every e > 0, there exists (xy,...,T,,y) € Z""! such that
&y — x| <e fori=1,...,n, y>0.

Kronecker’s approximation theorem deals with systems of inhomogeneous inequali-
ties of the shape

(2.5) |Cy—z;—6;| <e(i=1,...,n) inzy,...,0,,y€Z
where 64, ...,0, are any real numbers.

Theorem 2.21. Let &, ...,&,,01,...,0, be real numbers. Suppose that 1,&1,...,&,
are linearly independent over Q. Then for every € > 0, there exists (xy,...,Tn,y) €
7 with (2.5).

Remark. The condition that 1,&,...,&, be linearly independent over Q can not
be removed. For suppose that 1,&,...,&, are linearly dependent over Q. Then
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there are integers aq, ..., a,, ag, not all 0, such that a;& + - - - + a,&, = ag. In fact,
at least one of ay,...,a, is non-zero. Choose 61, ...,0, € R such that

a0y + -+ a,0, € 7.

Let ¢ be the distance from a6, + - - - + a,0,, to the nearest integer. We show that
for sufficiently small ¢ > 0, (2.5) is not solvable. Indeed, suppose (2.5) is solvable
and let (x1,...,7,,y) € Z" be a solution. Then

‘ Zai(fiy —x; —0;)| < Z |a;| - &y — zi — 6] < 52 |ag.
i=1 i=1 i=1

But on the other hand,

’ Zai(&y — X — 91') = ’GOZJ - Zaﬂi - Z a;0;
i=1 i=1 i=1

Hence (2.5) is unsolvable for e < 6/>"" | |al.

> 0.

Proof of Theorem 2.21. We apply Corollary 2.20 with an astutely chosen lattice.
Let M be a large positive integer, to be chosen later. Consider the lattice in R**?,

LM = {('Il_glyv"'amn_fny’M_ly):xl"”’x’r“yez}
= {Az:ze7"},

where
1 0 —51 X1
A fry . : s 7 = :
0 1 =&, Tn
0 0 Mt Y

Put b := (91, cen ,9n, O)T

We want to show for appropriate M that there is u € Ly such that |[u—bl|s < e.

Writing u = Az with z = (z1,...,2,,y)" € Z", this translates into
- 2 o 2\ 1/?
(Z(xi—&;y—@i) + M y) <€
=1

and this certainly implies that z1, ..., z,,y satisfy (2.5).
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By Corollary 2.20, we have to show that we can choose M in such a way that every
non-zero vector in the polar lattice L}, has length at least R :== (n+1)-c(n+1)/2e.

It is easy to verify that

1 0
AT_lz :
(A7) L0
M ... Mé& M

Hence
Ly = {(A")'z: ze 2"}
= {(z1,. ., 2p, MGz + -+ &+ y)) : T1,..., 20,y €L}
Let p be the minimum of all numbers |§21 + - - - + &2, + y|, taken over all integers
Z1,...,Ty,y such that
lz;| < Rfori=1,....,n, |1+ - +&zn+y| <1,
(x1,...,2n,y) # 0.

Then p is the minimum of finitely many real numbers which are all positive, since
1,&, ..., &, are linearly independent over Q. Hence p > 0.

Now let M be an integer with M > R/u and M > R. Then for every non-zero
u € L3, we have indeed

Jul > R
since at least one of the numbers xy, ..., z,, M(&x1 + -+ - + &2, + y) has absolute
value at least R. This completes our proof. O

In fact, Kronecker proved a much more general approximation theorem, of which
Theorem 2.21 is just a special case. As usual, ||x||2 denotes the Euclidean norm of
a vector x € R™.

Theorem 2.22 (Kronecker, 1887). Let A be an m x n-matriz with real entries, and
b € R™ a column vector. Then the following two assertions are equivalent:

(i) For every y € R™ with ATy € Z" we have (b,y) € Z;
(ii) For every e > 0 there is z € Z" such that

|Az — b2 < e.
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For a proof, we refer to Siegel, Chapter II.

Exercise 2.11. a) Prove (ii)=>(i).
b) Deduce Theorem 2.21 from Theorem 2.22.
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