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1. Recall from last time

X/S proper vertical log curve (vertical = no marked points).

Theorem 1.1 (Kato). x̄ 7→ s̄ geometric points in X and S. Then three possibili-
ties:

(1) x̄ is smooth point, then have MX,x̄
∼= MS,s̄.

(2) x̄ is a node in its fibre. Then MX,x̄
∼= MS,s̄ ⊕ Nα⊕ Nβ(α + β = δ.

(3) (marked point, vertical excluded this).

Tropicalisation: for each irreducible component get a point, for each node get a
pair of flags. No marked points means this is a compact graph.

Now

(1.0.1) MS,s̄ ⊕ Nα⊕ Nβ(α + β = δ = {(a, b) ∈MS,s̄ : a− b ∈ Zδ}.

If a PL function takes value a at one node and b at an adjacent node, then the
slope along an edge from a to b with length δ is just (a− b)/δ.

Corollary 1.2. S = Spec k̄, then

Γ(X,MX) ∼= Γ(X,PX)

Date: May 7, 2019.
1
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2. Bounded monodromy and log line bundles

Say Q ∈ H1(X,Glog
m ) = H1(X,M gp

X ) with bounded monodromy.

Lemma 2.1. Say S = Spec k̄, then

(2.0.1) H1(X,M
gp

X ) = H1(X,PX).

Sketch of proof. For simplicity, assume no loops in graph. Then to calculate
H1(X,PX) we want an acyclic cover in this topology. The one we use is the
one given by the stars; a vertex together with all the adjacent edges (so only one
vertex). This is acyclic, so can use Cech cohomology with respect to this cover.

Want to do something similar on geometric side, so want to define the analogues
of these stars. Define for each vertex v a scheme Uv as the union of

(1) the irreducible component Xv

(2) for all flags xi out of v, the smooth part of Xend(xi).

This will give an acyclic étale cover, so we can use it to compute the cohomology.
By the corollary, the Cech complexes are actually the same, so we get the same

cohomology. �

Definition 2.2. S = Spec k̄.
An M

gp

X -torsor has bounded monodromy if the corresponding PX-torsor has
bounded monodromy.

A Glog
m -torsor has bounded monodromy if the induced M

gp

X -torsor has bounded
monodromy.

Definition 2.3. Now over a general log base.
A line bundle on X is a Glog

m -torsor with bounded monodromy on all geometric
fibres.

Definition 2.4.

LogPic(X/S) = {line bundles on X}/ ∼= .

Sheafify in strict etale topology:

(2.0.2) LogPicX/S : LogSchop → Set : T/S 7→ LogPic(XT/T ).

2.1. Example. R a DVR, fraction field K, residue field k, assumed perfect. Let
X/ SpecR a regular, proper, strictly semistable scheme (so the special fibre is
SNC). Then we can take the divisorial log structure from the special fibre.

Then LogPic(X/R) = Pic(XK) (note that the latter is a quotient of Pic(X)).

3. Line bundles on subdivisions

A subdivision of tropical curves Y→ X corresponds to a log modification Y →
X.
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Lemma 3.1. A class α ∈ H1(X,M
gp

X ) has bounded monodromy if and only if
(étale locally on S) there exists a log modification S̃ → S and a model X̃ of X
over S̃ such that α|X̃ = 0. [Jonathan since confirmed by email that a model is just
a synonym for subdivision. ]

Corollary 3.2. A Glog
m -torsor Q has bounded monodromy if and only if etale locally

there is an X̃ as in the above lemma such that Q|X̃ is a classical line bundle on

X̃.

Proof. We have

(3.0.1) 1→ O×
X →M gp

X →M
gp

X → 1.

This yields

(3.0.2) H1(X,O×
X)→ H1(X,M gp

X )→ H1(X,M
gp

X ).

By the proposition, we know there is an X̃ such that Q|X̃ maps to zero in

H1(X̃,M
gp

X̃ ), hence by the exact sequence comes form a line bundle on X̃. �

Sketch of proof of lemma 3.1. From Thibault’s talk we have

Lemma 3.3. If X is compact and connected, and metrised by a valuative monoid
M , then Q ∈ H1(X,PX) has BM iff there exists a subdivision Y of X such that
Q|Y = 0.

Step 1: Find some Sval → S which has valuative log structure at geometric
points (not a scheme, but OK).

Step 2: Apply the lemma at all geometric points to get some local description
of X̃.

Step 3: patch together. �

3.1. Degree. Over S = Spec k̄. By the above, we have

(3.1.1)

H0(X,M
gp

X H1(X,O×
X) LogPic(X)

H0(X,PX) ZV Z

i∗

ϕ Σ

Define ϕ((α,mu))v =
∑

r(x)=v µ(x), then the left square commutes.
Want to build a dashed arrow making right square commute.
Note Σ ◦ ϕ = 0, by compactness/verticality.
This yields a well-defined map i∗(H

1(X,O×
X))→ Z.

If we take X̃ a subdivision/log modification, then the degree does not change.
Hence to define the degree on the whole of LogPic(X/S), we can pass to a subdi-
vision so that our log line bundle comes from a line bundle.
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Lemma 3.4. The degree is a locally constant function on the base.

Proof. Locally there is a X̃ such that our line bundle is classical. And total degree
of classical line bundles is locally constant. �

Definition 3.5. LogPicd(X/S) is the moduli of line bundles of degree d.

Question: how does the log degree relate to the tropical degree?
Email address: holmesdst@math.leidenuniv.nl
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