Chapter 5
Linear forms in logarithms

Literature:

A. Baker, Transcendental Number Theory, Cambridge University Press, 1975.
T.N. Shorey, R. Tijdeman, Exponential Diophantine equations, Cambridge University Press, 1986;
reprinted 2008.

5.1 Lower bounds for linear forms in logarithms

We recall Baker’s transcendence result from the previous chapter. As before, e* =

Do 2 /KL
Theorem 5.1 (A. Baker, 1966). Let i, ..., am € Q\{0,1}, vy € Q and 31, ..., Bm €
Q\{0}. Fori=1,...,n letloga; be a solution of e* = a; and assume that

log ay, ..., log ay, are linearly independent over Q.

Then v+ prlogaq + - -+ + B log ayy, # 0.

One may ask about quantitative versions of this theorem, i.e., can we give a
strictly positive lower bound for the absolute value of the left-hand side? In 1967,
Baker indeed obtained such a lower bound, which we conveniently refer to as a "lower
bound for a linear form in logarithms’. Baker’s lower bound turned out to be an
extremely powerful tool, not only in transcendence theory, but also in applications
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which have nothing to do with transcendence, such as Diophantine equations and
Gauss’ class number 1 problem. For this reason, Baker’s lower bound from 1967
was improved first by Baker himself and subsequently by many others. We will give
some applications to certain Diophantine equations.

We recall a lower bound for linear forms in logarithms by Baker from 1975. In
Chapter 3 we defined the height H(a) of a € Q as the maximum of the absolute
values of the coefficients of the primitive minimal polynomial F}, of a.

Theorem 5.2 (A. Baker, 1975). Let ay,..., o, € Q\{0,1} and v, 1, ..., Bm € Q.
Fori=1,...,n, let loga; be any solution of €* = «;. Assume that
A 3:’Y+,6110g041 +o +5mlogam 7é 0.
Then
Al > (eB)™©

where B = max(H (), H(51),...,H(Bm)), and where C is an effectively computable
positive number depending on m, on the degrees of v, b1, ..., Bm, on the degrees and
heights of aq, ..., ay,, and on the choices of log ay, . .., log a,.

The assertion that C' is effectively computable means that by going through the
proof of Theorem 5.2 one can compute an explicit value of C.

For our applications, we restrict ourselves to the case that vy =0 and g; = b; € Z
for2=1,...,m. In that case, we can get rid of the logarithms.

Corollary 5.3. Let ay,...,a, € Q\ {0,1} and let by, ... by, € Z such that

alt.oabm £,

Then

o+ alm — 1] > (eB)™,
where B := max(|b1],...,|bn|) and where C' is an effectively computable positive
number depending only on m and on the degrees and heights of aq, ..., Q.

Proof. For the logarithm of a complex number z we choose log z = log |z| + i - arg 2
with —m < arg z < 7. With this choice of log we have

0 —1)n1
log(1 + 2) :Z%-z" for z € C with |z] < 1.
n=1
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Using this power series expansion, one easily shows that
[log(1 4 2)| < |2|(1+ [z + 2> + -+ ) < 2|z| for z € C with |z] < 1.

We apply this with z := ol ---alm — 1. If |z| > 1/2 we have something much

stronger than the lower bound we want to deduce, so we suppose that |z| < 1/2.

We have to estimate from below |log(1 + z)].

Recall that the complex logarithm is additive only modulo 27z. That is,
log(142) = by log a4 - -+ by, log a + 2kmi = by log g +- - -+ by, log vy, 42k log(—1)
for some k € Z, since log(—1) = mi. Applying Theorem 5.2 we get

[log(1 + 2)| = (emax(B, |2k])) "

where (' is an effectively computable constant depending only on m and aq, . . ., ay,.
Since |log(1 + 2)| < 2|z| < 1 we have

12kmi| <1+ Z |log | - |b;| < CoB with Cy := 1+ Z | log aj].
j=1 j=1
Hence |2k| < CyB and so |log(1 + z)| = (eCoB)~“". This implies
2| = 2(eCyB) ™ > (eB)™¢

for a suitable C’, as required. O]

We should mention that although the proof of Corollary 5.3 uses techniques from
transcendence theory, the result itself has nothing to do anymore with transcendence:
it is an inequality for algebraic numbers!

For completeness, we give a completely explicit version of Corollary 5.3 in the
case that aq,...,q,, are rational numbers. Recall that the height of a rational
number a = z/y with x,y € Z coprime, is given by H(a) := max(|z|, |y|).

Theorem 5.4 (Matveev, 2000). Let aq,...,a,, be non-zero rational numbers and
let by, ..., by, be integers such that

by b
a' - -a,m # 1.

Then |a%' - --abm — 1| > (eB)~%", where

B =max(|bi],...,[bn]), C"=le-m*30m* Hmax (1,1log H(ay)).

i=1
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To illustrate the power of the above results we give a quick application.

Corollary 5.5. let a,b be integers with a > 2,b > 2. Then there is an effectively
computable number C; > 0, depending only on a,b, such that for any two positive
integers m,n with a™ # b",

" — | > max(a™, b")

(emax(m,n))r

Consequently, for any non-zero integer k, there exists an effectively computable num-
ber Cy, depending on a,b, k such that if m,n are positive integers with a™ — b" = k,
then m,n < Cs.

Proof. Let m,n be positive integers. Put B := max(m,n). Assume without loss of
generality that a™ > 0". By Corollary 5.3 or Theorem 5.4 we have

11 —0"a"™| > (eB)™,
where (] is an effectively computable number depending only on a,b. Multiplying
with a™ gives our first assertion.
Now let m,n be positive integers with a™ — b" = k. Put again B := max(m,n).
Since a,b > 2 we have a™ > 2™, b" > 2" hence a™ = max(a™, b") > 25. So,

k| =28 . (eB)™.

This proves that B is bounded above by an effectively computable number depending
on a,b, k. O

In the exercise section you will be asked to work out an explicit example.

In 1844, Catalan conjectured that the equation in four unknowns,

2" —y" =1 inx,y,mn € Z with z,y,m,n > 2
has only one solution, that is, 32—23 = 1. In 1976, as one of the striking consequences
of the results on linear forms in logarithms mentioned above, Tijdeman proved that
there is an effectively computable constant C', such that for every solution (x, y, m, n)
of Catalan’s equation, one has z™,y" < C. The constant C' can be computed
but it is extremely large. Several people tried to prove Catalan’s conjecture, on
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the one hand by reducing Tijdeman’s constant C' using sharper linear forms in
logarithm estimates, on the other hand by showing with techniques from algebraic
number theory that ™, y" have to be very large as long as (2™, y") # (3%,2%), and
finally using heavy computations. This didn’t lead to success. In 2000 Mihailescu
managed to prove Catalan’s conjecture by an algebraic method which is completely
independent of linear forms in logarithms.
We give another application. Consider the sequence {a,} with a, = 2" for
n = 0,1,2,.... Note that a, — a,_1 = %an. Similarly, we may consider the in-
creasing sequence {a,} of numbers which are all composed of primes from {2,3},
ie, 1,2,3,4,6,8,9,12,16,18,24,27,32,... and ask how the gap a,, — a,,_1 compares
with a, as n — co. More generally, we may take a finite set of primes and ask this
question about the sequence of consecutive integers composed of these primes.

Theorem 5.6 (Tijdeman, 1974). Let S = {p1,...,p:} be a finite set of distinct
primes, and let ag < a; < as < --- be the sequence of consecutive positive integers
composed of primes from S. Then there are effectively computable positive numbers
c1, Co, depending on t,pq, ..., ps, such that
A

_ =1,2....
cl(logan)@’ fOT'Tl y 4y

Qp — Ap—1 2
Proof. let n > 1. We have a,, = p’fl x ~pft, and a,_1 = plf x ~pit with non-negative
integers k;, ;. By Corollary 5.3,

Ap—1

1= 8| 1o b b 3 (0B,

an

where B := max(|l; — ki, ..., |ls — k|) and C is effectively computable and depends
only on ¢, py,...,ps. Note that

log a,, < log a,, . log a,,_1 < log a,,

k7,< X y VAR NS fOI"iZl,...,lf,
log p; log 2 log p; log 2
hence B < loga,/log2. It follows that a, — a,_1 > a,(eloga,/log2)=°. O

5.2 Dirichlet’s Unit Theorem

We want to apply the results from the previous section to certain Diophantine
equations, and for this, we need some facts on units in algebraic number fields.
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Let K be an algebraic number field of degree d. Recall that K has precisely d
embeddings in C. An embedding ¢ of K in C is called real if o(K) C R, and complex
otherwise. If o is a complex embedding of K, then so is @ : x — o(z), i.e., the

composition of ¢ and complex conjugation. Hence the complex embeddings of K
occur in complex conjugate pairs {o,7}, and so, the number of complex embeddings
of K is even. Let us denote by r; the number of real embeddings of K, and by 27
the number of complex embeddings of K. Thus,

1+ 2T2 =d.
Further, we order the embeddings o1, ...,04 of K in such a way that
o1,...,0, are the real embeddings,

Ori4+ro+1 = Oryi41s -+ 5 Ory42ry = Orpdry-

We denote as usual by Og the ring of integers of K, and by Oj the group of
units of Og. Further, we define the norm and house of o € O by respectively,

Nijo(a) = oi(@)---0q(a),  [a]:= max |oi(a)].
Recall that the norm is multiplicative, and that Ng/g(«) € Z for a € Ok.
Lemma 5.7. Let o € Og. Then a € Oy <= Ngo(a) = £1.
Proof. =>. Let a € Ojf.. Then a,a™" € Og. Hence Nk g(a) € Z, Ngg(a™t) € Z.
But the product of these two integers is N /g(1) = 1, hence both integers are £1.
. Suppose g; = id. Then o' = + [, 0;(a) is an algebraic integer in K,
hence in Og. So a € Oj. O

To study the units of Ok, it will be useful to consider the logarithms of the
absolute values of their conjugates. More precisely, we consider the map

.
log: Of —R%: ¢ (log|oi(e)|,...,log|oa(e)]).

This is clearly a group homomorphism from O3 with multiplication to R? with
addition. For € € O} we have

log |0, 4mai(€)| = log|omi(e)| fori=1,... 79,

d
> _logloi(e)| = log |Nijg(e) = 0,
i=1
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—)
so log maps O} to the linear subspace H of R? consisting of the vectors x =
(71,...,74) € R? satisfying the equations

Tridro+l = Trp4ly oo oy Ty 42rg = Tpydrgy L1 +rt 2y = 0.

Notice that H has dimension r :=d — (ro + 1) =r; + 1o — 1.

The following result is known as Dirichlet’s Unit Theorem. For a proof we refer
to any textbook on algebraic number theory. A lattice in a real vector space V is
an additive group

{zra;1 + -+ zpam: 21,...,2m € L}

where {aj,...,a,} is a basis of V. We call {ai,...,a,,} also a basis of the lattice.

— —
Theorem 5.8 (Dirichlet). The image of log is a lattice in H. The kernel of log is
the group Uk of roots of unity of K, and this group is finite.

— —
Choose units €1, . .., &, such that log (), ...,log (¢,) form a basis of the lattice

H

log (O3) (we call such ey,...,e, a system of fundamental units for K). Then for

every € € Oy, there are unique integers by, ..., b, such that

— — —
log () = by log (e1) + - -+ + b, log (&)
Hence ¢ € O}, can be expressed uniquely as

(5.1) Cel - gbr with ¢ € Uk, by,...,b € Z.

We deduce some consequences.

Lemma 5.9. There is an effectively computable number C' > 0 depending on K, &4, . ..

such that for every € € O} we have
max(fbi, . Ib,]) < C - logTel,
where by, ..., b, are the integers defined by (5.1).

br

. we deduce

Proof. From € = (et -+ ¢
log lo(e)| = 3 byloglov(e)| (i=1,....d)
j=1
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or in matrix notation

log|oi(e1)] -+ logloi(e,)] log |o1(e)|

: : b, :

loglog(er)| -+ logloa(e,)] log oq(e)|
The matrix has rank » = dim H since its columns form a basis of H. So we can select
r rows, say with indices 71, ..., 1%,, which form an invertible r x r-matrix. Denote by

Q) the inverse of this matrix, and let 2 = (aij) .- Then

ij=1,...,

r

bi = Z@z‘jloglaij(s)l fori=1,...,r

j=1

Note that the terms a;; are determined by K, €i,...,&, and are effectively com-
putable in terms of these quantities.

By Lemma 3.6 from Chapter 3 we have [€] > 1 and by exercise 3.7 (i) from
Chapter 3 we have |o;(e)| =[] for j =1,...,d. Hence

|log\aj(€)|‘ <dloglelfor j=1,...,d.

Now an application of the triangle inequality gives

1<ir 1<i<r 4 7
]:

max |b;] < (maxz |aij|> -dlogl[e]= C -log[e].
0

The next lemma states that given o € Og \ {0}, we can find € € Oj; such that
all conjugates of ea have about the same absolute value. Then the maximum of
these absolute values, which is [¢a], is about the d-th root of the product of these
absolute values, which is [Nk g(ca)| = | Nk g(a)| since Nk /g(e) = £1.

Lemma 5.10. There is an effectively computable number ¢ > 1 with the following
property: for every non-zero a € Ok there is € € OF such that

(5.2) ¢ Nijol(a)|? < eal < ¢ Ngsg(e) V7.
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Proof. In general, if L is a lattice in H, then for every point x € H there is a
point u € L such that ||lu — x| < ¢(L) for some number ¢(L) depending only
on L. This ¢(L) can be computed in terms of a basis of L. By applying this

—_
with L =log (O} ), we see that there is an effectively computable number ¢; > 0,
H
depending on the lattice log (O3 ), such that for every x € H there is € € O}, with

|x— l;g ()]ll2 < ¢1. ! This implies
|z —log|oi(e)|| < e fori=1,....d,
where x = (z1,...,24). We apply this with
z; = —logloy(@)| + 3 1og [Nk o(e)| (i=1,....d).

With these z;, the point x is easily seen to lie in H. It follows that there is ¢ € O3
such that

‘log 03(€)] + log |o3()| — L log yNK/Q(a)y] <e fori=1,....d,

ie.,
)log|0i(5a)| - %llong/@(a)M <e fori=1,...,d.
Choosing i with [ea] = |o;(e)|, we get (5.2) with ¢ := e“. O

Corollary 5.11. Given o € Ok \ {0}, one can effectively determine a finite set of
divisors V1, ...,Ym of a in Ok such that for each divisor  of a in Ok there are
e €O} and i €{1,...,m} such that 5 = e7;.

Proof. Let 3 be a divisor of a. Then Ng,qg(8) divides Nk g(a). By the previous
lemma, there is € € O}, such that

28] < el Nkja(B)1V* < ¢| Nicjo(e)| 7.

By exercise 3.6 (ii) from Chapter 3, there are only finitely many algebraic integers
v of degree at most d and house at most ¢|N K/Q(a)ll/ 4 This implies that there are
at most finitely many v € O with

7] < ¢| Ny (e)| .

'Much of basic algebraic number theory can be made constructive. With this constructive
algebraic number theory one can in particular compute a system of fundamental units for K once
K is given in some explicit way that it can serve as input for an algorithm. It would go too far
here to discuss the details.
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Using constructive algebraic number theory, we can effectively determine these, and
check for each of these v whether it divides « in Og. Let {7,...,7vmn} be the set of
divisors of a among these . Then 8 € {71, ...,Ym}, i.e., 8 =& 1; for some 7. [

5.3 Unit equations and Thue equations

Let K be an algebraic number field. We consider the so-called unit equation
(5.3) ar+ py =1 inz,y € Oy,
where o, § € K*.

Theorem 5.12. Fq. (5.3) has at most finitely many solutions, and these can be
determined effectively.

In 1921, Siegel proved that (5.3) has only finitely many solutions, but his proof
is ineffective, in the sense that it shows only that there are only finitely many
solutions, but it does not give a method how to determine them. Our proof, based
on lower bounds for linear forms in logarithms, does give a method to determine the
solutions. This effective proof is already implicit in work of Baker from the 1960’s.
Gy6ry (1978) made this explicit.

Proof. Let (z,y) be a solution of (5.3). By (5.1), there are (1,(; € Uk, as well as
ai,...,0., by,... b. € Z, such that

_ al ar _ b1 b,
r=CQe ey, Y =Ggyt g

Thus,

eyt ey + 5@25?1 e =1,

We assume without loss of generality that B := max(|ai],...,|b:|) = |b.]. We
estimate from above and below,

A = ‘Ui<04)0(c1>0'i(51)a1 T O'i(gr)aT - 1’ = ‘Ui(ﬁ)@'(y”
for a suitable choice of i.

94



In fact, let |o;(y)| be the smallest, and |o;(y)| = [y] the largest among |o1(y)], . .., |oa(y)|.
Then by Lemma 5.7,

o)< 1.

Subsequently, by Lemma 5.9 we have ¢ <[], hence
o:(y)| < @_1/(d_1) < e~ (B/C(d-1))

This leads to
Ai < Joy(B)|e B/,

Since 1 — ax = Py # 0 we have A; # 0. So we can apply Corollary 5.3 and obtain
|A;] = (eB)~¢ for some effectively computable number C’ depending on «, €1, . . ., &,
and the finitely many roots of unity of K. Combining the upper and lower bound
for |A;| derived above gives

(eB)™ < |oy(B)[e P/
and this leads to an effectively computable upper bound for B. O]

Remark. There are practical algorithms to solve equations of the type (5.3) which
work well as long as the degree of the field K is not too large, and K has a system of
fundamental units whose heights are not too large. These algorithms are based on
lower bounds for linear forms in logarithms and the Lenstra-Lenstra-Lovasz lattice
basis reduction algorithm (LLL-algorithm). For instance, in 2000 Wildanger deter-
mined all solutions of the equation x+y = 1 in z,y € O}, with K = Q(cos(27/19)).
This number field has degree 9 and all its embeddings are real. Thus, the unit group
O} has rank 8.

In general, a form of degree d in n wariables is a homogeneous polynomial
F(X1,...,X,) of degree d, i.c., a polynomial consisting of terms c¢X}" --- X’ with
i1+ -+ +1i, = d. Note that F(tX,...,tX,) = t‘F(Xy,...,X,). A binary form of
degree d is a homogeneous polynomial of degree d in two variables, i.e.,

F(X,Y)=aoX+a; XY + -+ aY?

Suppose that F has its coefficients in C, say. Let a, be the first non-zero coefficient of
F from the left. We can factor the polynomial F/(X, 1) as a,(X —ay)™ -+ (X — )™,
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where aq, ..., q; are distinct complex numbers, and the multiplicities rq,...,r; are
positive integers with 1 4+ --- + 7, = r. Then we get

(5.4) FIX,)Y)=YF(X/Y,1)=a,Y"" (X —a,Y)™" - (X —aq,Y)".
Thus, a binary form can be factored into linear forms.

A Thue equation is an equation of the shape
(5.5) F(z,y)=m inzx,y€Z,

where F' is a binary form with coefficients in Z and m is a non-zero integer. For
binary forms of degree 1 or 2 this equation is very classical. The Norwegian mathe-
matician A. Thue was the first to study such equations for binary forms F' of degree
larger than 2, thence the name "Thue equation.’

In case that F' is linear, equation (5.5) becomes
ar +by =m in x,y € Z.

As is well-known, this equation has no solution if ged(a, b) does not divide m, and
infinitely many solutions if ged(a, b) does divide m.

In case that F' is quadratic, equation (5.5) specializes to
az® + bry + cy® = m.

If the discriminant D = b — 4ac < 0 then this equation describes an ellipsis, and
this has only finitely many points (z,y) € Z? on it. In fact, these points may be
determined by rewriting the equation as

a(z + (b/2a)y)* + (ID|/4a)y* = m.

This implies |y| < +/|4am/D|, and thus one can find all solutions (x,y) by trying a
finite number of possibilities. In case that D > 0 the equation may have infinitely
many solutions, e.g., the Pell equation 22 — dy? = 1 where d > 1 is a positive integer,
not equal to a square. In fact it can be shown that if D = > — 4ac > 0 and D is
not a square, then ax? + bxy + cy? = m has either no, or infinitely many solutions.

Another special case is, where F' may have arbitrary degree d but the coefficient
ap of X% is 0. Then F is divisible by Y, so if (z,y) is a solution of (5.5), then y
divides m. For each divisor y of m there are at most finitely many integers x with
F(z,y) = m, which, if they exist, can be determined effectively.

We prove the following.
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Theorem 5.13. Let F' € Z[X,Y] be a binary form of degree d. Suppose that the
coefficient of X% in F is non-zero and that F(X,1) has at least three distinct zeros
in C. Let m be a non-zero integer. Then the equation

(5.5) Flx,y)=m immzx,y€Z

has only finitely many solutions.

In 1909, Thue proved in an ineffective way that Eq. (5.5) has only finitely many
solutions. We discuss Thue’s proof in the next chapter. Here we give an effective
and rather different proof, which uses Siegel’s idea (1921) of reducing (5.5) to a unit
equation. This proof is essentially the one given by Baker in 1967 for Theorem 5.13.

Proof. By assumption, F(X,Y) = aoX? + -+ + aqY¢ with ag # 0. We make a
reduction to the case ag = 1. If (z,y) is a solution of (5.5), then, by multiplying
with ag_l,

d—2, 2 d-1,d d—1

(aox)d + al(aox)d_ly + asap(apx)* y" + - - - + aqay y" = mag

Thus, (agx,y) satisfies a Thue equation F’(z',y') = m/, where the coefficient of X¢
in F’is 1.
Henceforth, we consider again (5.5), but assume that the coefficient of X in F

is 1. Then
FX,)Y)=(X—a 1Y) (X — oY)

where aq, ..., a; are pairwise distinct complex numbers, r1,...,r, > 0 and t > 3.

We want to reduce (5.5) to a unit equation. The crucial observation here is that
the three linear forms in two variables X — ;Y (i = 1,2, 3) are linearly dependent
over C. More precisely, we have Siegel’s identity

(062 - Oé3)<X - 041Y) + (063 - ozl)(X — OézY) + (Oél - OéQ)(X — OC3Y) = 0.
This implies that if (x,y) € Z? is a solution of (5.5), then

g —Q3 T —« a3 —qp T —«Q
(5.6) 2 3 1Y X 3 1 2y _ 1

Qg — (1 T — gy Qg — (1 T — Qgy
Let K = Q(a,...,a;). Then aq,...,a; € Ok since they are zeros of the monic

polynomial F(X,1) € Z[X]. Let (z,y) € Z* be a solution of (5.5). Then the
numbers z — a;y (i = 1,2,3) divide m in Og. By Corollary 5.11, we have

T — oY = Hi&s,
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where p; belongs to an effectively determinable finite set and ¢; € O}, for ¢ = 1,2, 3.
By substituting this into (5.6) we obtain

(M.&).i N (uﬂ_)i .

Qg — Q1 U3 €3 Qg — Q1 U3 €3

We may view this as a unit equation with unknowns 1 /e3, €2/c3. We have only
finitely many possibilities for each p; which can be determined effectively, and by
Theorem 5.12, for each choice of pq, ps, 3 we have only finitely possibilities for the
pair (g1/e3,€2/e3) which can be determined effectively. Consequently, if (z,y) runs
through the solutions of (5.5), then the quotient (x—aqy)/(x—asy) = (11 /13)(e1/€3)
runs through a finite set which can be determined effectively. We can compute z/y
from (x — ayy)/(x — azy) and then z,y from y¢F(x/y,1) = F(z,y) = m. In this
way, it follows that (5.5) has only finitely many solutions which can be determined
effectively. m

Remark. Since about 30 years, Thue equations can really be solved in practice,
and several packages contain routines to solve Thue equations (KANT, Maple but to
my knowledge not yet SAGE). These routines are based on lower bounds for linear
forms in logarithms, and the LLL-algorithm.

We finish with stating, without proof, an effective finiteness result for the equa-
tion

(5.7) by" = f(z) inx,y € Z.

where n > 2, b is a non-zero integer and f € Z[X]. For n = 2 this is called a
hyperelliptic equation and for n > 3 a superelliptic equation. Such equations can be
reduced to unit equations or Thue equations.

Theorem 5.14 (Baker, 1968). Assume that f has no multiple zeros and that f has
degree at least 2 if n > 3 and degree at least 3 if n = 2. Then (5.7) has only finitely
many solutions, and its set of solutions can be determined effectively.

We consider a special case to illustrate the idea of the proof. Consider the
equation

(5.8) y* =2x(r —3) inxz,y € Z
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Let (z,y) be a solution of (5.8). The ged of 2z and x — 3 divides 6. So if p is a prime
number > 5, then p divides at most one of 2z, x — 3 and if it divides one of these
numbers, the exponent of p in the unique factorization of that number is divisible
by 3. It follows that
2r = au®, x—3="bo’

where ab is a third power, and both a and b are composed of primes from {2,3}.
In fact, we may assume that the exponents on 2,3 in a, b are either 0,1, or 2, since
powers 23 3% can be absorbed by u,v. Thus, a,b € {£23! : k1 = 0,1,2}.
Considering the solutions (z,y) of (5.8) with fixed a, b, we get a Thue equation

au® — 2 = 6.

By determining the solutions (u, v) for each of these Thue equations, we can deter-
mine the solutions of (5.8).

A similar approach can be followed for equations y" = f(x) with n > 3 if f
does not have all its zeros in Q. Then f has all its zeros in some algebraic number
field K, and we have to make a reduction to Thue equations of which the unknowns
are taken from Op instead of Z. For such equations one has an effective finiteness
result similar to Theorem 5.13. In the case n = 2, one can make a reduction only
to Thue equations where the involved binary form has degree 2, and in this case,
Thue’s theorem is not applicable. Then one needs a more complicated argument,
where one makes a reduction to a system consisting of two Thue equations of degree
2, which has only finitely many solutions. In one of the exercises in the exercise
section you are asked to work out an example.

In 1976, Schinzel and Tijdeman obtained the surprising result that Eq. (5.7) has
no solutions with y # 0, +£1 if n is too large.

Theorem 5.15 (Schinzel-Tijdeman, 1976). Let b be a non-zero integer and f(X) €
Z|X] a polynomial of degree at least 2 without multiple zeros. Then there is an

effectively computable number C' depending on f such that if by™ = f(x) is solvable
inx,y € Z with y # 0,+1, thenn < C.

Again, in an exercise in the exercise section you will be asked to work out an
example.
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5.4 p-adic analogues

The results mentioned in Section 5.1 have so-called p-adic analogues. We give one
example.

Recall that each non-zero rational number can be expressed uniquely as a product
of prime powers. We may express this as

a =+ H pordp(a)7

peEP

where P is the set of prime numbers, and the exponents ord,(a) are integers, at
most finitely many of which are non-zero. We define the p-adic absolute value of a
by

lal, :== p~o"%@ for a € Q*, |0],:=0.

For instance, —72/343 = —2% .32 - 773 hence
| —72/343], = 27°, | — 72/343|3 = 372, | — 72/343|; = T°.
Notice that for any prime number p we have
|ably = lalp|bly, |a+bl, < max(|aly, [bl,) for a,b e Q.

The last inequality is called the strong triangle inequality or ultrametric inequality.

In general, if ay,...,a, are rational numbers such that |a;|, > |a;|, for i =2,...,r,
then
(5.9) ay + -+ aplp = |asly.

The strong triangle inequality implies that the p-adic absolute value | - |, defines
a metric d, on Q, given by d,(r — y) := | — y|,- Two numbers z,y € Q are p-
adically close, if d,(x — y) is small, which means that + — y = a/b where a,b are
coprime integers and a is divisible by a high power of p. From topology it is known
how to complete a metrical space, by considering the collection of all its Cauchy
sequences, and identifying two such sequences if their difference converges to 0. The
metrical completion of Q with metric d, is denoted @Q,. As it turns out, addition
and multiplication on Q can be extended to Q, (in a similar way as addition and
multiplication on Q can be extended to R), and this makes Q, into a field, the field of
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p-adic numbers. In Diophantine approximation, |-|, and Q, have the same ‘status’ as
the ordinary absolute value and R, and many results in Diophantine approximation
and transcendence theory have analogues in the p-adic setting. For more on p-
adic numbers, see for instance Neal Koblitz, p-adic Numbers, p-adic Analysis and
Zeta-Functions, 2nd edition, Springer Graduate Texts in Mathematics, 1984.

To gave a flavour, we give an analogue of Corollary 5.3 in the case that aq, ..., a,,
are rational numbers. There is a more general version for algebraic aq, ..., a,, but
it requires more knowledge of algebraic number theory to state this.

Theorem 5.16. (Yu, 1986) Let p be a prime number, let ai, ..., a,, be non-zero
rational numbers with |a;|, =1 fori=1,...,m. Further, let by,..., by, be integers
such that

al - abm £ 1

Put B := max(|b1],...,|bm|). Then
jay* -+ apy = 1], > (eB)™°

where C' is an effectively computable number depending on p, m and ay, ..., Qy,.

For m = 1 there is a sharper result which can be proved by elementary means
(see exercise section). But for m > 2 the proof is very difficult. One may define p-
adic logarithms and translate the theorem into a lower bound for the p-adic absolute
value of a linear form in p-adic logarithms. We do not work this out.

We give an application. Let S = {pi,...,p;} be a finite set of prime numbers
and define the multiplicative group of S-units

Us:={xpi*---pi': 21,...,2 € L}.
Theorem 5.17. The equation
(5.10) r+y=1 inz,yeUs

has only finitely many solutions, and these can be determined effectively.

Proof. Let (z,y) be a solution of (5.10). We may write x = u/w, y = v/w where
u,v,w are integers with ged(u, v, w) = 1. Then

(5.11) u+v=w.
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The integers u, v, w are composed of primes from S, and moreover, no prime divides
two numbers among u, v, w since u,v,w are coprime. After reordering the primes
D1, - .-, Pt, We may assume that

w=Epit-plr, v=Ep gk, w=Epl ),
where 0 < r < s < ¢ and the b; are non-negative integers (empty products are equal
to 1; for instance if r = 0 then u = +1). We have to prove that B := max(by, ..., b;)
is bounded above by an effectively computable number depending only on py, ..., p;.
We may clearly assume that B > 0, and after permuting u, v, w and changing their
signs if necessary, that B = b;. Then using —(u/v) — 1 = —(w/v) we obtain

—b, —b, . I
0 <|Epy o prp i " = o = |w/vly =p " =p "

From Theorem 5.16 we obtain that |---|, = (eB)~%, where C is effectively com-
putable in terms of py,...,p;. Hence

(eB)~C < p; 5.

So indeed, B is bounded above by an effectively computable number depending on
D1y - - Py O

Remark. In his PhD-thesis from 1988, de Weger gave a practical algorithm, based
on strong linear forms in logarithms estimates and the LLL-basis reduction algo-
rithm, to solve equations of the type (5.10). As a consequence, he showed that the
equation x + y = 1 has precisely 545 solutions in positive integers =,y € Ug with
0 <z <y, where S = {2,3,5,7,11,13}.

Let K be an algebraic number field and let I' be a finitely generated, multiplica-

tive subgroup of K*, i.e., there are vy,...,7 € I' such that every element of I' can
be expressed as

SRR
where ( is a root of unity in K, and zq,...,2 are integers. Further, let a,b be

non-zero elements from K and consider the equation
(5.12) ar+by=1 inz,yel.

The following result is a common generalization of both Theorems 5.12 and 5.17.
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Theorem 5.18 (Gy6ry, 1979). Equation (5.12) has only finitely many solutions,
and these can be determined effectively in terms of K,v1, ..., V.

In 1960, Lang gave an ineffective proof of this result, by combining earlier work of
Siegel (1921), Mahler (1933) and Parry (1950). Gy6ry’s proof is based on Corollary
5.3 and a generalization of Theorem 5.16 for algebraic numbers.

5.5 Exercises

Exercise 5.1. A binary recurrence sequence in 7Z is a sequence U = {u, }32, given
by

e a binary recurrence relation u, = Au,_1 + Bu,—o (n > 2) with A,B €7, B#0;
e initial values ug,u; € Z, not both equal to 0;

Example. The Fibonacci sequence {F,}°, where F,, = F,, 1 + F,_o forn > 2,
Fo - 0, F1 = 1.

The companion polynomial of U is given by Fy(X) := X? — AX — B.

The sequence U is called simple if A +4B # 0, i.e., if Fy(X) = (X — a)(X — 3)
with distinct algebraic numbers o, 3.

In the exercises below, U is a simple, binary recurrence sequence in Z.
(i) Prove that there are 1,7, € C such that u, = y1a™ + 28" forn > 0.

(ii) Assume that A* 4+ 4B > 0 (i.e., o, € R) and that a« # +£8. Assume further
that in (i) we have v17y2 # 0. Prove that there are effectively computable numbers
¢ >0, ng such that |u,| > cmax(|a|, |B])" for n = ny.

(iii) Assume that A> +4B < 0 (i.e., o, € C\ R and B = @) and that 8/« is not
a root of unity. Assume again that y1ye # 0.

Prove that there are effectively computable numbers ng, ¢y, co > 0 such that

max(|al, |5])"

un A0, fun] > = "

forn = nyg.

Hint. Divide by 26" and use a suitable lower bound for linear forms in logarithms.

Exercise 5.2. Let A, B, C be integers such that X® — AX? — BX — C' is irreducible
over Q and

X3~ AX? - BX —C = (X —a)(X — a)(X — a3)
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where o, az, a3 € C are such that none of the quotients a;/a; (1 < i < j < 3) is
a root of unity. Consider the third order linear recurrence sequence U = {u,}>2,
given by

Up = Atp_1 + Buy_9+ Cupz (n > 3)
and initial values ug, w1, us € Z, not all zero.

(i) Prove that there exist algebraic numbers vy, s, 73 such that
Uy = 1107 + Yoy + Y3 forn > 0.

(ii) Prove that |aq| = |as| = |as| cannot hold.

(iii) Prove that there exists an effectively computable number N, depending on
A, B,C and on ug,ui,us, such that if n is a non-negative integer with u, = 0
then n < N.

Hint. Assume that || < |as| as may be done, and consider (—vy2/7vs)(e/az)™ — 1.

Exercise 5.3. Let p1,...,ps,Pst1,---, D¢ be distinct prime numbers. Let A be the
set of positive integers composed of primes from p,...,ps, and B the set of positive
integers composed of primes from psiq, ..., Py

Prove that there exist positive numbers ci,co, effectively computable in terms of
D1, ..., P such that for every x € A, y € B we have

max(z,y)

T —y| = .
| vl c1(log max(z, y))e

Exercise 5.4. In 1995, Laurent, Mignotte and Nesterenko proved the following ex-
plicit estimate for linear forms in two logarithms. Let ay,as be two positive ra-
tional numbers # 1. Further, let by,by be non-zero integers. Suppose that A :=
bylogay; — belogas # 0. Then

log [A] =

b1 b 2
—24.34 1 14 . 21 log H loec H .
3 (max{ Og(logH(a2)+logH(a1))+0 21} ) log H(ar) log H (a)

Using this estimate, compute an upper bound C', such that for all positive integers
m,n with 97 — 89" = 8 we have m,n < C.
Hint. Use |log(1+ z)| < 2|z| if |2| < 3.
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Exercise 5.5. Let F(X,Y) € Z[X,Y] be a positive definite binary form of degree
d > 3, i.e., the coefficient of X¢ is > 0 and the zeros of F(X,1) are all in C\ R.
Prove, without using lower bounds for linear forms in logarithms, that for each
positive integer m the equation F(x,y) = m has only finitely many solutions in
x,y € Z. Describe a method to determine these solutions (in principle, it does’t
have to be practical).

Exercise 5.6. Let a;,b;, ¢; (i = 1,2) be integers with
ar,bi,ci, az, by, ca, arby — azby, bicy — bacy # 0.

Prove that there are only finitely many triples (z,y, z) € Z* satisfying the system of
equations

(5.13) ar? — b2 =c1, ay? — by = c.

Hint. Let K = Q(y/a1, Vb1, /az,vVb2). Apply Theorem 5.12 and the ideas in the
proof of Theorem 5.13 to the identities

Vba(y/ar + 2/b1) = V/bi(yy/az + 2v/by) = 2/ arbs — yv/ashy,
\/_.r\/_—z\/— \/_y\/_—z\/_—x\/albg Y/ ashy.

Then conclude that if (x,y,z) runs through the solutions of (5.13) then

(z/a1 + 2v/b1)/(x\/ar — 2/br) runs through a finite set.

Exercise 5.7. Use Fxercise 5.6 to prove that the equation

y?* =222 —3)(4x —5) inx,ycZ
has only finitely many solutions.
Exercise 5.8. (i) Prove that the equation
2" =2y" =1 mazx,y€Z withz > 2,y > 2

has no solutions if n > 15000.

Hint. Applying the estimate of Laurent-Mignotte-Nesterenko from Exercise 5.4 to
an appropriate linear form in two logarithms you will get a lower estimate depending
onn and x,y. But you can derive also an upper estimate which depends on n,x,y.
By comparing the two estimates, the dependencies on x,y will cancel out and one

105



obtains an upper bound for n independent of x,y.

(ii) Let a,b,c be positive integers. Prove that there is a number C, effectively com-
putable in terms of a,b, c, such that the equation

ax" —by" =c
has no solutions if n > C. In the case a = b you may give an elementary proof,

without using the result of Laurent-Mignotte-Nesterenko.

(iii) Prove that the equation
y: = <§) mx,y,z €L withae >24,y>2, 2> 3

has only finitely many solutions.

Exercise 5.9. In this exercise, you are asked to prove a very simple case of Theorem
5.16 and to apply this to certain Diophantine equations.

(i) Let a be an integer, and p a prime, such that |al, < p~' if p > 2 and |aly < 272
if p = 2. Prove that for any positive integer b we have

|(1+a)® — 1|, = |ab|, > 1/ab.

Hint. You may either prove that |(})a"|, < |abl, for k > 2 or write b = up' where
u s an integer not divisible by p and t a non-negative integer, and use induction on
t.

(ii) Let p be a prime > 5. Using (i), prove that the equation p* —2Y = 1 has no
solutions in integers x > 2, y = 2. Prove also that the equation 2* — pY =1 has no
solutions in integers x > 2, y = 2.
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