Chapter 8
The p-adic Subspace Theorem

Literature:

B. Edizhoven, J.-H. Evertse (eds.), Diophantine Approximation and Abelian Varieties, Introduc-
tory Lectures, Lecture Notes in Mathematics 1566, Springer 1993, Chap.IV

J. Neukirch, Algebraic Number Theory, Springer 1999, Chaps. II, III

The p-adic Subspace Theorem deals with Diophantine inequalities in which sev-
eral different absolute values occur (e.g., the ordinary absolute value and extensions
to number fields of the p-adic value ||, various primes p). Before we are able to state
the p-adic Subspace theorem we have to recall some facts about absolute values on
number fields. We give only a brief outline. For more details we refer to Chapters
IT and IIT of Neukirch’s book mentioned above.

8.1 Absolute values on algebraic number fields

8.1.1 Generalities

The standard absolute value |-| on C has certain important properties, namely, that
it is positive for non-zero complex numbers, that the absolute value of the product
of two complex numbers is the product of their absolute values, and that it satisfies
the triangle inequality. There is a general concept of absolute values, which can be
defined on any field.

Let K be a field. An absolute value (or valuation) on K is a function |- |, : K —
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R~ with the following properties:
(AV1) |0], =0 and |z|. > 0 for x € K*;
(AV2) |yl = |z - |y|« for 2,y € K;
(AV3) |z +yl|« < |z|s + |y|« for 2,y € K (triangle inequality).
Notice that (AV1)-(AV3) imply that |1]. = 1.
Examples. 1. The trivial absolute value, given by 0|, = 0 and |z|. = 1 for x € K*.
2. The standard absolute value | - | on any subfield of C.

3. Let K := k(X) be the field of rational functions over a field k. We define the
degree of a rational function f/g with f,¢g € k[X]| by deg(f/g) := deg f — degg.
Then | - |qeg, given by |z|geg := €987 for z € K* and |0|geg := 0 defines an absolute
value on K. Notice that it satisfies something stronger than (AV3), i.e., |2+ y|qeg <
max (|2 |deg, |Y|deg) for x,y € K (verify this).

An absolute value |- |, on a field K is called non-archimedean if instead of (AV3)
it satisfies the strong triangle inequality or ultrametric inequality

(AV3) |z + y|« < max(|z|s, |y|s) for z,y € K.
If | - |« does not satisfy (AV3’) it is called archimedean.

Two absolute values | - |., | - |« on K are called equivalent if there is ¢ > 0 such
that

|4 = |z|{ forall x € K.

An absolute value | - |, on K defines a topology on K as follows: the open sets are
those subsets U of K with the property that for every a € U there is 6 > 0 such
that {x € K : |x —al|. < 6} C U. It can be shown that two absolute values on K
define the same topology on K if and only if they are equivalent.

Let K be a field, L an extension of K, and | - |, an absolute value on K. A
continuation of K to L is an absolute value | - |., on L whose restriction to K is
| - |, i.e., || = |z|s for all z € K. We mention here that such a continuation, if it
exists, need not be unique.

Below, we first describe the absolute values on QQ, and subsequently their con-
tinuations to a number field.
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8.1.2 Absolute values on QQ

Of course, we have on QQ the standard absolute value, given by
|z| := max(z, —x) for z € Q.

Further, for every prime number p there is an associated p-adic absolute value, which
is defined as follows. First we put |0, := 0. If = is a non-zero rational number, then
we can write x = p*a/b where k is an integer and a,b are integers coprime with p,
and we put

= p7".

Verify yourself that | - |, defines a non-archimedean absolute value on Q.

It will be convenient to denote the standard absolute value on Q by |- |« and
write
Mg = {oo} U {prime numbers}.

Then the absolute values defined above satisfy the product formula
(8.1) IT 1z, =1 forze Q.
pEMq

Indeed, every non-zero rational number x has a unique factorization as a product of
prime powers
_ k1 ket
T =£p; P

where ki,...,k; are non-zero integers and pq,...,p; distinct prime numbers. We
b = p; M fori=1,....t, and |z|, = 1 for every prime p

have |z| = p’fl coopht |z
outside {p1,...,p}-
We state without proof the following

Theorem 8.1 (Ostrowski). The absolute values |-|, (p € Mg) are pairwise inequiv-
alent, and every non-trivial absolute value on Q is equivalent to one of them.
8.1.3 Absolute values on number fields

Let K be an algebraic number field. Each of the absolute values | - |, (p € My)
defined above has a continuation (and in general more than one) to K. In most

157



applications, we only need to know that such continuations exist and not how they
are defined, but for the interested reader we describe these continuations.

We first describe the continuations of the standard absolute value |- | = | -] to
K. Let d := [K : Q]. Recall that K has precisely d embeddings K < C. We order
these embeddings as

01y« 0p1y Opg41y -+ 5 O0pri4ras Orjdro+l = Ori41s -+ 5 Opy42r0 = Orq4rg,
where d = r; + 21y, 0; (i = 1,...,7r1) are the embeddings with image contained in

R, 0; (i =r;+1,...,d) are the embeddings with images not contained in R, and
o(z) :=o(x) for x € K. Denote by |- | the standard absolute value on C. Then

define archimedean absolute values on K, which are clearly continuations of | - |

o = loi()] (i=1,...,d)
to K. In fact, we only have to concider these absolute values for i = 1,... 71 + 79,
since

| loryes = lonti Ol = [o;() [ = lo;() = [+ |o; for j=ri+1,..om 47

Fact. The absolute values | -

o (1=1,...,r1 +13) are pairwise inequivalent, and
they are precisely the continuations of | - |« to K.

In order to define the continuations of | - |, (p prime number) to K, we have to
recall some facts about prime ideal decompositions of fractional ideals of K.

Denote by Og the ring of integers of K. A fractional ideal of K is a set a # 0
with the following properties:

(i) if z,y € a, then z — y € a;
(ii) if x € a, @ € Ok, then az € a;
(iii) there is @ € K* such that aa := {az: z € a} C Ok.

In particular Ok itself and the non-zero ideals of O are fractional ideals of K, and
in fact, any fractional ideal of K contained in Ok is a non-zero ideal of Og. Further,
for « € K*, aOk = {ax : € O} is a fractional ideal of K.

We define the product of two fractional ideals a, b of K by

a-b::{inyi: xiea,yieb}.

finite
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Further, we define the inverse of a fractional ideal a of K by
al:={z€K:2aC O}

The following are standard facts from algebraic number theory, which we recall
without proof.

Theorem 8.2. The product of two fractional ideals of K and the inverse of a frac-
tional ideal of K are again fractional ideals of K. With this product and inverse,
the fractional ideals of K form an abelian group, with unit element Ok .

Corollary 8.3. Let a, b be fractional ideals of K. Then a C b if and only if there
s a non-zero ideal ¢ of Ok such that a = b - c.

Proof. We have the chain of equivalences

aCh < a-b7'Ch-b7! =0k < ab™! = ¢ for some non-zero ideal ¢ of Ok

<= a=b- ¢ for some non-zero ideal ¢ of Ok.

]

A prime ideal of O is an ideal p with the property that whenever a product o
with a, f € Ok belongs to p, then at least one of «, 5 belongs to p. Clearly {0} is a
prime ideal of Og. It is known that every non-zero prime ideal of Ok is a maximal
ideal of O.

Theorem 8.4. (i) Every non-zero ideal of O can be expressed uniquely as a product
p’fl - -pft, where Py, ..., p; are distinct non-zero prime ideals of O and ky, ..., k;
positive integers.

(ii) Every fractional ideal of K can be expressed uniquely as a product p]fl .- -pft,
where Py, ...,p; are distinct non-zero prime ideals of Ok and ky, ..., k; non-zero
ntegers.

Now let p be a prime number. Then
pOk = pi(pl) e ;(pg)7

where py,...,p, are distinct prime ideals of Ok, called the prime ideals dividing p,
and e(p1), . .., e(p,) are positive integers, called the ramification indices of py, ..., p,.
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We notice that a prime ideal p of Ok cannot divide two different primes p,q. For
otherwise, p, ¢ € p which would imply 1 = ged(p, ¢) € p which is impossible.

Every x € K* gives rise to a unique prime ideal decomposition
(8.2) ’I‘OK = p]fl . e ];g -a

where ki,...,k, are integers and a is a fractional ideal of K composed of prime
ideals other than py,...,p,y, and for ¢ =1,..., g we set

|,

Further, we define |0}, :==0fori=1,...,¢.

—ki/e(pi)

=P

Lemma 8.5. Each |- |,, (i=1,...,9) defines a non-archimedean absolute value on
K, and is a continuation of | - |, to K.

. (i=1,...,g) are continuations of |- |, to K. Let x €
Q*; then z = :I:pkqll1 --.qgb with k,14,...,l, integers and qi, ..., qs primes different

s

from p. Thus,

20 = (pi™) - p5P?)a
where a is composed of prime ideals of Ok dividing ¢y, ..., g5, and so of prime ideals
other than py,...,p,. Hence |z|,, = p~re®/eti) = p=k = ||, fori=1,...,qg,

We now show that |- |,, (¢ = 1,...,¢g) define non-archimedean absolute values
on K. Let p € {p1,...,p,}. We have to prove that |zy|, = |x|y - |ylp, |+ ylp <
max(|z|p, |y|y) for z,y € K. This is clear if one of z,y,x+y is 0 Assume that these
numbers are all non-zero. Then |z|, = p=*/¢®) |y|, = p~!/¢® for certain integers
k,l, which means that

(83) 20k = pka, yOg = plb

for certain fractional ideals a, b composed of prime ideals other than p. Clearly,
xyOK _ pk—i-l
|zyly =p~

ab and ab is also composed only of prime ideals different from p. So
(k+0)/e(p) — |l‘|p |y|p

We now prove the inequality for z+y. For the moment we assume that z,y € Og.
Then (8.3) holds with k,I > 0 and a, b ideals of Og. We assume without loss of
generality that |y|, < |z|,, or equivalently, & < {. By Corollary 8.3 we have

zepfaCpF, yep'b CpF
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hence » +y € p*. Again from Corollary 8.3 we deduce that (z + y)Og = pFc for
some non-zero ideal ¢ of Ox. We can write ¢ = pd where m is a non-negative
integer and 0 is composed of prime ideals other than p, so (z+y)Ox = pF*t™d. This
leads to

[ 4 ylp = p~ ETER L pH®) = ) = max(|xy, [yl,).

In case that x,y are not both in O choose a positive integer o such that ax,ay €
Ok. Then |az+ay|, < max(|az|,, |ayl,), and by dividing by |a|, we obtain |z+y/, <
max(|z|y, |yly)- O

Fact. The absolute values | - |,, (1 = 1,...,9) are pairwise inequivalent, and they
are precisely the continuations of | - |, to K.

8.2 The p-adic Subspace Theorem and some ap-

plications
Recall that | - | denotes the standard absolute value on Q, and for each prime
number p, | - |, denotes the p-adic absolute value as defined above. In this section,

the following notation is used:

K is a number field, pq, ..., ps are distinct prime numbers,
(8.4) for each p € {o0, p1,...,ps} we choose a continuation of | - |, to K
which we denote also by | - |,.

We start with a generalization of Roth’s Theorem. Recall that if £ = z/y with
x,y coprime integers, then H (&) = max(|z|, |y]).

Theorem 8.6. (p-adic Roth’s Theorem). Let k > 2, C' > 0. Further, for each
p € {o0,p1,...,ps} let oy, € K. Then the inequality

(8.5) Qoo — &loo - [ _glm"' |aps _§|ps SC-HE) ™" ineQ

has only finitely many solutions.

Example. Let o be a real, irrational algebraic number, and p a prime number. We
show that for every e > 0, C' > 0 there are only finitely many pairs of integers (u, )
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such that v > 0, y is coprime with p and

(8.6) < C- (max(p®, |y])) " °

or equivalently

o =€l < C-H(E) ™,

where £ = p“/y. Notice that Roth’s Theorem from Theorem 6 gives only the
finiteness for the number of solutions £ = p“/y if we replace the exponent on H ()
by something smaller than —2; so if we restrict ourselves to solutions £ = p*/y we
get a significant improvement.

We first observe that if (u,y) is a solution with [p*/y| < [3al, then 0 < |3a| <
C-(max(p“, |y|))~'7¢. So there are only finitely many such pairs (u,y). Now consider
1

the solutions (u,y) with |p*/y| > |5a/, i.e., Jy| < |%| -p*. Then we get

la =& €, = Ja—¢&l-p™ < Cp*max(p®, Jy])~' 7 < C"max(p*, |y]) "> °
< C/H(é-)foe

for some constant ¢’ > 0. We apply Theorem 8.6 with K = Q(«) C R, with the
single prime p, with |- |, the restriction to K of the absolute value |- | on R, with
any continuation of | - |, to K (which one doesn’t matter), with a. = o and with
a, = 0. It follows that the latter inequality, and hence (8.6), has only finitely many
solutions.

We now formulate the p-adic Subspace Theorem. We keep notation (8.4). The
p-adic Subspace Theorem involves for each | - |, with p € {oo,p1,...,ps} a system
of n linearly independent linear forms in Xy, ..., X,, with coefficients in K.

Theorem 8.7. (p-adic Subspace Theorem, Schlickewei, 1976). Let n > 2,
e>0,C >0, and for each p € {00, p1,...,ps} let L1y, ..., Ly, be linearly indepen-
dent linear forms in Xy, ..., X, with coefficients in K. Consider the inequality

S

(8.7) |L1oo(®) Lnoo(®)loo - [ ] L1, (%) -+ L, (X1, < O |Ix[| 7 inx € 27

j=1

There are a finite number of proper linear subspaces T1,...,T; of Q™ such that all
solutions of (8.7) lie in Ty U---UT;.
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Remark. Similarly as for the Subspace Theorem from Chapter 7, the only available
proofs of Theorem 8.7 are ineffective, that is that they do not provide a method to
determine the subspaces Ti,...,T;.

Theorem 8.7 => Theorem 8.6. Let £ be a solution of (8.5). Write £ = x/y with
z,y € Z, ged(z,y) = 1. Multiply (8.5) with A := (|y| - |ylp - |y ps)z. Notice that
lylp, <1for j=1,...,s. Hence A < y? < H()?. Let € = k—2. Then (8.5) implies

‘(:U - aooy)y‘oo ' H ‘(:U - apjy)y|pj < - max(|:1:|, ’y‘)—a
j=1
The solutions (x,y) € Z? of the latter lie in only finitely many proper one-dimensional
linear subspaces of Q?, and each of these gives rise to a single fraction & = z/y. So
(8.5) has only finitely many solutions. O

Remark. In many applications of Theorem 8.7, we let K C C, we choose | - |5
to be the restriction to K of the standard absolute value | - | on C, and for p €
{p1,....ps} we let L;, be linear forms with coefficients in @ so that it is irrelevant
which continuation of | - |, to K we choose.

Example. Let € > 0. We show that the inequality
(8.8) |2 + 3Y — 5| < max(|2%], |3"[,]5"|)* ¢

has only finitely many solutions in non-negative integers u, v, w. We apply the p-
adic Subspace theorem with K = Q and with the primes 2,3,5. Write z; = 2%,
xo = 3", x3 = B%, x = (21,29, x3). We first show that the set of solutions x lies in
the union of finitely many proper linear subspaces of Q3. Consider for the moment
those solutions for which ||x|| = |z3|. Notice that

|x1x2x3|2 . ’l’1$2$3’3 . ‘Il.fllgﬂfg‘g, = 27u37v57w = |I1I2$3|71.
In combination with (8.8), this gives
|(z1 + 2o — T3)X120| - |T12223]2 - |T122%3|3 - |T12223]5 < |I3|_1||X||1_8 < x5

By Theorem 8.7 with K = Q, the solutions of the latter inequality lie in the union of
finitely many proper linear subspaces of Q3. So the solutions of (8.8) with ||x|| = |z3]
lie in finitely many proper linear subspaces of Q3. In a similar way one proves that
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the solutions with ||x|| = |x1| or with [|x|| = |z2]| lie in finitely many proper linear
subspaces of Q3.

It is left as an exercise to prove that if T" is a two-dimensional linear subspace of
@Q? then T contains only finitely many solutions of (8.8). O

Similarly as for the basic Subspace Theorem discussed in Chapter 7, there is a
version with linear forms in general position. We keep again notation (8.4).

Theorem 8.8. Let ¢ > 0, C > 0, and for p € {00,p1,...,ps} let Lip, ..., Ly,
(r, = n) be linear forms in Xi,..., X, in general position with coefficients in K.
Consider the inequality

(8.9) |L100(X) -+ Loy 50 (X) |00 - H L1y (%) - Ly (%), < C - ||| 772
j=1

inx € Z" with gcd(xy, ..., x,) = 1.
Then there are a finite number of proper linear subspaces T, ..., T, of Q" such that

all solutions of (8.9) lie in Ty U---UT;.

Lemma 8.9. Let L be a field and | - | an absolute value on L. Let My, ..., M, be
linearly independent linear forms in Xy,..., X, with coefficients in L. Then there
is a constant C' > 0 such that for x = (x1,...,2z,) € L™ we have

max |z, < C" max |M;(x)|..
1<k<n 1<g<n

Proof. The same as that of Lemma 7.4 (verify this). O

Proof of Theorem 8.8. For every solution x € Z" of (8.9) and p € {oo,p1,...,ps},
we choose a permutation o, of 1,. .., 7, such that |Lg,1),(%)|p, < -+ < [Lo, (ry).p(X) |-
It clearly suffices to show that the solutions x corresponding to given permutations
op lie in finitely many proper linear subspaces of Q.

Consider for instance the solutions x € Z" of (8.9) such that

|L17P<X>|p <0 < |L7“p,p(x)|p for JS {Oo7p17 cee 7p8}'

Since Ly, ..., Ln_1,, L;p are linearly independent, by Lemma 8.9 there is a constant
C;p depending only on the coefficients of the linear forms L;, (7 =1,...,n — 1,7)
such that

m}stx |z, |p < Oi,p|Li,p(X) ’p'
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If p = oo, then maxy, |z;|, = ||x||. If pisoneof py,. .., ps, thensince ged(z1, ..., x,) =
1 at least one of zy,...,x, is not divisible by p, which implies maxy |xx|, = 1. So
we have

Ix|| < CioolLioo(X)|oe fori=mn+1,...,ry,

1< Cip|Lip,(X)|p;, for j=1,....8, i=n+1,...,1,.

J

By combining these inequalities with (8.9), we obtain
[ L1,00(X) + -+ Lin oo (X) oo - H | Lip, (%) -+ Ly, (%) |, < C7[|x[|7°
j=1
for some constant C” > 0. Now apply Theorem 8.7 to the latter. O
Let F(X,Y) € Z[X,Y] be a square-free binary form of degree n > 3 and
P1,-- -, Ds distinct prime numbers. We consider the so-called Thue-Mahler equation

(8.10) |F(z,y)| =p* - pZ inx,y, z,...,2s € Z with ged(x,y) = 1.

Notice that if we drop the condition ged(x,y) = 1 it is possible to construct infinitely
many solutions from a given solution. We prove the following.

Theorem 8.10. (Mahler, 1933). Equation (8.10) has only finitely many solu-
tions.
We use the following important fact.

Lemma 8.11. Let u € Q. Then u = £pi™* ---p¥ for certain integers wy, ..., ws if
=1.

and only if |u| - |ulp, - - - [ulp,

Proof. Trivial. O]

Proof of Theorem 8.10. We can factor F as ag(X—aY) -+ (X—a,,Y) with ay, ..., a,
distinct if F/(1,0) # 0, and as aoY (X — aqY) -+ (X — 1Y) with aq,..., a1

distinet if F(1,0) = 0. So in both cases we have F(X,Y) = [[, (65X — vY)

where the linear forms ;X — ;Y (i = 1,...,n) are in general position. Let

K = Q(B1,7,---,0n,7) and keep notation (8.4). Take ¢ with 0 < ¢ < n — 2.

Then by Lemma 8.11 we have for any solution (x,y, 21, ..., zs) of (8.10),

|F(x,y)| . H |F(:p,y)|pj =1< max(|a:|, |y|)n—2—g7
j=1
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hence
((Brz—my) -+ Buz =)o [ [ 11z —=m1y) -+ (Buz =y p, < max(|a], [y])" >~
j=1

By Theorem 8.8, the set of solutions (z, ) € Z? of this inequality lies in the union of
finitely many one-dimensional linear subspaces of Q2. Each such subspace contains
only two solutions with ged(z,y) = 1. This proves that (8.10) has only finitely many
solutions. O

Remark. The above proof of the finiteness of the number of solutions of the Thue-
Mabhler equation is based on the p-adic Subspace Theorem and is therefore ineffec-
tive. There is however an alternative, effective proof of Theorem 8.10. There are
effective lower bounds for the p-adic absolute value of linear forms in p-adic loga-
rithms of algebraic numbers, similar to those mentioned in Chapter 5. Then one can
prove Theorem 8.10, with an effective upper bound for max(|z|, |y|), by combining
estimates for linear forms in ‘ordinary logarithms’ with estimates for linear forms in
pj-adic logarithms for j =1,...,s.

Recall that in Chapter 5, we considered the unit equation ax + by = 1 where the
unknowns z,y are taken from the unit group O} of the ring of integers Ok of an
algebraic number field K. It was proved that this equation has only finitely many
solutions. By Dirichlet’s Unit Theorem, the group Oj is finitely generated, and we
have

OnL =W x 7

where W is the group of roots of unity in K (which is finite), and where r is the
unit rank. Recall that » = r; 47y — 1 where r; is the number of embeddings K — R
and ry the number of complex conjugate pairs of embeddings 0,7 : K — C, where
o is the composition of ¢ and complex conjugation.

We consider a much more general situation where x, y are taken from an arbitrary
finitely generated multiplicative group in an arbitrary field of characteristic 0. For
such a finitely generated group I" we have I' = T'y ;s X Z" where I',5 is the (necessarily
finite) torsion subgroup of I', consisting of roots of unity. Thus,

(8.11) I'={Co1" 9"+ € € lors, wa, ..., uy € Z}

for certain generators g1, ..., g,.
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Theorem 8.12. (Lang, 1960). Let K be any field of characteristic 0, let a,b be
non-zero elements from K, and let I' be a finitely generated subgroup of the multi-
plicative group K* of K. Then the equation

(8.12) ar+by=1 imnz,yel

has only finitely many solutions.

Lang’s proof is ineffective.

From Theorem 5.17, that we proved in Chapter 5, one can derive an effective
proof of the above theorem in the special case that I' is a subgroup of Q* and that
a,b are non-zero elements of Q*. We now give another, but ineffective proof of this
result. Let ¢1,...,9, be a set of generators of I' as in (8.11). Let py,...,ps be

primes such that the numerators and denominators of a, b, g1, ..., g, are composed
of primes from py,...,ps. Write ax = u/w, by = v/w, where u, v, w are integers,
necessarily composed of primes from py, . .., ps, with ged(u, v,w) =1 and u+v = w.

Now clearly, we have
uv(u+v)| =pi* - pg, ged(u,v) =1

for certain non-negative integers z1, ..., z,. This is a Thue-Mahler equation. There-
fore there are only finitely many possibilities for the pair (u,v), hence for (u, v, w),
hence for (x,y). O

Remark. In case that the group I' is contained in an algebraic number field K,
it is possible to give an effective proof of Theorem 8.12, see Theorem 5.18. If the
degree of K and the number of generators of I' are not too large, there is a practical
algorithm to determine all solutions.

Example. Let I" be the multiplicative group generated by 2,3,5,7,11,13 and con-
sider the equation

(8.13) r4+y=1 inzyel withz<y.

We give some solutions:
<1 1> <3 4> <2 11) <3993 16807)_( 3-118 7° )
2’2/ \7°7)7 \13" 13/’ \20800’ 20800/  \26.52.13726.52.13/"

In his PhD-thesis of 1988, de Weger determined all 545 solutions of (8.13).
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8.3 Linear equations in several unknowns

We consider higher dimensional generalizations of equation (8.12). Let K be a field
of characteristic 0 and I' a finitely generated subgroup of K*. Further, let n > 2
and ayq,...,qa, € K*. We consider the equation

(8.14) o+t o, =1inax,...,20, €.

If n > 3 this equation may have infinitely many solutions. For instance, consider
the equation
2 —=2"4+3Y=1 inu,v,w € Z.

This may be viewed as a special case of (8.14), with I' the group generated by 2
and 3. This equation has infinitely many solutions with v = v and w = 0. More
generally, let 2 < m < n and suppose (8.14) has a solution (zy,...,z,) with

oty + -ty =1, api1Tmi +o +anr, =0.

Then for every u € T, the tuple (z1,...,Zm, UTp11, ..., ux,) is also a solution of
(8.14). Assuming the group I' is infinite, we obtain in this way infinitely many
solutions of (8.14). More generally, we can construct infinitely many solutions from
a given solution (21, ...,x,) with a vanishing subsum »_,_, c;x; = 0 for some non-
empty subset I of {1,...,n}.

To make such easy constructions of infinite sets of solutions impossible, we con-

sider only solutions without vanishing subsums.

Definition. A solution (zy,...,x,) of (8.14) is called non-degenerate if

Z a;x; # 0 for each non-empty subset I of {1,...,n}.

iel
Theorem 8.13. (van der Poorten, Schlickewei, Laurent, E., 1980’s) Fqua-
tion (8.14) has only finitely many non-degenerate solutions.

Roughly speaking, the proof consists of two steps. In the first step one makes
a reduction from the general case that K is an arbitrary field of characteristic 0
to the special case that K is an algebraic number field by using techniques from
algebraic geometry. To treat the case that I' is contained in an algebraic number
field one has to apply the ‘p-adic Subspace Theorem over number fields,” which is
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a generalization of the p-adic Subspace Theorem which involves absolute values on
an algebraic number field and in which the unknowns are algebraic integers of that
number field.

The presently known proofs of Theorem 8.13 are all ineffective. For equations
(8.14) in two unknowns there is an effectice proof which provides an algorithm to
determine all solutions in principle. For equations (8.14) in more than two unknowns
no such effective proof is known.

It should be mentioned that there are quantitative versions of Theorem 8.13,
giving an explicit upper bound for the number of non-degenerate solutions. Suppose
I' has rank r, i.e., there are g, ..., g, such that

F:{Cg%lgqrir : Certorsa Ul,-..,UTEZ}.

In 2002, E., Schlickewei, and Schmidt proved that (8.14) has at most c¢(n,r) :=
exp ((6n)*"(r+1)) non-degenerate solutions. One of the tools in the proof is a much
refined, quantitative version of the p-adic Subspace Theorem over number fields,
giving an explicit estimate for the number of subspaces containing the solutions. In
2009, Amoroso and Viada improved this bound to ¢/ (n, r) := exp (5n° log(8n)(r+1)).
The importance of the bounds of ESS and AV is that they depend only on the number
of unknowns n and the rank r. So whatever group I' of rank r and coefficients
ai, ..., q, we take, we always get an upper bound ¢(n,r) for the number of non-
degenerate solutions. But it should be mentioned that this upper bound is probably
much too large, and one may hope that with better techniques one can improve it
further.

Since in these notes we have only the p-adic Subspace Theorem over Q at our
disposal, we assume henceforth

FCQ*a ala"'7aneQ*

and prove Theorem 8.13 in this special case. It will be convenient to consider instead
of (8.14) the homogeneous equation

(8.15) oo+ +apr, =0 inxg,...,z, €T,

where ay, . . ., a, are non-zero rational numbers. Solutions (zo, ..., x,) of (8.15) will
be called non-degenerate if ), ; o;x; # 0 for each proper, non-empty subset I of
{0,...,n}. We prove the following.
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Theorem 8.14. There is a finite set U such that x;/x; € U for each non-degenerate
solution (zo,...,x,) of (8.15) and each pair of indices i,j € {0,...,n}.

By taking ap = —1 and considering solutions of (8.15) with 2y = 1 we obtain

Theorem 8.13 in the case I' C Q*.
Let H be the linear subspace of Q" given by apxg + -+ - + apx, = 0.
Lemma 8.15. There are finitely many proper linear subspaces Ty, ..., T; of H such

that the set of solutions (zo, ..., x,) of (8.14) (non-degenerate or not) lies in T U
o UT.

Proof. We use the ‘general position version’ of the p-adic Subspace Theorem. We
start with some preparations.

There are ¢q,...,¢g, of Q* such that every element of I' can be expressed as
+gi" - gt with uy,...,u, € Z. Let py,...,ps be the prime numbers occurring in
the numerators and denominators of ay,...,ay,,91,...,9.. Let ¢ be the bijective
linear map from H to Q" given by (zq,...,z,) — (1x1,. .., 0T,).

Take a solution x = (g, ...,x,) of (8.15). Let w be a positive rational number
such that

yi = waur; € Zfori=1,...,n, ged(yr,...,yn) =1

and put y = (y1,...,¥n). Thus, y = p(wx). Further, y; + -+ + y, = —wapzy.
Clearly, v1,...,y, and y; + - - - + vy, are composed of primes from py,...,ps. This
implies that for any € with 0 < e < 1,

J=1

The linear forms ¥y, ...,yn, y1 + -+ + Yy, are in general position. So by the ‘gen-
eral position-version’ of the p-adic Subspace Theorem, the set of solutions y =
(Y1, ... yn) € Z" of (8.16) with ged(ys,...,y,) = 1 lies in a union S; U --- U S; of
proper linear subspaces of Q". Hence the corresponding solutions x = (xq, ..., Z,)
of (8.15) lie in Ty U - -- U T}, where T; := ¢~ 1(S;) is a proper linear subspace of H,
for i = 1,...,t. This proves the lemma. O]

Lemma 8.16. There is a finite set U' C Q* such that for every solution (xy,...,x,)
of (8.15) (non-degenerate or not) there are distincti,j € {0,...,n} withx;/z; € U'.
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Proof. We proceed by induction on n. If n = 1 we have an equation agrg+aiz; =0
and the lemma is obvious.

Now let n > 2 and assume that the lemma is true for equations of type (8.15) in
fewer than n+1 unknowns. By the previous lemma, there are proper linear subspaces
Ti,...,T; of H such that the solutions of (8.15) lie in 73 U --- U T;. Consider the
solutions in 7" € {T7,...,T;}. The points x = (zo,...,x,) € T satisfy, apart from
the defining equation agxg+- - -+ a,x, = 0 for H, a second equation that is linearly
independent of it, say yoxo + - -+ + Y2, = 0. By subtracting ~,/«, times the first
equation from the second, we get an equation

(817) 50560 4+ o+ 5n,1:cn,1 =0
valid for all x € T, where at least one of f, ..., 3,_1 is non-zero.

By the induction hypothesis, applied to (8.17) with the terms with §; = 0 re-
moved, there is a finite set Ur such that for every solution (xo,...,z,) of (8.15)
lying in 7" there are distinct indices 4, j € {0,...,n — 1} such that z;/z; € Ur.

Now the lemma holds with U’ = Uy, U --- U Uy, O

Proof of Theorem 8.14. We proceed again by induction on n. For n = 1 Theorem
8.14 is trivial. Let n > 2 and suppose Theorem 8.14 is true for equations in fewer
than n + 1 unknowns.

Suppose the set U’ from the previous lemma is {f1,...,5,}. Then the non-
degenerate solutions (zy,...,z,) of (8.15) can be divided into finitely many sets
Spgr (0, =0,...,n,pF# q, r=1,...,m), where S, is the set of solutions with

[L'p/[Eq = .
Consider for instance the non-degenerate solutions in S, ,,—1,1, i.e., with x, =
B1x,_1. These solutions satisfy

Qoo + -+ (Oén,1 + ﬁlan)xnfl =0.

Each non-empty subsum of the left-hand side is non-zero, since (x, ..., z,) is non-
degenerate. By the induction hypothesis, there is a finite set U, ,—; 1 such that
x;i/x; € U,po1q for all solutions (xo,...,z,) of (8.15) in S,,_11 and all 7,5 €
{0,...,n—1}. Using x,/z,—1 = B1 we can enlarge U, ,_11 such that it contains all
quotients z;/x; with i =n or j = n as well. We get a similar set U,,, for each other
triple of indices p, q,r. Now Theorem 8.14 is satisfied with U equal to the union of
the sets Upg with p,g=0,...,n,p#qgandr=1,...,m. ]
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8.4 Linear recurrence sequences

A linear recurrence sequence (in C) is a sequence U = {u}7°,, with terms in C
given by a linear recurrence

(818) Up = CLUp—1 + * -+ + CLUR—k for h 2 /{Z,

where ¢y, ..., ¢, are constants in C and ¢; # 0, and by initial values uq, ..., ug_1.

Given a linear recurrence sequence U, there are various linear recurrences which
it may satisfy but there is a unique one with minimal length %k (exercise). This & is
called the order of the linear recurrence sequence U, and the polynomial

fu(X) =Xk —e X1 - ¢
the companion polynomial of U.

Theorem 8.17. Let U = {us}32, be a linear recurrence sequence in C with com-
panion polynomial fy(X) = X* —c; Xk 1 — ... — . Write

fo(X)=(X =60 (X —0,,),

where O, . .., 0,, are distinct complex numbers and eq, . . . , e, positive integers. Then
there are polynomials g1, ...,9m € C[X]| of degrees at most ey — 1,... e, — 1, re-
spectively, such that

(8.19) up = g1 ()0 + -+ g (R)O" for h > 0.

Conversely, any sequence satisfying (8.19) is a linear recurrence sequence.

Proof. Consider the power series

y(z) = %Zh-
h=0
One proves easily by induction on h that there is a constant C' > 0 such that
lup| < C" for all h > 0. Hence y(z) converges for all z € C, and thus it defines
a function that is everywhere analytic on C. Using that the sequence U satisfies
recurrence relation (8.18), it follows easily that y satisfies the linear differential
equation
y® = cry™ D gy ey
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By the theory of linear differential equations, the set of solutions of the latter equa-
tion is a complex vector space with basis {z/¢%* : i =1,...,m, j =0,...,¢; — 1}.
Hence there are ¢;; € C such that

m e;—1 m e;—1

ICIED D SRS 9 B Bk
=1 j=0 =1 j=0 [!
00 m ei—1
= Z (Z{ZCijh(h—l)-..(h_j+1)0 }0h> ,Z"l
h=0 \1i=1 =0

This implies that {uy }32, satisfies (8.19). Conversely, if {uy, }7°, satisfies (8.19) then
by reversing the above argument one shows that y(z) = > 7= (up/h!)2" satisfies a
linear differential equation with constant coefficients, and subsequently that {uy}7°
is a linear recurrence sequence. ]

Example. Let U = {u;,}32, be given by
up = 10up_1 — 3lup_o 4+ 30up_3 (h = 3), uo=1,u; = 0,uy = —12.
The companion polynomial of U is given by
fu(X)=X?—-10X*+31X - 30 = (X —2)(X — 3)(X —5).

By Theorem 8.17 there are constants ci, ¢y, c3 such that u, = ;2" + 23" + ¢35
Substituting h = 0, 1,2 one obtains ¢; = 1,¢o = 0,¢co = —12 and

u, = 2" + 3" — M,

The zero set of a linear recurrence sequence U = {uy}32, is defined by
Zy :={h € Z=o : u, =0}

and the zero multiplicity of U is Ny := #Zy. With the notation from Theorem
8.17, the set Zy is the set of solutions of

(8.20) G+ -+ (MO, = 0in € Zog,
This is called an exponential-polynomial equation.

A linear recurrence sequence U = {u}7°, is called non-degenerate if the zeros
of its companion polynomial 6y, ...,0,, are such that none of the quotients 6;/6,
(1 <i<j<m)isaroot of unity.
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Theorem 8.18. (Skolem-Mahler-Lech, 1953) Let U be a non-degenerate linear
recurrence sequence. Then its zero set is finite.

Stated equivalently, if 01,...,0,, are non-zero complex numbers such that none of
the quotients 0;/6; (1 <i,j < m, i # j) is a root of unity and if g1(X), ..., gm(X)
are polynomials in C[X], not all equal to 0, then Eq. (8.20) has only finitely many
solutions.

There are two very different proofs.

In the first proof, which was the one given by Skolem, Mahler and Lech, one
‘maps’ the linear recurrence sequence to a sequence with terms in the field Q, of
p-adic numbers for some suitable prime p, and then uses techniques from p-adic
analysis.

The field Q, is some sort of analogue of the field R of real numbers. Recall
that R is the completion of Q, that is the smallest extension of Q in which every
Cauchy sequence has a limit. The elements of the field R are obtained by taking
the collection of Cauchy sequences in Q and identifying two such sequences if their
difference converges to 0. Given a prime number p, one obtains in a similar manner
the field of p-adic numbers Q,, by mimicking the arguments in the construction of
R, but replacing everywhere the standard absolute value by | - |,. Several aspects
of real analysis such as continuity, differentiability, convergent series, etc., can be
carried over to Q, and this leads to p-adic analysis. For more information on this we
refer to N. Koblitz, p-adic Numbers, p-adic Analysis, and Zeta-Functions, Springer
Graduate Texts in Mathematics.

In the second proof, one ‘maps’ the linear recurrence sequence to a sequence with
terms in an algebraic number field, and then applies the p-adic Subspace Theorem
over number fields.

Here we prove Theorem 8.18 in the special case that the companion polynomial
fu of U = {uy,}32, does not have multiple zeros, i.e., in Theorem 8.17 we have e; =
-++ = ey, = 1. Then the polynomials g;(h) in (8.19) have degree 0, so u, = >, g;0"
for h > 0 where the g; are constants. That is, we have to show that the equation

has finitely many solutions in h € Z.

We proceed by induction on m. For m = 1 there are no solutions and we are
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done. Let m > 2 and suppose the theorem is true if we have fewer than m terms.
Let a; :== —g;/gm, Bi := 0;/0m. Then the equation reduces to
(8.21) B+ Fam 1 =1

Further, none of the numbers f3;, nor any of the quotients 3;/5; (i # j) is a root of
unity.

We apply Theorem 8.13 with the group I' generated by 0, ..., Bm_1. It follows
that there are only finitely many integers h which satisfy (8.21) and for which none
of the subsums of the left-hand side of (8.21) vanishes, i.e.,

Z a; " # 0 for each non-empty subset I of {1,...,m}.

iel
But by the induction hypothesis, each equation ), ; a; B = 0 has only finitely many
solutions h. So altogether, (8.21) has only finitely many solutions h. O

Remark. Using a quantitative version of the p-adic Subspace over number fields,
giving an explicit upper bound for the number of subspaces containg the solutions,
Schmidt proved the following:

Theorem 8.19. (Schmidt, 2000). Let U be a non-degenerate linear recurrence
sequence with terms in C of order k. Then for its zero multipicity we have

Ny < expexpexp 20k.

This has been improved by Amoroso and Viada (2011) to Ny < exp exp 70k.

Bavencoffe and Bézivin (Une Famille Remarquable de Suites Récurrentes Linéaires,
Monatshefte fiir Mathematik 120 (1995), 189-203) found examples of non-degenerate
linear recurrence sequences U of arbitrarily large order k, having Ny > %kQ — %k:—k 1;
no linear recurrence sequences of order k£ with larger zero multiplicity are known.

In fact, let
B Xk:—i—l 4 (—Z)k_lX—l— (_z)kz'

P.(X):
verify that Py(X) € Z[X]. Let U = {u,}>°, be the linear recurrence sequence
with companion polynomial P and initial values ug = --- = ug_2 = 0, up_1 = 1.

Bavencoffe and Bézivin proved that U is non-degenerate, and moreover, that u, = 0
for

n=Ilk+1)+qwithli>0,¢>20,1+q<k-—2
n=j2k+1)withl1 <j<k-—1.
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8.5 Expansions of algebraic numbers

Literature:
Y. Bugeaud, Distribution modulo one and Diophantine approximation, Cambridge tracts in math-

ematics 193, Cambridge University Press, 2012.

Let b be an integer > 2. Every real number o with 0 < o < 1 has a b-ary expansion

(8.22) a= ch-b_k =0.cic2--- with ¢, €{0,...,0—1} for all k£ > 1.

k=1
Recall that in general this expansion is unique, except for numbers of the shape
0.c1--¢00...=0.c1- Cp1(cm—1)(b—1)(b—1).... We exclude those expansions
where from some point onwards all digits are b — 1. Then every real number in the
open interval (0, 1) has a unique b-ary expansion. We call [a], := cjcz -+ the word
associated with a.

Given « with b-ary expansion (8.22) and a positive integer n, consider all blocks
of n consecutive digits in the b-ary expansion of «,

(8.23) C1°"+Cpy C2°*"Cpy1, C3°°°Cpya ..., Ck'" " Ckyn—1,

We call o normal with respect to base b if for every n > 1, all blocks of n digits
from {0,...,b— 1} occur with the same frequency among the blocks in (8.23), more
precisely, if for every n > 1 and every block a; - - - a,, with ay, ..., a, € {0,...,b—1},

BN o = a0 a)
N—o0 N

Example. Let b = 10. The Champernowne number 0.123456789101112--- is
normal with respect to base 10.

=b"

Exercise 8.1. Verify this.

The foundations of the theory of normal numbers were laid by Emile Borel,
who proved the following theorem. Recall that a property is said to hold for almost
every real number, if the set of real numbers for which it does not hold has Lebesgue
measure 0.

Theorem 8.20. (E. Borel, 1909). Almost every real number oo with 0 < o < 1 is
normal with respect to every base b > 2.
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A proof can be found in Chapter 4 of Bugeaud’s book mentioned above. We should
mention that in spite of Theorem 8.20, of no number ’occurring in nature’ (e.g., e,
7, algebraic numbers) it is known whether it is normal with respect to any base b.
Borel made the following bold conjecture, a proof of which seems to be out of reach.

Conjecture 8.21. (E. Borel, 1909). Let o be a real, irrational algebraic number
with 0 < a < 1. Then « is normal with respect to every base b > 2.

Given a real number a with 0 < a < 1 and with b-ary expansion (8.22), we
denote by p(n, a, b) the block complexity of length n of o with respect to base b, that
is the number of distinct blocks that occur among cpcpyq -+ Cpan_1 (k= 1,2,...).
Notice that if we fix a, b, then p(n,a,b) is non-decreasing in n. An immediate
consequence of Conjecture 8.21 is the following:

Conjecture 8.22. Let o be a real, irrational algebraic number with 0 < a < 1 and
b an integer = 2. Then p(n,a,b) = b" for alln > 1.

Conjecture 8.22 asserts that for every n, every block of length n occurs at least once
among the blocks ¢ -+ cryn_1 (k=1,2,...). So it is much weaker than Conjecture
8.21 which asserts that all blocks of length n occur with the same frequency. How-
ever, also for Conjecture 8.22 there is no clue how to prove it, and what people are
interested in at the moment is to get as good as possible lower bounds for p(n, a, b).

We start with a simple result.

Lemma 8.23. Let o be a real, irrational number with 0 < o« < 1 and b an integer
> 2. Then p(n,a,b) >n for alln > 1.

Proof. Let the b-ary expansion of a be given by (8.22). Suppose there is an integer
n with p(n, a,b) < n, and take such n minimal. If n = 1 then clearly, a = 0.ccc- - -
with a single digit ¢, and thus, « is rational. Suppose that n > 2. Then by the
minimality of n we have p(n — 1,a,b) > n, and so p(n,a,b) = p(n — 1,a,b) = n
since p(n,a,b) = p(n — 1,a,b). It follows that any block of n consecutive digits
in the b-ary expansion of « is determined by the first n — 1 digits in this block.
That is, if ¢ - - - cg1n_2 is any block of length n — 1 occurring in the b-ary expansion
of a, then cky,_1 is uniquely determined by cj - cpin—2. DBut likewise, ¢y, is
uniquely determined by cxy1 - - - ckin_1, €tc. So in fact, a block ¢ - - - cp1p—o uniquely
determines all the subsequent digits cxipn—1, Cktn, Cktnii,- ... Now clearly, there are
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k,l with k < [ such that ¢ - cpin_1 =c - Ccipn_1. So in fact, ¢,k = ¢, for all
m > k. It follows that the b-ary expansion of « is ultimately periodic, hence that «
is rational. O

Remark. There exist irrational so-called Sturmian numbers o whose binary expan-
sion satisfies p(n, «,2) = n + 1 for all n > 1. For more information on this we refer
to Bugeaud’s book mentioned at the beginning of this section.

Adamczewski and Bugeaud obtained the following remarkable result, implying
that for irrational real algebraic numbers, p(n,«,b) grows faster than any linear
function in n as n tends to oco. Their proof uses in an essential way the p-adic
Subspace Theorem.

Theorem 8.24. (Adamczewski, Bugeaud, 2005). Let « be a real, irrational
algebraic number with 0 < o <1 and b an integer > 2. Then
p(n,a,b)

n—00 n

Theorem 8.24 is equivalent to the assertion that for every positive integer r there
are only finitely many integers n with p(n,«,b) < rn. The idea is that from such
n we construct a good rational approximant to « of a very special form, and then
show, using the p-adic Subspace Theorem, that there are only finitely many such
approximants. We cannot apply Roth’s Theorem on the approximation of algebraic
numbers by rationals, since the approximants we construct are good, but not good
enough to apply Roth’s Theorem. The fact that these approximants are of this
special form will help us, and it was the insight of Adamczewski and Bugeaud that
the p-adic Subspace Theorem can be used.

Before entering the proof we start with some initial comments. Fix r, and let n
be an integer with p(n, «, b) < rn. Let as before

(8.22) a=> c-bF=00c10y-- with e, €{0,...,b— 1} forall k > 1.
k=1

We consider the block of the first (r + 1)n digits of a,

C1 " Clr41)n-
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By the box principle, at least two among the blocks of length n,
Cl***Cny C2*  Cngls -+ Crntl " ClrgDin
must be equal, say
Ch* " Chan-1=20C  Can wWithl <k<lI<rn+1.

For the proof to proceed, we need that these blocks do not overlap, i.e., | > k + n,
but we cannot know a priori if this is true. To handle this, we need a lemma on the
combinatorics of words. We first introduce some notation.

Denote by 3* the collection of finite words in the alphabet ¥ = {0,...,b — 1},
i.e., the collection consisting of the empty word A and of all finite strings s;--- s,
with ¢ > 1 and sy,...,s5, € ¥. The length ¢ of a word A = s;---5s, is denoted
by |A|. We denote by AB the concatenation of A, B € ¥* ie., if A = s1---5,,
B =1ty---t,, then AB = sy---s,t;---t,. More generally, A;---A,, denotes the
concatenation of Aq,..., A,, € ¥* and we denote by A™ the concatenation A--- A
repeated m times. Given A, B € ¥X* we call B a prefix of A if there is C' € ¥* such
that A = BC'; a suffix of A if there is C' € ¥* with A = CB; and a subword of A if
there are C, D € ¥* such that A = CBD.

Lemma 8.25. Suppose a word A € ¥* has two equal, possibly overlapping subwords
of length n > 1. Then A has two equal, non-overlapping subwords of length at least
n/2.

Remark. This result is optimal. For let B € ¥* have length m, let n = 2m and
take A = BBB. Both the first and second block B, and the second and third
block B provide equal, overlapping subwords BB of A of length n, while any two
blocks B provide two non-overlapping equal subwords of A of length n/2. You may
verify yourself that A does not have two non-overlapping equal subwords of length
larger than n/2 if the cyclic shifts of B are all distinct, i.e., if B = s+ s, with
S1y...y8m € 2, then sy 8y, So SmS1, .., SmSi---Sm_1 are distinct.

Proof of Lemma 8.25. Capital letters always indicate elements of ¥*. If A has two
non-overlapping equal subwords of length n we are already done. Suppose that A
has two overlapping equal subwords of length n. That is, A = CBD = EBF where
|B| =n, |C| < |E|] <|C|+|B|, and |F| < |D| < |B| + |F|. In fact, we may write
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E =CG, D = HF, and obtain A = CBHF = CGBF. So BH = GB. Since
|E| < |C|+|B| we have |G| < |B|, hence G is a prefix of B. Thatis, B=GI =IH.
Let m be the largest non-negative integer such that G™ is a prefix of I; so m = 0 if
G is not a prefix of I, which is the case if |I| < |G|. Then I = G™J, where G is not
a prefix of J. This gives B = G™"'J = G™JH and so GJ = JH. 1t |G| < |J| then
G would be a prefix of J which is impossible. So |J| < |G| and J is a prefix of G,
that is, G = JK. This leads to

I=(JK)"J, B=GI=(JK)"*'J, H=K.J, BH=GB=(JK)™"2J.

Thus, (JK)™2J is a subword of A.

We consider two cases. First assume that m is even, and let L := (JK)m+2)/2,
Then (JK)™2J = LLJ, hence A has two non-overlapping subwords L, and we have

L] 5(m+2)|J] + 5(m+2)|K] 1

1Bl (m+2)|J|+(m+1D|K| = 2

Next assume that m is odd, and let L := (JK)™V/2J. Then (JK)™*2J = LKL,
hence again A has two non-overlapping subwords L, and

1L _ 3(m+3)J +5(m+ DIK| 1
1Bl (m+2)|J|+(m+1D|K| = 2

So in both cases, |L| > n/2. This proves our lemma. O

The next lemma produces the good approximants to o mentioned before.

Lemma 8.26. Let r be a positive integer, and n a positive integer such that p(n, o, b) <
rn. Then there are integers x, k, h such that

h>3in, k>0, 0<z<bd'™

1
2
and

o_ x ‘ < (bh+k)7171/(2r+1)'

(8.24) T

Proof. As mentioned before, the block A = ¢, - - - ¢(41), has two equal, possibly over-
lapping subwords of length n. Lemma 8.25 implies that A has two non-overlapping
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equal subwords of length at least n/2, i.e., A = CBDBE with |B| > n/2. So the
infinite word [a], = ¢jco - -+ consisting of all digits of « is equal to

(o], = CBDBF,

for some infinite word F. We approximate o by the rational number £ with corre-
sponding ultimately periodic word

(€], = CBDBDBD - -

(so we replace F' by DBDBD ---). Suppose |C| =k, |B| =1, |D| = m. Then

k k+l+m )
(8.25) £ = Zci .yt + ( Z Cib_i) . p—(+m)j

i=1 i=k+1 j=0

Y z T

bk + peHFm (1 — p=l=m)  pk(pm — 1)

for certain non-negative integers vy, z,z. Here 0 < & < b¥T+™ since 0 < € < 1.

Recall that both the expansions of a and & start with CBDB, that is, their
expansions are equal up to the first & + 21 + m digits. Further, the digits of the
expansions of a and ¢ from the (k + 20 +m + 1)-th place onwards differ by at most
b — 1 in absolute value. Thus, we have

(826) |Oé _ §| < (b _ 1)(b—k—2l—m—l + b—k—2l—m—2 + .. ) < b—k—2l—m'

Observe that k + 20 +m < (r + 1)m since CBDB is a prefix of A = ¢; - ¢(rq1)n,

and recall that [ = |B| > $n. Hence
k+2l+m [ in 1
— =1+ >1+ —2—— =1+ :
E+14+m (k+20+m)—1 (r+1)n—1in 2r+1

Now writing h := [ + m, and combining (8.25) and (8.26), we arrive at (8.24). As
mentioned before, we have 0 < z < ¥+ = p* while h > | > n/2. ]

The next lemma shows that for every positive integer r, inequality (8.24) has
only finitely many solutions (x, k, h). Together with Lemma 8.26, and h > n/2, this
implies that for every positive integer r there are only finitely many positive integers
n such that p(n,a,b) < rn. This implies Theorem 8.24.
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Lemma 8.27. Let r be any positive integer. Then inequality (8.24) has only finitely
many solutions in integers x,k,h with h >0, k >0, and 0 < z < b"*F.

Proof. We apply the p-adic Subspace Theorem with py,...,ps the distinct primes
dividing b.

Let (z,h, k) be a solution of (8.24) with the specified properties, and put y =
btk 2 =bF x = (z,y, 2). With these choices for y, z we have

yz| - |yz|p1 e lyz ps = L.

Now on multiplying (8.24) with the quantity v*(b" — 1) and then with |z, - - |z
which is < 1 since x is an integer, we obtain the inequality

Ps

(g =z = 2)yz] - Lagely, -+ oyl < () D) < o /),

We apply the p-adic Subspace Theorem with K = Q(«), taking for | - |, the re-
striction to K of the standard absolute value on R, and choose any continuations
of the | - |, to K; which ones we choose are irrelevant. It follows that the set
of vectors x = (x,y,2) = (z,b"*, b*) lie in a union Ty U --- U T} of proper lin-
ear subspaces of Q®. We have to prove that each T; contains only finitely many
triples x. Let T € {T},...,T;}, and consider the triples x lying in 7. Suppose that
a1x + aoy + azz = 0 identically on T, where aq, as,az are rational numbers, not
all zero. We distinguish between the cases a; # 0 and a; = 0. First assume that
ay # 0. Then for x = (z,0"** b*¥) € T we have x = b1b"* + byb* with by = —ay/ay,
by = —as/a;. Substituting this into (8.24), and noting that Wb—l) =b + l;)l,ibf,
we get

< (bh+k)7171/(2r+1).

Recall that « is irrational, so A(h) > 0 for all h. There is hg such that
A(h) = %|Oé — bl‘ >0 for h > ho.

So
A(h) = min ($|ae — by, A1), ..., A(hg)) =: C >0 for all h > 1.

Hence C' < (b"+*)=1=1/@+1) for all x € T. This allows only finitely many possibilities
for h, k, hence for . So T' contains only finitely many triples x = (z, b"**, b¥).

182



Now assume that a; = 0. Then for x € T we have b" = —ag/ay, and on
substituting this into (8.24), we get

T
8.97 ‘ _ ’ < (BHRy-11/ e
(8.27) o— 2o < 0
where ¢ = (—as/az) — 1. Similarly as (8.24), we can transform (8.27) into an

inequality to which the two-dimensional case of the p-adic Subspace Theorem is
applicable, with solution vectors (x,b*). The details are left to the reader. This
yields that the pairs (x, b*) with (x, b"*%, b*) € T lie in finitely many one-dimensional
linear subspaces of Q?, and so that there are only finitely many possibilities for the
fraction x/b¥. Since « is irrational, this implies that the left-hand side of (8.27) is
bounded below by a positive number independent of x and k. But then we infer
again that there are only finitely many possibilities for h and k, hence for z.

Soin all cases, the subspace T' contains only finitely many triples x = (z, b"™*, b¥).
This completes the proof of Lemma 8.27, and thus, the proof of Theorem 8.24. [J

8.6 Exercises

Exercise 8.2. Prove that the Thue-Mahler equation (8.10) has only finitely many
solutions in the following two cases:

(i) F(1,0) # 0 and F(X,1) has at least three distinct zeros in C;

(ii) F(X,Y) = Y*G(X,Y), where k is a positive integer and G is a binary form
such that G(1,0) # 0 and G(X,1) has at least two distinct zeros in C.

Exercise 8.3. For a finite set of primes S = {p1,...,ps}, denote by Us the set of
integers of the shape £pi* ---p% : uy, ..., us € Zxy.

Let Sy, ...,S, be pairwise disjoint sets of prime numbers, and ag, ... ,a, non-zero
integers. Prove that the equation

apxry+ -+ apr, =0 inz9 € Us,y,...,x, € Us,
has only finitely many solutions.

Exercise 8.4. Let py,...,ps be distinct prime numbers, Ay, ..., As non-zero inte-
gers, and C >0, € > 0. Prove that the inequality

‘Alqul + -+ Aspgs < O : (max<p71“a gy ’pgs))lfe
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has only finitely many solutions in non-negative integers uy, . . ., Us.
Hint. Proceed by induction on s, starting with s = 1. In the induction step, apply
the p-adic Subspace Theorem with x = (1, ...,xs) = (p{*, ..., p%).

Exercise 8.5. Let f(X) = aogX" + a1 X" ' + -+ + a, € Z[X] be a square-free

polynomial, i.e., without multiple zeros, and let py, ..., ps be distinct prime numbers.
We consider the equation
(828) ’f(€)|:p»i1p§s inge@; Zl,---,ZSEZ.

(i) Let (&, 21, ...,2s) be a solution of (8.28). Prove that |£|, < 1 for every prime p
thhp g {p17 cee 7]75}7 p'fa()'

(ii) Let n > 2. Prove that (8.28) has only finitely many solutions. What if n =17
Hint. Write £ = x/y with x,y € Z, gcd(z,y) = 1 and reduce (8.28) to a Thue-
Mahler equation.

Exercise 8.6. let S = {p1,...,ps} be a set of prime numbers, a a real, irrational
algebraic number and € > 0. Let Us denote the set from Ezxercise 8.3.

(i) Prove that the inequality

o 5\ < max(|a, [y]) "~

has only finitely many solutions in integers x,y with y € Us.

(ii) Prove that the inequality

o 5] < max(fz], [y])~

has only finitely many solutions in integers x,y with x,y € Us.

(#i) Let ¢ be a non-zero integer. Prove that the inequality

)—1—5

x
a— —‘ < max(|z/, |y|
y—c

has only finitely many solutions in integers x,y with y € Us, y # c.
(iv) Let c,d be integers. Prove that the inequality

€xr —
y_

has only finitely many solutions in integers x,y with x,y € Us, y # c.

o —

d —&
?| < max(lal, )
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Exercise 8.7. Let ¢ > 0. Prove that the inequality

) -

has only finitely many solutions in non-negative integers n, .

Hint. Let x = 3", y = u2" and apply in an appropriate way the p-adic Subspace
Theorem.

Exercise 8.8. Let U = {u}7°, be a linear recurrence sequence with terms in C.

(i) Prove that the following two assertions are equivalent:

(a) up = crup—1 + -+ + cgup—_g for all h > k;

(b) Soroun X" = g(X)/M(X), where h(X) =1— X — -+ — xX* and g(X) is a
polynomial of degree at most k — 1.

(i1) Let Iy be the set of all polynomials dgX™+- - -+d,, € C[X]| (m >0, dy,...,dn, €
C) such that douy, + dyup—1 + -+ + dpttp—p, = 0 for all h = m. Prove that Iy is an
ideal of the ring C|X]|, generated by the companion polynomial of U.

(iii) Give a necessary and sufficient condition, in terms of the companion polynomial
of U, such that U is periodic (i.e., there is m > 0 such that wppm = uy, for allh > 0).

(iv) Give an example of a non-periodic linear recurrence sequence U = {up}72, such
that Zy = {h € Z=o : up = 0} is infinite.

Exercise 8.9. An arithmetic progression is a sequence a,a+d,a+2d, ... where a,d
are integers with d > 0.

Let U = {up}72, be a linear recurrence sequence with terms in C. We do not assume
that U 1is non-degenerate. Assuming the Skolem-Mahler-Lech Theorem, prove that
either Zy is finite, or Zy is the union of a finite set and a finite number of arithmetic
Progressions.

Hint. Assume that U is degenerate and let 61, ...,0,, be the roots of the companion
polynomial of U. Let N be a positive integer such that all roots of unity among
the quotients 0;/6; have order dividing N. Consider the sequences {upn+i}5o, (1 =
0,...,N—1).

Exercise 8.10. A linear recurrence sequence U = {uy}32, is called strongly non-
degenerate if for the zeros 01, ... ,0,, of the companion polynomial of U, neither any
of the numbers 0; (i =1,...,m), nor any of the quotients 0;/0; (1 <i,j <mi#j)
s a root of unity.
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(i) Let U be a strongly non-degenerate linear recurrence sequence with terms in C.
Prove that for every a € C, the set Zy(a) :={h € Zs¢ : up = a} is finite.
(11) Let U = {un}32, be a linear recurrence sequence with companion polynomial
f(X) = (X —601)(X — 6,) where none of 0,0,0,/02 is a root of unity. Prove that
the set

TUiz{(h,l>EZ2l Uh:Ul,0<h<l}
s finite.
Hint. Use Theorem 8.13.

Remark. One can show that Ty is finite for every strongly non-degenerate linear

recurrence sequence U.
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