Chapter 4

Transcendence results

We recall some basic definitions.

We call @ € C transcendental if it is not algebraic, i.e., if it is not a zero of a
non-zero polynomial from Q[X].

We call numbers aq, ..., «a, € C algebraically independent if there is no non-zero
polynomial P € Q[X1, ..., X,] such that P(ay,...,a,) = 0.

A single number a € C is algebraically independent if and only if it is tran-
scendental. Indeed, if « is algebraic then there is a non-zero P € Q[X] such that
P(a) = 0. Hence « is certainly not algebraically independent. Conversely, if « is not
algebraically independent then there is a non-zero P € Q[X] such that P(a) = 0.
But this implies that « is algebraic.

It can be shown that aq,...,qa, € C are algebraically independent if there is
no non-zero P € Q[X1,...,X,] (so with coefficients in Q instead of Q) such that
P(ay,...,a,) =0.

Given a subset S of C, we define the transcendence degree of S, notation trdeg S,
to be the maximal number ¢ such that S contains ¢ algebraically independent ele-
ments.
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4.1 The transcendence of e.

We define as usual e* = Y7 2" /n! for z € C. Further, Q = {a € C: « algebraic over Q}.

Theorem 4.1 (Hermite, 1873). e is transcendental.

We assume that e is algebraic. This means that there are qo, q1,...,q, € Z with
(4.1) Qo+ qe+-+q.e" =0, g #0.

Under this hypothesis, we construct M € Z with M # 0 and |M| < 1 and obtain
a contradiction. We need some auxiliary results. Of course we have to use certain
properties of e. We use that (e*)" = e”.

Let f € C[X] be a polynomial. For z € C we define

(4.2) F(z):= /Z e f(u)du.

0

Here the integration is over the line segment from 0 to z. We may parametrize this
line segment by v =tz, 0 <t < 1. Thus,

F(z) = /01 UV f(2t) 2t

Lemma 4.2. Suppose f has degree m. Then
F(z) =€ (Z f(j)(0)> - ).
=0 J=0

Proof. Repeated integration by parts. m

Corollary 4.3. Let f be as in Lemma 4.2. Then

WEO0) + -+ g F(n) == >3 quf(a).

a=0 j=0
Proof. Clear. m
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Our aim is to show that for a suitable choice of f, the quantity M := ¢oF(0) +
-+ + @, F(n) is a non-zero integer with |M| < 1. Note that Corollary 4.3 gives an
identity with an analytic expression on the left-hand side, and an algebraic expres-
sion on the right-hand side. We prove that M is a non-zero integer by analyzing
the right-hand side, and |M| < 1 by analyzing the left-hand side. For the latter, we
need the following simple estimate.

Lemma 4.4. Let f € C[X] be any polynomial and let F be given by (4.2). Then
for z € C we have

[F2)] < [z]- el sup  |f(u)l.

u€C, ul<|z]

Proof. We have

1 1
I < [ 1005 etede < [ el (et
0 0
< Jel-ell s ()
u€eC, |ul<|z|

]

Let p be a prime number, which is chosen later to be sufficiently large to make
all estimates work. We take

(43) F(X) = oy X = DX = 2) - (X —n)}.

In this case,

n n np+p—1
(4.4) M=> q@F)==> > aufY0).
a=0 a=0 j=0
Lemma 4.5. We have
(45)  fOI0) = {(=1)"nl}"
(4.6) f9%) =0 fora=0,....,n, j=0,....,p—1, (a,j) # (0,p—1);
(4.7) f9(a) = 0(modp) fora=0,...,n, j=p.

Proof. In general, if ¢ is a polynomial of the shape (X —a)"h with a € C, h € C[X],
then g™ (a) =0 form =0,...,r —1 and ¢ (a) = r'h(a). This implies (4.5), (4.6).
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To prove (4.7), observe that for any g = ¢, X" + -+ + ¢y € C[X] and all j > 0 we
have

(4.8) ﬁg“) = ()X e ()X 4ty

In particular, since (p — 1)!f € Z[X] and the binomial coefficients are integers, we
have for j > p, a =0,...,n that (p — 1)!fW/5! € Z[X], and so fY)(a)/p € Z. This
implies at once (4.7). O

Lemma 4.6. Assume that p > |qon|. Then M is a non-zero integer.

Proof. From (4.5) it follows that the term gof®~Y(0) is an integer not divisible by
p, while all other terms ¢, f")(a) in the right-hand side of (4.4) are integers that are
either 0 or divisible by p. Hence M is an integer not divisible by p. O

Lemma 4.7. For p sufficiently large, we have |M| < 1.

Proof. By Lemma 4.4, we have for a =0, ..., n,

[F(a)] <a-el - sup |f(u)].

lu|<a

For a,b=0,...,n, and u € C with |u| < a we have |u — b| < |u| + |b| < 2n. Hence

(2n)rprr-t P
sup |f(u)] < S )
lul<a h (p - 1)' h (p - 1)'

say, where ¢ is a constant independent of p,a,b. This implies

n n Cp
|M|<Z|an(a)|< ZQa'a'ea 1|-
a=0 a=0 (p_ )'

For p sufficiently large this is < 1, since for any ¢ > 1, (pi—pl)! — 0 as p — . O]

Summarizing, our assumption that e is algebraic implies that there is a quantity
M, which is by Lemma 4.6 an non-zero integer, and by Lemma 4.7, of absolute value
< 1. Since this is absurd, e must be transcendental.
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4.2 The Lindemann-Weierstrass theorem

Lindemann proved in 1882 that e® is transcendental for algebraic o, and Weierstrass
proved in 1885 that if ay, ..., v, are algebraic numbers that are linearly independent
over Q, then e* ... e® are algebraically independent over Q. The following result,
due to A. Baker, is in fact equivalent to the Lindemann-Weierstrass Theorem.

Theorem 4.8. Let o, ..., 0, B, ..., Bn € Q. Suppose that a, ..., o, are pairwise
distinct, and that By, ...,08, # 0. Then

Bre® 4 - + Boe™ £ 0.

Before proving this theorem, we state some corollaries.

Corollary 4.9. (i) Let o € Q be non-zero. Then e® is transcendental.
(i) 7 is transcendental.

Proof. (i) Suppose that e* =: 3 is algebraic. Then it follows that 1-e* — 3-¢e® = 0,
contradicting Theorem 4.8.

(ii) Suppose that 7 is algebraic. Then i is algebraic. But e™ = —1 is not transcen-
dental, contradicting (i). O

Corollary 4.10. (i) Let « € Q and o # 0. Then sina, cosa, and tana are
transcendental.

(ii) Let o« € Q and o # 0,1. Then log « is transcendental (for any choice of log a,
i.e., any solution z of e = ).

Exercise 4.1. Prove Corollary 4.10.

Corollary 4.11. Let oy, ..., o, € Q. Then the following two assertions are equiv-
alent:

(i) ai, ..., ap are linearly independent over Q;

(i) e, ..., e* are algebraically independent.

Exercise 4.2. Prove Corollary 4.11.

We start with some preliminary comments on the proof of Theorem 4.8.

Our proof of the transcendence of e was by contradiction: we assumed that gy +
qie+---+qne™ = 0 for certain rational integers qq, . . ., ¢,, and constructed from this
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a non-zero integer M with |M| < 1. To prove the Lindemann-Weierstrass Theorem,
we may again proceed by contradiction and assume that Spe®® +-- -+ 5,e** = 0. By
following the transcendence proof of e, but replacing 0,1,,...,n by aq,...,«, and
qos - - -, qn bY B1,, ..., Bn, we obtain a non-zero algebraic integer M, not necessarily in
@, such that | M| < 1. This is, however, not a contradiction. For instance, %(1 —+/5)
is an algebraic integer of absolute value < 1.

Instead, we use the following observation. Let a be in the ring of integers of
an algebraic number field K. Recall that the characteristic polynomial of « is
Xa,k(X) =[], (X — o(«)) where the product is over all embeddings o : K — C of
K. This polynomial has its coefficients in Z. So in particular the norm Ny g(a) =
[I, o() isin Z. If o # 0, we have Ng/g(a) # 0, hence | Nk g(a)| > 1.

So from the assumption that Theorem 4.8 is false we have to construct somehow
a non-zero algebraic integer whose norm has absolute value < 1. If we just follow the
transcendence proof of e without any modifications, we only get a non-zero algebraic
integer M with |M| < 1, but we can not show that its norm has absolute value < 1.
A priori, for some embedding o, the quantity |o(M)| may be very large, and then
|Nko(M)| may be > 1.

To circumvent this, we deduce from the expression Y ", f;¢* a new expression
Z§=1 0;€7, where the ~;,d; satisfy certain symmetry conditions. These symmetry
conditions allow to construct, under the hypothesis 25:1 0;€” = 0, a non-zero al-
gebraic integer having a norm with absolute value < 1. Thus, we obtain a weaker
version of the Lindemann-Weierstrass Theorem, which asserts that under the said
symmetry conditions, Zﬁzl 0;€7 # 0. But as will be seen, this weaker version implies
the general Lindemann-Weierstrass Theorem.

Theorem 4.12 (“Weak Lindemann-Weierstrass Theorem”). Let L C C be a normal
algebraic number field. Let vi,...,%, 01,...,0; € L such that

Y, ..., are distinct, 01---0; #£ 0,

and suppose moreover, that each T € Gal(L/Q) permutes the pairs (71,01), .., (Y, 0¢)-
Then
(51671 + -+ 5156% 7é 0.

We say that 7 permutes the pairs (vq,01), ..., (7, 0¢) if
(T(71),7(01)),s -+, (7(), 7(64)) is a permutation of (y1,d1), ..., (7, ).
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We first prove the implication Theorem 4.12=-Theorem 4.8. After that, we
prove Theorem 4.12.

Theorem 4.12 = Theorem 4.8. Assume that Theorem 4.8 is false. This means
that there are oy, ..., ap, B1, . .., Bn € Q such that, o, . .., a, are distinct, £y, ..., B
are non-zero, and

pre®t 4 - -+ Bpett =
We derive from this a contradiction to Theorem 4.12.

Let L be the number field generated by aq,...,a,, 51, ..., 5, and their conju-
gates. Then L is a normal number field. Let

Gal(L/Q) = {m,..., T4}

Recall that if v € L, then the set {71(7),...,74(7)} contains all conjugates of 7.

Clearly,
d

[T (i(B)e™) - mi(B)em) =0

=1

By expanding the product, we get

(49) Z ZTl ﬁn ' ﬁzd) ’ Tl(all Frtraleng) — 0.

i1=0 ig=1

Each 7 € Gal(L/Q) permutes the pairs (Tl(ozil) + -+ Ta(ay), T(Biy) - Td(ﬁid)),
since T71,...,TTq is a permutation of 7, ..., 74.

The exponents 7 (a;, )+ - - - +74(;, ) need not be distinct. We group together the
terms with equal exponents. Let 71,...,7s be the distinct values among (e, ) +
4 1a(ag,) (0 <y, ...,4, < d), and for k =1,..., s, denote by J; the set of tuples
(i1,...,1q) such that
() + -+ Tai,) = Y

Then (4.9) becomes
(4.10) Z&key’“ =0, where 0, = Z T1(Bi) - Ta(Biy)-
k=1 '

Notice that each 7 € Gal(L/Q) permutes the pairs (v1,01),. .., (7s,ds). A priori, all
coefficients 0, might be 0. However, we show that there is a tuple (iy,...,d) such
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that 7 (i, ) + -+ - + Ta(cu,) is different from all the other exponents. Thus, for some
k, the set Ji has cardinality 1, and d; # 0.

Define a total ordering on C by setting § < ¢ if Ref < Re( or if Ref = Re(
and Im 6 < Im (. This ordering has the property that if 6;, (; are complex numbers
with 6; < ¢; for i =1,...,7, then 377, 0; <370, (.

Since o, . . . , ag were assumed to be distinct, for each 7 € Gal(L/Q), the numbers
T(a1),...,7(ay) are distinct. Hence for each k € {1, ..., d}, there is an index i such
that 74,(cv, ) > Tk(e;) for j # ix. This implies

Tl(ail) + e+ Td(aid) > Tl<ajl) Tt Td(ajd)

for all tuples (j1,...,Ja) # (i1,...,14), and so 7y (ay,) + - - + T4(c,) is distinct from
the other exponents.

Assume without loss of generality that d1, ..., d; are the non-zero numbers among
d1,...,0s. Then (4.10) becomes

t
(4.11) > G =0.
k=1

By construction, the numbers ~q,...,v are distinct algebraic numbers. Further,
d1,...,0; are non-zero. As observed before, each 7 € Gal(L/Q) permutes the pairs
(71,01)s -+, (7s,0s) from (4.10). But then 7 permutes also the pairs with J; # 0,
i.e., 7 permutes (y1,01), ..., (Y, 0;). Now Theorem 4.12 implies that (4.11) is false.

Thus, our assumption that Theorem 4.8 is false leads to a contradiction. O]

Proof of Theorem 4.12. We follow the transcendence proof of e, with the necessary
modifications. Before proceeding, we observe that there is no loss of generality to
assume that dq,...,0; are algebraic integers. Indeed, there is a positive m € Z such
that mdy, ..., md; are algebraic integers (e.g, we may take for m the product of the
denominators of dy,...,d;), and clearly, the conditions and conclusion of Theorem
4.12 are unaffected if we replace d; by mo; for i =1,... ¢t

Let ~v1,...,7 be distinct algebraic numbers and 9y, ...,d; non-zero algebraic
integers from the normal number field L, such that each 7 € Gal(L/Q) permutes
the pairs (v1,01), ..., (7, 9;). Assume that

(4.12) 0re™ + -+ e = 0.

58



Let again p be a prime number. Further, let [ be a positive rational integer such
that l7y,...,ly are all algebraic integers (e.g., the product of the denominators of
Yy Ye). For k=1,...t, define

t

fr(X) = _11)[ AP(X = )P =),

J=1

Fi(z) := /OZ e fr.(u)du

My, =61 F(y1) + - - + 0eFi ().

Then the following can be shown:

1) For each 7 € Gal(L/Q) we have 7(M;) € {M;, ..., M};
2) for sufficiently large p, M; is a non-zero algebraic integer;

3) |Mg| <1 for k=1,...,t and sufficiently large p.

From 1) and 3) it follows that | Ny ()| < 1. But this contradicts 2).
Lemma 4.13. (i) We have

t tp—1

My==3 % 6" (y) fork=1,....1

j=1 m=0

(i1) For each T € Gal(L/Q) we have T(M;) € {M;, ..., M;}.

Proof. (i) This follows at once from Lemma 4.2 and our assumption 22:1 9;€% = 0.

(ii) Let 7 € Gal(L/Q). Then there is a permutation 7 of 1,... ¢ such that

(T(W), T(0k)) = (Vee()» Orery) for b =1,...,t

By applying 7 to the coefficients of f;, we obtain

t

ltp(X - 7(71))p—1 H(X - T(/y ))p = ltp X — Ve ( H X Yrx( ]) - fr *(1)-
7=1

J=1
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Hence

t tp—1

1 m

T(Ml) - _ (p — 1)' Z Z T((Sj>f£*()1)(7-<7]))
" j=1 m=0
1 t tp—1
(m)
- 2D 0 L () = Mre:

" j=1 m=0

]

Given two algebraic numbers «a, § and a positive integer m € Z, we write a = 3
(mod m) if (aw — B)/m is an algebraic integer.

Lemma 4.14. let k € {1,...,t}. Then

(4.13) ffp‘”wnzﬁp{ﬂm—w} ,

k=2
(4.14)  fP>v) =0 form=1,....t,j=0,....p—1, (m,j)# (1,p—1),
(4.15) fl(])('ym) = 0(modp) form=1,...t, j > p.

Proof. The proofs of (4.13) and (4.14) are completely analogous to those of (4.5)
and (4.6) in Lemma 4.5. We prove only (4.15). Let m € {1,...,t} and j > p. Define

t

9(X) == fi(X/)]) = (p_11)! X = i) X =

k=2

Then (p — 1)!g has algebraically integral coefficients. Using (4.8), one easily shows
that the coefficients of (p — 1)lgt? /j! are algebraic integers. Hence for j > p,
gV (l7,)/p is an algebraic integer, and therefore,

A () _ g9 (lym)
p p

is an algebraic integer. This implies at once (4.15). O

Lemma 4.15. For p sufficiently large, My is a non-zero algebraic integer.

60



Proof. An application of Lemma 4.14 gives

t
M, = -6, AP (mod p) with A :=1[* H(’h — Vk)-

k=2
Both 4,, A are algebraic integers, hence M; is an algebraic integer. We prove that

for sufficiently large p, d; A? /p is not an algebraic integer. Then necessarily, M; # 0.

Assume that 6, A?/p is an algebraic integer. Let b = Npg(d1), B = Npg(A).
Then b, B € Z, and the norm Ny q(6;A?/p) = bBP/p® is in Z, where d = [L : QJ.
But this is impossible if p > [bB]. O

Lemma 4.16. For p sufficiently large we have |My| < 1 for k=1,...,t.
Exercise 4.3. Prove this [emma.

Thus our assumption that Theorem 4.12 is false implies the Lemmas 4.13, 4.15,
4.16, and these together give a contradiction. O]

4.3 Other transcendence results

We give an overview of some other transcendence results, without proof. As usual,
we define e := ) > 2"/n! for complex numbers z. Given a,3 € C we define
af = eP1o8@ where log av is any solution of e* = a. Recall that the latter equation
has infinitely many solutions; if [y is one solution then the others are given by
lo + 2kmi with k € Z. This gives infinitely many possibilities e?(0+2670) for o8 We

agree that e* will always be the above defined power series.

Theorem 4.17 (Gel'fond, Schneider, 1934). Let o, € Q with o # 0,1, B € Q.

Let log o be any solution of €* = a. Then o := eP1°8% s transcendental.

Corollary 4.18. Let o € Q with o € Qi. Then €™ is transcendental.

Proof. Choose log(—1) = 7i. Then ™ = e~@los(=1) — (1)~ O

Corollary 4.19. Let aq,ay be non-zero algebraic numbers. Take any solutions
log aq, logas of € = ay, €* = ag, respectively, and assume that these are linearly
independent over Q. Then for any two non-zero algebraic numbers 31, B2 we have

B log ay + B2 log ay # 0.
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Proof. Suppose (1 log oy + falogas = 0. Put v := —f5/5;. Then by assumption,
7 ¢ Q, and

logas __ e’ylogal — Oéﬂy

Qg = € 15

contradicting Theorem 4.17. O]

In 1966, A. Baker proved the following far-reaching generalization.

Theorem 4.20 (A. Baker, 1966). Let aq,...,q, be non-zero algebraic numbers.
Fori=1,...,n letloga; be any solution of e* = «;, and assume that

log ay, . ..,logay, are linearly independent over Q.
Then for any non-zero algebraic numbers By, . .., Bn,

Brlogay + - - - + B, log a, 1s transcendental.

Definition. We say that non-zero complex numbers ay, ..., «a, are multiplicatively
dependent if there are z1,...,x, € Z, not all 0, such that

ai'-arm =1

Otherwise, ag, ..., «a, are called multiplicatively independent.

Corollary 4.21. Letn > 1. Let oy, ... ,an, Bi,..., 0, € Q be such that

at,...,a, #0, ay,...,q, are multiplicatively independent,

(617"'7ﬁn) ¢@n

Then o' - - b is transcendental. Here o

7

= ePilos i yhere log oy is any solution
of e =ay, fori=1,...,n.

Proof. Suppose that a4y == o)’ - afr = efrlosoat+pnlozan ig glgebraic. Then we

may choose log o, 1 such that

(4.16) log o y1 = Prlogaq + -+ + B, log ay,.

By Theorem 4.20, log o, . . . ,log o, and log o, 11 are linearly dependent over Q, that
is, there are z1,...,2,, 2,41 € Z, not all 0, such that

(4.17) xylogay + -+ - + x, log oy, + 21 log g,y = 0.
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Eliminating log o, 11 from (4.16) and (4.17), we get
($n+151 + xl) 10g a1 + -+ (xn+1ﬁn + 'rn) log Ay = 0

Since (B1,...,0,) & Q" we have x,.18; + z; # 0 for at least one i € {1,...,n}.
Applying again Theorem 4.20, we infer that there are yq,...,y, € Z, not all 0, such
that

y1logag + -+ +yploga, =0.

Now we get

1

a' ol = e log a1 +-++ynlogon _ 1,

contrary to our assumption. O

The next exercise gives another application of Theorem 4.20.

Exercise 4.4. Let oy, ..., 0, P, ..., 0n € Q, and suppose that o, . ..,y # 0. For
1=1,...,n, let loga; be any solution of e* = «.

(i) Assume that 5y log o + - - -+ B, log o, # 0. Prove that By logaq + - -+ + B, log av,
15 transcendental.

Hint. Proceed by induction on n. In the induction step use Theorem 4.20.

(ii) Let ay,..., 0, Bi,..., B0 € Q with ay,...,a, # 0 and let v € Q with v # 0.
Put ozfi = efilosi fori=1,... n. Prove that e”afl -~ aPn s transcendental.

There is a far reaching conjecture, due to Schanuel, which implies all results
mentioned before and much more.

Schanuel’s Conjecture. (1960’s) Let xq,. .., x, be any (not necessarily algebraic)
complex numbers that are linearly independent over Q. Then

trdeg(zy, ..., Tp, €%, ..., €°") = n.

We give some examples of known cases.

Examples. 1. Let x € C*. Then either z is transcendental, or = is algebraic
and then by Lindemann’s Theorem, e” is transcendental. Hence trdeg(z,e”) > 1.
Schanuel’s Conjecture is still open for n > 2.

2. Let ay,...,a, € Q and suppose they are linearly independent over Q. By
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Corollary 4.11 (a consequence of the Lindemann-Weierstrass Theorem), e**, ..., e*"
are algebraically independent. Hence trdeg(ay, ..., a,,e*, ... e*) =n.

We deduce some consequences of Schanuel’s Conjecture which are still open.

Conjecture. e and m are algebraically independent.

Proof under the assumption of Schanuel’s Conjecture. The transcendence degree of
a set of complex numbers does not change if some algebraic numbers are added to or
removed from it. Moreover, the transcendence degree of this set does not change if we
multiply its elements with non-zero algebraic numbers. So by Schanuel’s conjecture,

trdeg(e, ) = trdeg(e, mi) = trdeg(1, 7i, e, ™) = 2.

]

Conjecture. Let aq,...,a, € Q such that oq,...,a, # 0 and logay,. .., logo,
are linearly independent over Q, where again log a; is any solution of e* = «; for
1=1,...,n. Then logay,...,loga, are algebraically independent.

Proof under the assumption of Schanuel’s Conjecture. We have
trdeg(log o, ..., log o) = trdeg(log avq, . . ., log apn, o, . . ., () = M.

]

The above conjecture implies that for every non-zero polynomial P € Q[X1, ..., X,,]
we have P(logay,...,loga,) # 0. Baker’s Theorem 4.20 implies that this holds for
linear polynomials P € Q[X, ..., X,], but even for quadratic polynomials P this is
still open. For instance, the above conjecture implies that log2 - log 3 is transcen-
dental, but as yet not even this very special case could be proved.

We mention some other consequences of Schanuel’s conjecture, the deduction of
which is left as an exercise.

Exercise 4.5. Deduce the following from Schanuel’s conjecture:

(i) Let « € Q, a € iQ. Then 7 and €™ are algebraically independent.

(ii) Let a, B € Q with a ¢ {0,1} and B of degree d > 2. Then af P P
are algebraically independent. Here o’ = e 18 with log a any solution of €* = a.
(iii) Define the sequence {x,}>> by x1 = e and x,, = e*=' forn > 2, i.e., x9 = €°,
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x5 =€, etc. Then x1,...,xn are algebraically independent for every N > 1.

(iv) Let a € Q\ {0,1}. Then loga,logloga are algebraically independent (for any
solution log o of €* = a and any solution loglog o of e* = log ).

(v) Let p,q be two distinct prime numbers. Then for every irrational x € R, at least
one of the numbers p®, q* is transcendental (here we just take the ordinary exponen-
tiation of reals; for complex x this can also be deduced from Schanuel’s conjecture
but this is much harder).

Remark. The following has been proved.

In 1996, Nesterenko proved (among other things), that m,e™ and I'(}) are al-
gebraically independent. Recall that I(z) = [~ ¢* te~'dt for x > 0, that T'(n) =
(n — 1)! for every positive integer n, and that I'(3) = /7.

For a, § as in (ii), Diaz proved in 1989 that
trdeg(a®, o, ..., 0" ) = [(d+1)/2]

where [z] is the largest integer < . This settles (ii) for d = 3.

In the 1960’s, Lang and Ramachandra independently proved (among other things)
that if py, po, p3 are three distinct primes and = an irrational real, then at least one
of the numbers p7, p¥, p§ is transcendental.

4.4 Siegel’s Lemma

In the next section we will prove a special case of the Gel’fond-Schneider Theorem,
that is that if o, B are real algebraic numbers with a # 0, 1, 3 € Q, then o := eflg@
is transcendental, where log « is just the usual real natural logarithm. In the present
section we develop a tool which is very important in Diophantine approximation,
the so-called Siegel’s Lemma, which was formally stated for the first time by Siegel
in 1929, but was known before. Essentially, it states that under certain hypotheses,
a system of M homogeneous linear equations in N unknowns

a1 xy + -+ + aiNTn =0
(4.18) :

ayry + --- + ApNTN =0
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has a non-trivial solution in integer coordinates, the absolute values of which are
not too large.

Theorem 4.22 (Siegel’'s Lemma). Assume that N > M >0, A > 1, and
CLijEZ, |(IZ]|<A fori=1,.... M, j=1,... N.
Then (4.18) has a solution x = (x1,...,zy) € ZN \ {0} with

max |z < (NA)M/N-M),
I<i<N

Proof. Fori=1,...,M,x € Z", put [;(x) := Zjvzl a;;jx; and let

N N
—C; = Zmin(aij, 0), D;:= ZmaX(aij, 0).
j=1 Jj=1

Notice that C; + D; < NA. Let B be a positive integer, and let Sp := {0, ..., B}".
For each y € S we have

Notice that Sp has cardinality (B + 1)V. Further, if y runs through Sp, then
(I1(y), ...,y (y)) runs through a set of cardinality at most

M
[[(CiB+DiB+1) < (NAB+ 1)™.

i=1

We choose B such that (B +1)Y > (NAB + 1)M. Then by the box principle, there
are distinct y1,y2 € Sp with l;(y1) = li(y2) fori = 1,..., M. Take x = y; — yo.
Then x satisfies (4.18) and |z;| < Bfori=1,...,N.

We finish our proof by showing that the choice B = [(NA)M/(N=Y)] ig valid.
Indeed, with this choice of B we have (B + 1)V > (NA)M  hence

(B+1)" > (NAB+ 1) > (NAB+ 1)M.
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We need a generalization where the coefficients a;; are algebraic integers instead
of just rational integers. To deduce this, we need some preparations.

Let K be an algebraic number field of degree d. Denote as usual by Ok its
ring of integers. Assume K has r; real embeddings, and ro pairs of conjugate
complex embeddings, so that r; + 2ry = d. We order the embeddings of K in
C in such a way that oq,...,0,, are the real embeddings, and {0, 11,00 +rr1 =

Tritits -y {0m 41y Oritor, = Orirg + are the pairs of conjugate complex embeddings.
Define the map
p: K R
z— (o1(2),...,00(x),Reoys1(z), Imo, 41(2), ..., Re oy 4y (x), Im oy, 11y ().

Further, we define the house of x € K by
[71:= max(|o ()], ..., [oa(x)])-

Lastly, we define ||x||o := max; |z;] for x = (z1,...,24) € R
0.

Lemma 4.23. Let o € Ok with |[¢(a)||ls < 3. Then o =

Proof. We prove that |o;(a)] < 1fori=1,...,n. Then it follows that |Ng/g(a)| =
1%, |os(@)| < 1. But this is possible only if ar = 0, since otherwise, Nk g(a) would
be a non-zero integer, hence of absolute value at least 1.

% < 1for¢ =1,...,r. Further, for

i =ry+1,...,7 + ro the real and imaginary parts of o;(c) have absolute values
at most 2. But this is then also true for their complex conjugates, which are o;(a)
fori =7 +mr+1,...,r1 4 2ry = d. Hence |o;(a)| < +/(2/3)2+ (2/3)2 < 1 for
1=r+1,...,d. ]

Our assumption implies that |o;(a)| <

We consider again systems (4.18), but now the coefficients a;; are from Ok.

Theorem 4.24. Let [K : Q] =d, let M, N be integers with N > dM > 0, let A be
a real > 1, and suppose that

a;j € Ok, WKA fori=1,.... M, j=1,...,N.
Then the system

a11T1 + -+ AINTN =0
(4.18) '

ayiry + --- + ApNITN =0
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has a solution x = (x1,...,zx) € ZN \ {0} such that

(4.19) max |z;| < (3N A)M/(N=dM)

1<i<N

Proof. Write [;(x) := aj1x1+---+ainzy fori = 1,..., M and define the linear map
Y ZN — RMd by

U(x) = (X)), .., o(l(x))).
This is well defined since [;(x) € Ok fori =1,..., M. Note that for x = (z1,...,2y) €
ZY, and for an embedding o of K in C we have o(l;(x)) = Z;VZI o(aij)zj. Thus,
we see that the components of ¢)(x) are linear expressions byz; + - - - + byxy, where
each coeflicient b, is either oy (a;;) or the real or imaginary part of ox(a;;), for some
ke{l,....d},ie{l,...,M}. So clearly, all b; have absolute value at most A.

Let B be a positive integer to be specified later and consider the vectors y &€
Sp :=1{0,...,B}". If y € S then all coordinates of 1(y) have absolute value at
most NAB, that is, ¢(y) lies in the cube [-NAB, NAB]4.

We can partition this cube into (3N AB)M? small cubes of side length 2/3. Now
suppose that the cardinality of Sg is larger than the number of small cubes, that is,

(4.20) (B+1)N > (3BNAB)M4.

Then there must be distinct yy, y2 € Sp such that ¥(y;), ¥(y2) lie in the same
small cube. Let x :=y; —ys2. Then

[0l = [[¥(y1) = Y¥2)lloe <

GV )

This implies [|l;(x)]|oc < % for i =1,..., M. Since l;(x) € Ok, by Lemma 4.23 we

have [;(x) =0 for i = 1,..., M. Further, ||x| < B.

It is easy to see that (4.20) is satisfied with B = [(3N A)M#/(N=Md)] - Our theorem
follows. 0

4.5 The Gel’fond-Schneider Theorem

We prove the following theorem.
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Theorem 4.25. Let o, 5 be real algebraic numbers such that o > 0, o # 1 and
B & Q. Then o is transcendental.

Here of = e#1°8@ with the usual natural logarithm for positive real numbers.
The proof in the case that a, § are not both real or a@ < 0 goes along the same lines,
but with additional complications. Gel’fond and Schneider independently proved
the above theorem, in the general case where «, f may be complex, with different
proofs. We follow Schneider’s proof.

We assume that v := o is algebraic. Let K = Q(a, 8,7), d = [K : Q]. Recall
that there are positive integers my, ms, mg such that mia, mo3, m3y are algebraic
integers. Let m := mymgomg; then ma, mf, m~vy are algebraic integers.

Let Dy, Dy, L be parameters with values taken from the positive integers,, which
will be chosen optimally later. In what follows, ¢y, ¢s, . .. will be constants depending
only on a, 3,7, and will be independent of Dy, Dy, L.

Lemma 4.26. Assume that DiDy > 2dL?. Then there are integers a;; (1 =
0,....,D1—1,7=0,...,Dy — 1), not all zero, such that the function

D1—1Dy—1

(4.21) F(z) = Froup(z) = 3 Y ayzia¥

i=0  j=0
has zeros a + bp with a,b=1,...,L, and such that

(422) |CI,Z]‘ g exXp (Cl(Dl lOgL+D2L)) (’L = O, c. 7D1 - 1, j = O, c. ,Dg - 1)

Proof. We have to find a;; € Z, not all zero, such that F(a + b3) = 0 for a,b =
1,...,L. Using a® = q%4®, this translates into a system of L? linear equations in
the Dy Dy unknowns a;;:

D1—1Do—-1

ST Y ayla+b8) a7 =0 (a.b=1,...,L).

i=0 =0
To apply Siegel’s Lemma we want all coefficients of this system of equations to be
algebraic integers. To this end, we multiply the equations with m?1+25P2 and obtain

Di1—1Ds—1

(4.23) Z Z agmP D2 (0 4 bB) % =0 (a,b=1,...,L).

i=0 j=0
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Then indeed, the coefficients of system (4.23) are all algebraic integers. We estimate
their houses. Put

H :=1+[al+|8|+[]
Take a typical coefficient of (4.23), say mP172EP2(q + b3)'a%~%. Let o : K < C be
an embedding of K. Then for the image under ¢ of this coefficient we have
P22 (a + bo () o (@) o (7))

<mPHEP (L1 4 [o(B)) (1 + o (@))EP2 (1 + [o(y)]) P2

< mD1+2LD2LD1 HD1+2LD2 < exp (CQ(Dl 1Og L+ D2L))
where the constant ¢y has been chosen large enough in terms of m, d and H. Now
clearly the houses of the coefficients of system (4.23) are all bounded above by

exp (CQ(Dl log L + D2L)). We are now in a position to apply Theorem 4.24, and
conclude that system (4.23) has a solution in integers a;;, not all zero, such that

dL?/(D1D2—dL?)

|a/l‘]| < (3D1D2662(D1 logL+D2L)) < eXp (CI(DI ]_Og L + DQL)),

choosing c¢; sufficiently large. Here we have used our assumption DDy > 2dL?. [

We now choose the parameters Dy, Do, L such that D; Dy = 2dL? and Dy = D, L
(to make D;log L and DyL about equal), i.e.

(4.24) Dy =V2d-L*?* Dy,=+2d-L'?

(for instance, take L = 2dM?, Dy = (2d)>M?, Dy = 2dM for some positive integer
M). Then the estimate in Lemma 4.26 becomes

(4.25) la;;| < exp <03L3/2 log L).

We note that F'(z) is a so-called exponential polynomial, i.e., a function of the
shape

E(z) =) p(2)e,

where the py(z) are non-zero polynomials, and the ~, distinct numbers. We need a
simple result on the number of zeros of such a function.

Lemma 4.27. Assume that the v, and the coefficients of the py are all reals. Put
M :=>"_(1+degpy). Then E(z) has at most M — 1 zeros in R.
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Exercise 4.6. Prove this lemma.

Hint. Proceed by induction on M. Apply Rolle’s Theorem, which asserts that if G
is a differentiable real function and a,b are reals with a < b and G(a) = G(b) = 0,
then there is ¢ with a < ¢ < b and G'(c) = 0.

Notice that we can apply this lemma to our above function F'(z), thanks to our
assumption that «, 5 are real and o > 0. Thus, this lemma implies that F(z) has
at most DDy = 2dL? zeros. We know already that F(z) has the L? zeros a + b3
(1 <a,b< L). These zeros are all different, since 5 ¢ Q.

We briefly sketch the idea how to derive a contradiction from this. Details are
provided later. Here it is important that we have some freedom to choose the
parameters Dy, Do, L introduced above. Thus, we can choose L sufficiently large to
make all estimates work.

Let ¢ := 14+[v/2d]. We show that for all sufficiently large L, we have F(a+b8) =0
for all integers a,b with 1 < a,b < cL. Thus, F has at least ¢?L? > 2dL? = DD,
zeros, which contradicts Lemma 4.27.

To prove that F'(a+b53) = 0 for all integers a, b with 1 < a,b < cL, we proceed as
follows. For such a, b, the number A := mP1+2P2¢L (g + b3) is an algebraic integer.
Using an analytic argument, we show that |A| is very small. Further, by a trivial
estimate we show that if o is an embedding of K different from the identity, then
|o(A)]| is not too large. It will follow that |[Ng,q(A)| = [[], 0(A)| < 1, where the
product is over all embeddings, the identity included. But then, F(a+b8) = A =0,
since the norm of a non-zero algebraic integer is a non-zero element of Z.

We now work out the details. We need a few facts from complex analysis. Recall
that an entire function is a function f : C — C that is everywhere analytic, i.e.,
f'(2) = lim,_, 1=/
standard, and their proofs can be found in any textbook on complex analysis.

exists for every z € C. The following two lemmas are

Lemma 4.28. Let f be an entire function and a € C a zero of f. Then there is an
entire function g such that f(z) = g(z) - (z — a) for z € C.

Lemma 4.29 (Maximum Modulus Principle). Let f be an entire function. For
R >0, define

[flr="sup [f(2)].

z€C,|z|=R
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Then for every z € C with |z| < R we have |f(2)| < |f|gr, i.e., |f(2)| attains its
mazximum on the disk |z| < R on the boundary of that disk.

As a consequence of these two lemmas we obtain the following estimate, which
implies that if an entire function has many zeros in a disk |z| < R, then it is
everywhere small on that disk.

Lemma 4.30. Let f be an entire function and aq,...,a, distinct zeros of f. Let
R, T be reals such that |a;| < R fori=1,...,r and T > 3R. Then

|f(2)| < |flr(3R/T)" for all z € C with |z| < R.
Proof. By Lemma 4.28, there is an entire function g such that
fz)=9(z)(z—ay) - - (2 —a,) for z € C.

Let z € C with |z| < R. On the one hand, by Lemma 4.29,
@) < g T2+ lail) < lg()I(2R)" < lglr(2R)",
i=1

on the other hand, we have for w € C with |w| =T,

o) = 1)

N lw—ay|---|w—a,|

< [f(w)l - (3/2T),

since |w — a;| > |w| —|a;| > T — R > 2T. Hence |g|r < |f]7(3/2T)". Our lemma
follows. 0

Proof of Theorem 4.25. Let ¢ := 1+ [v/d] and put

R:= (14 |B8|)cL, T :=3eR = 3e(l+ |B])cL.

Choose integers a, b with 1 < a,b < ¢L. Then a + bf lies inside the disk |z| < R.
We first estimate |F'(a + bf3)| by applying Lemma 4.30. A simple application of the
triangle inequality gives

Di—1Dy—1
Flr < S0 laglT'|(1+ [al)™ < DyDyexp(esL¥?log L) - TP (1 + [af) T2,
i=0 j=0
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Here we have used |a;;| < exp(czL*?log L) for all 4,5. Using our choices D; =

V2dL3? Dy = /2dL'?, T = 3e(1 + |B|)cL, we see that all terms have exponent of
order at most L*?log L. We thus obtain

|[F|r < exp (c4L3/2 log L).

Recall that by its very construction, F has the L? distinct zeros u + v3 with u,v =
1,..., L inside the disk |z| < R. So by Lemma 4.30, using that 3R/T = e,

|F(a+08)| < |Flre ™ <exp (e L*?log L — L?).

We multiply F(a + b3) with mP172P2¢L to obtain an algebraic integer, i.e.,

D1—1Dy—1

A(a,b) = Ap, p, 1(a,b) := m”T2P2E N "N " a,5(a + bB) (o).

=0 j=0
Clearly, mP1T2P2¢L  exp ((\/ 2d - L3/% + 2/2dLY/? - cL) - log m> < exp (esL%?).
Hence

|A(a, b)| < exp (06L3/2 log L — L2>.

We estimate the absolute values of the other conjugates of A(a,b). Let o be an
embedding of K = Q(«, 5,7) in C. Let H :=1 +W+W+m. Then by the triangle
inequality,

oA < PSS fal(a+ bo(B)) (o)l

< mD1+2D2-cLD1D2 - exp (C3L3/2 log L) . (CL)Dl HD1+2D2-CL
< exp <C7L3/2 log L).

So altogether we have an upper bound for |A(a, b)| and upper bounds for |o(A(a,b))|
for the other d — 1 embeddings ¢ of K not equal to the identity. By taking their
product we obtain

|NK/Q(A(G, b))| = |NK/Q<AD17D27L(aa b)| g exp <CGL3/2 log L+(d—1)C7L3/2 log L—L2>.

This estimate is valid for all positive integers L, Dy, Dy with D; = v/ 2dL32, Dy =
V2dLY? and all integers a,b with 1 < a,b < ¢L. In the course of our argument,
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we did not impose any other restrictions on L, Dy, Dy. Now we choose L large
enough, to make L* > (¢ + (d — 1)ey)L3?log L. Then |Ng/g(A(a,b))| < 1 for
all a,b = 1,...,¢cL. Since the norm of a non-zero algebraic integer is a non-zero
rational integer, this must imply A(a,b) = 0, or equivalently, F'(a + b3) = 0 for all
a,b =1,...,cL. As explained above, this contradicts Lemma 4.27. Our proof of
Theorem 4.25 is complete. O
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