NOTES ON NILPOTENT ENDOMORPHISMS AND THE
JORDAN NORMAL FORM

RONALD VAN LUIJK

1. NILPOTENT ENDOMORPHISMS

In class we have seen one of the proofs of Theorem 4.3 from the book. Here is
the same proof, but split up into parts, as well as a more elaborate example.

Lemma 1. Let V be a vector space and f: V — V an endomorphism. Suppose
m > 0 is an integer such that f™ = 0. If for each j € {0,1,...,m — 1} we have a
complementary subspace X; of ker f7 inside ker f7T1, then we have

V=Xo®0 X1 2X2®...® Xpn_1.

Proof. Note that we have ker f™ =V and ker f* = {0}. Forall j € {0,1,...,m—1},
we have ker f7! =ker f/ & X, so we find

V=kerf"=ker f" '@ X, 1= (ker f"?® Xy, 2)® X1 =
=ker f" 2O (X 0®Xp1) = =ker fPOX00X1®.. ® X1 =
= X0 X1D...0Xpm_1.

O

Lemma 2. Let V be a vector space and f: V — V an endomorphism. Let j > 0
be an integer. If (x1,7a,...,2%) is a basis of a complementary space of ker f7
inside ker fiT1, then the sequence (f(x1), f(x2),..., f(xr)) can be extended to a
basis (f(z1), f(x2),.. ., f(Tk), Ths1,---, 1) of a complementary space of ker fi~1
inside ker f7.

Proof. Let X denote the subspace generated by (1, 22, . ..,2x). Then the subspace
generated by (f(z1), f(z2),..., f(zr)) is f(X). For every element z € X we have
z € ker f7T1 so we have f(z) € ker f7, and therefore f(X) C ker f7.

We claim that if any scalars Ay, ..., \; satisfy Zle Xif(x;) € ker fi~1 then we
have A\; = ... = Ay = 0. Indeed, set z = Zle Nix; € X. Then the assumption
of the claim states f(z) € ker f~!, so 2z € ker f7. From z € X Nker f/ = {0} we
conclude z = 0. Since the elements 1, ...,z are linearly independent, we conclude
A =...= X =0.

The claim implies in particular that the elements f(x1), f(z2),..., f(zx) are
linearly independent, so they form a basis for f(X). The claim also implies f(X)N
ker f7=1 = {0}, so, by Lemma 2.6 from the book, f(X) can be extended to a
complementary space X’ of ker /=1 inside ker f/, and the basis for f(X) can be
extended to a basis (f(x1), f(x2),..., f(Tk), Tk+1,-..,2;) for X . O
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Proposition 1. Let V be a finite-dimensional vector space and f: V — V a nilpo-
tent endomorphism. Then there exist elements wy,ws, ..., ws € V and nonnegative
integers ey, e, ..., €es such that

(1) (wlvf(wl)a"'7fel(w1)7w2vf(w2)7"~7f€2(w2)""7w57f(w5)7"'7fes(w5))
is a basis for V and f¢+(w;) =0 for all1 <i < s.

Proof. Let m be a positive integer such that f™ = 0. We start by picking a ba-
sis for some complementary subspace X,,_1 of ker f™~! inside ker f™ = V. We
use Lemma 2 recursively for j = m — 1,m — 2,...,2,1, to obtain a complemen-
tary space X; of ker f7 inside ker f7™! for each such j, together with bases sat-
isfying that if (x1,...,xy) is a basis for X, then the basis for X;_; starts with
(f(x1)7 f($2)7 R f(xk))

By Lemma 1, we have V = X @ X1 & Xo®...8H X,,,—1, so the union of the bases
for the X; together form a basis for V. If we let wy, ..., w, be the elements of this
union that are not the image of another element in the union, then we can rearrange
the elements of the union as in (1) for some integers ey, ..., e,. In fact, the integer
e; equals the index j for which w; € X;. Since we have f¢(w;) € Xo = ker f, we
also find f¢+(w;) = 0, which finishes the proof. O

Remark 1. Suppose we are in the setting of the proposition. If we reverse the order
of the elements in the basis in 1, then we obtain a basis B for V, with respect to
which the matrix [f]5 is a block matrix as in Remark 4.4 of the book.

Remark 2. Note that the blocks have sizes e; + 1,e2 + 1,...,e, + 1 (though in
opposite order, if we are precise). To see how many blocks of each size there are,
we note the following. For each integer n > 0, we set r,, = dimker f”. Furthermore,
we set s, = 1, —7p_1 and t,, = 8,, — 5,4+1. Note that ker f7 is spanned by the union
of the first j of the elements corresponding to each block, i.e., by

fel (wl)’ f6171(w1)7 ) f617j+1(w1)7 ) fer(wr)a f87.71(w7’)7 LR} ferijJrl(wT‘)a
except that in this sequence we have to leave out those expressions where the
exponent of f is negative. This implies that s, = dimker f* — dimker f*~! is
equal to the number blocks of size at least n. (Roughly said, each block of size
at least n contributes one more element to a basis for ker f™, compared to a basis
for ker f*~1.) We conclude that the number of blocks of size exactly equal to n is
Spn — Sp+1 = Up.

Remark 3. Note that in terms of the proof of Proposition 1, we have
dim X; = dim ker A —dimker f7 = Tjt1 —Tj = Sj41.

Remark 4. In terms of the algorithm in Remark 4.8 in the book, we have U; =
X;®Xj11®...P0X,—1. The elements in step (4) of that algorithm form a basis
for Xj.

Ezample 1. Consider the real matrix

-5 10 -8 4 1
-4 8 —-10 8 2
A=1-3 —-12 12 3

6
-2 4 =8 4 10
-1 2
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‘We compute

0 0 0 —18 36 00000
0 0 0 —36 72 00000
A’=10 0 0 —54 108 and A*=|0 0 0 0 O],
0 0 0 —36 72 00000
0 0 0 —18 36 00000

so we can start the algorithm of Remark 4.8 in the book (or, equivalently, the proces
suggested by the proof of Proposition 1 above) with m = 3. The kernel ker A is
generated by

x=(-3,0,3,2,1) and ¥ =1(2,1,0,0,0).
The kernel ker A? is generated by
e1 = (1,0,0,0,0), es=(0,1,0,0,0), es=(0,0,1,0,0), and y=(0,0,0,2,1).

Clearly, we have ker A3 = R®. In terms of Remark 2, we find ro = 0 and r, = 2
and 7o = 4 and 7, = 5 for n > 3; this yields s; = 2 and s3 = 2 and s3 = 1 and
s4 = 0. Finally, we obtain t; = 0 and t3 = 1 and ¢3 = 1, so we already find that
the standard nilpotent form consists of one block of size 2 and one block of size 3.

To find an appropriate basis, we start with picking a complementary space Xo
of ker A% inside ker A> = R®. Since dimker A3 — dimker A2 = 3 —2 = 1, it
suffices to pick any element of R® that is not contained in ker A. We choose w; =
es = (0,0,0,0,1), which gives Aw; = (1,2,3,10,5) and A%w; = 36(1,2,3,2,1)
en A3w; = 0. This gives Xo = (w;). In the next step, we are looking for a
complementary space X of ker A inside ker A% such that f(X3) C X;. In other
words, we want to extend f(Xs3) = (Aw;) to a complementary space of ker A inside
ker A2. In order to do this, we follow the proof of Lemma 2.6 in the book: take a
basis for ker A and for f(X5) and put the elements of these two bases as columns
in a matrix; we also take generators for ker A? and add these as columns to the
matrix. We obtain

-3 2|11 0 0 0
0 1120 1 0 O
3 03[0 0 10
2 0[10({0 0 O 2
1 0/5|0 0 0 1

A row echelon form for this matrix is
1 05|10 O 0 1
0 1]21]0 1 0 0
0 0|{12|/0 O -1 3 ,
0 0jOo|1 -2 1 0
0 0|00 O 0 0

which has pivots in the first three columns as expected. Of the last four columns,
only the first contains a pivot, so in order to extend f(X2) to a complementary
space X; as mentioned, it suffices to add the first generator for ker A2, so we take
wy = (1,0,0,0,0), which gives Aws = —(5,4,3,2,1). The last step, namely finding
a complementary space Xg for ker A’ = {0} inside ker A which contains f(X7), is
trivial, as f(X;) is generated by A%w; and Aws, so dim f(X;) = 2 = dimker A, so
we have Xy = f(X;) and we do not need to extend.
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Hence, we obtain a basis B = (A%wy, Awy, w1, Aws,ws) (note the order of the
elements). If we denote the standard basis for R® by E, the basis transformation
matrix

36 1 0 -5 1
72 2 0 —4 0
P=I[dZ=]108 3 0 -3 0
72 10 0 -2 0
36 5 1 —1 0
satisfies
0100 0
00 1 00
P'AP=|[0 0 0 0 0
00001
00000

2. JORDAN NORMAL FORM

Small example never give a good idea what is going on, because either you have
very few blocks or very small blocks. So here we present a 10 x 10 matrix of
which we will find the Jordan Normal Form, together with a corresponding basis
transformation. We consider the real matrix

-1 1 -1 1 -1 1 -1 1 -1 1
o -1 3 -3 3 -3 3 -3 3 -3
o 0 2 0 1 -1 1 -1 1 -1
o 0 0 2 1 -1 1 -1 1 -1
v_lo 0o 0 0 2 0 1 -1 1
o 0 0 0 0 2 1 -1 1 -1]|°
o 0 0 0 0 0 2 0 1 -1
o 0 0 0 0 0 0 2 1 0
o 0 0 0 0 0 0 0 2 1
o 0 0 0 0 0 0 0 0 2

which has characteristic polynomial (z + 1)?(x — 2)8. Therefore, we have to deal
with the two generalised eigenspaces

U =ker(M+1)*> and Uy =ker(M —2I)®

of dimensions 2 and 8, respectively. Indeed, by Theorem 5.1 of the book, we have
RO =U; @ U,. Let e, ..., e10 € R? denote the standard basis vectors.

We start with the hardest case, namely Us. By definition of Us, the restriction
of M — 21 to Us is nilpotent, as (M — 2I)® restricts to 0 on Us. By finding a row
echelon form for (M — 2I)" for 1 < n < 3, we find r, = dimker(M — 2I) = 4 and
ro = dimker(M — 2I)? = 7 and r3 = dimker(M — 2I)3 = 8. For n > 3 we have

8 = dimker(M — 2I)® < dimker(M — 2I)" < dim U, = 8,
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so we conclude ker(M — 2I)? = Uy and 7, = dimker(M —2I)" = 8 for n > 3. This
yields the following table for s,, = r, — r,—1 and ¢, = s, — Spr1.

Sn | tn

<
S

Uk W~ O3
00 00 00~k O
O O = Wk
OO RN =

We conclude that in any Jordan Normal Form for M, there is one Jordan block for
eigenvalue 2 of size 1, there are two of size 2, and there is one of size 3.
To find a corresponding basis for Us, we consider the filtration

{0} C ker(M — 2I) C ker(M — 2I)* C ker(M — 2I)% = U,

and we will construct subspaces Xy, X1, Xo with explicit bases Cy, Cy, Cs, respec-
tively, such that

(1) X; is a complementary space of ker(M — 2I)7 inside ker(M — 2I)7+1;
(2) (M — 21)(X,) C X; 1
(3) if Cj = (u1,us,...,ux), then C;_; starts with the sequence

(M = 21)ur, (M — 2D)us. ..., (M — 2T)uy).

We had already brought (M — 2I)" into row echelon form before and we can use
that to find explicit bases for ker(M — 2I)™ for 1 < n < 3. We find

ker(M — 21) = (x1, x2, x3, T4),
ker(M - 2‘[)2 = <y17y27y37y47y57y67y7>7

ker(M — 21)3 = (21, 22, 23, 24, 25, %6, 27, 28),

with
0,1,0,0,0,0,0,0,0,—

0.1,0,0,0,0,0,0,1,0), 001000000U

0,0,1,0,0,0,0,0,—1,0),
0,0,0,1,0,0,0,0,1,0),

= (

Oa1507_1a0a0507070a0)5 E
Yqa = (O 070a07 1707070a _170)7

=(

= (

(

= (
=(0,0,1,1,0,0,0,0,0,0), =(0,0,0,0,1,0,0,0,0,1),
xr3 = (0 030»07 ]-7 ]-70)07070)7

(

0,0,0,0,0,1,0,0,1,0),
x4 = (0,0,0,0,0,0,1,1,0,0),

0 070703070>17077170)7
Yr = 0 07070a070707171u0)7

=(0,0,0,0,0,0,1,0,0, 1),
= (0,0,0,0,0,0,0,1,0, —
=(0,0,0,0,0,0,0,0,1,1).

~ o~ o~ o~ o~ o~ o~ o~

In step 1, we want a complementary subspace X of ker(M — 2I)? inside ker(M —
2I)3. One way to do this is to put the basis elements y1, ..., y; for ker(M — 21)?
as columns in a matrix, and add the generators 21, ..., zg for ker(M — 2I) as more

1),

=(0,0,0,1,0,0,0,0,0, —1),

=(0,0,0,0,0,1,0,0,0,—1),

1),
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columns to the right:

o o 0o 0o o o 0o 0 0 0 0 0 0 o0
1 0o 0 0 O O O0Of1 O O O O O 0 O
o 1.0 0O O O OLO 1T O O 0 O 0 O
o o 1.0 0O O OLO O 1T O O O O O
o o 0 1.0 o of,0 O O 1T 0 O O O
o o 0o 0o 1.0 0,0 O O O 1T 0O O O
o o 0o 0o o 1. 0,0 0 O O O 1 0 O
o o 0o 0o 06 01,0 0 0 O 0 0 1 o0
1 -11 -11 -1 1,0 0 O O O O 0 1
o o o o0 o0 o o0f-11 -11 -1 1 -1 1
The reduced row echelon form for this matrix is
1 000OO0OOO0 1 -1 1 -1 1 -1 1
01 00 0O0O0O|0 1 0 0 0 0 0 0
001 00 0 O[O0 O 1 0 0 0 0 0
0001 0O0O0[0 O 0 1 0 0 0 0
000 0O 1 0 O0(0 O 0 0 1 0 0 0
0O 00O O O0OT1TTO0(0 O 0 0 0 1 0 0
0O 00O O0OOT1T[0 O 0 0 0 0 1 0
o 0oo0o0O0OO0OfLT -1 1 -1 1 -1 1 -1
0O 00O O0OO0TO0O[0 O 0 0 0 0 0 0
0O 00O O0OO0OTO0O[0 O 0 0 0 0 0 0

Of the added columns to the right, only the first has a pivot. This implies that
the first of the added generators, namely z;, generates a complementary space of
ker(M — 2I)? inside ker(M — 2I)3. [Of course, we could have seen this without
any computation. From the last coordinate, we see that no z; is contained in
ker(M — 2I)?, as the last coordinate of all the y; is 0; since ker(M — 2I)? has
codimension 1 inside ker(M — 2I)3 (meaning the difference of their dimensions is
1), any element in ker(M — 2I)3 that is not contained in ker(M — 2I)? generates a
complementary space of ker(M — 2I)? inside ker(M — 2I)3.] So, we take w; = 2
and X2 = <U}1> and CQ = (wl)

In step 2, we want to extend (M — 2I)(Xs), that is, the image of X5 under
multiplication by M — 21, to a complementary subspace X; of ker(M — 2I) inside
ker(M — 2I)2. We follow the proof of Lemma 2.6 from the book. First, note that
(M — 2I)(X3) has basis (M — 2I)wy = (0,0,1,1,1,1,1,0,—1,0). We put the basis
elements x1, ..., x4 for ker(M — 2I) as columns in a matrix, we add (M — 2I)w, as
a column to the right, and we finally add the generators y1, ..., y7 for ker(M —21)?
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as columns to the far right:

0O 00 0[O0 O O O O 0 O
1 00 0/{01 0 0 O O 0 O
0o 10010 1 0 0 0 0 O
-1 10 010 0 1 0 0O 0 O
0O 01010 O O 1 0 0 O
0O 01010 O O 0O 1 0 O
0O 00110 0O O 0O 0 1 0
0 00 100 O O O O O0 1
o o0o0O|-11 -1 1 -1 1 -1 1
0O 00 0[O0 O O O O O0 O
The reduced row echelon form for this matrix is
100 0{0jO0 1 -1 0 O 0 0
01 0 000 1 o 0 0 -1 1
0 01 0j0]|0 O o o 1 -1 1
0 00 1]0|0 O 0 0 O 0 1
0 00 0]1]0 O 0 0 0 1 -1
000 O0|O0]1 -1 1 0 O 0 0
0 00 0j0]0 O 0 1 -1 0 0
0 00 0]0]0 O 0 0 0 0 0
0 00 0j0]O0 O 0 0 O 0 0
0 00 0j0]O0 O 0 0 O 0 0

So of the last seven columns, the first and the fourth contain a pivot. This means
that if we add y; and y4 to (M —2I)w;, then we obtain a basis for a complementary
space of ker(M — 21 inside ker(M — 2I)2. Hence, we set we = y; and wz = y4, and
Cy = (M — 21wy, we,ws3) and we denote the space (C1) by X;.

In step 3, we construct a complementary space of ker(M —21I)° inside ker(M —21I).
Since we have (M — 21)° = I, we find ker(M — 21)° = {0}, so X = ker(M — 2I).
We already have the elements f(u) in Xo for u € Cq; these equal (M — 2I)%w; =
(0,0,0,0,0,0,—1,-1,0,0) and (M — 2I)wy = (0,0,1,1,1,1,1,1,0,0) and (M —
2Iws = (0,0,0,0,—1,—1,—1,—1,0,0). We put these as columns in a matrix and
add columns for the generators 1, ..., x4 for ker(M — 2I).

o = O

OO R KRR FHEMKHMEHOO
|
—_
eNeoNeNeoNeNel S el
OO OoOOoO R LR OO OO
OO OOOOo oo

OO OO OO
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The reduced row echelon form for this matrix is

10 0(0 0 1 -1
01 0/01 0 O
00 101 -1 0
00 01 0 0 O
00 000 0 O
00 0j0 0O 0 O
00 000 0 O
00 0/0 0 0 O
00 000 0 O
00 000 0 O

Since only the first of the right-most four columns has a pivot, it suffices to add x;
to the elements we already had in order to get a basis for ker(M — 2I). In other
words, we set wy = x1 and Cy = (M — 2I)?wy, (M — 21wy, (M — 21)ws, wy).
Then C is a basis for Xy = ker(M —2I). We now reorder the elements of the bases
Cy, C1, Cs for Xo, X7, Xs to get a basis

C = ((M —2I)*w;, (M — 21wy, wy, (M — 2I)ws, wa, (M — 21)ws, w3, w)

for Xgd X1 d Xy = Us.

We continue with U;. By definition of Uy, the restriction of M + I to Uy is
nilpotent, as (M + I)? restricts to 0 on U;. It is easy to verify that ker(M + I) is
generated by e;, while ker(M + I)? is generated by e; and e3. We proceed exactly
the same as for Us, but everything is so much easier in this case, that we leave it
to the reader to identify the analogues of X; and C;. The vector ey generates a
complementary space of ker(M + I) inside ker(M + I)?, so we set ws = ey. Its
image under M + I is (M + I)ws = ey, which, as we said, generates ker(M + I).
Together, ws and (M + I)ws = e; form a basis D for the generalised eigenspace
U.

The bases C and D together yield the basis

B = ((B—2I)%w1, (B—2I)wy, wr, (B—2I)ws, ws, (B—21)ws, w3, ws, (B+1)ws, ws)

for Uy @ Uy = R0, If we let E denote the standard basis for R0, then the matrix
P = [id]E (written as P = g[id] g in Delft), has the elements of B as columns, that

is,

O = === 0

O OO OO oo —~OoO

o O OO

SO OR OO0 O

OOOOOIOHO
=

SO DD OO

SO O OO0 O OO

o
\
—

OO R KM= RFEMFHEFEBE OO
(an)
\
—

oOrrococOoO0o0ocOoORrRO
|
—

0 0

|
—

0O 0 0

o
[==]

We now already know that P~'MP is a matrix in Jordan Normal Form, with
Jordan blocks B(2,3), B(2,2), B(2,2), B(2,1) and B(—1,2) in this order along the
diagonal (for this notation, see Theorem 5.2 from the book). Indeed, a simple but
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tedious calculation shows

0
0
0
0
0
0
0
0
-1
0

21 000 000

0 0 00O

1

2
00200000

00021000

0 0002000

0 000O0Z2 10

0 000 00 20

0 000 0 0 O0 2

1
-1

0000 O0OO0TO0TO O

0000 O0OO0OTO0T©




