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Abstract. We find explicit models for the PSL2(C)- and SL2(C)-character
varieties of the fundamental groups of complements in S3 of an infinite family
of two-bridge knots that contains the twist knots. We compute the genus of

the components of these character varieties, and deduce upper bounds on the
degree of the associated trace fields. We also show that these knot complements
are fibered if and only if they are commensurable to a fibered knot complement

in a Z/2Z-homology sphere, resolving a conjecture of Hoste and Shanahan.

1. Introduction

Given a finitely generated group Γ, the set of all representations Γ → SL2(C)
naturally carries the structure of an algebraic set. So does the set of characters
of these representations. Often the components of this last set that contain only
characters of abelian representations are well understood. The union of the other
components is called the SL2(C)-character variety of Γ. Over the last few decades,
the SL2(C)-character variety of the fundamental groups of hyperbolic 3-manifolds
has proven to be an effective tool in understanding their topology (see [5], [6], [7]).
The same can be said for their PSL2(C)-character variety, defined in §2.1.2, but in
general it is difficult to find even the simplest invariants of these varieties, such as
the number of irreducible components.

k

l

Figure 1. The knot J(k, l) and the figure-eight knot J(2,−2).

In this paper we consider the case that Γ is a knot group, i.e., the fundamental
group of the complement in S3 of a knot. We look at the knots J(k, l) as described
in Figure 1, where k and l are integers denoting the number of half twists in the
labeled boxes; positive numbers correspond to right-handed twists and negative
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numbers correspond to left-handed twists. Note that J(k, l) is a knot if and only if
kl is even; otherwise it is a two-component link. The subfamilies of knots J(±2, l),
with l ∈ Z, consist of all twist knots, containing the figure-eight knot J(2,−2) and
the trefoil J(2, 2). The complement of the knot J(k, l) is hyperbolic if and only if
|k|, |l| ≥ 2 and J(k, l) is not the trefoil.

We compute the genus of every component of the character varieties associated
to these knots. This is the first time such results have been found for an infinite
family of knots. In particular it shows that the genus of both character varieties of
a knot complement can be arbitrarily large, which was not known before.

More precisely, for any nonzero integers k and l with kl even, we let M(k, l)
denote the complement S3 \ J(k, l) and let X(k, l) and Y (k, l) denote the SL2(C)-
and PSL2(C)-character variety of the fundamental group π1(M(k, l)). Both vari-
eties are curves and X(k, l) is a double cover of Y (k, l). Our first main result is a
non-recursively defined model for Y (k, l). Secondly, we construct a projective bira-
tional model for Y (k, l) that we prove to be smooth and irreducible when J(k, l) is
hyperbolic and k 6= l. For k = l > 2 the curve Y (k, l) has two smooth components
and we identify which of the two is the canonical component Y0(k, l), defined in
§2.1.2. The results, and those for X(k, l) and its canonical component X0(k, l),
defined in §2.1.1, are summarized in the following theorems.

Theorem 1.1. Let k, l be any nonzero integers with l even, |k| ≥ 2, and k 6= l.

(1) The curve Y (k, l) is irreducible. It has geometric genus

(⌊|k|/2⌋ − 1)(|l|/2 − 1)

and is hyperelliptic if and only if |k| ≤ 5 or |l| ≤ 5.
(2) If |l| > 2, then the curve Y (l, l) has two components. The component Y0(l, l)

has genus 0. The other component has genus (|l|/2−2)2 and is hyperelliptic
if and only if |l| ≤ 6.

Theorem 1.2. Suppose l is a nonzero even integer, say l = 2n. If k 6= l is an
integer satisfying |k| ≥ 2, then X(k, l) is irreducible and its genus equals

3|mn| − |m| − a|n| + b,

with m = ⌊k/2⌋ and

a =

{

4 if k is odd and k < 0,
1 otherwise.

b =















2 if k is odd and k < 0 < l,
1 if k is odd and l < 0,

−1 if k is even and kl > 0,
0 otherwise.

If |l| > 2, then X(l, l) has two components, namely X0(l, l) of genus |n| − 1 and an
other component of genus 3n2 − 7|n| + 5.

Precisely two knots in this family have canonical components of their SL2(C)-
character varieties that have genus 1, namely the figure-eight knot J(2,−2) and the
74 knot J(4, 4).

Recent results have shown that arithmetic properties of the SL2(C)- and PSL2(C)-
character varieties can give information about topological invariants such as the
commensurability classes of knot complements ([4], [15], [16]). Our irreducibility
results allow us to use a criterion of Calegari and Dunfield [4] to prove a conjecture
of Hoste and Shanahan [15, Conj. 1] about commensurability classes of the knots
J(k, l). Note that fibered means fibered over S1. The result is the following.
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Theorem 1.3. The manifold M(k, l) is fibered if and only if M(k, l) is commen-
surable to a fibered knot complement in a Z/2Z-homology sphere.

If K is a hyperbolic knot, let [F (K) : Q] denote the degree of the trace field
F (K) of K over Q, i.e., the field generated by all traces of elements in the image
of a lift π1(S

3 \K) → SL2(C) of the discrete faithful representation (see [13] and
§2.1.1). From the non-recursively defined model for Y (k, l) we can deduce an upper
bound for the degree of the trace field of J(k, l). The following theorem says that
for all hyperbolic J(k, l) this bound is of the same order of magnitude as the genus
of X0(k, l).

Theorem 1.4. Let k and l be integers for which J(k, l) is a hyperbolic knot. Then
the degree [F

(

J(k, l)
)

: Q] of the trace field of J(k, l) is bounded by 1
2 |kl|. It is

bounded by 1
2kl − 1 if kl > 0 and by |l| − 1 if k = l.

In §2.2.1 we define the family of two-bridge knots K(p, q), parametrized by pairs
(p, q) of coprime odd integers satisfying −p < q ≤ p. For all nonzero integers k, l
with kl even, the knot J(k, l) is ambient isotopic with K(p, q) for the unique such
p, q for which the image of q/p in Q/Z equals that of l/(1 − kl); we find from the
roughest bound in Theorem 1.4 that (p − 1)/2 is an upper bound for the degree
of the trace field of K(p, q). This also follows for general two-bridge knots from a
result of Riley [25, §3].

For any nonzero integers k and l with kl even, let c(k, l) denote the crossing
number of the knot J(k, l), i.e., the minimum number of crossings in any projection
of the knot. For the hyperbolic twist knots J(2, l) the smallest bounds of Theorem
1.4 are in fact equalities and directly related to the crossing number c(2, l) by [13,
Thm. 1, Cor. 1]. We immediately obtain an interesting corollary.

Corollary 1.5. For any integer l 6= −1, 0, 1, 2 the genus of the SL2(C)-character
variety X(2, l) = X0(2, l) of J(2, l) equals

c(2, l) − 3 = [F
(

J(2, l)
)

: Q] − 1.

It is easy to check the degree of the trace field of J(k, l) for small values of |k|
and |l|, where the smallest upper bounds given in Theorem 1.4 are in fact equalities.
We therefore wonder the following.

Question 1.6. Let k and l be integers for which J(k, l) is a hyperbolic knot. Is
the degree [F

(

J(k, l)
)

: Q] of the trace field of J(k, l) equal to − 1
2kl if kl < 0? Is it

equal to 1
2kl − 1 if kl > 0 and k 6= l and equal to |l| − 1 if k = l?

In fact, for all p, q as above with p < 100 and K(p, q) hyperbolic, we checked
that when the character variety of the two-bridge knot K(p, q) is irreducible, then
the degree of the trace field F

(

K(p, q)
)

of K(p, q) equals the upper bound (p−1)/2
proven by Riley. We therefore also wonder the following.

Question 1.7. Let p and q be coprime odd integers with −p < q < p for which
the knot K(p, q) is hyperbolic. Assume that the PSL2(C)-character variety of the
fundamental group of the complement of K(p, q) is irreducible. Is the degree of the
trace field of K(p, q) equal to (p− 1)/2?

The paper is set up as follows. In the next section we describe character varieties
in general and in particular for two-bridge knots, a family of knots that contains our
family. This includes the definition of the canonical component. In §2.3 we describe
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the family J(k, l) as a subfamily of the two-bridge knots and find the fundamental
groups of their complements. In §2.4 we give a brief summary of the theory of
Newton polygons and algebraic curves.

The two models for Y (k, l) are defined in §3 and §4. More precisely, the standard
model C(k, l) is given non-recursively in Proposition 3.8 and the smooth model
D(k, l) is given in (12). The birationality is proven in Proposition 4.4. Proposition
4.6 identifies which component of the new model of Y0(l, l) corresponds with the
canonical component, after which we can prove Theorem 1.4.

We find the number of components of Y (k, l) for all integers k and l and prove
that all components are smooth in §5. In §6 we use this to prove Theorems 1.1 and
1.2. Theorem 1.3 is proved in the final section, §7.

2. Preliminaries

2.1. Representation and character varieties. We will begin with some back-
ground material concerning the representation and character varieties of finitely
generated groups, and knot groups in particular. Standard references for this ma-
terial are [6] and [7].

Let Γ be any finitely generated group with generating set {γ1, . . . , γN}. The set
R(Γ) = Hom(Γ,SL2(C)) can be given the structure of an affine algebraic set defined
over Q by using the entries of the images of the γi under ρ ∈ R(Γ) as coordinates
for ρ. We therefore will refer to R(Γ) as the SL2(C)-representation variety of Γ.
The isomorphism class of this variety does not depend on the choice of generators.
In general, R(Γ) need not be irreducible.

2.1.1. SL2(C)-character varieties. The character of a representation ρ is the func-

tion χρ : Γ → C defined by χρ(γ) = tr(ρ(γ)). Define the set of characters X̃(Γ) =
{χρ : ρ ∈ R(Γ)}, which is often denoted by X(Γ) elsewhere in the literature, but we

will reserve that notation for a particular subset of X̃(Γ). For all γ ∈ Γ we define
the function tγ : R(Γ) → C by tγ(ρ) = χρ(γ). Let T be the subring of the ring of
all functions from R(Γ) to C that is generated by 1 and the functions tγ for γ ∈ Γ.
The ring T is finitely generated, for instance by the elements

tγi1
···γir

, 1 ≤ i1 < . . . < ir ≤ N

(see [7], Proposition 1.4.1). This implies that a character χ ∈ X̃(Γ) is determined
by its values on finitely many elements of Γ. If h1, . . . , hm are generators of T ,
then the map R(Γ) → Cm given by ρ 7→ (h1(ρ), . . . , hm(ρ)) induces an injection

X̃(Γ) → Cm. This gives X̃(Γ) the structure of a closed algebraic subset of Cm, but
the fact that it is closed is quite nontrivial (see [7, Proposition 1.4.4]). It follows

that X̃(Γ) has the structure of an abstract affine algebraic variety with coordinate

ring TC = T ⊗ C. Different sets of generators of T give different models for X̃(Γ),

all isomorphic over Z. We refer to X̃(Γ) as the SL2(C)-character variety of Γ.
A representation ρ ∈ R(Γ) is reducible if all the ρ(γ) with γ ∈ Γ have a common

one-dimensional eigenspace, otherwise it is called irreducible. A representation ρ
is abelian if its image is an abelian subgroup of SL2(C), and nonabelian otherwise.
Note that every irreducible representation is necessarily nonabelian, although there
do exist nonabelian reducible representations. For fundamental groups of knot
complements in S3 these are all metabelian (see [12, Section 1]).
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The group SL2(C) acts on R(Γ) by conjugation. Let R̂(Γ) denote the set of orbits.
Two representations ρ, ρ′ ∈ R(Γ) are conjugate if they lie in the same orbit. Since

two conjugate representations give the same character, the trace map R(Γ) → X̃(Γ)

induces a well-defined map R̂(Γ) → X̃(Γ). Note that if Γ is finite, then this map
is a bijection, but in general it need not be injective. It is injective when restricted
to irreducible representations; if ρ, ρ′ ∈ R(Γ) have equal characters χρ = χρ′ , and
ρ is irreducible, then ρ and ρ′ are conjugate (see [7, Proposition 1.5.2]).

Let X̃a(Γ), and X̃na(Γ) denote the set of characters of abelian and nonabelian

representations ρ ∈ R(Γ) respectively. The set X̃a(Γ) is a Zariski closed subset of

X̃(Γ) (see [12, Propositions 1.3(ii) and 1.7(1)]).
We can say more when Γ is the fundamental group of a knot complement in S3.

We will assume this to be case from now on, say Γ = π1(M) is the fundamental

group of the 3-manifold M = S3 \K for the knot K in S3. Then X̃na(Γ) is also a

Zariski closed subset of X̃(Γ) and X̃a(Γ) is isomorphic to A1 (see [12, Proposition
1.7(2) and Corollary 1.10]). As the characters of abelian representations are well

understood, we will focus only on X̃na(Γ), which we will also denote by X(Γ). By
abuse of language, we will refer to X(Γ) as the SL2(C)-character variety of Γ as
well.

If M is a hyperbolic knot complement, then M is isomorphic to a quotient of
hyperbolic 3-space H3 by a discrete group. By Mostow-Prasad rigidity there is
then a discrete faithful representation ρ0 : Γ →֒ Isom+(H3) ∼= PSL2(C) that is
unique up to conjugation, defining an action of Γ on H3 whose quotient H3/Γ is
isomorphic with M . Moreover, the representation ρ0 can be lifted to a discrete
faithful representation Γ →֒ SL2(C). Fix such a lift and call it ρ0. By work of
Thurston [33], the character of ρ0 is contained in a unique component of X(Γ),
which has dimension 1 and which will be denoted by X0(Γ). In all cases presented
in this paper, we will see that X0(Γ) does not depend on the choice of lift ρ0.

2.1.2. PSL2(C)-character varieties. There are various constructions for the PSL2(C)-
representation and character varieties of Γ, none of which are quite as standard.
We refer the reader to the general definition in [16, §2.1] and to [1, §3], and [8].
Since in our case Γ is the fundamental group of a knot complement in S3, the def-
initions simplify dramatically. Note that µ2

∼= {±1} is isomorphic to the kernel of
the homomorphism SL2(C) → PSL2(C).

The first simplification comes from the fact that we have H2(Γ, µ2) = 0 (see
[1, page 756], or [8, remark after Lemma 2.1]. Under this condition, the PSL2(C)-

character variety Ỹ (Γ) is isomorphic to the quotient X̃(Γ)/Hom(Γ, µ2), where σ ∈

Hom(Γ, µ2) acts on χρ ∈ X̃(Γ) by (σχρ)(γ) = σ(γ)χρ(γ) for all γ ∈ Γ.
The second simplification comes from a better understanding of Hom(Γ, µ2) in

our specific case. Since Γ is a knot group, there are presentations for Γ where the
generators γi are all meridians ofK. For such a presentation, the γi are all conjugate
and we have tγi

= tγj
for 1 ≤ i, j ≤ N . In fact, the Wirtinger presentation (see

[29, Section 3.D]) is such a presentation where the relations are of length 4 in the
generators and their inverses, with one relation for each crossing. Therefore, there
is a well-defined notion of parity of an element γ ∈ Γ, based on the parity of the
length of γ as a word in terms of meridians. Let Γe ⊂ Γ denote the subgroup of
index 2 consisting of all even γ ∈ Γ. Any σ ∈ Hom(Γ, µ2) sends all the (conjugate)
meridians to the same element, so σ is trivial on Γe, and we find Hom(Γ, µ2) ∼=
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Hom(Γ/Γe, µ2) ∼= Hom(µ2, µ2) ∼= µ2. The induced action of µ2 on R(Γ) is given by
(−ρ)(γ) = −ρ(γ) for γ 6∈ Γe and (−ρ)(γ) = ρ(γ) for γ ∈ Γe. The induced action

on X̃(Γ) is given by −χρ = χ−ρ, and the corresponding action on T by negating tγ
for all γ 6∈ Γe. We conclude that the PSL2(C)-character variety Ỹ (Γ) is isomorphic

to X̃(Γ)/µ2 and its coordinate ring is Te ⊗ C, where Te = Tµ2 is the subring of T
of all elements invariant under µ2.

We let Y (Γ) denote the image ofX(Γ) = X̃na(Γ) under the quotient map X̃(Γ) →

Ỹ (Γ). As for X(Γ), by abuse of language, we will refer to Y (Γ) as the PSL2(C)-
character variety of Γ. If M is hyperbolic, then we denote the component of Y (Γ)
that contains the character of the discrete faithful representation of Γ by Y0(Γ),
obtaining a map X0(Γ) → Y0(Γ).

2.2. Character varieties of two-bridge knot complements. The knots J(k, l)
that we are interested in are part of a larger family, the so-called two-bridge knots.
As we will use some results on two-bridge knots, we now describe these knots and
their character varieties.

2.2.1. Two-bridge knots. two-bridge knots are those knots admitting a projection
with only two maxima and two minima. To every two-bridge knot we can associate
a pair (p, q) of coprime odd integers with −p < q ≤ p, such that the two-bridge knot
is ambient isotopic to the knot K(p, q) we now define. As described in [3, Chapter
12], to a pair (p, q) as above, we associate the sequence [a1, . . . , as] of entries in the
continued fraction

q

p
+ ǫ =

1

a1 +
1

a2 +
1

a3 +
1

· · · +
1

as

where ǫ ∈ {0, 1} is such that 0 < q
p + ǫ ≤ 1 and where these entries satisfy ai ≥ 1

and they are chosen such that s is odd, which is possible by replacing the last entry
a of the usual continued fraction by the two elements a − 1 and 1 if necessary.
Then K(p, q) is the knot presented by the so-called 4-plat in Figure 2, where the
j-th block between the two middle strands consists of a2j−1 left-handed half twists,
and the j-th block between the two left-most strands consists of a2j right-handed
half twists. The knots K(p, q) and K(p′, q′) (with (p, q) and (p′, q′) as above) are
ambient isotopic if and only if p = p′ and either q = q′ or qq′ ≡ 1 (mod p) (see
[3, Theorem 12.6]); if p = p′ and qq′ ≡ 1 (mod p), then the 4-plat presentation of
K(p′, q′) is obtained from turning the 4-plat presentation of K(p, q) upside down,
i.e., reversing the sequence [a1, . . . , as], which comes down to rotating about a
“horizontal” line in S3. Indeed, it is well known that the fractions q/p and q′/p′ of
the continued fractions associated to any sequence of numbers of odd length and
its reverse respectively, satisfy p = p′ and qq′ ≡ 1 (mod p).

If p = p′ and qq′ ≡ 1 (mod p), then turning the 4-plat K(p, q) upside down
induces isomorphisms between the fundamental groups and character varieties of
K(p, q) and K(p′, q′). Now assume q = q′, so q2 ≡ 1 (mod p), and let Y (p, q)
denote the PSL2(C)-character variety associated to K(p, q). Then turning the 4-
plat presentation upside down induces an automorphism of Y (p, q). If furthermore



ON CHARACTER VARIETIES OF TWO-BRIDGE KNOT GROUPS 7

a1

a2

as

a3

Figure 2. The 4-plat corresponding to [a1, a2, . . . , as] for s odd.

K(p, q) is hyperbolic, then Ohtsuki [22] proves that Y (p, q) is reducible by show-
ing that the canonical component Y0(p, q) is fixed by this involution, while other
components are not. This fact will be used in §4 to determine Y0(2n, 2n).

The fundamental group π1(S
3 \K(p, q)) of the knot complement S3 \K(p, q) has

a presentation

(1) Γ = 〈 a, b | wa = bw 〉,

where

(2) w = ae1be2 · · · aep−2bep−1

with ei = (−1)⌊
iq

p
⌋. This presentation follows from the canonical Schubert normal

form [30] of the two-bridge diagram of K(p, q) (see [25, Prop. 1], [20, (2.1)], [19,
Prop. 1]).

2.2.2. Character Varieties. As in the previous section, for any γ ∈ Γ, let tγ be the
function tγ : R(Γ) → C, ρ 7→ tr(ρ(γ)), and let T be the subring of the ring of all
functions from R(Γ) to C that is generated by 1 and these functions. Since a and
b are conjugate in Γ, we have ta = tb. Therefore, the ring T is generated by ta and
tab (see §2.1.1), which are the most common traces used as coordinates to define
the SL2(C)-character variety of K(p, q). We will use slightly different coordinates,
which define a nicer model. For any ρ ∈ R(Γ), the matrices ρ(b) and ρ(b−1) have the
same traces, so we have tb−1 = tb = ta. Using a and b−1 as generators of Γ, we may
also use ta and tab−1 as coordinates. Therefore, the SL2(C)-character variety X(Γ)
may be identified with the image of Rna(Γ) under the map (tab−1 , ta) : R(Γ) → A2,
where Rna(Γ) is the set of nonabelian representations. For any λ0 ∈ C∗ and r0 ∈ C,
we set

A(λ0) =

(

λ0 1
0 λ−1

0

)

, B(λ0, r0) =

(

λ0 0
2 − r0 λ−1

0

)

.
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The entry 2 − r0 in B(λ0, r0) is chosen so that A(λ0)B(λ0, r0)
−1 has trace r0.

Proposition 2.1. Let ρ ∈ R(Γ) be a nonabelian representation. Then there are
λ0 ∈ C∗ and r0 ∈ C such that ρ is conjugate to the representation ρ′ determined
by ρ′(a) = A(λ0) and ρ′(b) = B(λ0, r0). Conversely, any representation ρ′ of this
form is nonabelian and (tab−1 , ta)(ρ′) = (r0, λ0 + λ−1

0 ).

Proof. Since a and b are conjugate in Γ, they have the same trace. This and the
fact that they do not commute is enough to conclude the first statement by [27,
Lemma 7]. For the second statement, suppose that ρ′ satisfies the given conditions.
Then we have tab−1(ρ′) = tr(ρ′(ab−1)) = r0, and ta(ρ′) = tr(ρ′(a)) = λ0 +λ−1

0 . If ρ′

were abelian, then from ρ′(w)ρ′(a) = ρ′(b)ρ′(w) we would find ρ′(a) = ρ′(b), which
is a contradiction. This finishes the proof. �

A nonabelian representation ρ is irreducible if and only if the r0 in Proposition
2.1 satisfies r0 6= 2. Consider a point P = (r0, x0) ∈ A2. By Proposition 2.1, the
point P is contained in X(Γ) if and only if there is a λ0 ∈ C∗ with x0 = λ0 + λ−1

0

such that the assignments a 7→ A(λ0) and b 7→ B(λ0, r0) can be extended to a
representation ρ ∈ R(Γ). Choose either λ0 for which we have x0 = λ0 + λ−1

0 , and
let W (λ0, r0) denote the right-hand side of (2) with A(λ0) and B(λ0, r0) substituted
for a and b respectively. Then the assignment extends to a representation if and only
if we have W (λ0, r0)A(λ0) = B(λ0, r0)W (λ0, r0), which results in four equations in
λ0 and r0. The following proposition states that these equations reduce to a single
equation in r0 and x0, which is therefore independent of the choice of λ0. (Note
that x0 = λ0 + λ−1

0 and so x2
0 − 2 = λ2

0 + λ−2
0 .)

Proposition 2.2. Consider the ring Q[r, λ, λ−1] and let I denote the ideal gen-
erated by the four entries of the matrix W (λ, r)A(λ) − B(λ, r)W (λ, r). Then I is
generated by

(3) F = W11 + (λ−1 − λ)W12,

where Wij denotes the (i, j)-entry of W (λ, r). Moreover, if we set y = λ2 + λ−2,
then F is contained in the subring Q[r, y] of Q[r, λ, λ−1].

Proof. See [26, Theorem 1]. �

We conclude that X(Γ) is given in A2(r, x) by F = 0, where F is viewed as a
polynomial in x = λ+λ−1. In particular, if K(p, q) is hyperbolic, then the canonical
component X0(Γ) will be an irreducible component of this algebraic set.

The coordinate ring of X(Γ) is C[r, x]/(F ) with F as in Proposition 2.2. Note
again that r and x correspond to tab−1 and ta. The involution χ → −χ from
§2.1.2 fixes r and sends x to −x. This implies that the coordinate ring of Y (Γ) is
isomorphic to the subring C[r, x2]/(F ) ∼= C[r, y]/(F ), with y = x2−2 corresponding
to ta2 . That is, Y (Γ) is given in A2(r, y) by F = 0 with F viewed as a polynomial
in y = λ2 + λ−2. Therefore the double cover X(Γ) → Y (Γ) is given by (r, x) 7→
(r, x2 − 2).

The projective closure of this model of Y (Γ) has bad singularities at infinity. We
will see that in the case of the subfamily of two-bridge knots of the form J(k, l),
discussed in the next section, there is an other model of Y (Γ), whose coordinates
are tab−1 and the trace of another element, that has a smooth projective closure in
P1 × P1. This will allow us, for instance, to compute the geometric genus of the
irreducible components of Y (Γ) and X(Γ) for that family.
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Remark 2.3. The trace map R̂na(Γ) → X(Γ) from the set of conjugacy classes
of nonabelian representations in R(Γ) to the set of their characters is injective
when restricted to irreducible representations, as discussed in §2.1. The reader be
warned, however, that for reducible representations this is not the case. As stated
correctly in [2], a representation of the form mentioned in Proposition 2.1 with λ0

and r0 is conjugate to the representation of the same form with λ−1
0 and r0, but in

general only in a group larger than SL2(C). For r0 = 0 these representations are
not conjugate in SL2(C), while they do have the same characters.

2.3. A family of two-bridge knots. We are interested in the family of knots of
the form J(k, l) as described in the introduction (see Figure 1). Note that J(k, l)
is a knot precisely when kl is even, which we will almost always assume to be the
case. Note also that J(k, l) is symmetric in k and l. We will often make use of this
symmetry and assume that l is even. Note furthermore that there is an obvious
rotation of S3 taking J(k, l) to its reverse when l is even, and that J(−k,−l) is
the mirror image of J(k, l). Sometimes we will use this to assume without loss of
generality that k or l is nonnegative. These are not the only equivalences among
the knots, as for any integer l the knots J(2, l) and J(−2, l − 1) are equivalent.

If kl is even, then the knot J(k, l) is ambient isotopic to the two-bridge knot
K(p, q) for the unique odd and coprime integers p and q with −p < q ≤ p for which
the image of q

p in Q/Z equals that of l
1−kl . Note that for any integer l the knots

J(2, l) and J(−2, l − 1) give the same p and q. When |k| and |l| are large enough,
the following table shows to which sequence of numbers the corresponding 4-plat is
associated.

[1, k − 2, 1, l − 2, 1] for k, l > 2,
[1, k − 1,−l] for k > 1 and l < 0,
[−k, l − 1, 1] for k < 0 and l > 1,
[−k − 1, 1,−l − 1] for k, l < −1.

Indeed, these 4-plats are easily checked to be ambient isotopic with J(k, l) (see
Figure 3 for the case k, l > 2). The remaining cases have small |k| or |l| and are
also easily checked. Note that J(l, k) is ambient isotopic with K(p′, q′) for p′, q′

coprime odd integers such that −p′ < q′ ≤ p′ and q′

p′
= k

1−kl in Q/Z. Then we

have p = p′ and qq′ ≡ 1 (mod p), so switching k and l corresponds with turning
the 4-plat upside down, cf. §2.2.1, and k = l implies q = q′.

For any integers k, l, let π1(k, l) denote the fundamental group of of S3 \ J(k, l).
By Proposition 1 of [14], for even l, say l = 2n, this group has a presentation

(4) π1(k, 2n) ∼= 〈 a, b | awn
k = wn

k b 〉

with

(5) wk =

{

(ab−1)m(a−1b)m if k = 2m,
(ab−1)mab(a−1b)m if k = 2m+ 1.

We will sketch a proof here, as we need a little more information about the structure
of π1(k, l). We will also prove that for l = 2n+ 1, the group has a presentation

(6) π1(k, 2n+ 1) ∼= 〈 a, b | awn
k b = wn+1

k 〉.

As in [29, Section 3.D], where this is made precise, we interpret Figure 4 as a
knot, contained almost entirely in one plane, except for the crossings, and with the
base point P at ”the eye of the reader.” For 0 ≤ j ≤ l + 1 in case l > 0 and for



10 MELISSA L. MACASIEB KATHLEEN L. PETERSEN RONALD M. VAN LUIJK

k-2

l-2

k-2

l-2

Figure 3. 4-plat presentation of J(k, l) for k, l ≥ 2

a

a

α

b b

bb

bb

1

-1

0

0

kk +1

β

21

10

a a

a a

+1

l

bk+1 bk+2

al

a -1l

l

Figure 4. Generators for π1(k, l) with k < 0 < l

l ≤ j ≤ 1 in case l < 0, we let aj be the loop based at P that consists of the line
segment from P to the tail of the arrow labeled aj , followed by the arrow itself and
the segment from the head of the arrow to P . Similarly, for all appropriate j we
let bj be the loop associated to the arrow labeled bj . The product xy of two loops
x and y based at P is the compositum of the two loops, where we first follow x and
then y. Set a = a0, b = b1, α = a0a1, and β = b0b1. Then by induction (downwards
if k or l is negative) we have aj = α−daj−2dα

d for d = ⌊j/2⌋ and bj = β−dbj−2dβ
d

for d = ⌊j/2⌋ for each appropriate j. Using this and the identity b0 = a−1
0 = a−1,

we can express bj in terms of a and b for each j. Using a1 = bk we can then also
express aj in terms of a and b for each j. We find β = a−1b and α = wk with wk

as in (5), in terms of the meridians a and b. We are left with two relations in terms
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of a and b, namely al = b1 and al+1 = b−1
k+1, which are dependent, as we have

alal+1 = α = a0a1 = b−1
0 bk = b1(b0b1)

−1(bkbk+1)b
−1
k+1 = b1β

−1βb−1
k+1 = b1b

−1
k+1.

It follows that the fundamental group is generated by the elements a and b with the
relation b1 = al. For even l, say l = 2n, this relation is b = α−na0α

n, or wn
k b = awn

k .

For odd l, say l = 2n + 1, the relation is b = α−na1α
n = α−na−1

0 (a0a1)α
n =

α−na−1αn+1, or awn
k b = wn+1

k . This shows that the fundamental group can indeed
be presented as claimed.

Now let a′i, b
′
j , α

′, and β′ be the analogous loops for the knot J(l, k) and set
b′ = b′1 and a′ = a′0. Then there is a natural isomorphism from π1(k, l) to π1(l, k)
that sends aj to b′j , bi to a′i, and α = wk(a, b) and β = a−1b to β′ = a′−1b′ and
α′ = wl(a

′, b′) respectively. This isomorphism is induced by turning the 4-plat
associated to J(k, l) upside down to obtain that of J(l, k). The elements α and β
will play an important role in the new model of the PSL2(C)-character variety of
J(k, l) that we will define later.

We leave it to the reader to check that the group presentations (1) coming from
the Schubert normal form and the presentations (4) and (6) of π1(k, l) are equivalent
in case kl is even. For even l an isomorphism is given by sending a to a and b to b,
while for odd l (and thus even k) an isomorphism is given by sending a to a and b
to b−1.

We set X(k, l) = X(π1(k, l)) and define Y (k, l) similarly, as well as X0(k, l) and
Y0(k, l) in case J(k, l) is a hyperbolic knot.

2.4. Newton Polygons and Algebraic curves.

2.4.1. Discrete valuations and Newton polygons. In the proof of our main theorem
we will make heavy use of valuations. A non-archimedean valuation on a field K
is a map v : K → R ∪ {∞} with v(x) = ∞ ⇔ x = 0 that satisfies the ultrametric
triangle inequality v(x + y) ≥ min

(

v(x), v(y)
)

and v(xy) = v(x) + v(y) for all
x, y ∈ K. Given such a valuation v on K, the set Rv = {x ∈ K : v(x) ≥ 0} forms
a subring of K that is a local ring with maximal ideal mv = {x ∈ K : v(x) > 0}.
For any x, y ∈ K with v(x) < v(y) we have v(x+ y) = v(x). For any real number α
with 0 < α < 1 we obtain an absolute value | · |v : K → R≥0 by setting |x|v = αv(x).
For more details, see [9, Ch. 2] and [31, §I.1-2, §II.1-3].

An example of a non-archimedean valuation is the p-adic valuation vp on Q; for
any nonzero integer a, the valuation vp(a) equals the number of factors p in a, and
for any two nonzero integers a, b we have vp(a/b) = vp(a)−vp(b). By definition this
valuation extends uniquely to a valuation, also denoted by vp, on the completion
Qp of Q at vp, the field of p-adic numbers, containing the associated local ring Zp

of p-adic integers. We can also extend vp, though not necessarily uniquely, to any
finite extension of Q or Qp, and by taking limits also to any algebraic extension of

Q or Qp. Note that for any such extension v of vp we have v(p1/n) = 1/n for any
nonzero integer n, so the values of a valuation are not necessarily integral.

Let v be a non-archimedean valuation on a field K and f =
∑n

i=0 aix
i ∈ K[x]

a nonzero polynomial. Then the Newton polygon of f at v is the lower convex
hull of the n + 1 points

(

i, v(ai)
)

, where the point is at infinity if ai = 0. Note
that if a0 = a1 = . . . = ai−1 = 0 and ai 6= 0 for some i > 0, then the left-most
segment of the Newton polygon is the vertical segent from (0,∞) to

(

i, v(ai)
)

, which
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has horizontal length i. The following lemma tells us that the Newton polygon
determines the valuations of the roots of f .

Lemma 2.4. Let v be a non-archimedean valuation on an algebraically closed field
K and f ∈ K[x] a nonzero polynomial. Then for any rational number q, the number
of roots of f in K with valuation q equals the horizontal length of the segment of
the Newton polygon of f at v with slope −q if such a segment exists, and it equals
0 otherwise.

Proof. See [9, Prop. 2.9]. �

2.4.2. Algebraic curves. In this section we will assume that the ground field is
algebraically closed. For the basic properties of algebraic varieties, in particular
curves, and the notions of rational maps and morphisms between them, we refer
the reader to [32, Ch. I-II]. The topology we use on algebraic varieties is the Zariski
topology, which on curves is the cofinite topology. We stress the fact that a rational
map ϕ : C 99K D of varieties is given by rational functions on C and not necessarily
defined on the whole of C; the map ϕ is a morphism if it is regular everywhere on
C and ϕ is called birational if it restricts to an isomorphism from a nonempty open
subset of C to an open subset of D. In particular, two curves are birational if they
are isomorphic up to a finite number of points.

Lemma 2.5. Suppose ϕ : C → D is a birational morphism of curves. If D is
smooth, then C is isomorphic to ϕ(C).

Proof. Let C ′ be a projective closure of C and let ψ : U → C ⊂ C ′ be a birational
inverse of ϕ with U ⊂ ϕ(C) open. Since ϕ(C) is smooth and C ′ projective, the

map ψ extends to a morphism ψ̂ : ϕ(C) → C ′ [10, Prop. I.6.8]. The composition

ψ̂ ◦ ϕ : C → C ′ is the identity on a dense open subset of C, so it is the identity on
C. It follows that ϕ induces an isomorphism from C to ϕ(C). �

We call a curve hyperelliptic if it is birational to a double cover of P1. Note that
with this definition, all curves of genus 0 and 1 are hyperelliptic. For i ∈ {1, 2}, let
πi : P1×P1 → P1 denote the projection on the i-th factor. If C ⊂ P1×P1 is a curve,
then for almost all P ∈ P1 the number of intersection points between P1 ×{P} and
C equals the degree deg π2|C of the map π2|C : C → P1 induced by π2; the bidegree
of C is the pair of integers (deg π2|C ,deg π1|C). Two curves C,C ′ ⊂ P1 × P1 of
bidegree (a, b) and (a′, b′) respectively have intersection number ab′ + a′b.

Lemma 2.6. Let C ⊂ P1 × P1 be a smooth projective curve of bidegree (a, b) with
a, b > 0. Then C is irreducible, its genus equals (a−1)(b−1), and C is hyperelliptic
if and only if a ≤ 2 or b ≤ 2.

Proof. From a, b > 0 we find that C is connected by [10, Exc. III.5.6b]. Therefore,
if C were not irreducible, some components would intersect in a singular point,
contradicting smoothness of C. We conclude that C is irreducible. Its genus equals
(a − 1)(b − 1) by [10, Exc. III.5.6c]. If a ≤ 2 or b ≤ 2, then projection of C onto
one of the two factors of P1 × P1 shows that C is either isomorphic to P1 or to a
double cover of P1. In both cases C is hyperelliptic. If ι : C → P1 ×P1 denotes the
embedding, then the canonical sheaf on C is isomorphic to ι∗OP1×P1(a − 2, b − 2)
[10, Prop. II.8.20 and Exm. II.8.20.3]. If a, b > 2, then this is very ample, so C is
not hyperelliptic [10, Prop. IV.5.2]. This finishes the proof. �
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Lemma 2.7. Let D be a smooth projective irreducible curve over an algebraically
closed field of characteristic not equal to 2, with genus g(D) and function field k(D).
Let h ∈ k(D) be a rational function on D and let a denote the number of points on
D where h has odd valuation. If a > 0, then k(D)[x]/(x2 − h) is a function field,
corresponding to a smooth projective irreducible curve C whose genus g(C) equals
g(C) = 2g(D) − 1 + a/2.

Proof. There is a point where h has odd valuation, so h is not a square and x2 − h
is irreducible. It follows that k(D)[x]/(x2 − h) is a function field, corresponding
to some smooth projective irreducible curve C. The inclusion of function fields
corresponds to a morphism ϕ : C → D of degree 2, which is separable as the
characteristic is not equal to 2. The map ϕ ramifies at all points on D where h has
odd valuation. For each such point Q there is a unique P ∈ C with ϕ(P ) = Q, at
which the ramification index eP satisfies 2 ≤ eP ≤ degϕ = 2, so eP = 2. From the
theorem of Riemann-Hurwitz [10, Cor. IV.2.4] we find

2g(C) − 2 = degϕ · (2g(D) − 2) +
∑

P∈C

(eP − 1) = 2(2g(D) − 2) + a,

from which we get g(C) = 2g(D) − 1 + a/2. �

The following lemma is no more than a reformulation that we will use repeatedly.

Lemma 2.8. Let D ⊂ A2 be a plane curve over an algebraically closed field, and P
a smooth point on D corresponding with valuation vP . Let h be a rational function
on A2 that is regular on an open neighborhood U ⊂ A2 of P . Let X ⊂ U be the
vanishing locus of h on U . Then vP (h) > 0 if and only if P is on X and vP (h) = 1
if and only if X intersects D transversally at P .

Proof. Let OA,P and OD,P be the local rings of P in A2 and D respectively. Since
A2 is smooth at P , the curve D is locally principal at P , say given by f = 0 with
f regular at P . Then there is an isomorphism OD,P

∼= OA,P /(f) of local rings.
The point P lies on X if and only if h is contained in the maximal ideal of OA,P ,
so if and only if h is contained in the maximal of OD,P , i.e., vP (h) > 0. The
intersection multiplicity of D and X at P is given by the length of OA,P /(f, h) ∼=
OD,P /(h), which equals vP (h). By definition this intersection is transversal when
the multiplicity is 1, so when vP (h) = 1. �

3. The standard model for the character varieties

For all integers k, l with l even, so that J(k, l) is a knot, we will define a model
for the PSL2(C)-character variety of J(k, l) that is similar to the one often used in
the literature. The following polynomials will be useful.

Definition 3.1. Set f0 = 0 and f1 = 1. For all other j ∈ Z, let fj ∈ Z[u] be
determined inductively (up and down) by the relation fj+1 − ufj + fj−1 = 0. For
all integers j we define gj by gj = fj − fj−1.

For notational convenience, we merge the sequences (fj)j and (gj)j into a se-
quence (Φk)k as follows.

Definition 3.2. For each integer j we define Φ2j = fj and Φ2j−1 = gj. Further-
more, for each integer k we set Ψk = Φk+1 − Φk−1.
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Lemma 3.3. Let j be any integer. We have f−j = −fj and g−j = gj+1. If j 6= 0
then the polynomial fj has degree |j| − 1 and is odd or even, based on the parity of
its degree. The polynomial gj has degree j − 1 for j > 0 and degree −j for j ≤ 0.
We also have fj(2) = j and gj(2) = 1.

Proof. The follows immediately by induction with respect to j, both upwards and
downwards. �

Lemma 3.4. In the ring Z[u][s]/(s2 −us+1) ∼= Z[s, s−1] we have u = s+ s−1 and
fj = (sj − s−j)/(s− s−1) and gj = (sj + s1−j)/(s+ 1). We also have fj−1fj+1 =
f2

j − 1 and gjgj+1 = (u− 2)f2
j + 1.

Proof. The expression for fj follows from induction, and the expression for gj fol-
lows immediately. The last equations are easily checked in terms of s. �

Lemma 3.5. Let k be any integer. Then we have Φk+2 = uΦk −Φk−2 and Ψk+2 =
uΨk − Ψk−2. We also have Φk = (−1)k+1Φ−k and Ψk = (−1)k+1Ψ−k, while
deg Φk = ⌊(|k| − 1)/2⌋. Finally, we have

Ψk =

{

(u− 2)Φk = (u− 2)fj if k = 2j is even,
Φk = gj if k = 2j − 1 is odd.

Proof. The first statement follows from Definition 3.1 and the second from Lemma
3.3. The last statement follows from Definition 3.2 and the identity gj+1 − gj =
(u− 2)fj , which is immediate from Definition 3.1. �

Lemma 3.6. Suppose A,B ∈ SL2(C) satisfy trA = trB. Set y = trA2 and r =
trA−1B. Let k be any integer and set m = ⌊k/2⌋. Define Wk = (AB−1)m(A−1B)m

if k is even and Wk = (AB−1)mAB(A−1B)m if k is odd. Then we have

trWk = Φ−k(r)Ψk(r)(y − r) + 2.

Proof. By Cayley-Hamilton we have (trM)·I = M+M−1 and (trN)·I = N+N−1

for all M,N ∈ SL2(C). Taking traces after multiplying the former equation by N
from the right and the latter by M from the left, we obtain

(7) tr
(

MN
)

= (trM)(trN) − tr
(

M−1N
)

= (trM)(trN) − tr
(

MN−1
)

for all M,N ∈ SL2(C). Set ck,d = tr
(

Wk(A−1B)d
)

and

γk,d = Φ−k(r)Ψk+2d(r)(y − r) + fd+1(r) − fd−1(r).

The Lemma is equivalent to the special case d = 0 of the stronger statement that
ck,d = γk,d for all integers k, d. We will prove by induction with respect to k that
this is true for k and all integers d. We first use induction with respect to d for
−1 ≤ k ≤ 1. we have c0,0 = tr I = 2 = γ0,0 and c0,1 = tr

(

A−1B
)

= r = γ0,1

and c1,−1 = tr
(

A2
)

= y = γ1,−1. Set x = trA = trB. Then by (7) we have

y = tr
(

A2
)

= (trA)2 − tr I = x2 − 2 and thus

c1,0 = trW1 = tr
(

AB
)

= (trA)(trB) − tr
(

A−1B
)

= x2 − r = y − r + 2 = γ1,0.

We also have c−1,0 = tr
(

BA
)

= tr
(

AB
)

= γ1,0 = γ−1,0 and c−1,1 = tr
(

B2
)

=

(trB)2 − tr I = x2 − 2 = y by (7). Also by (7), we have

ck,d+1 = tr
(

Wk(A−1B)d+1
)

= tr
(

Wk(A−1B)d(A−1B)
)

(8)

= tr
(

Wk(A−1B)d
)(

trA−1B
)

− tr
(

Wk(A−1B)d−1
)

= rck,d − ck,d−1.
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The sequence (γk,d)d satisfies the same recursion, so by induction (increasing and
decreasing) we find ck,d = γk,d for −1 ≤ k ≤ 1 and all integers d. Therefore, we get

c2,0 = tr
(

AB−1A−1B
)

=
(

trAB−1A−1
)(

trB
)

− tr
(

(AB−1A−1)−1B
)

=
(

tr(B−1)
)(

trB
)

− tr
(

ABA−1B
)

= x2 − c1,1 = y + 2 − γ1,1 = γ2,0.

Together with c2,−1 = tr
(

AB−1
)

= tr
(

B−1A
)

= tr
(

(B−1A)−1
)

= tr
(

A−1B
)

=
r = γ2,−1 this is the basis for the induction that shows c2,d = γ2,d for all integers
d, the induction step following again from (8). Now by (7) we have

ck+2,d = tr
(

Wk+2(A
−1B)d) = tr

(

(AB−1)Wk(A−1B)d+1
)

=
(

tr(AB−1)
)(

tr(Wk(A−1B)d+1)
)

− tr
(

(AB−1)−1Wk(A−1B)d+1
)

= rck,d+1 − tr
(

Wk−2(A
−1B)d+2

)

= rck,d+1 − ck−2,d+2.

From Lemma 3.5 it follows that we also have γk+2,d = rγk,d+1 − γk−2,d+2 for all
integers k and d. By induction with respect to k it follows that ck,d = γk,d for all
integers k and d. �

Analogous to §2.2.2, for any integer k, any λ0 ∈ C∗, and r0 ∈ C, we letWk(λ0, r0)
denote the right-hand side of (5) with A(λ0) and B(λ0, r0) substituted for a and
b. Then for any integers k, n, the assignments a 7→ A(λ0) and b 7→ B(λ0, r0)
can be extended to a representation ρ ∈ R(π1(k, 2n)) if and only if we have
A(λ0)Wk(λ0, r0)

n = Wk(λ0, r0)
nB(λ0, r0), which results in four equations in λ0

and r0. Again these equations reduce to a single equation in r0 and λ0.

Proposition 3.7. Let k, n be any integers. Consider the ring Q[r, λ, λ−1] and let
I denote the ideal generated by the four entries of the matrix A(λ)Wk(λ, r)n −
Wk(λ, r)nB(λ, r). Then I is generated by

(9) Fk,n(λ, r) = fn(trWk(λ, r)) · Fk,1(λ, r) − fn−1(trWk(λ, r))

with

Fk,1(λ, r) = −Φ−k(r)Φk−1(r)(y − r) + 1,

and with y = λ2 + λ−2.

Proof. By Cayley-Hamilton we have M2 = tM − I for a matrix M ∈ SL2(C) with
trace t; by induction, both up and down, we find

(10) M j = fj(t) ·M − fj−1(t) · I

for all j ∈ Z. Completely analogous to Proposition 2.2, we find Fk,n = (λ −
λ−1)W12 + W22, where Wij denotes the (i, j)-entry of Wk(λ, r)n. Let wij be the
(i, j)-entry of Wk(λ, r) and set t = tr(Wk). Then from (10) we have W12 = fn(t)w12

and W22 = fn(t)w22 − fn−1(t), which implies Fk,n = fn(t)Fk,1 − fn−1(t). From
(10) we also find

Wk(λ, r) = (fm(r)AB−1 − fm−1(r)I)(fm(r)A−1B − fm−1(r)I)

if k = 2m is even and

Wk(λ, r) = (fm(r)AB−1 − fm−1(r)I)AB(fm(r)A−1B − fm−1(r)I)

if k = 2m+ 1 is odd, with A = A(λ) and B = B(λ, r). From this one easily checks
that Fk,1 = (λ− λ−1)w12 + w22 is indeed as given. �
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Recall that for all integers k, l, the SL2(C)- and PSL2(C)-character varieties of
the fundamental group π1(k, l) of the complement of J(k, l) in S3 are denoted by
X(k, l) and Y (k, l) respectively.

Proposition 3.8. Let k, l be any integers with l even. The variety Y (k, l) is iso-
morphic to the subvariety C(k, l) of A2(r, y) defined by

C(k, l) : fn(t)
(

Φ−k(r)Φk−1(r)(y − r) − 1
)

+ fn−1(t) = 0,

with t = Φ−k(r)Ψk(r)(y− r) + 2 and n = l/2. The variety X(k, l) is isomorphic to
the double cover of C(k, l) defined in A2(r, x) by y = x2 − 2.

Proof. Let Wk(λ, r) be as in Proposition 3.7. Then t = trWk(λ, r) by Lemma 3.6.
We conclude that C(k, l) is the curve given by Fk,n = 0 (in terms of r and y)
in A2(r, y). Completely analogous to §2.2.2, the varieties X(k, l) and Y (k, l) have
models in A2(r, x) and A2(r, y) given by Fk,n = 0 in terms of r and x and in terms
of r and y respectively. The proposition follows. �

Note that if kl = 0, then the variety C(k, l) is empty. This reflects the fact that
in those cases J(k, l) is the trivial knot, so π1(k, l) is a free abelian group, which
has no nonabelian representations. The following lemma will be useful later.

Lemma 3.9. Suppose k, l are integers with l even. If P = (r0, y0) ∈ C(k, l)(Q) is
a point with Ψk(r0) = 0, then k is even and P = (2, 2 − 4

kl ).

Proof. By assumption the variety C(k, l) is not empty, so we conclude kl 6= 0. Set
n = l/2 and t0 = Φ−k(r0)Ψk(r0)(y0 − r0) + 2. Then by Proposition 3.8 we have

(11) fn(t0)
(

Φ−k(r0)Φk−1(r0)(y0 − r0) − 1
)

+ fn−1(t0) = 0.

From Ψk(r0) = 0 we get t0 = 2, and by Lemma 3.3 we have fn(t0) = n and
fn−1(t0) = n − 1. Suppose we had Φ−k(r0) = 0. Then the left-hand side of (11)
equals −n + (n − 1) = −1. From this contradiction we conclude Φ−k(r0) 6= 0. If
k were odd then we would have 0 = Ψk(r0) = Φ−k(r0) 6= 0 by Lemma 3.5, so we
conclude that k is even and find 0 = Ψk(r0) = (2 − r0)Φ−k(r0) by Lemma 3.5.
This implies r0 = 2. By Lemmas 3.3 and 3.5 we then have Φ−k(r0) = − 1

2k and

Φk−1(r0) = 1, so the left-hand side of (11) equals n(− 1
2k(y0 − 2) − 1) + n − 1.

Solving (11) for y0 gives y0 = 2 − 2
kn = 2 − 4

kl . �

The models of X(k, l) and Y (k, l) described in Proposition 3.8, up to perhaps a
linear transformation, are the standard models. Their usual projective closures in
P2 and P1 ×P1 are highly singular. Note that the trace tr(Wk) is linear in y for all
nonzero integers k. We can exploit this to give a model of Y (k, l) with a smooth
completion in P1 × P1. This will be done in the next section.

4. A new model for the character varieties

In this section we introduce a new model for Y (k, l). It does not respect inte-
grality, but is geometrically nicer than the standard model in the sense that it is
projective and all its irreducible components are smooth. The coordinates r and
y from the previous section are the trace functions ta−1b and ta2 respectively. For
the new model we will replace y by the trace function t = tWk

, which is linear in y.
Let D(k, l) be the variety in P1

Q(r) × P1
Q(t) that is the projective closure of the

affine variety given by

(12) Φk+1(r)Φl−1(t) = Φk−1(r)Φl+1(t).
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Note that for l = 2n, expressed in terms of the polynomials fj and gj this is

gm+1(r)gn(t) = gm(r)gn+1(t) if k = 2m, l = 2n
fm+1(r)gn(t) = fm(r)gn+1(t) if k = 2m+ 1, l = 2n.

Subtracting Φk−1(r)Φl−1(t) from both sides of (12), and using Definition 3.2, we
find that D(k, l) is also given by the alternate equations

(13) Ψk(r)Φl−1(t) = Φk−1(r)Ψl(t).

Remark 4.1. Let k, n be any integers. For k = n = 0, the variety D(k, 2n) is the
full P1 × P1, while for k = ±1 and n ∈ {0, k}, it is in fact empty. Suppose we are
not in any of those cases. Then D(k, 2n) has dimension 1, and from Lemma 3.5
one quickly finds the bidegree of D(k, 2n). It equals (⌊|k|/2⌋, |n|) when k 6= ±1. For
k = ±1 the bidegree equals (0, kn− 1) if kn > 0 and it equals (0,−kn) if kn < 0.

In some sense it seems natural to include the line given by t = ∞ in D(k, 2n)
when k = ±1 and kn > 0; then D(k, 2n) would be a curve of bidegree (⌊|k|/2⌋, |n|),
as long as this differs from (0, 0). Doing this is also natural in the sense that it
would follow from a slightly different definition for D(k, 2n) that gives an explicit
equation on an affine chart that includes the line t = ∞. We have chosen not to
do this in order to keep D(k, 2n) birationally equivalent with the standard model
C(k, 2n) for Y (k, 2n). Before we prove this, we state a few lemmas.

Lemma 4.2. For every j ∈ Z the ideals (gj , gj−1), (fj , fj−1), (Φj+1,Φj−1), and
(Ψj ,Φj−1) of Z[u] all equal the unit ideal.

Proof. From the identity 1 = fj−1gj−1 − fj−2gj we find that the first ideal is the
unit ideal. The identities in Lemma 3.4 show that the second ideal and the ideal
((u−2)fi, gi) = (Ψ2i,Φ2i−1) are unit ideals for any integer i. From gi+1 = fi+1−fi

it follows that (Ψ2i+1,Φ2i) = (gi+1, fi) = (fi+1, fi) = (1). This proves that the last
ideal is the unit ideal both when j is odd and when j is even. The third ideal is of
the form of the first or second ideal, depending on the parity of j, so it is also the
unit ideal. �

Lemma 4.3. Let k, l be any integers and P = (r0, t0) a Q-point on the standard
affine part of P1 × P1. Then the following statements are equivalent.

(1) We have Ψk(r0) = Ψl(t0) = 0.
(2) The point P lies on D(k, l) and Ψk(r0) = 0.
(3) The point P lies on D(k, l) and Ψl(t0) = 0.

Proof. To show equivalence of (1) and (2), assume we have Ψk(r0) = 0. From
Lemma 4.2 we conclude Φk−1(r0) 6= 0, so (13) shows that P lies on D(k, l) if and
only if Ψl(t0) = 0. Equivalence of (1) and (3) follows by symmetry. �

Proposition 4.4. Suppose k, l are integers with l even and kl 6= 0. The map
A2(r, y) → P1(r) × P1(t) that sends (r, y) to (r, tr(Wk)), with tr(Wk) as in Lemma
3.6, induces a birational morphism from C(k, l) to D(k, l).

Proof. Let σ denote the map described. It is clearly well defined everywhere and
therefore induces a morphism from C(k, l) to its image. By Lemma 3.6, the map
σ is given by (r, y) 7→ (r,Φ−k(r)Ψk(r)(y − r) + 2), which has a birational inverse,
given by (r, t) 7→ (r, r + (t− 2)Φ−k(r)−1Ψk(r)−1). Note that Φ−k divides Ψk, so σ
induces an isomorphism from the open subset U of A2(r, y) given by Ψk(r) 6= 0 to
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the open subset V of the standard affine part of P1(r) × P1(t) given by Ψk(r) 6= 0.
These open sets are dense because Ψk 6= 0 for k 6= 0. Set n = l/2. By Proposition
3.7 the image σ(C(k, l)) is on V given by

fn(t)

(

(t− 2)Φk−1(r)

Ψk(r)
− 1

)

+ fn−1(t) = 0,

which is equivalent to the equation for D(k, l) in (13) by Lemma 3.5. Therefore
U∩C(k, l) is isomorphic with V ∩D(k, l). Since l 6= 0, there are only finitely many t0
with Ψl(t0) = 0. Therefore, by Lemmas 3.9 and 4.3, the curves C(k, l) and D(k, l)
contain no full components outside U and V respectively, so they are isomorphic
outside a finite number of points, and therefore birationally equivalent. �

Remark 4.5. We have already seen that Y (k, l) is empty if kl = 0. Suppose |k| = 1
and l 6∈ {0, 2k} or suppose k = l ∈ {±2}. Then D(k, l) consists of a finite number
of lines (cf. Remark 4.1). By Proposition 4.4 this implies that C(k, l) and Y (k, l)
consist of a number of curves of genus 0. The corresponding knots J(k, l) are not
hyperbolic in all these cases and we will not give them much further attention.

Note that from Lemma 3.5 it follows that D(k, l) and D(−k,−l) are the same,
reflecting the fact that J(−k,−l) is the mirror image of J(k, l).

The symmetry of the equation for D(k, l) in (12) shows that the automorphism
of P1×P1 that sends (r, t) to (t, r), induces an isomorphism from D(k, l) to D(k, l).
Since r and t are the traces of the elements β and α in the fundamental group
of S3 \ J(k, l) respectively, as described in Figure 4, it follows from the discussion
at the end of §2.3 that this isomorphism is induced by turning upside down the
4-plat representation as in Figure 2, which also switches α and β. In particular this
applies when k = l 6= 0, in which case D(l, l) contains an irreducible component
given by r = t. This means that Y (l, l) is reducible for |l| > 2. The reducibility of
Y (l, l) for |l| > 2 was already known from [22], [28], as for the associated two-bridge
knot K(p, q) we have q2 ≡ 1 (mod p). We can now identify the component given
by r = t.

Proposition 4.6. Suppose l is an even integer and |l| > 2. Then under the bi-
rational equivalence between Y (l, l) and D(l, l), the irreducible component Y0(l, l)
corresponds to the line given by r = t.

Proof. The automorphism of D(l, l) that sends (r, t) to (t, r) is induced by turning
upside down the 4-plat presentation in Figure 2. By [22, proof of Prop. 5.5],
this involution acts trivially on the component Y0(l, l) of Y (l, l). This implies that
Y0(l, l) corresponds to the line given by r = t. �

Proof of Theorem 1.4. Let ρ : π1

(

S3 \J(k, l)
)

→ SL2(C) denote a lift of the discrete

faithful representation (cf. end of §2.1.1). By definition the trace field F
(

J(k, l)
)

of J(k, l) is generated by the traces of the elements in the image of ρ, so it equals
the field of definition of the point χ on X(k, l) associated to ρ. The images of
meridians under ρ are parabolic (this follows from [33, Ch. 5], cf. [28, §2] and
[25, §1]), so their traces equal ±2. Therefore, in terms of the coordinates r, x as
in Proposition 3.8, the point χ satisfies x = ±2 and maps to the point (r0, 2) on
C(k, l) ⊂ A2(r, y) for some r0 ∈ C. The trace field then equals Q(r0). Substituting
y = 2 in the equation for C(k, l) gives a polynomial with root r0 of degree −kl/2
if kl < 0 and degree kl/2 − 1 if kl > 0. This proves the first two bounds. If k = l,
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then the canonical component of Y (l, l) corresponds by Propositions 4.4 and 4.6 to
the component of C(k, l) given by r = Φ−k(r)Ψk(r)(y − r) + 2. Substituting y = 2
and taking out a factor r − 2 gives an equation of degree |l| − 1, which proves the
final upper bound. The first two bounds also follow immediately from [25, §3]. �

Based on Proposition 4.6, we give the following definition.

Definition 4.7. For each nonzero even integer l, let D0(l, l) denote the compo-
nent of D(l, l) given by r = t and let D1(l, l) denote the projective closure of the
scheme-theoretic complement of D0(l, l) in D(l, l); if |l| > 2, then we denote the
scheme-theoretic complement of Y0(l, l) in Y (l, l) by Y1(l, l) and the scheme-theoretic
complement of X0(l, l) in X(l, l) by X1(l, l).

Note that D1(2n, 2n) is given by (gn+1(r)gn(t) − gn(r)gn+1(t))/(t − r) = 0 for
any nonzero integer n. For |n| = 1 (the trefoils, which are nonhyperbolic), we see
that D1(2n, 2n) is empty; for |n| > 1 it is of bidegree (|n| − 1, |n| − 1).

5. Smoothness and Irreducibility of the character varieties

In this section we will prove the following theorem, covering all hyperbolic knots
of the form J(k, l).

Theorem 5.1. Let l be an even integer with |l| ≥ 2. If k is an integer with k 6= l
and |k| ≥ 2, then D(k, l) is smooth over Q. If |l| > 2, then D1(l, l) is smooth over
Q.

We split the proof of the first part of Theorem 5.1 into three cases, based on
the parity of k and the sign of kl in case k is even. Theorem 5.1 will be proved at
the end of this section as a corollary of Propositions 5.8, 5.11, 5.20, and 5.21. The
approach is the same for all cases, but the details are different. We first sketch the
idea behind our approach.

Definition 5.2. For each integer k we set hk = Φk+1/Φk−1.

Suppose k, l are integers and P = (r0, t0) is a singular point on the affine part of
D(k, l). We show that this implies Φk−1(r0) 6= 0 and Φl−1(t0) 6= 0. Then D(k, l)
can be given around P by hk(r) = hl(t). The fact that P is a singular point is then
equivalent with the fact that r0 and t0 are critical points for hk and hl respectively.
We show that for each k, the values of hk at its critical points are all different
from each other, and they are also different from the values of hl at all its critical
points when k 6= l. This is done using complex absolute values or p-adic valuations,
depending on the case. The equation hk(r0) = hl(t0) then implies k = l and r0 = t0.
Indeed, for k = l the component D0(l, l) given by r = t intersects the curve D1(l, l)
in singular points of D(l, l).

Definition 5.3. For every n ∈ Z, set Fn = f ′n+1fn − fn+1f
′
n and Gn = g′n+1gn −

gn+1g
′
n.

Note that Fn and Gn are the numerators of the derivatives of fn+1/fn and h2n.
We first state some facts.

Lemma 5.4. For every n ∈ Z the following statements hold.

(1) If n 6= 0, then the polynomial fn is separable.
(2) The polynomials Fn and Gn have leading coefficient ±1.



20 MELISSA L. MACASIEB KATHLEEN L. PETERSEN RONALD M. VAN LUIJK

(3) We have (u+ 2)Gn = f2n + 2n = s2n−s−2n

s−s−1 + 2n in Z[u][s]/(s2 − us+ 1).

(4) We have Gn(2) = n and Gn(−2) = 1
3n(4n2 − 1).

(5) For any field F with characteristic not dividing 2n − 1, the polynomial gn

is separable over F and we have (Gn, gn) = (1) in F[u].

Proof. Set h = (sn+1 − sn−1)fn ∈ Z[u][s]/(s2 − us+ 1) ∼= Z[s, s−1]. Then we have
h = s2n − 1, which is separable, as sdh

ds − 2nh = 2n is a nonzero constant for n 6= 0.
We conclude that fn does not have multiple factors either, which proves (1).

The polynomials gn and gn+1 are monic, while their degrees differ by 1. This
implies that the leading terms of g′n+1gn and g′ngn+1 also differ by 1. Therefore,
their difference Gn indeed has leading coefficient ±1. The same argument applies
to Fn, which proves (2).

The identity in (3) is easily verified in Z[s, s−1]. Note that we have g′n =
dgn

ds /
du
ds = dgn

ds · s2

s2−1 .

One can prove (4) by dividing the identity of (3) by u+ 2 = s−1(s+ 1)2, setting
s = ±1 and applying l’Hôpital’s rule. Alternatively, it follows from induction that
we have gn(−2) = (−1)n−1(2n − 1), while by Lemma 3.3 we have gn(2) = 1.
From g′n+1 = [ugn − gn−1]

′ = ug′n − g′n−1 + gn we then find by induction that

g′n(2) = 1
2n(n − 1), while we have g′n+1(−2) = (−1)n 1

6n(n − 1)(2n − 1). It follows
that Gn(±2) is as given.

For (5), let F be a field with characteristic not dividing 2n − 1. By Lemma 3.4
we have (s + 1)sn−1gn = s2n−1 + 1 and the reduction of this polynomial to F is
separable. Then the reduction of the polynomial gn has no multiple factors either,
so gn is separable over F. The ideal (Gn, gn) ⊂ F[u] contains g′n+1gn−Gn = gn+1g

′
n.

By Lemma 4.2, the polynomials gn and gn+1 have no roots in common, and as gn

is separable over F, it also has no roots in common with g′n, so in F[u] we find
(1) = (gn, gn+1g

′
n) = (Gn, gn), which finishes the proof of (5). �

For each integer k, set ∆k = Φ′
k+1Φk−1 − Φk+1Φ

′
k−1. Note that for even k, say

k = 2m, we have ∆k = Gm, while for odd k, say k = 2m+ 1, we have ∆k = Fm.

Lemma 5.5. Let k and l be any integers with l even. Suppose P = (r0, t0) is a
singular Q-point of the standard affine part of D(k, l). Then we have Φk−1(r0) 6=
0 6= Φl−1(t0) and ∆k(r0) = ∆l(t0) = 0.

Proof. Set F = Φk+1(r)Φl−1(t) − Φk−1(r)Φl+1(t) and Fx = ∂F/∂x for x = r, t.
Then we have F (P ) = Fr(P ) = Ft(P ) = 0, so also

0 = Φ′
l−1(t0)F (P ) − Φl−1(t0)Ft(P ) = Φk−1(r0)∆l(t0)

and

0 = Φ′
l+1(t0)F (P ) − Φl+1(t0)Ft(P ) = Φk+1(r0)∆l(t0).

By Lemma 4.2 we can not have Φk−1(r0) = Φk+1(r0) = 0, so we have ∆l(t0) = 0
and, similarly, ∆k(r0) = 0. Since l is even, say l = 2n, we have ∆l = Gn. From
Lemma 5.4(5) we conclude Φl−1(t0) = gn(t0) 6= 0. If we had Φk−1(r0) = 0, then
F (P ) = 0 would imply Φk+1(r0) = 0, which contradicts Lemma 4.2. We conclude
Φk−1(r0) 6= 0. �

The following lemma will be used to prove smoothness at infinity.

Lemma 5.6. Let e, f ∈ Z[r] and g, h ∈ Z[t] be nonzero separable polynomials, and
assume that deg e− deg f = ±1 and deg g − deg h = ±1. Let C ⊂ P1(r) × P1(t) be
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the projective closure of the affine curve given by e(r)g(t) = f(r)h(t). Then C is
smooth at its points at infinity and the two lines at infinity intersect C transversally
everywhere.

Proof. Set r′ = r−1 and t′ = t−1 in the function field Q(r, t) of P1 ×P1 over Q. Let
L be the line at infinity given by r′ = 0. By symmetry between r and t it suffices
to consider the points in L∩C. This means it suffices to check all points on C with
r′ = 0 in the affine patches with coordinates (r′, t) and (r′, t′). Set a = deg e and
b = deg g. By symmetry between (e, g) and (f, h) we may assume deg f = a + 1.
Set e′(r′) = r′ deg ee(1/r′) and define f ′, g′, h′ similarly. Note that e′, f ′, g′, h′ do
not vanish at 0. Then on the affine patch with coordinates (r′, t), the curve C is
given by r′e′(r′)g(t) = f ′(r′)h(t). Now first consider the case deg h = b+ 1. Then
C is of bidegree (a + 1, b + 1). The line L is of bidegree (1, 0), so the intersection
number L ·C equals b+1, when counting the intersection points with multiplicities.
For each root τ of h(t) there is a point (r′, t) = (0, τ) on L∩C, so there are at least
b+ 1 different points on L ∩ C. This implies that all intersection multiplicities are
1, which shows that all points on L ∩ C are nonsingular and all intersections are
transversal. Now consider the case deg h = b− 1. Then C is of bidegree (a+ 1, b),
so we have L · C = b. On the patch with coordinates (r′, t′), the curve C is given
by r′e′(r′)g′(t′) = t′f ′(r′)h′(t′). Now if h(0) 6= 0, then deg h′(t′) = b − 1, and for
each of the b roots τ of t′h′(t′) there is a point (r′, t′) = (0, τ) on L∩C. If h(0) = 0,
then h has a simple root at 0 as h is separable, so deg h′(t′) = b− 2 and there are
also b points on L ∩ C, namely (r′, t) = (0, 0) and the b − 1 points (0, τ) for any
root τ of t′h′(t′). In either case we find that all intersection multiplicities are 1, so
all points on L ∩ C are nonsingular and the intersections are transversal. �

In the case that k is even and kl is negative we use the following lemma. Recall
that we have h2n = Φ2n+1/Φ2n−1 = gn+1/gn.

Lemma 5.7. Let n be any nonzero integer, and ω ∈ C a root of Gn. If n > 0, then
|h2n(ω)| > 1, and if n < 0, then |h2n(ω)| < 1.

Proof. Note that h2n(ω) is well defined, as gn(ω) 6= 0 by Lemma 5.4(5). Assume
n > 0, and choose a σ ∈ C∗ such that ω = σ + σ−1. Then from Lemma 5.4(3) we
find σ2n − σ−2n = −2n(σ − σ−1), which shows that σ2n − σ−2n and σ − σ−1 are
in opposite half-planes (upper and lower half-plane, both including the real line).
Note that for each z ∈ C∗, the values of z, z − z−1, and z − z are all in the same
half-plane, so we conclude that σ2n − σ2n and σ − σ are in opposite half-planes.
Since both these values are purely imaginary, we conclude (σ − σ)(σ2n − σ2n) ≥ 0,
with equality if and only if σ2n is real. Set α = σσ = |σ|2 > 0. Then α and α2n

either both exceed 1, or they both do not, and we have (α − 1)(α2n − 1) ≥ 0 in
either case, with equality if and only if α = 1. Now we have

|σ2n+1 + 1|2−|σ2n + σ|2 = (σ2n+1 + 1)(σ2n+1 + 1) − (σ2n + σ)(σ2n + σ)

= (α− 1)(α2n − 1) + (σ − σ)(σ2n − σ2n) ≥ 0,(14)

with equality if and only if |σ|2 = α = 1 and σ2n is real, so if and only if σ2n = ±1.
If σ2n = ±1, then from σ2n − σ−2n = −2n(σ − σ−1) we find σ = σ−1, so σ = ±1,
and ω = ±2. From Gn(2) = n and Gn(−2) = 1

3n(4n2 − 1) (see Lemma 5.4) we

conclude that the inequality in (14) is strict, and |σ2n+1 + 1| > |σ2n + σ|. As we
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have gn(ω) = (σn + σ1−n)/(σ + 1), we get

|h2n(ω)| =

∣

∣

∣

∣

σ2n+1 + 1

σ2n + σ

∣

∣

∣

∣

> 1.

The proof for n < 0 is similar. In that case σ − σ and σ2n − σ2n are in the same
half-planes, and (α− 1)(α2n − 1) ≤ 0. �

We now have all tools to handle the case that k is even and kl is negative. This
is done in the following proposition.

Proposition 5.8. Let k, l be any even integers with kl < 0. Then D(k, l) is smooth
over Q.

Proof. Set m = k/2 and n = l/2. The curve D(k, l) is the same as D(−k,−l),
so without loss of generality we assume l > 0 and k < 0. We will argue over
C. Assume P = (r0, t0) is a singular point of the standard affine part of D(k, l)
with r0, t0 ∈ C. By Lemma 5.5 we have gm(r0) 6= 0 6= gn(t0), so we may rewrite
F (P ) = 0 as hk(r0) = hl(t0). This contradicts the fact that from Lemma 5.7 we
have |hk(r0)| < 1 < |hl(t0)|, so there is no singular point on the affine part of
D(k, l). The points at infinity are smooth by Lemma 5.6. �

We will see that in the remaining cases (k is odd or kl is positive) we can use
non-archimedean places instead of complex absolute values. We use the following
lemmas.

Lemma 5.9. For every n ∈ Z, we have the following identities

2 − u = g2
n+1 + g2

n − ugngn+1,(15)

(4 − u2)Gn = (2n+ 1)g2
n + (2n− 1)g2

n+1 − 2nugngn+1,(16)

(4 − u2)Gn = g2
n − g2

n+1 − 2n(u− 2),(17)

(u2 − 4)Fn = f2
n+1 − f2

n − (2n+ 1).(18)

Proof. All these identities can be verified in Z[u][s]/(s2 − us+ 1) ∼= Z[s, s−1]. Note

that we have g′n = dgn

ds /
du
ds = dgn

ds · s2

s2−1 , and something similar for f ′n. Equation (15)
also follows from the last equation of Lemma 3.4 and the relation tfn = fn+1+fn−1.
Equation (17) also follows by subtracting 2n times the equation (15) from (16). �

It turns out that for the non-archimedean places it is more useful to look at the
values of h2

l − 1 than those of hl, which we used in the case that k is even and kl
is negative. For any integer n and any root ω of Gn we have gn(ω) 6= 0 by Lemma
5.4(5); dividing equation (17) by gn(ω)2, we get

(19) h2n(ω)2 − 1 =

(

gn+1(ω)

gn(ω)

)2

− 1 =
2n(2 − ω)

gn(ω)2
.

Recall from §2.4 that for any prime p, the discrete valuation on Q associated to
p is denoted by vp and satisfies vp(p) = 1. We scale each discrete valuation v on
any number field so that it restricts to vp on Q for some prime p, i.e., such that
v(p) = 1.

Lemma 5.10. Let n be any integer, and p a prime dividing 2n. Let K be a number
field containing a root ω of Gn. Let v be a valuation on K with v(p) = 1. Then
v(gn(ω)) = 0.
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Proof. By Lemma 5.4(2) the polynomial Gn is monic, so ω is an algebraic integer.
Let p be the prime associated with v, and Fp its residue field. Then the character-
istic p of Fp does not divide 2n− 1, so by Lemma 5.4(5) the reduction of gn(ω) to
Fp is not 0. This implies v(gn(ω)) = 0. �

From Lemma 5.10 we find that if ω is a root of Gn, and v is some extension
of the valuation associated to a prime dividing 2n, then the valuation at v of the
element in (19) equals v(2n) + v(ω − 2). The proof of the following proposition
shows that for odd k, in order to show that D(k, 2n) is smooth, it suffices to note
that this valuation is at least 1.

Proposition 5.11. Let k, l be any nonzero integers with k odd, l even, and |k| ≥ 2.
Then the curve D(k, l) is smooth over Q.

Proof. Set m = (k − 1)/2 and n = l/2, so that k = 2m + 1 and l = 2n. Assume
P = (r0, t0) is a singular point over Q of the standard affine part of D(k, l). Let K
be the number field Q(r0, t0), and let v be the valuation on K associated to a prime
above 2, normalized so that v(2) = 1. By Lemma 5.5 we have fm(r0) 6= 0 6= gn(t0)
and Fm(r0) = Gn(t0) = 0. From Lemma 5.10 we then conclude v(gn(t0)) = 0. Now
around P the curve D(k, l) is given by fm+1(r)/fm(r) = gn+1(t)/gn(t), which by
(19) and (18) of Lemma 5.9 implies

2m+ 1

fm(r0)2
=

2m+ 1 + (r20 − 4)Fm(r0)

fm(r0)2
=
fm+1(r0)

2 − fm(r0)
2

fm(r0)2

=

(

fm+1(r0)

fm(r0)

)2

− 1 =

(

gn+1(t0)

gn(t0)

)2

− 1 =
2n(2 − t0)

gn(t0)2
.

This contradicts the fact that the valuation at v of the left-hand side is at most
0, while the valuation of the right-hand side is at least 1. We conclude that no
singular point P exists on the affine part. By Lemma 5.6 there are also no singular
points at infinity. �

The only remaining case is the case that k is even and kl is positive. We deal
with this case by investigating the possible values of the valuation of the expression
in (19) at some valuation extending vp for some prime p dividing 2n.

Lemma 5.12. Let n be a positive integer and p a prime dividing n and set e =
vp(n). Then for any integer j ≥ 0 we have vp

((

n
pj

))

= max(e − j, 0) and for any

0 < k < pj we have vp

((

n
k

))

> e− j.

Proof. For j > e the statement is trivial, as
(

n
k

)

is an integer, so we may assume

j ≤ e. Let l be any integer satisfying 1 ≤ l ≤ pe, and write
(

n
l

)

as

(

n

l

)

=
n

l
·

l−1
∏

i=1

n− i

i
.

For all i with 1 ≤ i < pe we have vp(i) < vp(n), so vp(n−i) = vp(i) and vp

(

n−i
i

)

= 0.

Therefore, we have vp

((

n
l

))

= vp(n) − vp(l). Applying this to l = k and l = pj , we

obtain the statement, as vp(k) < j = vp(p
j). �

Lemma 5.13. Let n be a positive integer and p a prime dividing 2n. Let K be a
number field and v a valuation on K with v(p) = 1. Let α ∈ K satisfy v(α) = 0
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and set e = v(4n). If p 6= 2, then also assume v(2α2n+1 + α2 + 1) = 0. Then the
Newton polygon of

(S + α)4n + 2n
(

(S + α)2n+1 − (S + α)2n−1
)

− 1 =

4n
∑

i=0

biS
i

at v is the lower convex hull of the points
{

(0, v(b0)), (1, e), (p, e− 1), . . . , (pj , e− j), . . . , (pe, 0), (4n, 0) if p 6= 2,
(0, v(b0)), (1, v(b1)), (2, v(b2)), (3, e− 1), (4, e− 2), . . . , (2e, 0), (4n, 0) if p = 2.

Proof. The Newton polygon is the lower convex hull of all the points (i, v(bi)) for
0 ≤ i ≤ 4n. It suffices to show that for each point (i, a) in the given sequences we
have a = v(bi), while for each k for which there is no point (k, a) in the sequence,
there is a pair (i1, a1), (i2, a2) of consecutive points with i1 < k < i2, such that
v(bk) ≥ max(a1, a2); this would certainly imply that the point (k, v(bk)) is not
below the line segment through (i1, a1) and (i2, a2). Note that for k ≥ 1 we have

(20) bk =

(

4n

k

)

α4n−k + 2n

((

2n+ 1

k

)

α2n+1−k −

(

2n− 1

k

)

α2n−1−k

)

.

Suppose p 6= 2, and let (i, a) be a point in the corresponding given sequence. If i = 0,
then a = v(b0) by definition. We have b1 = 2nα2n−2(2α2n+1 +α2 +1+2n(α2−1)).
By hypothesis we have v(2α2n+1 +α2 +1) = 0 and as v(2n(α2 − 1)) is positive, the
valuation of the last factor of b1 is zero. Therefore, if i = 1, then v(bi) = v(2n) =
v(4n) = e = a, as needed. If i = pj for 1 ≤ j ≤ e, then by Lemma 5.12 the valuation
of the first term in (20) for k = i equals e−j, while the valuation of the second term
is at least v(2n) = e, so we get v(bi) = e− j = a, as needed. If i = 4n, then bi = 1,
so v(bi) = 0 = a, as needed. Suppose k ≤ 4n is an integer for which there is no
point (k, a) in the sequence. If k > pe, then all we need to note is that v(bk) ≥ 0. If
k ≤ pe, then there is a j ∈ {1, 2, . . . , e} such that pj−1 < k < pj , in which case the
first term of (20) has valuation at least e− j + 1 by Lemma 5.12, while the second
term has valuation at least e, so we have v(bk) ≥ e− j + 1 = max(e− j + 1, e− j),
which is exactly what we wanted to show.

Now suppose p = 2, and let (i, a) be a point in the corresponding given sequence.
If 0 ≤ i ≤ 2, then a = v(bi) by definition. Note that

b3 =
2nα2n−4

3

(

2(8n2 − 6n+ 1)α2n+1 + n(4n2 − 1)α2 − (n− 1)(4n2 − 8n+ 3)
)

.

The first term between the parentheses has valuation 1, while of the second and
third term, exactly one has valuation 1, and the other has valuation 0, as exactly
one of n and n−1 is even. We conclude that the expression between the parentheses
has valuation 0, so if i = 3, then v(bi) = v(2n) = e − 1 = a, as needed. If i = 2j

for 2 ≤ j ≤ e, then by Lemma 5.12 the valuation of the first term in (20) for k = i
equals e−j, while the valuation of the second term is at least v(2n) = e−1 > e−j,
so we get v(bi) = e − j = a, as needed. If i = 4n, then bi = 1, so v(bi) = 0 = a,
as needed. Suppose k ≤ 4n is an integer for which there is no point (k, a) in the
sequence. If k > 2e, then all we need to note is that v(bk) ≥ 0. If k ≤ 2e, then there
is a j ∈ {3, 4, . . . , e} such that 2j−1 < k < 2j , in which case the first term of (20)
has valuation at least e−j+1 by Lemma 5.12, while the second term has valuation
at least e − 1 ≥ e − j + 1, so we have v(bk) ≥ e − j + 1 = max(e − j + 1, e − j),
which is exactly what we wanted to show. This finishes the proof. �
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Lemma 5.14. Let n be any positive integer and p a prime. Set e = vp(4n). Then
the Newton polygon of

(S + 1)4n + 2n
(

(S + 1)2n+1 − (S + 1)2n−1
)

− 1

at vp has vertices
{

(0,∞), (1, e), . . . , (pj , e− j), . . . , (pe, 0), (4n, 0) if p 6= 2,
(0,∞), (1, e+ 1), (4, e− 2), . . . , (2j , e− j), . . . , (2e, 0), (4n, 0) if p = 2.

Proof. The terms of lowest degree in the polynomial are 0S0+8nS1+4n(4n−1)S2.
If p divides 2n, then we can apply Lemma 5.13 with α = 1, and the result follows
immediately from b0 = 0, b1 = 8n, and b2 = 4n(4n − 1). If p does not divide 2n,
then p 6= 2, and e = 0, and vp(b1) = 0. It follows that the Newton polygon has
vertices (0,∞), (1, 0), and (4n, 0), exactly as claimed. �

Proposition 5.15. Let n be any positive integer and p a prime. Let K be a number
field containing a root ω of Gn. Let v be a valuation on K with v(p) = 1. Then we
have 0 ≤ v(ω − 2) ≤ 1 and v(h2n(ω)2 − 1) ≤ v(2n) + 1. If p divides 2n, then we
also have v(2n) ≤ v(h2n(ω)2 − 1). Moreover, if p 6= 3 or v(n) = 0, then the upper
bounds in the first two inequalities are strict.

Proof. By Lemma 5.4(2) the root ω is an algebraic integer, so we have v(2 − ω) ≥
0 and v(gn(ω)) ≥ 0. From (19) we know h2n(ω)2 − 1 = 2n(2 − ω)gn(ω)−2, so
v(ω − 2) ≤ 1 implies v(h2n(ω)2 − 1) ≤ v(2n) + 1 and if the former inequality is
strict, then so is the latter. Also, if p divides 2n, then by Lemma 5.10 we have
v(gn(ω)) = 0, so v(h2n(ω)2 − 1) = v(2n) + v(2 − ω) ≥ v(2n). Therefore it suffices
to show that v(ω − 2) ≤ 1, and that this inequality is strict in the claimed cases.
Let L be a finite field extension of K containing a root σ of s2 − ωs + 1 = 0, and
extend v to L. Then ω = σ+σ−1, so σ is a root of f = s4n +2n(s2n+1 − s2n−1)−1
by Lemma 5.4(3). This implies that σ − 1 is a root of the polynomial in Lemma
5.14, which we will denote by F . First consider the case p = 2. The polynomial f
has roots 1 and −1 of multiplicity 1 and 3 respectively, corresponding to roots 0
and −2 of F , which in turn correspond to the line segments of the Newton polygon
from (0,∞) to (1, e+1) and from (1, e+1) to (4, e−2) respectively by Lemma 2.4.
If σ were one of these roots of f , then we would have ω = ±2, which contradicts
Gn(2) = n and Gn(−2) = 1

3n(4n2 − 1) by Lemma 5.4. The root σ − 1 of F
therefore corresponds to another segment of the Newton polygon of F , all of which
have slope between − 1

4 and 0, so we have 0 ≤ v(σ − 1) ≤ 1
4 by Lemma 2.4, and

thus v(ω − 2) = v(σ−1(σ − 1)2) = 2v(σ − 1) ≤ 1
2 < 1. Now consider the case

p > 2. We still have σ − 1 6= 0, so the root σ − 1 of F corresponds to a nonvertical
segment of the Newton polygon of F . These segments all have slope equal to 0
or −1/(pj − pj−1) for some 1 ≤ j ≤ v(n), so we have v(σ − 1) ≤ 1

pj−pj−1 , and

0 ≤ v(ω−2) = 2v(σ−1) ≤ 2
pj−pj−1 ≤ 1, where the equality follows as it did in case

p = 2. The last inequality is strict unless p = 3 and j = 1, in which case v(n) > 0.
This proves the proposition. �

If k and l are even and kl is positive, and k and l are not equal and do not differ
by a factor 3, then the results above are sufficient to show that there exists a prime
p such that the values at critical points of hk are different from those of hl. This
would show that D(k, l) is smooth over Q. The following results allow us to also
handle the case that k and l differ by a factor 3.
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Lemma 5.16. Let n be any positive integral multiple of 3. Let K be the number
field Q(i) = Q[x]/(x2+1) and let v be the unique valuation on K satisfying v(3) = 1.
Set e = v(n). Then the Newton polygon of

(S + i)4n + 2n
(

(S + i)2n+1 − (S + i)2n−1
)

− 1

at v has vertices

(0, e), (3, e− 1), . . . , (3j , e− j), . . . , (3e, 0), (4n, 0).

Proof. This follows immediately from Lemma 5.13 with α = i and p = 3. �

Proposition 5.17. Let n be any positive integral multiple of 3. Let K be a number
field containing a root ω of Gn. Let v be a valuation on K with v(3) = 1. Then
v(2n) ≤ v(h2n(ω)2 − 1 − n) < v(2n) + 1.

Proof. From (19) we deduce h2n(ω)2−1−n = ngn(ω)−2A with A = 4−2ω−gn(ω)2.
By Lemma 5.10 we have v(gn(ω)) = 0, so v(h2n(ω)2 − 1 − n) = v(n) + v(A). As
ω is an algebraic integer, we have v(A) ≥ 0, so it suffices to show v(A) < 1. Let
L be a finite field extension of K containing a square root i of −1 and a root σ of
s2 − ωs+ 1 = 0, and extend v to L. Let R denote the discrete valuation ring of L
associated to v, and m its maximal ideal. For each ε ∈ {±1} we have −(σ+1)2A =
X(ε) + Y (ε) + Z(ε) with X(ε) = 2σ−1(σ − ε)2(σ2 + 1), Y (ε) = 3ε(σ − ε)2, and
Z(ε) = ε(σ2n + ε)(σ2−2n + ε).

We have ω = σ + σ−1, so σ is a root of f = s4n + 2n(s2n+1 − s2n−1) − 1 by
Lemma 5.4(3). This implies that σ − i is a root of the polynomial in Lemma 5.16.
Since the slopes of the Newton polygon of this polynomial are between − 1

3 and 0 by

Lemma 5.16, we have v(σ − i) ≤ 1
3 by Lemma 2.4. Replacing i by −i temporarily,

we also find v(σ + i) ≤ 1
3 , so we get v(σ2 + 1) = v(σ + i) + v(σ − i) ≤ 2

3 < 1. From

f(σ) = 0 we get (σ2n − 1)(σ2n + 1) = −2nσ2n−1(σ2 − 1). As the elements σ2n − 1
and σ2n + 1 differ by 2, which is a unit in R, at least one of them is also a unit,
with valuation 0, so we conclude

max
(

v(σ2n + 1), v(σ2n − 1)
)

= v(σ2n + 1) + v(σ2n − 1)

= v
(

(σ2n + 1)(σ2n − 1)
)

= v
(

− 2nσ2n−1(σ2 − 1)
)

= v(n) + v(σ2 − 1) ≥ 1 + v(σ2 − 1) ≥ 1 + v(σ + 1).

Suppose first that σ2n−1 is a unit, and thus that v(σ2n +1) ≥ 1. Since σ2n−1 is a
multiple of σ2−1 in R, we find that σ2−1 is also a unit, so v(σ+1) = v(σ−1) = 0.
We get v(X(1)) = v(σ2 + 1) < 1, while v(Y (1)), v(Z(1)) ≥ 1, so we obtain v(A) =
v(−(σ+1)2A) = v(X(1)+Y (1)+Z(1)) = v(X(1)) < 1 and we are done. Hence we
may assume that σ2n−1 is not a unit, so σ2n +1 is a unit and we have v(σ2n−1) ≥
1+v(σ+1). Since σ2−2n−1 is a multiple of σ+1 we also have v(σ2−2n−1) ≥ v(σ+1)
and thus v(Z(−1)) ≥ (1 + v(σ + 1)) + v(σ + 1) ≥ 1 + 2v(σ + 1). We also have
v(Y (−1)) = 1+2v(σ+1) and v(X(−1)) = v(σ2+1)+2v(σ+1) < 1+2v(σ+1). This
yields v(A) = v(−(σ+1)2A)−2v(σ+1) = v(X(−1)+Y (−1)+Z(−1))−2v(σ+1) =
v(X(−1)) − 2v(σ + 1) < 1, which finishes the proof. �

Lemma 5.18. Let n be any positive integral multiple of 3. Let K be the number
field Q[x]/(x2 − 3), let β be the image of x in K, and let v be the unique valuation
on K satisfying v(3) = 1. Set e = v(n) and α = −2 + β. Then the Newton polygon
of

(S + α)4n + 2n
(

(S + α)2n+1 − (S + α)2n−1
)

− 1
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at v has vertices

(0, e+ 3
2 ), (1, e), (3, e− 1), . . . , (3j , e− j), . . . , (3e, 0), (4n, 0).

Proof. By Lemma 5.13 it suffices to check v(a) = 0 with a = 2α2n+1 + α2 + 1, and
v(b0) = e+ 3

2 with b0 = α4n +2n(α2n+1 −α2n−1)− 1. Note that we have α = 1+ γ

with γ = β − β2, while β generates the ideal p to which v is associated. It follows
that α ≡ 1 (mod p), so a ≡ 1 (mod p), and indeed v(a) = 0. Expanding the powers

of α = 1 + γ gives b0 =
∑4n

i=1 ciγ
i with ci =

(

4n
i

)

+ 2n
(

2n+1
i

)

− 2n
(

2n−1
i

)

. We claim

that for i ≥ 4 we have v
((

4n
i

))

≥ e+2−i/2. Write
(

4n
i

)

= 4n· 1
i! (4n−1) · · · (4n−i+1)

and note that the product of at least three consecutive integers is divisible by 3.
As v(4!) = v(5!) = 1, we conclude that for i = 4, 5 we have v

((

4n
i

))

≥ v(n) = e ≥

e + 2 − i/2. Suppose i ≥ 6 and let j ≥ 2 be the integer satisfying 3j−1 ≤ i < 3j .
Since v

((

4n
i

))

is an integer, we have v
((

4n
i

))

≥ e+1−j ≥ e+2−i/2 by Lemma 5.12,

where the last inequality follows from i ≥ 6 for j = 2 and from i ≥ 3j−1 ≥ 2j + 2
for j ≥ 3. This proves the claim, and as the last two terms of ci have valuation
at least v(2n) = e, we find v(ci) ≥ e + 2 − i/2 for i ≥ 4. This gives v(ciγ

i) ≥

e+ 2− i/2 + i · v(γ) = e+ 2 for i ≥ 4, and therefore v(
∑4n

i=4 ciγ
i) ≥ e+ 2. We also

have

c1γ + c2γ
2 + c3γ

3 = 4n
(

(140β − 252)n2 − (144β − 264)n+ 33β − 63
)

,

which has valuation e+ 3
2 , as there is a unique term with lowest valuation 3

2 inside

the parentheses, namely 33β. We conclude v(b0) = e+ 3
2 . �

Proposition 5.19. Let n be any positive integral multiple of 3. Let K be a number
field containing a root ω of Gn. Let v be a valuation on K with v(3) = 1. Then
v(n) ≤ v(h2n(ω)2 − 1 − 3n) < v(n) + 1 or v(h2n(ω)2 − 1 − 3n) ≥ v(n) + 2.

Proof. From (19) we deduce h2n(ω)2 − 1− 3n = ngn(ω)−2A with A = −2(ω+ 4) +
3(4 − gn(ω)2). By Lemma 5.10 we have v(gn(ω)) = 0, so v(h2n(ω)2 − 1 − 3n) =
v(n)+ v(A). As we clearly have v(A) ≥ 0, it suffices to show v(A) < 1 or v(A) ≥ 2.
Let L be a finite field extension of K containing a square root β of 3 and a root σ of
s2 −ωs+ 1 = 0. Set α = −2 + β and α = −2− β = α−1, and extend v to L. Let F
denote the polynomial in Lemma 5.18, and set f(s) = s4n + 2n(s2n+1 − s2n−1)− 1,
so that F (S) = f(S + α). From Lemma 2.4 and the slopes of the Newton polygon
of F given in Lemma 5.18, we conclude that there is a unique root S0 of F with
v(S0) = 3

2 . Then s0 = S0 + α is a root of f , and as f is anti-reciprocal, so is

s1 = s−1
0 and both are units in the ring of integers of L. Set S1 = s1 − α. Then

S1 is root of F and from the identity S1 = −αs−1
0 S0 − 2β and the inequality

v(2β) = 1
2 < v(αs−1

0 S0) we conclude v(S1) = 1
2 . Note that S2 = 3 − β is also a

root of F , corresponding to the root 1 of f , and with v(S2) = 1
2 . By Lemma 2.4

and Lemma 5.18 there are only three roots z of F with v(z) ≥ 1
2 , so all roots z of

F , other than S0, S1, S2, satisfy v(z) < 1
2 .

Now ω = σ + σ−1, so by Lemma 5.4(3), the element σ is a root of f , and
therefore σ − α is a root of F . First suppose the inequality v(σ − α) < 1

2 = v(2β)

holds. Then we also have v(σ − α) = v(σ − α + 2β) < 1
2 , and thus v(ω + 4) =

v
(

σ−1(σ − α)(σ − α)
)

< 1. From 0 ≤ v(2(ω + 4)) < 1 ≤ v(3(4 − gn(ω)2)) we
conclude v(A) = v(ω + 4) < 1 and we are done.

Now suppose v(σ − α) ≥ 1
2 , then σ − α = Si for some i with 0 ≤ i ≤ 2. For

i = 2 we get σ = S2 + α = 1 and thus ω = 2, so Gn(ω) = n 6= 0 by Lemma
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5.4(4). From this contradiction we conclude σ = si for i = 0 or i = 1, so that
ω + 4 = σ + σ−1 + 4 = s0 + s1 + 4 = −αS0S1. This implies v(ω + 4) = 3

2 + 1
2 = 2.

We rewrite A as

(21) A = −2(ω + 4) + 9 − 3(ω − 2)

(

gn(ω)2 − 1

ω − 2

)

.

From Lemma 3.3 we know that d(t) = (gn(t) − 1)/(t − 2) is a polynomial, so
v((gn(ω)2 − 1)/(ω − 2)) = v((gn(ω) + 1)d(ω)) ≥ 0. From ω − 2 = (ω + 4) − 6 we
get v(ω − 2) = v(6) = 1, so the last term of (21) has valuation at least 2, while
v(−2(ω + 4)) = v(9) = 2. We conclude v(A) ≥ 2, which finishes the proof. �

Proposition 5.20. Let k, l be any even integers with k 6= l and kl > 0. Then
D(k, l) is smooth over Q.

Proof. The curve D(k, l) is the same as D(−k,−l), so without loss of generality we
assume k, l > 0. Set m = k/2 and n = l/2 and F = gm+1(r)gn(t) − gm(r)gn+1(t).
Assume P = (r0, t0) is a singular point over Q of the standard affine part of D(k, l).
Let K be the number field Q(r0, t0). By Lemma 5.5 we have Gn(t0) = 0 and
Gm(r0) = 0, and D(k, l) is given around P by hk(r) = hl(t). Set c = hk(r0)

2−1 and
d = hl(t0)

2−1. Let p be any prime such that vp(m) 6= vp(n). Set e = vp(n)−vp(m).
By symmetry we may assume e ≥ 1. Let p be a prime of K above p, and let v
be the valuation on K associated to p, normalized so that v restricts to vp on
Q. By Lemma 5.15 we have v(c) ≤ v(2m) + 1 ≤ v(2m) + e = v(2n) ≤ v(d).
From c = d we conclude that all inequalities are equalities, so e = 1 and by
Lemma 5.15 we have p|m and p = 3, and thus n = 3m. Proposition 5.17 shows
v(2m) + 1 = v(2n) ≤ v(d − n) < v(2n) + 1 = v(2m) + 2, while from Proposition
5.19 we get v(c− 3m) < v(2m) + 1 or v(c− 3m) ≥ v(2m) + 2. This contradicts the
equality c − 3m = d − n, and we conclude that no singular point P exists on the
affine part. By Lemma 5.6 there are also no singular points at infinity. �

We have now proved the first statement of Theorem 5.1, split over several Propo-
sitions. To prove the last statement, we set set Hn = g′′n+1gn − gn+1g

′′
n for each

integer n, where derivatives are taken with respect to u. In Z[u][s]/(s2 − us+ 1) ∼=
Z[s, s−1] one checks

(22)
1

2
(u− 2)(u+ 2)2Hn = (n− 1)f2n+1 + f2n − (n+ 1)f2n−1 − nu+ 2n.

Recall that for even l 6= 0, the curve D1(l, l) is the projective closure of the scheme-
theoretic complement in D(l, l) of the line given by r = t.

Proposition 5.21. Let l be any even integer with |l| ≥ 4. Then the curve D1(l, l)
is smooth over Q.

Proof. Set n = l/2 and F = gn+1(r)gn(t) − gn(r)gn+1(t) and G = F/(t− r). Then
D1(l, l) is defined by G(r, t) = 0. Any singular point of D1(l, l) is also a singular
point of D(l, l). By Lemma 5.6 we find that D(l, l) is smooth at all points at infinity,
so D1(l, l) is as well. Assume P = (r0, t0) is a singular point of the standard affine
part of D1(l, l). Then P is also a singular point of D(l, l). By Lemma 5.5 we then
have Gn(t0) = 0 and Gn(r0) = 0, and we may rewrite F (P ) = 0 as hl(r0) = hl(t0).
Then from (16) of Lemma 5.9 we have

2nr0 = (2n−1)hl(r0)+(2n+1)hl(r0)
−1 = (2n−1)hl(t0)+(2n+1)hl(t0)

−1 = 2nt0,
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which implies r0 = t0. Set Ft = ∂F/∂t and Ft2 = ∂Ft/∂t and Gt = ∂G/∂t. Then
we have G(r0, r0) = Ft(r0, r0) = Gn(r0), where the first equality can be viewed as
an algebraic version of l’Hôpital’s rule applied to limt→r0

G(r0, t). That same rule
also gives Gt(r0, r0) = 1

2Ft2(r0, r0) = 1
2Hn(r0). The fact that D1(l, l) is singular at

P implies 0 = G(P ) = Gn(r0) and 0 = Gt(P ) = 1
2Hn(r0). From Lemma 5.4(3) and

(22) we then deduce

0 = (r0 + 2)

(

((n− 1)r0 + 1)Gn(r0) −
1

2
(r20 − 4)Hn(r0)

)

= n (2f2n−1(r0) + (2n− 1)r0) ,

so we get r0 = 2(f2n−1(r0)+n). This implies v(r0) ≥ 1 for any valuation v of Q(r0)
with v(2) = 1, which contradicts the inequality v(r0−2) < 1 from Proposition 5.15.
We conclude that D1(l, l) has no singular points. �

Proof of Theorem 5.1. The first statement follows immediately from Propositions
5.8, 5.11, 5.20, while the last statement follows from Proposition 5.21. �

6. Genera of the irreducible components

The following theorem tells us the number of irreducible components of Y (k, l)
in all cases that J(k, l) is a hyperbolic knot. Recall that Y0(l, l) and Y1(l, l) were
defined in Definition 4.7.

Theorem 6.1. Let k, l be any nonzero integers with l even, |k| ≥ 2, and k 6= l.

(1) The curve D(k, l) is a smooth, projective, geometrically irreducible curve
of bidegree (⌊|k|/2⌋, |l|/2) containing an open subset that is isomorphic to
Y (k, l) = Y0(k, l).

(2) If |l| > 2, then D1(l, l) is a smooth, projective, geometrically irreducible
curve of bidegree (|l|/2 − 1, |l|/2 − 1) containing an open subset that is
isomorphic to Y1(l, l). The curve Y (l, l) consists of two geometrically irre-
ducible components, namely Y0(l, l) and Y1(l, l).

Proof. The curves D(k, l) and D(l, l) are projective by construction. By Theorem
5.1 the curve D(k, l) is smooth and its bidegree is given in Remark 4.1. Every
smooth projective curve in P1 × P1 of bidegree (a, b) with a, b > 0 is geometrically
irreducible by Lemma 2.6, so D(k, l) is geometrically irreducible. By Lemma 2.5
and Proposition 4.4 the curve C(k, l) is isomorphic to an open subset of D(k, l).
Since Y (k, l) is isomorphic to C(k, l), we conclude that Y (k, l) is isomorphic to an
open subset of D(k, l), so Y (k, l) is geometrically irreducible and smooth as well,
and therefore equal to Y0(k, l). Suppose |l| > 2. By Theorem 5.1 the curve D1(l, l)
is smooth and its bidegree is given at the end of §4. By Lemma 2.6 the curve
D1(l, l) is geometrically irreducible, so D(l, l) consists of two irreducible compo-
nents, namely D0(l, l) and D1(l, l), cf. end of §4. By Proposition 4.4, the curve
C(l, l) is birationally equivalent to D(l, l), so it also has two components, one of
which is isomorphic to a subset of D1(l, l) by Lemma 2.5. Since Y (l, l) is isomorphic
to C(l, l), the curve Y (l, l) also has two components, so Y1(l, l) is irreducible and
the components are Y0(l, l) and Y1(l, l). Since Y0(l, l) corresponds to D0(l, l) by
Proposition 4.6, it is Y1(l, l) that is isomorphic to a subset of D1(l, l). �

It is now easy to find the genus of the components of Y (k, l).

Theorem 6.2. Let k, l be any nonzero integers with l even, |k| ≥ 2, and k 6= l.
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(1) The curve Y (k, l) = Y0(k, l) has geometric genus (⌊|k|/2⌋−1)(|l|/2−1) and
is hyperelliptic if and only if |k| ≤ 5 or |l| ≤ 5.

(2) If |l| > 2, then the curve Y0(l, l) has genus 0 and the curve Y1(l, l) has genus
(|l|/2 − 2)2 and is hyperelliptic if and only if |l| ≤ 6.

Proof. By Theorem 6.1 the curves Y (k, l) and Y0(k, l) are both birationally equiva-
lent toD(k, l), which is a smooth irreducible curve in P1×P1 of bidegree (⌊|k|/2⌋, |l|/2).
Statement (1) therefore follows from Lemma 2.6. By Proposition 4.6 the curve
Y0(l, l) is birationally equivalent to a line, so it has genus 0. By Theorem 6.1
the curve Y1(l, l) is birationally equivalent to D1(l, l), which is smooth of bidegree
(|l|/2 − 1, |l|/2 − 1). Therefore, statement (2) follows from Lemma 2.6. �

Proof of Theorem 1.1. This follows immediately from Theorem 6.2. �

Our next goal is to investigate the ramification of the map fromX(k, l) to Y (k, l),
which we will then use to compute the genus of the irreducible components of
X(k, l). The component X0(k, l) lies above Y0(k, l). For |l| > 2 we know that
Y (l, l) consists of two irreducible components, so X(l, l) consists of at least two
components.

Lemma 6.3. Let m,n be any nonzero integers. Consider the function h = (r −
2)

(

2 − t + (r2 − 4)fm(r)2
)

on D(2m, 2n). Then h is regular and nonvanishing at
all singular points of D(2m, 2n), and has odd valuation at exactly 2|mn| + 2|m| +
2|n| − 2a nonsingular points of D(2m, 2n), with a = 2 for mn > 0 and a = 1 for
mn < 0. If m = n, then exactly 2|n| of these points lie on the line determined by
r = t.

Proof. Set d = 2− t+(r2−4)fk(r)2, so that h = (r−2)d. Let M and C denote the
vanishing locus of r−2 and d respectively. From gm(2) = gm+1(2) = 1, we see that
there are |n| points in the affine part of the intersectionM∩D(2m, 2n), namely (2, τ)
for each root τ of gn+1(t) − gn(t). As D(2m, 2n) has bidegree (|m|, |n|), we have
M ·D(2m, 2n) = |n|, which shows that all intersection multiplicities are trivial, so all
intersection points are smooth, and the intersections are transversal. This implies
that for each Q of these |n| points we have vQ(r−2) = 1 by Lemma 2.8. The points
in the standard affine part of the intersection C∩D(2m, 2n) correspond to the roots
of F (r, T ) with F (r, t) = gm(r)gn+1(t)− gm+1(r)gn(t) and T = (r2 − 4)fm(r)2 + 2.
The degree of T equals 2|m|. From Lemma 3.3 we find that the degree of F (r, T ) as
a polynomial in r equals 2|mn|+|m|+1−a. We now show that F (r, T ) is separable.
Consider the extension Z[r][q]/(q2 − rq+ 1) ∼= Z[q, q−1]. Then we have r = q+ q−1

and from fm(r) = (qm − q−m)/(q − q−1) we find T = q2m + q−2m. This yields
F (r, T ) = q1−m−2mn(q2m − 1)(q4mn−1 − 1)/(q + 1), and as gcd(2m, 4mn− 1) = 1,
we find the only multiple factor of F (r, T ) in Z[q, q−1] is (q − 1)2 = q(r − 2),
which corresponds to the single root r = 2. We conclude that F (r, T ) is indeed
separable. This shows that all 2|mn| + |m| + 1 − a intersection points R in the
affine part C ∩D(2m, 2n) are transversal intersections, so they are smooth points
of D(2m, 2n), and we have vR(d) = 1 by Lemma 2.8. If h vanishes, then either
r − 2 or d does. The only point where both r − 2 and d vanish is P = (2, 2),
where the valuation vP (h) = vP (r − 2) + vP (d) = 2 is even. At the remaining
(|n| − 1) + (2|mn|+ |m| − a) = 2|mn|+ |m|+ |n| − 1− a points S where r− 2 or d
vanishes, the valuation vS(h) = vS(r − 2) + vS(d) = 1 is odd.
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Let Lr and Lt denote the lines given by r = ∞ and t = ∞ respectively. Lemma
5.6 tells us that Lr and Lt intersect D(2m, 2n) transversally everywhere, so 1/r
is a uniformizer at every point in Lr ∩ D(2m, 2n), while 1/t is a uniformizer at
every point in Lt ∩D(2m, 2n). This shows vS(ritj) = −i for every point S in Lr ∩
D(2m, 2n) that is not on Lt, while vS(ritj) = −j for every point S in Lt∩D(2m, 2n)
that is not on Lr, and vS(ritj) = −i−j for the unique point in Lr∩Lt∩D(2m, 2n),
if it exists. We obtain vS(h) = −2|m| − 1 and vS(h) = −1 and vS(h) = −2|m| − 1
for these three cases respectively. There are |n| points in Lr ∩D(2m, 2n) and |m|
points in Lt ∩D(2m, 2n), while the overlap Lr ∩Lt ∩D(2m, 2n) contains a point if
and only if mn > 0. This gives a total of |m| + |n| + 1 − a points S at infinity, all
with vS(h) odd. Together with the affine points this makes 2|mn|+2|m|+2|n|−2a
points where h has odd valuation. Suppose m = n. Then 2|n| of these points lie on
the line given by r = t, namely the point in Lr ∩Lt, and the 2|n| − 1 points (r0, r0)
for all roots r0 6= 2 of T − r. �

Lemma 6.4. Let m,n be any nonzero integers with m 6∈ {−1, 0}. Consider the
function h = t− 2 + (r + 2)gm+1(r)

2 on D(2m+ 1, 2n). Then h has odd valuation
at exactly |2m+ 1| · |n|+ |n|+ 2|m| − 2a points of D(2m+ 1, 2n), with a = 1 when
n > 0 and a = 2 when m,n < 0 and a = 0 when n < 0 < m.

Proof. Let C denote the vanishing locus of h. The points in the standard affine
part of the intersection C ∩ D(2m, 2n) correspond to the roots of F (r, T ) with
F (r, t) = fm(r)gn+1(t) − fm+1(r)gn(t) and T = 2 − (r + 2)gm+1(r)

2. The degree
of T equals |2m + 1|. From Lemma 3.3 we find that the degree of F (r, T ) equals
|2m + 1| · |n| + |m| − a. We now show that F (r, T ) is separable. Consider the
extension Z[r][q]/(q2 − rq + 1) ∼= Z[q, q−1]. Then we have r = q + q−1 and T =
−q2m+1 − q−2m−1. This yields F (r, T ) = −q2mn+m+n−1(q2m+1 +1)(q2(2m+1)n−1 −
1)/(q2 − 1), and as gcd(2(2m + 1), 2(2m + 1)n − 1) = 1, we find that F (r, T ) has
no multiple factors in Z[q, q−1], so F (r, T ) is indeed separable. This shows that all
|2m + 1| · |n| + |m| − a intersection points R in the affine part C ∩D(2m + 1, 2n)
are transversal intersections, and we have vR(h) = 1 by Lemma 2.8.

Let Lr and Lt denote the lines given by r = ∞ and t = ∞ respectively. As in the
proof of Lemma 6.3, the valuation vS(h) is odd at every point S at infinity. There
are |m|+ |n|−a points at infinity, so we get a total of |2m+1| · |n|+ |n|+2|m|−2a
points S with vS(h) odd. �

We now have enough information to compute the genus of the irreducible com-
ponents of X(k, l) for any k, l for which J(k, l) is a hyperbolic knot. Recall that if
l is an even integer with|l| > 2, then X1(l, l) is the scheme-theoretic complement of
X0(l, l) in X(l, l).

Theorem 6.5. Suppose l is a nonzero even integer, say l = 2n. If k 6= l is an
integer satisfying |k| ≥ 2, then X(k, l) is irreducible and the genus of X0(k, l), its
only irreducible component, equals

3|mn| − |m| − a|n| + b,

with m = ⌊k/2⌋ and

a =

{

4 if k is odd and k < 0,
1 otherwise.

b =















2 if k is odd and k < 0 < l,
1 if k is odd and l < 0,

−1 if k is even and kl > 0,
0 otherwise.
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If |l| > 2, then X(l, l) has two components, namely X0(l, l) of genus |n| − 1 and
X1(l, l) of genus 3n2 − 7|n| + 5.

Proof. By Theorem 6.1 the curve Y (k, l) is geometrically irreducible for k 6= l,
and the curves Y0(l, l) and Y1(l, l) are irreducible if |l| > 2. Smooth projective
completions of these curves are D(k, l), D0(l, l), and D1(l, l) respectively. Their
genera are given in Theorem 6.2. The double cover X(k, l) of Y (k, l) is given
by y = x2 − 2. For k odd, so k = 2m + 1, with |k| > 2, this is equivalent to
t − 2 = gm+1(r)

2(x2 − 2 − r) by Lemma 3.6, or (gm+1(r)x)
2 = h with h as in

Lemma 6.4; the fact that X(k, l) is irreducible and the value of its genus now follow
from Lemmas 2.7 and 6.4. Now assume k is a nonzero even number, so k = 2m.
Then the double cover X(k, l) of Y (k, l) is given by t−2 = (2−r)fm(r)2(x2−2−r)

by Lemma 3.6, or
(

(r − 2)fk(r)x
)2

= h with h as in Lemma 6.3. If k 6= l, then the
fact that X(k, l) is irreducible and the value of its genus follow immediately from
Lemmas 2.7 and 6.3. If k = l and |l| > 2, then we apply Lemmas 2.7 and 6.3 to
both irreducible components of Y (l, l) to obtain the final statement. �

Proof of Theorem 1.2. This follows immediately from Theorem 6.5. �

Note that from Theorem 6.5 we can find all hyperbolic knots in the family J(k, l)
for which the genus of X0(k, l) equals 1. Up to switching k and l and changing sign
of both k and l, these are J(4, 4) and J(2, 3) and J(−2, 2), the former of which is
the 74 knot (see [29, page 391]), and the latter two of which are the figure-eight
knot.

7. Commensurability classes

Recall that a compact orientable 3-manifold M is fibered if it is homeomorphic
to a surface bundle over S1. One of the most intriguing open conjectures today is
Thurston’s virtual fibration conjecture.

Conjecture 7.1 (Thurston). Every finite-volume hyperbolic 3-manifold has a finite
cover that is fibered.

Two manifolds are commensurable if they share a common finite cover. Since
any finite cover of a fibered manifold is fibered, if one manifold is commensurable
to a fibered manifold, then their common cover is also fibered. It follows that
Thurston’s conjecture is equivalent to stating that every finite-volume hyperbolic
3-manifold is commensurable to a fibered manifold.

As knot complements rarely cover each other, it is too much to hope that every
knot complement has a finite cover that is a fibered knot complement. However,
it is natural to ask whether any knot complement in S3 is commensurable to a
fibered knot complement in S3. Reid and Walsh [23] have answered this question
negatively for nonfibered hyperbolic two-bridge knot complements by showing that
these are the unique knot complements in S3 in their commensurability class.

We address the more general question that asks whether a 3-manifold is com-
mensurable to a fibered knot complement in any Z/2Z-homology sphere. Calegari
and Dunfield [4] found sufficient conditions [4, Thm. 6.1] under which certain hy-
perbolic knot complements are not commensurable to a fibered knot complement in
a Z/2Z-homology sphere. One consequence [4, Thm. 7.1] of their work is that the
nonfibered two-bridge knots K(p, q) with 0 < p < 40 have complements that are
not commensurable with a fibered knot complement in a Z/2Z-homology sphere.
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Hoste and Shanahan [15] extended these results to the nonfibered twist knots (the
knots J(2, n) with n 6= 0,±1,±2) and the knots J(3, 2n), for −33 < n < 0. Our
explicit defining equations allow us to use Calegari and Dunfield’s results to prove
the following, conjectured by Hoste and Shanahan [15, Conj. 1].

Theorem 7.2. Let k, l be integers for which the knot J(k, l) has a nonfibered com-
plement M in S3. Then J(k, l) is hyperbolic and M is not commensurable to a
fibered knot complement in a Z/2Z-homology sphere.

Before beginning the proof, we use the Alexander polynomial to identify the
fibered J(k, l) knots. Since these knots are two-bridge knots, which are alternating,
they are fibered if and only if their Alexander polynomial is monic, i.e., with leading
coefficient ±1 [3, Prop. 13.26]. Without loss of generality we may assume that l is
even. We can easily compute the Alexander polynomials.

Lemma 7.3. For all nonzero integers k and l = 2n, the Alexander polynomial
∆k,l(t) of the knot J(k, l) is

(1) nmt2 + (1 − 2nm)t+ nm
if k = 2m,

(2) mt2n + (1 + 2m)(−t2n−1 + · · · − t) +m
if k = 2m+ 1 and l > 0, and

(3) (m+ 1)t−2n + (1 + 2m)(−t−2n−1 + · · · − t) + (m+ 1)
if k = 2m+ 1 and l < 0.

It follows that J(k, 2n) is fibered only for the unknot J(0, l) = J(k, 0), the figure-
eight J(2,−2) = J(−2, 2), the trefoil J(2, 2) = J(−2,−2), the knots J(3, 2n) =
J(−3,−2n) for any n > 0 and J(1, 2n) = J(−1,−2n) for any n.

Proof of Theorem 7.2. First note that J(k, l) is hyperbolic, as the only nonhyper-
bolic knots of the form J(k′, l′) are the torus knots J(±1, 2n), the unknot and the
trefoil J(2, 2) = J(−2,−2) (see [11, Thm. 1]).

Also note that M = S3 \ J(k, l) is not arithmetic, as the only arithmetic knot
is the fibered figure-eight knot; for the definition of arithmetic and the proof of
this fact, see [24] and [18, Section 9.4]. We will show that M is in fact generic,
which for a 1-cusped hyperbolic 3-manifold means that it is not arithmetic and its
commensurator orbifold has a flexible cusp, i.e., a cusp that is not rigid. See [23,
section 2.1] for an explanation of the latter condition, which for any hyperbolic
complement M ′ of a nonarithmetic knot is equivalent with the fact that M ′ has
no hidden symmetries (isometries of a finite cover of M ′ that are not the lift of an
isometry of M ′) by [21, Prop. 9.1]. Reid and Walsh show that the complement of
no hyperbolic two-bridge knot other than the figure-eight has hidden symmetries
[23, Thm. 3.1]. We conclude that M is indeed generic.

A representation ρ : π1(M) → PSL2(C) is called integral if for all γ ∈ π1(M) the

trace tr(ρ(γ)) of a lift ρ(γ) ∈ SL2(C) of ρ(γ) is an algebraic integer. Calegari and
Dunfield [4, Thm. 6.1] prove that if M ′ is a generic hyperbolic knot complement
in a Z/2Z-homology sphere and if Y0

(

π1(M
′)

)

contains the character of a nonin-
tegral reducible representation, then M ′ is not commensurable to a fibered knot
complement in a Z/2Z-homology sphere. From the above discussion, it suffices to
show that the component of C(k, l) (see §3) corresponding to Y0(k, l) contains the
character of a nonintegral reducible representation. Without loss of generality we
will assume that l = 2n is even. We use the notation from §3. A representation
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is reducible exactly when r = 2. The points (r, y) ∈ C(k, l) with r = 2 satisfy
F (y) = 0 with

F (y) = fn(t)
(

Φ−k(2)Φk−1(2)(y − 2) − 1
)

+ fn−1(t)

and

(23) t = Φ−k(2)Ψk(2)(y − 2) + 2.

By Theorem 6.1 the curve C(k, l) is irreducible unless k = l. By Lemma 3.3 we have
Φ2j(2) = fj(2) = j, Φ2j+1(2) = 1, Ψ2j(2) = 0, and Ψ2j+1(2) = 1 for all integers j.

First, consider the case where k is odd, say k = 2m+ 1. Then k 6= l, so C(k, l)
is irreducible. Here, t = y. Then

F (t) = fn(t)(m(t− 2) − 1) + fn−1(t)

= mfn+1(t) − kfn(t) + (m+ 1)fn−1(t),

where we used tfn(t) = fn−1(t) + fn+1(t) in the last inequality. For any integer j,
the constant terms of f2j and f2j+1 are 0 and (−1)j respectively. Therefore, the
constant term of F (t) is ±1 if n is even and ±k if n is odd. The leading term is m
if l is positive and m + 1 if l is negative. As k = 2m + 1, we conclude that in all
cases the leading term and constant term are relatively prime. Therefore, F (t) has
a nonintegral root exactly when the leading term is not ±1. The leading term is 1
only when m = 1 (k = 3) and l > 0 or when m = 0 (k = 1) and l < 0. It is −1 only
when m = −1 (k = −1) and l > 0 or when m = −2 (k = −3) and l < 0. All cases
correspond to fibered knots by Lemma 7.3, so we conclude that F (t) does have a
nonintegral root y0 corresponding to a nonintegral point (2, y0) on C(k, l) and thus
on Y0(k, l).

Now it suffices to assume k is even, say k = 2m. From (23) we get t = 2. By
Lemma 3.9 there is a unique point P = (2, 2 − 1/mn) on C(k, l) with r = 2. If
k 6= l then C(k, l) is irreducible, so P corresponds to a nonintegral point on Y0(k, l).
If k = l, then the birational morphism to the new model D(k, k) (see Proposition
4.4) sends P to (2, 2), which lies on the component corresponding to Y0(k, k) by
Proposition 4.6. We conclude that P is a nonintegral point on Y0(k, k) in this case
as well. �

Proof of Theorem 1.3. Given that every manifold is commensurable with itself, this
follows immediately from Theorem 7.2. �

References

[1] S. Boyer and X. Zhang. On Culler-Shalen seminorms and Dehn filling. Ann. of Math. (2),
148(3):737–801, 1998.

[2] Gerhard Burde. Darstellungen von Knotengruppen. Math. Ann., 173:24–33, 1967.
[3] Gerhard Burde and Heiner Zieschang. Knots, volume 5 of de Gruyter Studies in Mathematics.

Walter de Gruyter & Co., Berlin, second edition, 2003.

[4] Danny Calegari and Nathan M. Dunfield. Commensurability of 1-cusped hyperbolic 3-
manifolds. Trans. Amer. Math. Soc., 354(7):2955–2969 (electronic), 2002.

[5] D. Cooper, M. Culler, H. Gillet, D. D. Long, and P. B. Shalen. Plane curves associated to
character varieties of 3-manifolds. Invent. Math., 118(1):47–84, 1994.

[6] Marc Culler, C. McA. Gordon, J. Luecke, and Peter B. Shalen. Dehn surgery on knots. Ann.
of Math. (2), 125(2):237–300, 1987.

[7] Marc Culler and Peter B. Shalen. Varieties of group representations and splittings of 3-

manifolds. Ann. of Math. (2), 117(1):109–146, 1983.



ON CHARACTER VARIETIES OF TWO-BRIDGE KNOT GROUPS 35
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