Gauss map on the theta divisor and Green’s
functions
Robin de Jongx

Abstract

In an earlier paper we constructed a Cartier divisor on the theta divisor
of a principally polarised abelian variety whose support is precisely the
ramification locus of the Gauss map. In this note we discuss a Green’s
function associated to this locus. For jacobians we relate this Green’s
function to the canonical Green’s function of the corresponding Riemann
surface.

1 Introduction

In [7] we investigated the properties of a certain theta function 7 defined
on the theta divisor of a principally polarised complex abelian variety
(ppav for short). Let us recall its definition. Fix a positive integer g
and denote by H, the complex Siegel upper half space of degree g. On
CY9 x Hy we have the Riemann theta function

0 — 9(2, 7_) —_ E eﬂ'i"nTn+27ritnz .

nezI

Here and henceforth, vectors are column vectors and ¢ denotes transpose.
For any fixed 7, the function § = 6(z) on CY9 gives rise to an (ample,
symmetric and reduced) divisor © on the torus A = C9/(Z9 + 77Z9)
which, by this token, acquires the structure of a ppav. The theta function
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6 can be interpreted as a tautological section of the line bundle O4(0)
on A.

Write 6; for the first order partial derivative 06/0z; and 6;; for the
second order partial derivative 926/02;0z;. Then we define n by

n—n(z,ﬂ—det( fg 90] ) )

We consider the restriction of 7 to the vanishing locus of # on C9 x H,.

In [7] we proved that for any fixed 7 the function 7 gives rise to a global
section of the line bundle Og(©)®9T1@\®2? on © in A = C9/(Z9 +7179);
here ) is the trivial line bundle HY(A, w4) ®c Og, with w4 the canonical
line bundle on A. When viewed as a function of two variables (z, 7) the
function 7 transforms as a theta function of weight (g +5)/2 on §71(0).
If 7 is fixed then the support of n on © is exactly the closure in © of the
ramification locus R(7y) of the Gauss map on the smooth locus ©° of ©.
Recall that the Gauss map on ©° is the map

7:0° — P(TpA)Y

sending a point x in ©° to the tangent space 7,0, translated over =
to a subspace of ToA. It is well-known that the Gauss map on ©° is
generically finite exactly when (A, ©) is indecomposable; in particular
the section 7 is non-zero for such ppav’s.

It turns out that the form 7 has a rather nice application in the study
of the geometry of certain codimension-2 cycles on the moduli space of
ppav’s. For this application we refer to the paper [5].

The purpose of the present note is to discuss a certain real-valued
variant ||n||:©® — R of 1. In the case that (A, ®) is the jacobian of a
Riemann surface X we will establish a relation between this ||| and
the canonical Green’s function of X. In brief, note that in the case of
a jacobian of a Riemann surface X we can identify ©° with the set of
effective divisors of degree g — 1 on X that do not move in a linear
system; thus for such divisors D it makes sense to define ||n||(D). On
the other hand, note that ©° carries a canonical involution ¢ coming
from the action of —1 on A, and moreover note that sense can be made
of evaluating the canonical (exponential) Green’s function G of X on
pairs of effective divisors of X. The relation that we shall prove is then
of the form

Inll(D) = =) G(D, o(D));

here D runs through the divisors in ©°, and ( is a certain continuous
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function on ©°. The ¢ from the above formula is intimately connected
with the geometry of intersections © N (0 + R — S), where R, S are
distinct points on X. Amusingly, the limits of such intersections where
R and S approach each other are hyperplane sections of the Gauss map
corresponding to points on the canonical image of X, so the Gauss map
on the theta divisor is connected with the above formula in at least two
different ways.

2 Real-valued variant of n

Let (A =C9/(Z9 + 779),0 = divh) be a ppav as in the introduction.
As we said, the function n transforms like a theta function of weight
(9 +5)/2 and order g + 1 on ©. This implies that if we define

Inll = 0l (2, 7) = (det Y)0FO/4 . ommlot DY 2 Iz )

where Y = Im7 and y = Im z, we obtain a (real-valued) function which
is invariant for the action of Igusa’s transformation group I'y 2 of matrices

7= ( ¢ Z ) in Sp(2g,Z) with a, b, ¢,d square matrices such that the
C

diagonals of both ‘ac and ‘bd consist of even integers. Recall that I'y o
acts on C9 x H, via

(z,7) = (Yler+d) 2, (aT + b) (e +d) 1) .

It follows that ||n|| is a well-defined function on ©, equivariant with
respect to isomorphisms (4, 0) — (A4’,0’) coming from the symplectic
action of I'y 5 on H,. Note that the zero locus of ||n|| on © coincides with
the zero locus of n on ©. In fact, if (A, ©) is indecomposable then the
function —log ||n|| is a Green’s function on © associated to the closure
of R(7).

The definition of ||n| is a variant upon the definition of the function

1611 = [16]|(=, 7) = (det Y)!/* - e7™ ¥ v (2, 7)|

that one finds in [4], p. 401. We note that ||f|| should be seen as the
norm of # for a canonical hermitian metric | - |71 on O4(©); we obtain
In|| as the norm of 7 for the induced metric on Og(0)®9T1 @ \®2. Here
H%(A,w4) has the standard metric given by putting ||dz1 A ... Adzy|| =
(det Y)1/2.

The curvature form of (O4(0), ||-||tn) on A is the translation-invariant
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(1,1)-form
.9
1 -
W= 3 kil dzp Adzy .

The (g, g)-form i,ug is a Haar measure for A giving A measure 1. As p
represents © we have
1

g'Je

If (A,0©) is indecomposable then log||n|| is integrable with respect to

w9~ 1 and the integral
1 _
= ol -t
9-Je

is a natural real-valued invariant of (4,©). We come back to it in
Remark 4.6 below.

i t=1.

3 Arakelov theory of Riemann surfaces

The purpose of this section and the next is to investigate the function ||n||
in more detail for jacobians. There turns out to be a natural connection
with certain real-valued invariants occurring in the Arakelov theory of
Riemann surfaces. We begin by recalling the basic notions from this
theory [1] [4].

Let X be a compact and connected Riemann surface of positive genus
g, fixed from now on. Denote by wyx its canonical line bundle. On
H°(X,wx) we have a natural inner product (w,n) — 1 [ w AT; we fix

an orthonormal basis (wi,...,wy) with respect to this inner product.
We put
{3
V= — A
S e
k=1
This is a (1,1)-form on X, independent of our choice of (w1, ...,wy) and

hence canonical. In fact, if one denotes by (J, ©) the jacobian of X and
by j: X < J an embedding of X into J using line integration, then
v = % j*u where p is the translation-invariant form on J discussed in
the previous section. Note that [, v = 1.

The canonical Green’s function G of X is the unique non-negative
function X x X — R which is non-zero outside the diagonal and satisfies

iaélogG(P,-):y(P)—ap, /logG(P,Q)V(Q)ZO
17T X
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for each P on X; here ¢ denotes Dirac measure. The functions G(P,-)
give rise to canonical hermitian metrics on the line bundles Ox (P), with
curvature form equal to v.

From G, a smooth hermitian metric || - [|a; can be put on wx by
declaring that for each P on X, the residue isomorphism

wx (P)[P] = (wx ®ox Ox(P))[P]—C

is an isometry. Concretely this means that if z : U — C is a local
coordinate around P on X then

Idzlar(P) = Jim, |+(P) - (@)|/G(P.Q) .

The curvature form of the metric || - ||ar on wx is equal to (2g — 2)v.

We conclude with the delta-invariant of X. Write J = C9/(Z9 + 77Z9)
and © = divf. There is a standard and canonical identification of
(J,0) with (Picy_1 X, ©¢) where Pic,_1 X is the set of linear equivalence
classes of divisors of degree g — 1 on X, and where ©y C Pic,_1 X is the
subset of Pic,—1 X consisting of the classes of effective divisors. By the
identification (J, ©) = (Picy_1X, ©¢) the function ||0|| can be interpreted
as a function on Picy,_1 X.

Now recall that the curvature form of (O;(0), || - ||Tn) is equal to pu.
This boils down to an equality of currents

1 _
— 09 log 6] = 1 - de
17T

on J. On the other hand one has for generic Pi,...,P; on X that
0] (P1 + - -- + P, — Q) vanishes precisely when @) is one of the points
Pyx. This implies that on X the equality of currents

1 . g g
—900qlog |0l|(Py+ -+ Py = Q) = p— dp =gv—>Y 0p
k=1 k=1

holds. Since also

1 i g g
E({)Qag log H G(Pk, Q) =gV — I;(Spk

k=1

we may conclude, by compactness of X, that
g
||9||(P1++PQ_Q) :c(P177Pg) HG<P1€7Q)
k=1

for some constant ¢(P, ..., P,) depending only on Pi,...,P,. A closer
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analysis (cf. [4], p. 402) reveals that

o—o/8 . 1 detwi(Fy)]|ar
[ict G(Pr, F1)

for some constant § which is then by definition the delta-invariant of X.
The argument to prove this equality uses certain metrised line bundles
and their curvature forms on sufficiently big powers X" of X. A variant
of this argument occurs in the proof of our main result below.

C(Pl,...,Pg)Z

4 Main result

In order to state our result, we need some more notation and facts.
We still have our fixed Riemann surface X of positive genus ¢ and its
jacobian (J,0). The following lemma is well-known.

Lemma 4.1. Under the identification © = O, the smooth locus ©° of
O corresponds to the subset ©f of ©g of divisors that do not move in a
linear system. Furthermore, there is a tautological surjection 3 from the
(g — 1)-fold symmetric power X9~ of X onto ©y. This map X is an
isomorphism over ©F.

The lemma gives rise to identifications ©° = 0§ = T with T a certain
open subset of X9~ We fix and accept these identifications in all that
follows. Note that the set T carries a canonical involution ¢, coming
from the action of —1 on J. For D in T the divisor D + o(D) of degree
2g — 2 is always a canonical divisor.

The next lemma gives a description of the ramification locus of the
Gauss map on ©° = 1.

Lemma 4.2. Under the identification ©° = Y the ramification locus of
the Gauss map on ©° corresponds to the set of divisors D in T such
that D and o(D) have a point in common.

Proof. According to [3], p. 691 the ramification locus of the Gauss map
is given by the set of divisors F + P with E effective of degree g — 2 and
P a point such that on the canonical image of X the divisor £ + 2P is
contained in a hyperplane. But this condition on £ and P means that
FE + 2P is dominated by a canonical divisor, or equivalently, that P is
contained in the conjugate o(E + P) of E + P. The lemma follows. [

IfD=P+---+P,and D' = Q1+ -+Q, are two effective divisors
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on X we define G(D, D’) to be

m n

¢, D) =][]Ic®. Q).
i=1j=1
Clearly the value G(D, D’) is zero if and only if D and D’ have a point
in common. Applying this to the above lemma, we see that the function
D — G(D,o(D)) on T vanishes precisely on the ramification locus of
the Gauss map. As a consequence G(D, (D)) and ||n||(D) have exactly
the same zero locus. It looks therefore as if a relation

Inll(D) = e~ G(D, o(D))

should hold for D on T with { a suitable continuous function. The
aim of the rest of this note is to prove this relation, and to compute ¢
explicitly.

We start with

Proposition 4.3. Let Y =T x X x X. The map ||A||: Y — R given by

101(D + R — 5)
G(R,S)G(D,S)G(o(D),R)

IAIN(D, R, S) =

is continuous and nowhere vanishing. Furthermore ||A|| factors via the
projection of Y onto Y.

Proof. The numerator ||6||(D + R — S) vanishes if and only if R =S or
D = E+ S for some effective divisor F of degree g—2 or D+ R is linearly
equivalent to an effective divisor E’ of degree g such that E' = E” + S
for some effective divisor E” of degree g— 1. The latter condition is pre-
cisely fulfilled when the linear system | D+ R| is positive dimensional, or
equivalently, by Riemann-Roch, when D+ R is dominated by a canonical
divisor, i.e. when R is contained in o(D). It follows that the numerator
I6](D + R — S) and the denominator G(R, S)G(D, S)G(c(D), R) have
the same zero locus on Y. Fixing a divisor D in T and using what we
have said in Section 3 it is seen that the currents

iiaé log [|0]|(D + R — S) and iiaé log (G(R, $)G(D, 8)G(o(D), R))
iy ™

are both the same on X x X. We conclude that ||A| is non-zero and
continuous and depends only on D. O

We also write ||A]| for the induced map on Y. Our main result is
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Theorem 4.4. Let D be an effective divisor of degree g — 1 on X, not
moving in a linear system. Then the formula

Inll(D) = e/ - |[A[[(D)*~" - G(D,a(D))
holds.

Proof. Fix two distinct points R, S on X. We start by proving that
there is a non-zero constant ¢ depending only on X such that

B 16]/(D + R — 5) "
() MMD%w%%QU@”(qasmuwaWWLm>

for all D varying through Y. We would be done if we could show that

1
— 901 D
—00 og [|n||(D)

and

1. 10](D + R — S) g9t
iﬂaabg<Gung»)(GU&SXXLLSXXJ@HJﬂ) )

define the same currents on Y. Indeed, then the function ¢(D) given by

log [|n[|(D) — log (G(D7‘7(D)> (G(R gg@f;}z—(%) R)) _ )

is pluriharmonic on Y, hence on ©°; and since ©° is open in © with

boundary empty or of codimension > 2, and since O is normal (cf. [8],
Theorem 1’) we may conclude that ¢ is constant.
To prove equality of

1 _
—001og |n]|(D)

and

1. 16](D+ R —S) 9-1
i 00108 <G(D"’(D” (Gwsim.seemm) )

on T it suffices to prove that their pullbacks are equal on T’ = p~1(Y)
in X9~ under the canonical projection p : X9-1 — X(9=1),
First of all we compute the pullback under p of

1
— 0D log ]| (D)

on Y. Let m: X97! — X fori =1,...,9 — 1 be the projections onto
the various factors. We have seen that the curvature form of O;(0) is
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p, hence the curvature form of Og(©)®91! is (g + 1)ue. According to
[4], p. 397 the pullback of ug to X971 under the canonical surjection
¥: X971 — O can be written as

. g g—1 g—1
5> ( w?(wk)> A (Z wf(cm) .
k=1 i=1 i=1

Here (w1, ...,w,) is an orthonormal basis for H’(X,wx) which we fix.
Let’s call the above form . It follows that

1 —
p*;aa log [nll(D) = (9 + 1)§ — dp=r(v)

as currents on Y’. Here R(7y) is the ramification locus of the Gauss map
on T.
Next we consider the pullback under p of

1 IO+ R—5) N
P (G(D (D)) <G(R, S)G(D,S)G(U(D),R)) )

on Y. The factor ||0||(D + R — S) accounts for a contribution equal to
&, and both of the factors G(D, S) and G(c(D), R) give a contribution
S wr(v). We find

g joIP+R-5)  \_ o
P E@@log (G(R, SYG(D, S)G(U(D),R)) = (9_1)(5_2;7% ).

We are done if we can prove that

g—1
p* = 9B10g G(D, 0(D)) = 2% + (29— 2) 3 7 () ~ Sy

i=1
For this consider the product Y/ x ¥/ C X97! x X9~ For i,j =
1,...,9— 1 denote by m;; : X971 x X971 — X x X the projection onto
the i-th factor of the left X9~! and onto the j-th factor of the right
X971, Denoting by ® the smooth form represented by %35 log G(P, Q)
on X x X it is easily seen that we can write

g—1

* 1 YA * *
P 00108 G(D,0(D)) +byer(y) = (07 Y 7;®)[a

ij=1

here A = Y is the diagonal in T/ x T/ and o* is the action on symmetric
(1,1)-forms on Y’ induced by the automorphism (z,y) — (z,0(y)) of
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T x Y. Let ¢1, g2 be the projections of X x X onto the first and second
factor, respectively. Then according to [1], Proposition 3.1 we have

i

o > a3(wr) A a3 @)

. g
1 * Py —
o = *Z(h(wk)/\fh(wk)"‘

@ (wr) A g7 (W) -

DO
Q
o
Il
i
S
Eod
M= 11
i

S g (wn) A g3 (@) —

2

>
Il
—
>
Il

1

Note that ¢, - m;; = m; and g2 - m;; = 7;; this gives

P = Zﬂ' wi) Al (W) ZTF W) A T; (Wg)

1 i
S e An @D - £ 3w A @),
k=1 k=1

Next note that o acts as —1 on H°(X, wyx); this implies, at least formally,
that

otmi® = 50 7w (wi) A 7} (g Z W)
g
k=1 =1
(I
+- Zw wk /\7r wk Z wk)
k 1 k=1

= W) )+ 3wt () A @D)
k=1

. g
1 * * [
+§ Zﬂ'j (wi) A7) (@) -

k=1

We obtain for (o* Zf;il 7;;®)|a the expression

g—1 .9 g-1
* * 1 * * [ * Py—
Z Uy (V)+7Tj(l/)+§z (W) AT (@x) + 75 (wi) A 77 (W)
ij=1 k=14,j=1
g—1
:(29—2)2771* +IZ<Z7T wi)) Zﬂ' Wi )
i=1 k=1
g—1
=(29-2) ) m(v) +2€,
i=1

and this gives us what we want.
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It remains to prove that the constant ¢ is equal to e =%/, We use the
following lemma.

Lemma 4.5. Let Wr(ws, . ..,w,) be the Wronskian on (w1, . ..,w,), con-
stdered as a global section 0fw®g @+D/2 Lot P be any point on X. Then
the equality

Inll((g = D)P) = e~ @S [ Wr(wr, ..., wg)l[ar(P)?
holds. Left and right hand side are non-vanishing for generic P.

Proof. Let k: X — © be the map given by sending P on X to the linear
equivalence class of (g — 1) - P. According to [6], Lemma 3.2 we have a
canonical isomorphism

H*(O@(@)) ®g _>w®9(g+1)/2 ® H*()\)®_1

of norm €%/8. Tt follows that we have a canonical isomorphism
o ®g-1
e (O@(@)®g+1 ® )\®2) AN (w?;y(g-i-l)/? ® ﬁ*()\)®—1>

of norm e(9+1)9/8  Chasing these isomorphisms using [7], Theorem 5.1
one sees that the global section £*n of

5 (0(©)%5+1 @ X*2)
is sent to the global section
SN NE ®g-1
A - W .
(51 fg'_>(,ul/\.../\(,ug r(@n W)
of

®g—1
(wgg(gﬂ)/? ® H*()\)@—1) )

The claimed equality follows. The non-vanishing for generic P follows

. . 1)/2
from Wr(w1,...,w,) being non-zero as a section of w?}g(ﬁ' )2, O

We can now finish the proof of Theorem 4.4. Using the defining rela-

tion

_ deth |Ar
o|(P,+---+P,— S 5/8” G(Py, S)
e s =8 = B ) H

mentioned earlier for 6 we can rewrite equality (*) as

_(g-1yss_G(D,a(D)) (ndewi( j>||Ar>9‘1.
G(R,o(D) " \[I,o,G(P. F))

(D) =c-e
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here we have set D = Py +--- + P,_; and P, = R. Letting the P; ap-
proach R we find, by a similar computation as in [6], proof of Lemma 3.2,

Inll((g = DR) = c- e @D [ Wr(wy, ..., wg)l|as(R)
Lemma 4.5 gives c-e~(9719/8 = ¢=(9+1D/8 'in other words c = e79/4. O

Remark 4.6. Tt was shown by J.-B. Bost [2] that there is an invariant A
of X such that for each pair of distinct points R, S on X the formula

1
logG(R,S):—'/ log [|6] - w9~ ' + A
9' Je+Rr-s

holds. An inspection of the proof as for example given in [9], Section 5
reveals that the integrals

1 1
L[ togG(D,8) (D) and = [ logG(o(D), R) - u(D)7!
g:- Jos g:- Jos

are zero and hence from the definition of ||A|| we can write

1 _
A== [ g |AlD) - (D)

A combination with the formula in Theorem 4.4 yields

1 ) 1 _
—j/ log [|n]| - w9~ = *+(9—1)A—7/ log G(D,o(D))-u(D)?~".
g' e 4 qg s

This formula might be considered interesting since the left hand side is
an invariant of ppav’s, whereas the right hand side is only defined for
Riemann surfaces.
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