Chapter 9
The p-adic Subspace Theorem

Literature:
B. Edizhoven, J.-H. Evertse (eds.), Diophantine Approximation and Abelian Varieties, Introduc-
tory Lectures, Lecture Notes in Mathematics 1566, Springer Verlag 1993, Chap.IV

9.1 Results

The p-adic Subspace Theorem deals with Diophantine inequalities in which several

different absolute values occur (e.g., the ordinary absolute value and |- |,,, ..., |- |p,

for distinct primes py,...,ps). Recall that the p-adic absolute value | - |, has a

unique continuation to Q,, (the algebraic closure of Q,). By ‘algebraic’ we always
mean ‘algebraic over Q.

We start with a generalization of Roth’s Theorem.

Theorem 9.1. Let py,...,ps be distinct prime numbers. Let o be an algebraic
number in R and fori=1,...,s, let o, be a number in Q, which is algebraic over
Q. Finally, let k > 2. Then the inequality

(9.1) loo =&l - fap, —&lpy - lap, = &lp, S HE) ™ in€Q

has only finitely many solutions.
Example. Consider
V2—¢-[VB—¢a<H(E) " ingeQ
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where xk > 2. Here, /3 = 3'/3 € Q, is defined by Exercise 8.6.

Theorem 9.1 implies that there are only finitely many & € QQ such that £ is very close
to /2 but 2-adically not too close to /3 or conversely; and also if € is moderately
close to v/2 and also 2-adically moderately close to /3.

We now formulate the p-adic Subspace Theorem. This involves again absolute
values ||, |- [py,- -, |-

». and for each of these absolute values, a system of n linearly
independent linear forms in Xq,..., X,,.

Theorem 9.2. Let n > 2, € > 0, and let py,...,ps be distinct prime numbers.
Further, let Lo, ..., Lnso be linearly independent linear forms in Xq,..., X, with
coefficients in C that are algebraic over Q, and for j =1,...,s, let Lyy, ..., Lyy,
be linearly independent linear forms in X, ..., X, with coefficients in Q,  that are
algebraic over Q. Consider the inequality

92)  |Lie(x)- L HrLl,p] Ly, (), < x| inx ez,

Then there are a finite number of proper linear subspaces Ty, ..., T, of Q™ such that
all solutions of (9.2) lie in Ty U---UT,.

Proof of Theorem 9.1. Let £ be a solution of (9.1). Write £ = z/y with z,y € Z,
ged(z,y) = 1. Multiply (9.1) with A == (Jy| - |y, - \yps)Q. Notice that [y, <1
for j=1,...,s. Hence A <y? < H(£)% Let ¢ = k — 2. Then (9.1) implies

|(z — ay)y H\ T = apy)ylp, < max(fzl, y[)~

The solutions (x,y) € Z? of the latter lie in only finitely many proper one-dimensional
linear subspaces of Q?, and each of these gives rise to a single fraction & = z/y. So
(9.1) has only finitely many solutions. O

Example. Let € > 0. We show that the inequality
(9-3) |2 + 3" — 5| < max(|2"], [3°],[5"])'
has only finitely many solutions in non-negative integers u, v, w.
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Write x; = 2%, 29 = 3, x3 = 5%, x = (1, X2, 23). We first show that the set of
solutions x lies in the union of finitely many proper linear subspaces of Q3. Consider
for the moment those solutions for which ||x|| = |z3|. Notice that

|[E1$2[L‘3|2 . |ZL‘1£L'2I3|3 . |C(31ZL‘2.173|5 =27"37 Y = |ZE1J]2[L‘3|_1.
In combination with (9.3), this gives
(21 + @2 — x3)a12| - [212923] - |12 5 - [a12975]5 < ] 7 Ix[|' 75 < x| 77

The solutions of the latter inequality lie in the union of finitely many proper linear
subspaces of Q®. So the solutions of (9.3) with ||x| = |z3| lie in finitely many
proper linear subspaces of Q%. In a similar way one proves that the solutions with
|x|| = |z1| or with ||x|| = |zo] lie in finitely many proper linear subspaces of Q3.

It is left as an exercise to prove that if T" is a two-dimensional linear subspace of
Q3 then T contains only finitely many solutions of (9.3). O

Similarly as for the basic Subspace Theorem discussed in Chapter 7, there is a
version with linear forms in general position.

Theorem 9.3. Let € > 0, and let py,...,ps be distinct prime numbers. Further,
let Lisoy- -y Lo (1 = m) be linear forms in Xi,...,X, in general position with
coefficients in C that are algebraic over Q, and for j =1,...,s, let Lyy., ..., Ly, p.
(r; = n) be linear forms in Xi,..., X, in general position with coefficients in Q,,
that are algebraic over Q. Consider the inequality

(94)  |Laoo(x) - Lyoo ()| - [ ] 1L1, (%) -+ Ly, (), < [l
j=1
inx € Z" with ged(xy,...,x,) = 1.

Then there are a finite number of proper linear subspaces Ty, ..., T; of Q™ such that
all solutions of (9.4) lie in Ty U ---UT,.

Proof. We partition the solutions x € Z" of (9.4) in classes depending on which
n quantities among |Lioo(X)|, ..., |Lro(X)| are the smallest, and likewise, for j =
1,...,s, which n quantities among |Ly,, (X)|p;,- - -, |Lr, p,(X)|p, are the smallest. It
suffices to show that the solutions in a given class lie in finitely many proper linear
subspaces of Q.
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Consider for instance the solutions x € Z" such that |Lioo(X)], .. ., [Lneo(X)| are
the smallest among |Lioo(X)l, ..., |Lroo(X)| and |L1,,(X)|p;s - - - [Lnyp, (X)|p; are the
smallest among L1, (X)|p;, -+ [Lr; p; (X)|p, for j=1,...,s.

Let i > n+ 1. According to Lemma 7.4, there is a constant C; such that for the
solutions under consideration,

[ < Cil Liso (x)]

Let j € {1,...,s}. Since we consider only solutions whose coordinates have gecd
1, for each solution x = (z1,...,z,) under consideration, there is an index k with
|zk|p, = 1. Since Ly, ..., Ln_1,,, Lip, span the vector space of all linear forms in

ij, we have
Xy = alLl,pj +oee A+ ananfl,pj =+ anLi,pj

for certain constants ay, ..., ®,. So by the ultrametric inequality,
1= ‘xk|1’j < mlaX ’O‘llpj‘Ll,pj (X>’pj < Ci,pj|Li,pj (X)‘Pj

for some constant C; ;.. By combining these inequalities with (9.4), we obtain
[ Lioo(X) + ++ Linoo (%) - H |L1,pj (x) - Ln,pj(x)|pj < Olx[|™*
j=1

for some constant C' > 0. Now apply Theorem 9.2 to the latter. O

Let F(X,Y) € Z[X,Y] be a square-free binary form of degree n > 3 and
P1, - - ., Ps distinct prime numbers. We consider the so-called Thue-Mahler equation

(9.5) |F(2,y)| =pi*---pF inz,y,21,. .., 2, € Z with ged(z,y) = 1.

Notice that if we drop the condition ged(x,y) = 1 it is possible to construct infinitely
many solutions from a given solution. We prove the following.

Theorem 9.4. (Mahler, 1933). Equation (9.5) has only finitely many solutions.

We use the following important fact.

Lemma 9.5. Let u € Q. Then u = £p;* ---p¥s for certain integers wy, ..., ws if
and only if |u| - |ulp, - |u

ps = L.
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Proof. Trivial. O]

Proof of Theorem 9.4. If F(1,0) # 0 then the form F' can be factored as ag(X —
1Y) (X —a,Y) with a, ..., a, distinct, while if F'(1,0) = 0, F' can be factored
as agY (X — 1Y)+ (X —a,,1Y) with a4, ..., a,_1 distinct. In both cases, F' is a
product of n linear forms in two variables in general position.

Take ¢ with 0 < ¢ < n — 2. Then by Lemma 9.5 we have for any solution
(x,y,21,...,25) of (9.5),

S

j=1

By Theorem 9.3, the set of solutions (z,y) € Z?* of this inequality lies in the union of
finitely many one-dimensional linear subspaces of Q2. Each such subspace contains
only two solutions with ged(z,y) = 1. This proves that (9.5) has only finitely many
solutions. O

Remark. The above proof of the finiteness of the number of solutions of the
Thue-Mahler equation is based on the p-adic Subspace Theorem and is therefore
ineffective. There is however an alternative, effective proof of Theorem 9.4. There
are effective lower bounds for the p-adic absolute value of linear forms in p-adic
logarithms of algebraic numbers, similar to those mentioned in Chapter 5. Then
one can prove Theorem 9.4, with an effective upper bound for max(|z|, |y|), by
combining estimates for linear forms in ‘ordinary logarithms’ with estimates for
linear forms in pj-adic logarithms for j =1,...,s.

Recall that in Chapter 5, we considered the unit equation ax + by = 1 where the
unknowns x,y are taken from the unit group O} of the ring of integers Ok of an
algebraic number field K. It was proved that this equation has only finitely many
solutions. By Dirichlet’s Unit Theorem, the group O} is finitely generated, and we
have

O =W x 17"

where W is the group of roots of unity in K (which is finite), and where r is the
unit rank. Recall that » = r; +ry — 1 where r; is the number of embeddings K — R
and ry the number of complex conjugate pairs of embeddings 0,7 : K — C, where
o is the composition of o and complex conjugation.
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We consider a much more general situation where x, y are taken from an arbitrary
finitely generated multiplicative group in an arbitrary field of characteristic 0. For
such a finitely generated group I' we have I' = I'y ;s X Z where I',5 is the (necessarily
finite) torsion subgroup of I', consisting of roots of unity. Thus,

(9.6) L={Cg" g :my,...,m, €7}
for certain generators ¢y, ..., g..

Theorem 9.6. (Lang, 1960). Let K be any field of characteristic 0, let a,b be non-
zero elements from K, and let T be a finitely generated subgroup of the multiplicative
group K* of K. Then the equation

(9.7) ar+by=1 imzx,yel

has only finitely many solutions.

Lang’s proof is ineffective.

From Theorem 5.17, that we proved in Chapter 5, one can derive an effective
proof of the above theorem in the special case that I' is a subgroup of Q* and that
a, b are non-zero elements of Q*. We now give another, but ineffective proof of this
result. Let gq,..., g, be a set of generators of I" as in (9.6). Let py,...,ps be primes

such that the numerators and denominators of a, b, g1, . . ., g, are composed of primes
from pq,...,ps. Write az = u/w, by = v/w, where u,v, w are integers, necessarily
composed of primes from py,...,ps, with ged(u,v,w) = 1 and u + v = w. Now

clearly, we have
uv(u +v)| = pi* - py, ged(u,v) =1
for certain non-negative integers z1, ..., z,. This is a Thue-Mahler equation. There-

fore there are only finitely many possibilities for the pair (u,v), hence for (u, v, w),
hence for (z,y). O

Remark. In case that the group I' is contained in an algebraic number field K,
it is possible to give an effective proof of Theorem 9.6, see Theorem 5.18. If the
degree of K and the number of generators of I are not too large, there is a practical
algorithm to determine all solutions.

Example. Let I' be the multiplicative group generated by 2,3,5,7,11,13 and
consider the equation

(9.8) r+y=1 inz,yel withz <y.
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We give some solutions:

(1 1) (3 4) <2 11) (3993 16807)_( 3.113 7 )
272/ \7 7/ \13713/7 \20800° 20800/ \26.52.13726.52.13/"

In his thesis of 1988, de Weger determined all 545 solutions of (9.8).

9.2 Further applications

Let K be a field of characteristic 0 and I' a finitely generated subgroup of K*.
Further, let n > 2 and a4, ..., a, € K*. We consider the equation

(9.9) a1+ +apxr, =1inz,...,2, €.

If n > 3 this equation may have infinitely many solutions. For instance, let 2 <
m < n and suppose (9.9) has a solution (zy,...,z,) with

oy + T, =1, 1T+ F T, =0.

Then for every u € T, the tuple (z1,...,Zm, UTpi1, ..., ux,) is also a solution of
(9.9). Assuming the group I' is infinite, we obtain in this way infinitely many
solutions of (9.9). More generally, we can construct infinitely many solutions from

a given solution (zy,...,x,) with a vanishing subsum »_._, cuz; = 0 for some non-

iel
empty subset I of {1,...,n}.

To make such easy constructions of infinite sets of solutions impossible, we con-
sider only solutions without vanishing subsums.

Definition. A solution (z1,...,z,) of (9.9) is called non-degenerate if
Z a;x; # 0 for each non-empty subset I of {1,...,n}.
el

Theorem 9.7. (Van der Poorten, Schlickewei, Laurent, E., 1980’s) Equation
(9.9) has only finitely many non-degenerate solutions.

Roughly speaking, the proof consists of two steps. In the first step one makes a
reduction from the general case that K is a field of characteristic 0 to the special case
that K is an algebraic number field by using techniques from algebraic geometry.
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To treat the case that I' is contained in an algebraic number field one has to apply
the ‘p-adic Subspace Theorem over number fields,” which is a generalization of the
p-adic Subspace Theorem which involves absolute values on an algebraic number
field and in which the unknowns are algebraic integers of that number field.

Since in these notes we have only the p-adic Subspace Theorem over Q at our
disposal, we assume henceforth

rcQ*, ap,...,a, €Q*

and prove Theorem 9.9 in this special case. It will be convenient to consider instead
of (9.9) the homogeneous equation

(9.10) ooy + -+ apr, =0 inxzg,...,z, €T,

where ay, . . ., a, are non-zero rational numbers. Solutions (z, ..., z,) of (9.10) will
be called non-degenerate if 3, , oyx; # 0 for each proper, non-empty subset I of
{0,...,n}. We prove the following.

Theorem 9.8. There is a finite set U such that x;/x; € U for each non-degenerate
solution (zg, ..., x,) of (9.10) and each pair of indices i,j € {0,...,n}.

By taking ap = —1 and considering solutions of (9.10) with z; = 1 we obtain
Theorem 9.7 in the case I' C Q*.

Let H be the linear subspace of Q" given by agxg + -+ - + apx, = 0.

Lemma 9.9. There are finitely many proper linear subspaces Th, ..., T, of H such
that the set of solutions (xo,...,x,) of (9.9) (non-degenerate or not) lies in T} U
e UT.

Proof. We use the ‘general position version’ of the p-adic Subspace Theorem. We
start with some preparations.

There are ¢q,...,¢9, of Q* such that every element of I' can be expressed as
+gi" - gt with uy,...,u, € Z. Let py,...,ps be the prime numbers occurring in
the numerators and denominators of aq,...,a,,91,...,9-. Let ¢ be the bijective
linear map from H to Q" given by (zq,...,2,) — (121, ..., a,2,).

Take a solution x = (zo, ..., x,) of (9.10). Let w be a positive rational number
such that

Yy =wax; € Zfori=1,....n, ged(yy,...,yn) =1
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and put y = (y1,...,Yn). Thus, y = p(wx). Further, y; + -+ + y, = —wapzy.
Clearly, y1,...,y, and y; + - - - + y,, are composed of primes from py,...,ps. This
implies that for any € with 0 < e < 1,

7=1

The linear forms ¥y, ...,yn, y1 + -+ + Yy, are in general position. So by the ‘gen-
eral position-version’ of the p-adic Subspace Theorem, the set of solutions y =
(Y1, yn) € Z" of (9.11) with ged(ys,...,y,) = 1 lies in a union S; U --- U S; of
proper linear subspaces of Q". Hence the corresponding solutions x = (xq, ..., x,)
of (9.10) lie in Ty U - - - U T}, where T; := ¢~ 1(S;) is a proper linear subspace of H,
for i = 1,...,t. This proves the lemma. O]

Lemma 9.10. There is a finite set U' € Q* such that for every solution (x1, ..., x,)
of (9.10) (non-degenerate or not) there are distincti,j € {0,...,n} withx;/z; € U.

Proof. We proceed by induction on n. If n = 1 we have an equation agzg+aix; =0
and the lemma is obvious.

Now let n > 2 and assume that the lemma is true for equations of type (9.10)
in fewer than n + 1 unknowns. By the previous lemma, there are proper linear
subspaces Ti,...,T; of H such that the solutions of (9.10) lie in 773 U --- U T;.
Consider the solutions in T' € {T1,...,T;}. The points x = (o, ..., x,) € T satisfy,
apart from the defining equation agxg + --- + a2z, = 0 for H, another equation
that is linearly independent of it, say vyoxg + - - - + V2, = 0. If for instance v, # 0
then by subtracting 7, /a, times the first equation from the second, we get another

equation
(9.12) Boro+ -+ + Bu1Tpn1 =0
valid for all x € T, where at least one of fy, ..., 3,_1 is non-zero.

By the induction hypothesis, applied to (9.12) with the terms with §; = 0 re-
moved, there is a finite set Ur such that for every solution (xy,...,z,) of (9.10)
lying in T there are distinct indices 4, j € {0,...,n — 1} such that z;/x; € Ur.

Now the lemma holds with U" = Up, U --- U Ur,. O
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Proof of Theorem 9.8. We proceed again by induction on n. For n = 1 Theorem 9.8
is trivial. Let n > 2 and suppose Theorem 9.8 is true for equations in fewer than
n + 1 unknowns.

Suppose the set U’ from the previous lemma is {f1,...,5,}. Then the non-
degenerate solutions (z1,...,x,) of (9.10) can be divided into finitely many sets
Spgr (0,q=0,...,n,pF# q, r=1,...,m), where S, is the set of solutions with

Tp/Ty = Py
Consider for instance the non-degenerate solutions in S, ,,_11, i.e., with z, =
B1x,—1. These solutions satisfy

oo+ -+ + (Oén_l + 51an)mn_1 = 0.

Each non-empty subsum of the left-hand side is non-zero, since (x, ..., x,) is non-
degenerate. By the induction hypothesis, there is a finite set U, ;1 such that
z;i/x; € U,po1q for all solutions (xo,...,z,) of (9.10) in S, ,_11 and all 7,5 €
{0,...,n—1}. Using x,/x,_1 = 81 we can enlarge U, ,_1 1 such that it contains all
quotients z;/x; with i =n or j = n as well. We get a similar set U,,, for each other
triple of indices p,q,r. Now Theorem 9.8 is satisfied with U equal to the union of
the sets Upg with p,q=0,...,n,p#qandr=1,...,m. m

We now deal with linear recurrence sequences.

A sequence U = {uy}72,, with terms in C is called a linear recurrence sequence
if it is given by a linear recurrence

(9.13) Up = ClUp—1 + -+ + cpup_y for h >k,
where c¢q,..., ¢, are constants in C and ¢, # 0, and by initial values uq, ..., ug_1.

Given a linear recurrence sequence U, there are various linear recurrences which
it may satisfy but there is a unique one with minimal length k (exercise). This k is
called the order of the linear recurrence sequence U, and the polynomial

fulX)=XF - XM - — g
the companion polynomial of U.

Theorem 9.11. Let U = {uy}52, be a linear recurrence sequence in C with com-
panion polynomial fy(X) = X* — ) X*1 — ... — . Write

fU(X) = (X — 91)81 .. (X . em)em7
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where 01, . ..,0, are distinct complex numbers and e, . . ., e,, positive integers. Then
there are polynomials g1, ..., gm € C[X] of degrees at most e; — 1,... e, — 1, re-
spectively, such that

(9.14) w, = gu(R)O + -+ g ()L, for h >0

Conversely, any sequence satisfying (9.14) is a linear recurrence sequence.

Proof. Consider the power series

0o u, h
y(z) =) 517

h=0
One proves easily by induction on h that there is a constant C' > 0 such that
lup| < C" for all h > 0. Hence y(2) converges, and thus defines an analytic function,
everywhere on C. Using that the sequence U satisfies recurrence relation (9.13), it

follows easily that y satisfies the linear differential equation
y W =cy® Y 4ty +ay.

By the theory of linear differential equations, the set of solutions of the latter equa-
tion is a complex vector space with basis {z7¢%* : i =1,...,m, 7 =0,...,¢; — 1}.
Hence there are ¢;; € C such that

m e;—1 m e;—1

ORI B —zz%z%ﬁ
=1 j=0 =1 j=0
00 e;—1
= Z(Z{Z% o (h=j+1)6; }9h> “::
h=0 =1 =

This implies that {uy}52, satisfies (9.14). Conversely, if {uy}52, satisfies (9.14) then
by reversing the above argument one shows that y(z) = > 7o (up/h!)2" satisfies a
linear differential equation with constant coefficients, and subsequently that {u}7°,
is a linear recurrence sequence. O

Example. Let U = {u;}32, be given by
Up = 10Uh_1 — 31Uh_2 + 30Uh_3 (h 2 3), Uy = 1,U1 = 0, Uy = —12.
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The companion polynomial of U is given by
fu(X)=X?-10X*+31X - 30 = (X —2)(X — 3)(X —5).

By Theorem 9.11 there are constants ci, co, c3 such that u, = ;2" + 23" + ¢35
Substituting h = 0, 1,2 one obtains ¢; = 1,¢, = 0,9 = —12 and

u, = 2" 4+ 30 — 5k,

The zero set of a linear recurrence sequence U = {uy}32, is defined by
ZUI:{hEZ>03 'LLh:O}

and the zero multiplicity of U is Ny := #Zy. With the notation from Theorem
9.11, the set Zy is the set of solutions of

(9.15) g1 (MO + -+ gn(h)0" =0 in h € Zs.

This is called an exponential-polynomial equation.

A linear recurrence sequence U = {u}7°, is called non-degenerate if the zeros
of its companion polynomial 6y, ...,0,, are such that none of the quotients 6;/6;
(1 <i<j<m)isaroot of unity.

Theorem 9.12. (Skolem-Mahler-Lech, 1953) Let U be a non-degenerate linear
recurrence sequence. Then its zero set is finite.

Stated equivalently, if 01,...,0,, are non-zero complex numbers such that none of
the quotients 0;/0; (1 <i,j < m, i # j) is a root of unity and if g1(X), ..., gm(X)
are polynomials in C[X], not all equal to 0, then Eq. (9.15) has only finitely many
solutions.

There are two very different proofs.

In the first proof, which was the one given by Skolem, Mahler and Lech, one
‘maps’ the linear recurrence sequence to a sequence with terms in Q) for a suitable
prime p and then uses techniques from p-adic analysis.

In the second proof, one ‘maps’ the linear recurrence sequence to a sequence with
terms in an algebraic number field, and then applies the p-adic Subspace Theorem
over number fields.
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Here we prove Theorem 9.12 in the special case that the companion polynomial
fu of U = {uy}32, does not have multiple zeros, i.e., in Theorem 9.11 we have e; =
-++ = ey, = 1. Then the polynomials g;(h) in (9.14) have degree 0, so up, = >_1", g;0"
for h > 0 where the g; are constants. That is, we have to show that the equation

D0+, =0

has finitely many solutions in h € Z.

We proceed by induction on m. For m = 1 there are no solutions and we are
done. Let m > 2 and suppose the theorem is true if we have fewer than m terms.

Let a; :== —g;/gm, Bi = 0;/0m. Then the equation reduces to
(9.16) afr 4+ A B =1
Further, none of the numbers f3;, nor any of the quotients 3;/5; (i # j) is a root of
unity.

We apply Theorem 9.7 with the group I' generated by i, ..., Bn_1. It follows
that there are only finitely many integers h which satisfy (9.16) and for which none
of the subsums of the left-hand side of (9.16) vanishes, i.e.,

Z ;" # 0 for each non-empty subset I of {1,...,m}.

icl
But by the induction hypothesis, each equation ), ; a; B = 0 has only finitely many
solutions h. So altogether, (9.16) has only finitely many solutions h. O

Remark. Using a much refined version of the p-adic Subspace over number fields,
Schmidt proved the following:

Theorem 9.13. (Schmidt, 2000) Let U be a non-degenerate linear recurrence
sequence with terms in C of order k. Then for its zero multipicity we have

Ny < expexpexp 20k.

This has been improved by Amoroso and Viada (2011) to Ny < exp exp 70k.

Bavencoffe and Bézivin (Une Famille Remarquable de Suites Récurrentes Linéaires,
Monatshefte fiir Mathematik 120 (1995), 189-203) found examples of non-degenerate
linear recurrence sequences U of arbitrarily large order k, having Ny > %kQ — %lﬂ— 1;
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no linear recurrence sequences of order k with larger zero multiplicity are known.

In fact, let
B Xk—i—l + (_Q)k—lX + (_Q)k

Pp(X) : X 12 ;
verify that Py(X) € Z[X]. Let U = {u,}>>, be the linear recurrence sequence
with companion polynomial P, and initial values ug = -+ = ug_o = 0, up_1 = 1.
Bavencoffe and Bézivin proved that U is non-degenerate, and moreover, that u,, = 0
for
n=Ilk+1)+qwithl{>0,¢g>20,l+q¢g< k-2
n=j2k+1)withl <j<k-1

9.3 Exercises

Exercise 9.1. Let py, pa, ps be distinct prime numbers, Ay, As, A3 non-zero integers,
and € > 0. Prove that the inequality

|Apit + Aopy? + Aspy®| < max(pi", py?, ps*)'
has only finitely many solutions in non-negative integers uy, us, us.

Exercise 9.2. let p be a prime number, « a real, irrational algebraic number and
e>0.

(a) Prove that the inequality

€T
o ﬁ\ < max(fa], p*) 1~

has only finitely many solutions in integers x,u with u > 0.

(b) Prove that the inequality

‘ T

| < e, )

has only finitely many solutions in integers x,u with u > 0.
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Exercise 9.3. Let ¢ > 0. Prove that the inequality

) -

has only finitely many solutions in non-negative integers n, u.

—Een
<e

Hint. Let x = 3", y = u2" and apply in an appropriate way the p-adic Subspace
Theorem.

Exercise 9.4. Let f(X) = aoX" + a1 X" ' + -+ + a, € Z[X] be a square-free
polynomial, i.e., without multiple zeros, and let py, ..., ps be distinct prime numbers.
We consider the equation

(917) ’f(é)'zpilpjs inge@; Zla"'azs€Z~
(a) Let (&, z1,...,25) be a solution of (9.17). Prove that ||, < 1 for every prime
p withp & {p1,...,ps}, ptao.

(b) Let n > 2. Prove that (9.17) has only finitely many solutions. What if n =179
Hint. Write £ = z/y with x,y € Z, ged(x,y) = 1 and reduce (9.17) to a
Thue-Mahler equation.

Exercise 9.5. Let p be a prime number, o € Z,,, o € Q.

(a) Prove that for every positive integer m there are integers x,y, not both 0, such
that

2m

|z —ayl, <p™°", x| <p™, |yl

m

<
Hint. Choose a positive integer a such that |o — al, < p~*™ and show that if
x,y 15 a solution then v — ay = p*™u for some u € Z.

(b) Prove that the inequality
| — ayl, < max(|z], [y[)~
has infinitely many solutions in (x,y) € Z2.
(c) Suppose that a is algebraic and let € > 0. Prove that the inequality
& — ayl, < max(|zl, [y)) 7>~

has only finitely many solutions in (x,y) € Z>.
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Exercise 9.6. For a finite set of primes S = {p1,...,ps}, denote by Us the set of
integers of the shape £pi* ---p¥ : uy,...,us € Zxy.

Let Sy, ...,S, be pairwise disjoint sets of prime numbers, and ag, ... ,a, non-zero
integers. Prove that the equation

apxy + -+ apx, =0 inzg € Us,y,..., 2, € Us,
has only finitely many solutions.

Exercise 9.7. Let U = {up}7°, be a linear recurrence sequence with terms in C.

(¢) Prove that the following two assertions are equivalent:
(i) up, = crup—1 + -+ - + cgup_g for all h = k;
(i) > poun X" = g(X)/R(X), where h(X) =1— X — -+ — . X* and g(X)
1s a polynomial of degree at most k — 1.

(b) Let Iy be the set of all polynomials dgX™ + --- + d,, € C[X] (m > 0,
do,...,dy € C) such that dyup, + dyup_1 + -+ + dptp_m = 0 for all h = m.
Prove that Iy is an ideal of the ring C[X], generated by the companion poly-
nomial of U.

(c) Give a necessary and sufficient condition, in terms of the companion polyno-
mial of U, such that U is periodic (i.e., there is m > 0 such that upy, = uy
for all h > 0.

(d) Give an example of a non-periodic linear recurrence sequence U = {up}72,
such that Zy = {h € Zxo : u, = 0} is infinite.

Exercise 9.8. An arithmetic progression is a sequence a,a+d,a+2d, ... where a,d
are integers with d > 0.

Let U = {up}72, be a linear recurrence sequence with terms in C. We do not assume
that U is non-degenerate. Assuming the Skolem-Mahler-Lech Theorem, prove that
either Zy is finite, or Zy is the union of a finite set and a finite number of arithmetic
PTroOgressions.

Hint. Assume that U is degenerate and let 61, ...,0,, be the roots of the companion
polynomial of U. Let N be a positive integer such that all roots of unity among
the quotients 0;/0; have order dividing N. Consider the sequences {upn4:}5>, (i =
0,...,N—1).
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Exercise 9.9. A linear recurrence sequence U = {up}3>, is called strongly non-
degenerate if for the zeros 61, ... ,0,, of the companion polynomial of U, neither any
of the numbers 0; (i =1,...,m), nor any of the quotients 0;/0; (1 <i,j <mi#j)
s a root of unity.

(a) Let U be a strongly non-degenerate linear recurrence sequence with terms in
C. Prove that for every a € C, the set Zy(a) :={h € Z=o : up = a} is finite.

(b) Let U = {un}2, be a linear recurrence sequence with companion polynomial
f(X) = (X = 61)(X — 0) where none of 01,04,60,/65 is a root of unity. Prove
that the set

TUiz{(h,l)EZQZ uh:ul,0<h<l}

is finite.
Hint. Use Theorem 9.7.

Remark. One can show that 7j; is finite for every strongly non-degenerate linear
recurrence sequence U.
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