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1 Introduction

In this paper we will discuss a problem that was already known to Euler and has not been solved
ever since. If of a rectangular parallelepiped not only all the sides are integral, but also all the
face diagonals, we will call this box a rational cuboid. Euler already knew the smallest rational
cuboid which has sides 44, 117 and 240. He also knew that if z, y and z are the sides of a rational
cuboid, then so are yz, xz and zy. Applying this trick twice, we get a multiple of the first cuboid.
Such cuboids are said to be derived from each other.

A rational cuboid of which also the body diagonal is an integer will be called a perfect cuboid.
Although it is hard to believe that Euler never asked himself the question whether perfect cuboids
exist, he doesn’t seem to have written anything about it. To answer this question has appeared
to be a difficult problem. No perfect cuboid has been found so far and a proof of nonexistence
doesn’t seem to be in sight yet.

This paper will serve two goals. The first is to summarize the literature written about this
problem, which is done in section 2. Many papers have been written about (almost) perfect
cuboids, only two of which, by F. Beukers and B. van Geemen [1] and by A. Bremner [2], have a
more geometrical approach. Therefore the second goal is to analyse the geometrical structure of
this problem.

In section 3 we will define a surface T of which the rational points correspond with perfect
cuboids. We will prove that T is a so-called surface of general type, which conjecturally implies
that its rational points do not lie Zariski dense. The surface T admits many automorphisms, one
of which is changing the sign of one of the face diagonals. In section 4 we will divide out by this
automorphism to get a K3 surface V. We will compute the Néron-Severi group of a nonsingular
model of V. This may help us in finding rational curves on V', thus providing many rational points
on V of which we can check whether they lift to rational points on Y.



2 Literature

As was mentioned in the introduction the problem of finding rational cuboids dates from before
Euler. Around 1740 Saunderson [27] already knew that if a, b and ¢ are integers satisfying
a®? 4+ b? = 2, then

x = 4abc, y = a(4b® — ¢?) and z = b(4a* — ¢?) (1)

are the sides of a rational cuboid. Unfortunately for Saunderson cuboids of this form are nowadays
usually known as Euler cuboids. Since pythagorean triples are parametrizable by a = m? — n?,
b= 2mn and ¢ = m? + n?, formula (1) gives rise to a 2-dimensional degree 6 parametrization of
rational cuboids. One could hope that some of these cuboids are perfect, but Spohn [31] proved
that no Euler cuboid can be a perfect cuboid. Spohn [32] was unable to prove completely that
a derived cuboid (see introduction) of an Euler cuboid could not be perfect either, but Chein
[4] and Lagrange [16] both showed that this could indeed never happen. Although proofs were
now already given, Leech [21] gave a short one page proof that no Euler cuboid nor its derived
cuboid can be perfect. Spohn [31] proves a theorem that essentially states the easy fact that the
(projective) surface given by x? + 22 = u? and y? + 22 = v? is parametrized by (1) without the

assumption that a® 4 b? = ¢2.

Many people have found almost perfect cuboids, i.e., cuboids of which all but one of the 7
lengths (3 edges, 3 face diagonals and 1 body diagonal) are integral.

Definition 2.0.1 We will call a cuboid of which all of the seven lengths are integral except possibly
for one edge or face diagonal an edge cuboid or face cuboid respectively. In this context we will
also call a rational cuboid a body cuboid.

In section 4 we will take a closer look at face cuboids. Starting with one parametrization,
using elliptic curves Colman [5] finds infinitely many two-parameter parametrizations of rational
cuboids with rapidly increasing degree. He shows how the same can be done for edge cuboids.
He also gives a system of two elliptic curves fibered over a conic of which a rational point would
correspond with a perfect cuboid, see section 5.

By elementary examination of the equations for a rational cuboid modulo some small primes,
Kraitchik [12] shows that at least one of the sides of a rational cuboid is divisible by 4 and another
by 16. Furthermore, the sides are divisible by different powers of 3 and both the primes 5 and 11
divide at least one of the sides. This is equally elementary extended by Horst Bergmann and later
by Leech who shows that the product of all the sides and diagonals (edge and face) of a perfect
cuboid is divisible by 28 x 3% x 53 x 7 x 11 x 13 x 17 x 19 x 29 x 37, see Guy’s unsolved problems in
number theory [8, Problem D18]. Kraitchik [12] also rediscovers the Euler cuboids of (1) and gives
a list of 50 rational cuboids that are not Euler cuboids, which he found by some ad hoc methods.
He extends his classical list to 241 cuboids with odd side less than 10° in [13] and gives 18 more
n [14], of which 16 are new.

This was the beginning of an intensive search for rational and in particular for perfect cuboids.
Lal and Blundon [17] noted that for rational integers m, n, p and ¢, the cuboid with sides x =
[2mnpql|, y = |mn(p? — ¢*)| and z = |pg(m? — n?)| has at least two integral face diagonals and is
rational if and only if y2 + 22 = 0. Making use of symmetries they had a computer search through
all the quadruples (m,n, p, q) with 1 < m,n,p,q < 70 to check if y? + 22 = [J. They hereby found
130 rational cuboids, none of which perfect. Later Shanks [28] publishes some corrigenda from
their paper.

In [9] I. Korec proves that there are no perfect cuboids with the least side smaller than 10000
in the following way. If x, y and z are the sides of a perfect cuboid, then there are positive integers



a, b and c all dividing = such that with ¢t = \/y2 + 22 we have

1 [ z2 1 (2 1 (a?
=3(e) ms(5) (T ¥

Then ¢ < a,b and we can assume ¢ < b < a < z. Substituting (2) in y? + 2% = t2, we obtain the
equation
(a®c® + b2 — a®b?)z* — 2a%V*?a® + a*b2 P (a® + V¥ — ) = 0. (3)

From this equation, Korec proves that there are positive integers d and v such that
d* = (a® +b*)(a® — ) (b* — ),
v? = abc(abe — d)(a® + b — c2).

(4)

Using (4) Korec shows that there are no perfect cuboids for which ¢ < 3200. If we assign weight
1 to a, b and ¢ and weight 3 and 4 to d and v, respectively, then (4) is weighted homogeneous, so
in order to prove that (4) implies ¢ > 3200, we may assume that ged(a, b, c) = 1. Then he proves
the inequalities
a<\/%7 b<ev2 and oz > (V2+V3)e

He also proves that if p = 3(mod4) is a prime such that ord,(c) is odd, then p* < c. Based on
this fact he can exclude many possible values for c¢. For the remaining values ¢ < 3200 he has a
computer run through all values ¢ < b < ¢y/2. For each b he checks other conditions that the pair
(¢, b) has to satisfy, again involving ord,. For all b for which the pair (¢, b) can not be excluded,
he has a computer check some necessary p-adic conditions for each a with b < a < be/v/b? — 2. Tt
turns out that no 3-tuple (¢, b, a) with ¢ < 3200 satisfies all conditions, so for every perfect cuboid
we have ¢ > 3200, whence z > (V2 + v/3)c > (V2 + v/3) x 3200 > 10000.

In a later paper Korec [10] proves that there is no perfect cuboid with the least edge smaller
than 10°, using the same ideas as before [9] and the fact that ¢ > 3200. For every x < 10° he
has a computer generate all possible ¢ and b. For each pair (¢, b) of the generated possibilities he
computes a from (3). If for all the pairs (¢, b) the computed a is not an integer dividing x, then x
is not an edge of a perfect cuboid. This appeared to be the case for all 2 < 10°. To speed up the
algorithm he also proves that integers z = 2(mod4) don’t need to be considered as they cannot
be an edge of a perfect cuboid. Similarly for z that are prime powers and x of the form p™q"
with p # ¢ prime and either p = ¢ = 3(mod4) or m =1 or n =1 or m +n < 4. Neither do we
need to consider z of the form 2™¢™ with ¢ prime and either ¢ = 3(mod4) or m < 3 or n = 1.
In order to eliminate as many values for b and ¢ as possible, he proves some theorems that relate
ord,,(b) and ord,,(c) to ord,(x) for primes p and the inequalities a < z(v/2—1) and ¢ < 2(v/3—/2)
assuming that x is the smallest edge of a perfect cuboid. Unfortunately, Korec makes a mistake
in the formula that expresses a in z, ¢ and b and of course it is impossible to check if he made the
same mistake in the program that he ran on a computer.

In a third paper Korec [11] computes more lower bounds, this time not based on the smallest
edge of a perfect cuboid, but on the full diagonal and therefore also on the largest edge. First he
writes the full diagonal z as z = ng where ¢ is a prime. He proves that if z is the full diagonal
of a perfect cuboid, then z can only contain primes 1(mod4) and n must be composite. He
also proves that for i = 1,2, 3 there exist positive integers a;, b; such that n? = a? + (4b;)% and
that the sides of the perfect cuboid can each be expressed in the a; and the b; in one of three
different ways. Korec proves that n > 11-10° by having a computer run through all the integers
5 < mn < 11-10° with only prime divisors 1(mod 4) and checking all the possibilities for the (a;, b;).
Several conditions for the a; and the b; are proven. Some of these are conditions that must hold
modulo every positive integer m, some of them are there to avoid double checking, some to rule



out some exceptional cases. By a computer search these conditions appeared to be sufficient to
conclude that n > 11 - 106.

This implies that for the interval I = [z, 21] an integer z € I is not the full diagonal of a
perfect cuboid if z contains a prime ¢ with ¢ > 21 - (11-10%)~! or ¢ = 3(mod 4). For the remaining
z € I all b; are contructed such that z2 — 16bf = [0. The b; are candidates for the quarters of the
even edges and even face diagonals, whence if z is the full diagonal of a perfect cuboid, then there
are b;, b; and b, among the candidates such that b? + b? = bi. This can be checked faster than
the straightforward way by partitioning the b; by the residue class of their squares. Korec let a
computer run through several intervals, the union of which covers all positive integers < 8 - 10°.
No perfect cuboid was found and hence the full diagonal of a perfect cuboid is at least 8-10%. If 2
is the maximal edge of a perfect cuboid and z is the full diagonal, then we have z < zv/3, whence
x> 5z >4-10°.

Similar to what Korec [9, 10] does, Rathbun [25, 26] notes that if x, y and z are the sides
of a rational cuboid, then 22 + y> = p? and 22 + 22> = ¢° for some integers p and ¢q. then
22 = (p+y)(p—vy) = (¢ + 2)(qg — 2), whence knowing the factorization of z it is possible to
recover all possibilities for y and z and thereby all rational cuboids with one side equal to =x.
Similarly, one can easily find all edge and face cuboids with one side equal to z. Rathbun [25] had
a computer check all z < 333, 750, 000, which resulted in 6800 body, 6749 face, 6380 edge and no
perfect cuboids. He mentions [26] that 4839 of the 6800 body or rational cuboids have an odd side
less than 333,750,000, thereby extending and correcting Kraitchik’s classical table [12, 13, 14].
Rathbun claims anno 1999 to have checked all z < 1,281, 000,000 and has not found any perfect
cuboid. Leech [22] already noted some errata in Kraitchik’s table earlier and Rathbun agrees with
this on all but one entry.

J. Leech [18] analyses the problem of existence of all types of cuboids (he notes some minor
errata in [19]).

For rational or body cuboids he notes that for the equation z? + 22, | = y?,, there are positive
integers a;, b; with ged(a;, b;) = 1 such that z; : ;11 @ yi12 = a? — b7 : 2a;b; : a? + b?. Rearranging
the z; if necessary such that x1, 2 and x3 have ascending number of factors 2, we find that exactly
one number in both pairs (a1,b1) and (az,bs) is even. The numbers as and b3 are both odd and
putting o = %(a3+b3), 8= %(ag —b3) we find 73 : 21 = 2083 : o? — 3. From i—; . i—i = fg—; we find

S i
2a1b1 . 2a2b2 o 20[6 ( )

of which solutions correspond with rational cuboids. Note that we can take the a;, b;, a;, 3 to be
positive integers such that the generating pairs (a;, b;) and («, ) consist of numbers of opposite
parity. Note also that Lal and Blundon [17] listed all cuboids corresponding to solutions of (5)
with ay,b1,a,8 < 70. Leech himself [20] gives all solutions in which two of the pairs a1, by, as,
ba, a,  do not exceed 376. Leech [18] also derives the formulas (1) for the Euler cuboids and for
the derived cuboid of a rational cuboid. He states that using an infinite descent argument it may
be shown that a;/b; = 2 is impossible for a solution of (5), whence there are no rational cuboids
with two edges in the ratio 3 : 4.

The problem of finding edge cuboids was posed by “Mahatma” [24] and Bromhead [3] extends
the cuboid found by readers with sides 124, 957 and /13852800 to a one-parameter family of
solutions. The smallest real edge cuboid, i.e., with positive non-integral side, has sides 520, 576,
v/618849 and body diagonal 1105. For edge cuboids we are looking for integral solutions of the
equations

el tay=yi, t+ai=ys, t+ai=y7 and t4yi=2"
Leech notes that for any solution £2+n? = (2 one can find 7 such that 74 ¢2, 7+n? and 7+ (? are
all squares by Fermat’s method’s for “triple equations” (see [48], p. 321-328), giving the solution

7= (C¥ — 6622 Ct + &'t/ (26n0)2. (6)



This was also found by D. Zagier and J. Top. Leech also shows that then (¢* — &2n?)* — y5 =
7(¢* 4 €2n?)? and as the difference of two fourth powers cannot be a square, 7 cannot be either.
One could also look at the equations

g = # el baf=ad
Fixing z we are looking for z; and xo, both appearing in some representation z? = 2% + y? (we
can find all these representations from the factorization of z) such that x? + z3 is a square not
equal to 22 (equality would yield ¢ = 0). Leech [20] finds by a computer search over all composite
z with no prime divisors p = 3(mod4) that there are 160 solutions with z < 250000 of which 78
have ¢t > 0. Similar to the situation of rational cuboids, there are a;, b;, @ and 3 such that

xo  a® — b2 z_a%—ﬁ% z_a%—ﬁ%

'’ 2ab 7 oz 20aB1 T w2 2090 ]

of course satisfying the equation given by 2 - = = 22, Putting u = a1 /81 and v = a2 /32 we find

for fixed xo/21 = (a? — b%)/(2ab) the elliptic curve
By, e ziv(u? + 1) = zau(v? 4+ 1) (7)

on which the point P = (ug,vo) = (a/b, (a + b)/(a — b)) has infinite order. Leech says that the
trivial solution ¢ = 0 corresponds to P, but in fact by taking inverses of ug or vg one obtains three
other points that correspond with ¢ = 0. They differ from P by a torsionpoint. This gives infinitely
many rational solutions with the same ratio z5/21. The point 2P corresponds to the solution (6).
Leech remarks that many of the solutions with z < 10° occur in cycles of four, i.e., for i = 1,2,3,4
there are & and n; such that 2 = & +n? and £#+¢7,; = 0. He also notes (again empirically) that
£1&3 = &6, for those cycles, so £3/€1 = €3/€4, whence the two solutions we get from &2 + £2 = O
and &2 + &2 = 0 correspond to points on the same elliptic curve E as in (7). For all cycles of four
Leech notes that the line through these two points goes through the trivial point corresponding to
t = 0. He states that by brute force the converse may be proven, namely that for two points on the
same elliptic curve on such a line we get such a cycle of four and each non-trivial solution belongs

to such a cycle. For instance, the point @ = (u,v) = (¢, ‘;—;2), one of the points corresponding to
t = 0 on the elliptic curve (7) for x5/, = p/q with p = a® — b?, ¢ = 2ab and r = a® + b?, and the

point 2@Q), corresponding to (6), form a cycle of four. We get 2Q = (pi, 2’ —), also corresponding
a

to a cuboid with z3/x; = p/q. Of the other two cuboids in the cycle there is one with % =2
and % = 5 as the generators of 2 + 77 = (2, ie., & : mi = 2a;8; : a? — 32. The other has
ar __a

= a—;_b and “2 = 2_72“ as the generators of £2 + n? = (2. These both have x1 :y; : z=q:p: 7

so we conclude that every pythagorean triangle can occur as a body diagonal, an edge and a face
diagonal of some edge cuboid. From the cuboid corresponding to 2@ we can conclude that every
pythagorean triangle occurs as the diagonal and two edges of some edge cuboid. Mind that that
Leech [18] sometimes mixes up - Bi with 3. On some elliptic curves (7) there are more points than
generated by torsionpoints and pomts corresponding to ¢t = 0. The two extra cub01ds in the cycle
just described correspond to points on the elliptic curve for which x? + 23 = y2 is generated by
a and b with ¢ = 24, Leech gives a few more, contained in the cycle for which the generators for
£ + &5 + % are

3 3

o mn m* —n n(m* + m?n? 4+ n?) 2m?n?

Bi m2-n2" m3+4+n3 mimt—m2n2—nt)’ m?-—m?2n2 —nt’
and those for the ratios §;/£;+1 are

b mn n(m* —m?n? —n?)

a  m2+n2 m(m* —m2n2 + nt)’

Leech [18] mentions that the problem of the face cuboids is related with the problem of finding
three integers all pairs of which have have their sums and differences squares, which is equivalent



to finding three squares whose differences are squares, see Dickson [6], ch. 15, ref. 28 and ch. 19,
refs. 40-45. For a face cuboid, i.e., a solution of

x%—i_x%:yga xg—i_x%:y%v x%+y%:'227 (8)

the integers 2(2% +x2), 2(2% — 2?) and 2|23 — 23] satisfy the first problem, the squares of z, y3 and
o the second. Leech doesn’t mention that the problems are actually equivalent with finding face
cuboids, any solution of the second problem gives squares we can take to be the squares of z, y;3
and zo. Similar to what we have seen before, the generators for the equations (8) are integers «;,

) ;— i i Y2 | x2 _ Y2
Bi, for i = 1,2, 3 satisfying =2l

i B o3- G _od+
20161 20303 200232

Writing u; = {(a? — 32)/(20;3;)}?, this becomes ujus = 1 + ug, a recursive relation with period
5, discussed by Lyness [23] in the context of finding three integers whose pairs have sums and
differences squares. Exchange of the first equations of (8) and then of the left factors of (9) gives
a new solution corresponding to usus = 14 ugz, whence solutions come in cycles of five. The u; in
a cycle correspond to the squares of the values yo /o, x3/x1, x2/21, y3/x3 and x1z/x023 of one
of the five occurring cuboids. Leech [20] gives all solutions in which two of the pairs «;, 8; do not
exceed 376.
Leech [18] also shows that for a face cuboid there exist integers p, ¢, » and s such that

(9)

Ty =ps—qr, Y2 =ps+qr, Yz =pr—gqs, z=pr-+gqs,

B2 pP—q* 2rs (10)
B =F ~ )0 =), o =apgrs, T3 =P

The numbers p,q,7,s = 32,22,92 72 give a solution which has the smallest face cuboid with
edges 104, 153 and 672 in its cycle of five. Another way of finding solutions is by noting that
2? = 23 +y35 = 23 + y3 can be written as the sum of two squares in two different ways. For each z
we can find all the pairs (a;, b;) such that 2% = a? + b% and check if there are a; and b; such that
b? — af = 0. This enables Leech [20] to give all 89 face cuboids with z < 10°.

He concludes from (10) that a pair of generators «, 8 occurs in some face cuboid if and only if
(3% /a? is expressible as the product or quotient of two ratios of the form (p? —¢?)/2pq. This would
give a method of search for generators which can occur in solutions. Combining those would yield
all solutions. Strangely enough he says that this is not the case. Not even all cycles would be
found because some cycles, such as

4 1 1 14 1
s 114 e (11)

a 130 13 9 27 21
would not include pairs of generator pairs with ratios whose squares are expressible as the product
and quotient of a pair of ratios of the form (p?—q?)/2pq according to Leech. This doesn’t seem to be
true since for the 4-tuples (p,q,r, s) = (65,37,481,5) ,(45,37,333,5), (169,41,41,1), (81,49,9,4)
and (81,17,17,1) that we get from (10), the quotient of (p? — ¢?)/2pq and (r? — s?)/2rs are the
squares of the values in (11). And if = can be written as the quotient of two ratios of the form
(p® — ¢%)/2pq then it can also be written as the product of such ratios, for we have

-d¢ _ 20+dp—q

2pq (p+a9)?—(p—q?*

Using techniques of Diophantus’ Arithmetica Leech finds a parametric solution of (8), given
by

oy = 4drst(s+t), xo=2rt3(t+2s), x3=s(s+1)(2r +1t)(2r —1). (12)
withr =m2+m+1, s=2m+1, t = m? — 1, which corresponds to the cycle

Bi _r(@s+t) t s+t (t—r)2r+t) t(2s +t) (13)

o 272 s 7 (t+r)@2r—t) (@2r—t@2r+t)



Leech seems to write occurring generating fractions 3/« in such a way that f < a. Using a
parametric expression for ratios of the form (p? — ¢?)/2pg whose product and quotient are squares
he finds the same cycle.

For fixed (3 and «q substitution of w = a;/0; and v = (as + F3)/(as — P3) gives the elliptic
curve

B (a3 4 B2u(v? — 1) = 2asfov(u? — 1). (14)

Using a descent argument we can show again that there are no solutions with o/ = 2 or 3, i.e.,
none with edges in the ratio 3 : 4. A solution of (8) gives a point P on F for a5, 85. The point
—2P then corresponds to a cycle of solutions including

B _y2—ys P53 1

- b b
o Y2tyYs Qas g

The fifth pair corresponds to

{za1(y3 — v3)} + {z2ws(y3 + 13)}* = {yoys(23 + 23)}>.

Using this together with (13) we find that there are infinitely many rational curves on the surface
in P° described by the equations in (8).

If a,b occurs as a pair of generators of #7 + 27, = y7 | in a perfect cuboid, then the ratios of
any two of a? —b%, 2ab, a® + b? is expressible as the product of two ratios of the form (p? —¢?)/2pq.
Not many pairs a, b seem to satisfy this.

Leech then digresses on spherical triangles and the question of existence of four squares all
whose sums or all whose differences in pairs are square. If they exist then certain cycles are
contained in a constructed graph containing solutions for three squares in stead of four.

He concludes with a list of open problems. We will phrase all of those that imply (non)-
existence of perfect cuboids. The first two are equivalent with the problem of finding perfect
cuboids, the others are soluble if a perfect cuboid exists.

e Is there a ratio of the form (p? + ¢%)/2pq and one of the form (p* — ¢?)/2pq whose product
and quotient are both of the form (p? — ¢%)/2pq?

e Are there non-trivial solutions of (a?c? — b%d?)(a?d? — b*c?) = (a®b? — c2d?)*?

e Are there integers ¢ and &;, n; for i = 1,2,3 with ¢ = & +7n? and €7 + 51‘24-1 = [, even
without the condition &7 + €3 + £2 = (??

e Is there a sequence of integers xg,x1, T2, X3, ... such that for any two and three adjacent
elements the sum of their squares is a square? We could take x1, zs, x3, 21, T2, T3, T1, ... for
a perfect cuboid. A finite sequence of length 8 exists.

e Is there a rational cuboid with sides 1, 22, r3 and an integer z such that z — 2 = (0?7

e Is there a rational cuboid with sides 1,22, 23 and an integer z such that z —2? — 27, ; = 0?7

e Are there four squares all pairs of which have square differences? For a perfect cuboid we
could take the squares of ysz, y2ys3, 12z and z1ys.

e Is there a sequence of four squares of which the sums of all n < 4 adjacent elements is a
square? Here we could take the squares of x1ys3, T1x3, Tox3 and xoys.

e Is there a cycle of solutions of (9) in which a1 /81 = (p?—¢?)/2pq and aa /B2 = (12 +52)/2rs?
A. Bremner [2] analyses the surface V C P® given by

X*+Y? =R, Y’+2*=S5° Z°+X’=T"



describing rational cuboids. He proves that V is birationally equivalent with the surface W c P3
given by
(22 —y?) (2% — t?) = 2yz(a® — t?).

He gives all lines and conics on the surface W. It turns out that there are precisely 22 straight
lines on W, of which 14 are defined over Q and 8 defined over Q(\/i) Furthermore, he finds
all parametrizable plane cubics on W. There are infinitely many rational curves on W, of which
Bremner gives several. Finally, he gives five degree 8 parametrizations of curves on V' of which
he claims three appear to be new. The other two were already found by Kraitchik [14]. All five
correspond to points on the same elliptic curve over Q(\).

F. Beukers and B. van Geemen [1] analyse two surfaces V' and W describing face and rational
cuboids respectively, namely

a2 + b2 — 2 2+ = g2
V={a+c = y? and W= a?+c® =y? (15)
>+ +c = b2+ =22

They find infinitely many rational curves on both surfaces. To analyse the surface V, their first
step is to show that it is birationally equivalent with the affine surface in A3 given by

u? = (' +¢*) (@ +1).
Let E be the projective elliptic curve
E:y?z = 23 — 4a2?

with torsion point 7= (0:0: 1). Let G = (Z/2)? be the group of automorphisms of the abelian
surface E x E generated by 7: (P,Q) — (P+T,Q+T) and ¢: (P, Q) — (—P,—Q). Then F. Beukers
and B. van Geemen show that there is an isomorphism

O (EXE)/G—V.
They also show that if C' is a (hyper-)elliptic curve and
A:C - FE and B:.C—FE

are rational maps commuting with the standard involutions on C' and F, then the image of the
composite map P +— ®(A(P),B(P)) from C to V is a rational curve. Taking A and B to be
endomorphisms of E and other concrete examples they find four degree < 10 rational curves over
Q on V and one degree 6 rational curve over Q(i). Let E’ be the elliptic curve E/(P — P+ T).
Then E’ is given by E':y?z = 22 + 22? and it is proven that V is the Kummer surface of E x E,
i.e., V is isomorphic over Q to E x E’ modulo the involution inv: (P, Q) — (—P, —Q). In section
4 we will further analyse the surface V.

They also show that the surface W is birationally equivalent with the pencil of elliptic curves

y? =x(z+1)(z 4+ \?), A= (c—0"1)/2.

The Euler cuboids correspond with the points

@-ne+n2 Y 442 —1)2(t2 +1)3 T T ey

(3t — 1) 917 8417 — 12215 + 52° — Tt 2 —1

Addition on this elliptic curve gives rise to infinitely many rational curves on W.



3 Classification of surfaces and an application

As was announced, this paper will have a more geometrical approach than most of the articles
described in the previous section. In finding perfect cuboids we are actually looking for rational
points on a surface that will be described in section 3.2. It is easy to find some rational points on
this surface, namely those corresponding to cuboids with zero contents.

Finding rational points on an algebraic surface, or even deciding whether they exist, is in
general a difficult problem and before we start with a search one might ask the question of how
many points to expect. For a curve C' over Q we know by Faltings’ Theorem that if the genus g¢
is at least 2, then there are only finitely many rational points. In other words, the rational points
do not lie Zariski dense on the curve. If the genus is at most one, then there can be infinitely
many rational points on the curve which in that case are Zariski dense.

A generalization for higher dimensional varieties has not been proved yet, but there are certain
conjectures that would generalize the situation for curves. We will discuss these in section 3.4.
However, for a higher dimensional variety X neither the arithmetic, nor the geometric genus turns
out to be the appropriate invariant to consider. Instead we should look at the so-called Kodaira
dimension of X. The Kodaira dimension x(X) is a number satisfying —1 < x(X) < dim X. For a
curve C with genus 0, 1 or > 2 we have x(C) = —1,0 or 1 respectively. Hence Faltings’ Theorem
states that if the Kodaira dimension of a curve C defined over Q is 1, then the set rational points
on C' is not Zariski dense.

In this form Faltings’ Theorem generalizes directly to the Weak Lang Conjecture which says
that if X is a variety over Q and the Kodaira dimension x(X) equals n = dim X, then the set
of rational points on X is not Zariski dense. Varieties satisfying x(X) = dim X will be called of
general type.

In section 3.2 we will define a surface T describing perfect cuboids and we will state and prove
some of its properties. Then in section 3.3 we will define the Kodaira dimension of a variety and
we will see that T is indeed of general type. In section 3.4 we will try to find out what this means
for the rational points on Y.

We will have to do some preparation before we can define the notion of Kodaira dimension. This
will be done in section 3.1. In this section we will mainly state several definitions and propositions
from Chapter II of R. Hartshorne’s Algebraic Geometry [47] and a partial generalization of Exercise
11.8.4 of that book. In the same section we will also state some definitions and propositions about
Hodge numbers. The Hodge numbers only return in Proposition 3.2.19, Corollary 3.3.34 and Bluff
1 and 2. Therefore the reader who is not interested in these results and who is familiar with
Chapter IT of [47] can skip section 3.1, apart maybe from Lemma 3.1.36, and continue directly
with section 3.2. Note that rings are taken to be commutative with 1.

3.1 Definitions and tools

We will recall some algebraic geometrical notions such as divisors and the relation with invertible
sheaves with references for the proofs. We will not deal with these notions in their full generality,
but only to the extend needed. To avoid confusion about the notion variety, note that we take the
following definitions, following R. Hartshorne [47].

Definition 3.1.1 A wvariety over a field K is a geometrically integral separated scheme, which is
of finite type over K. Curves and surfaces are varieties of dimension 1 and 2 respectively.

Definition 3.1.2 A projective variety over K is a variety which is a closed subscheme of Py, .

Definition 3.1.3 A variety X over an algebraically closed field K is nonsingular if all its local
rings are regular local rings.

The Kodaira dimension of a nonsingular variety is defined in terms of its canonical sheaf, which
is an invertible sheaf. Invertible sheaves on X are closely related with divisors and line bundles



on X. We will give a short overview.

Let X be a noetherian integral separated scheme which is regular in codimension one. Then
we can define the notion Weil divisor, see [47, 11.6] for details and proofs.

Definition 3.1.4 A prime divisor on a noetherian integral separated scheme X which is reqular
in codimension 1 is a closed integral subscheme of codimension 1. A Weil Divisor D on X is an
element of the free abelian group DivV generated by the prime divisors.

If for all the coefficients ny of a Weil divisor D = )y ny - Y we have ny > 0 then we call
D effective, writing, D > 0. We write D; > D5 if D1 — Dy > 0. For the generic point n of
a prime divisor Y the local ring O, x is a discrete valuation ring with quotientfield K(X), the
function field of X. Let vy denote the corresponding valuation. For any nonzero rational function
f € K(X)* on X there are only finitely many prime divisors Y with vy (f) # 0, so we can define
the divisor (f) = Yy vy (f)-Y. This gives a homomorphism

K(X)*—=DivX: fw—(f).

The divisors in the image of this homomorphism are called principal divisors. The group Div X of
all divisors divided by the subgroup of principal divisors is called the divisor class group of X, and
is denoted by Cl1 X. Two divisors with the same divisor class, i.e., that differ a principal divisor,
are called linearly equivalent. If Y is an integral subscheme of X given by the inclusion j: Y — X,
then we have a homomorphism j*: Div X — DivY given by Y nz-Z +— > nz(ZNY), where we
leave out those Z with ZNY = (). The morphism j* maps principal divisors to principal divisors
and hence induces a map j*: C1 X — ClY. We have the following proposition.

Proposition 3.1.5 LetY be a noetherian integral separated scheme, which is regular in codimen-
sion one. Let Z be a proper closed subset of Y and let V=Y — Z. Then:

(i) there is a surjective homomorphism ClY — ClV defined by D =5 n;D; — > n;(D; NV),
where we ignore those D; NV which are empty;

(i) if codim(Z,Y) > 2, then C1Y — ClV is an isomorphism.
(iii) if Z is an irreducible subset of codimension 1, then there is an evact sequence
0—%Z—ClY - ClV — 0,
where the first map is defined by 1 — 1-Z.

Proof. See [47, Prop.I1.6.5]. O

For arbitrary schemes we can define the notion Cartier divisor, but we will only deal with
integral schemes here. Hence let X be an integral scheme, Ox its structure sheaf and Kx the
constant sheaf corresponding to the functionfield K (X) of X, i.e., the local ring O¢ of the generic
point £ of X (see [47, Exc.I.3.6]). Let O% and K% denote the sheaves of (multiplicative groups)
of invertible elements in Ox and Kx respectively.

Definition 3.1.6 We define a Cartier divisor on the integral scheme X to be a global section of
the sheaf K% /O%.

Remark 3.1.7 To see how Cartier divisors are defined on arbitrary schemes, see [47, I1.6]. See
also [60, I1.4] and [52, I.1].
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The multiplicative group structure of the sheaf K% /O% induces a group structure on the set
I'(X, K% /O%) of all Cartier divisors, which we will write additively. The principal divisors are
those in the image of the natural map I'(X,K%) — I'(X,K%/O%). The quotient is denoted
CaCl(X).

A Cartier divisor D can be given by {(Uj, fi)} where {U;} is an open cover of X and f; € K(X)*,
such that fl-f;1 € Ox(U;nUj). If f; is regular on U; for all ¢ then we call the Cartier divisor
effective and write D > 0. For two Cartier divisors D1, Dy we write Dy > Dy if D1 — Dy > 0.
If X is not only integral, but also noetherian, separated and regular in codimension one and
D = {(U;, f;)} is a Cartier divisor, then we can define the associated Weil divisor by taking the
coefficient of each prime divisor Y to be vy (f;), where ¢ is any index for which Y NU; # 0. As
X is noetherian, the sum > vy (f;)Y is finite and gives us a well-defined Weil divisor D’ on X,
which is effective if and only if the original Cartier divisor D is effective.

Proposition 3.1.8 If X is a noetherian integral separated normal scheme, then this induces an
injective homomorphism
NX,K%/0%) = DivX

from the group of Cartier divisors to the group of Weil divisors, where principal Cartier divisors
correspond to principal divisors in the image. Hence it induces an injective homomorphism

CaClX — ClX.

If X is even locally factorial, then both these homomorphisms are actually isomorphisms. This
holds in particular in the case that X is a non-singular projective variety over a field K.

Proof. See [47, I1.6.11] and [52, I.1]. O

Definition 3.1.9 Let X be an integral scheme and let D be a Cartier divisor on X, given by
{(U;, f:)}. We define a subsheaf L(D) of Kx as the sub-Ox-module of Kx generated by f;* on
Ui, i.e., for U C U; we get L(D)(U) = ;7 Ox (U).

This sheaf is clearly locally isomorphic to Ox, whence an invertible sheaf. This map D — £(D)
induces an injective homomorphism from CaCl X to Pic X, the group of invertible sheaves on X
up to isomorphism.

Proposition 3.1.10 If X is integral, then this homomorphism CaClX — PicX is an isomor-
phism.

Proof. See [47, Prop. 11.6.15]. O

Corollary 3.1.11 If X is a noetherian integral separated normal scheme then we get an injective
homomorphism Pic X — Cl1 X, which is an isomorphism if X is also locally factorial, in particular
if X is reqular.

Proof. This follows from Propositions 3.1.8 and 3.1.10. O

If D is an effective divisor on a scheme X, then L£(—D) is an invertible sheaf that we are
already familiar with.

Lemma 3.1.12 Let D be an effective Cartier divisor on a scheme X, and let Z be the associated
locally principal closed subscheme. Let Iy be the corresponding sheaf of ideals on X. Then T, =
L(-D).

11



Proof. See [47, Prop.11.6.18]. O

Definition 3.1.13 A (geometric) line bundle L on a variety X over a field K is a variety L with
a morphism f: L — X together with an open covering {U;} of X and isomorphisms 1;: f~1(U;) —
U; x Al such that for any i,j and any affine V. C U; N U; with coordinate ring A we get an
isomorphism ¢ = 1; 07V x A' — V x Al that can be given by 1: (P,x) — (P,ax) for some
a € A, independent from P € V and x € A'. Hence every fibre L, over a point x € X is a
one-dimensional vectorspace over K.

To a line bundle L we can associate an invertible sheaf £(L), called the sheaf of sections of
L, see [47, Exc.IL.5.18], where all this is done for arbitrary schemes. A section of f: L — X over
an open set U C X is a morphism s:U — L such that f os = idy. The presheaf L(L):U —
{set of sections of f over U} is a sheaf of sets that has a natural structure of Ox-module, which
makes it an invertible sheaf.

Proposition 3.1.14 The map L — L(L) described above induces a one-to-one correspondence
between the isomorphism classes of line bundles and Pic X, the group of isomorphism classes of
invertible sheaves.

Proof. See [47, Exc.I1.5.18]. O

Note that for every Cartier divisor class [D] we now have a corresponding isomorphism class
[L] of line bundles and an isomorphism class [£] of invertible sheaves with £ = £(D) = L(L). If
X is a normal variety, then we can even associate a Weil divisor class to [D].

Let X be a non-singular variety of dimension n. Then for every point P € X the tangent space
to X in P is a vector space of dimension n. The n-th exterior power of the dual space gives a
one dimensional vectorspace in every point of X. This defines a line bundle, the dual of which we
will call the canonical line bundle. In terms of sheafs we can define the canonical sheaf wx as in
Definition 3.1.23. Let us first restate some properties of derivations, see [50, Sect.XI1X.3].

Definition 3.1.15 Let R be a ring, A an R-algebra and M an A-module. By a derivation D: A —
M (over R) we mean an R-linear map satisfying the usual rules D(ab) = aD(b) + bD(a).

Remark 3.1.16 Note that D(1) = D(1-1) = 2D(1), so D(1) = 0, whence D(R) = 0. Such
derivations form an A-module Derg(A4, M) in a natural way, where aD is defined by (aD)(b) =
aDb.

Definition 3.1.17 By a universal derivation for A over R, we mean an A-module ) = Q4 /g,

and a derivation d: A — ), such that, given a derivation D: A — M, there exists a unique A-
homomorphism f:Q — M making the following diagram commutative.

A % QA/R

N/

Remark 3.1.18 By this definition the A-module €24, can be characterised by
HomA (QA/R,M) = DerR (A,M) .

The following proposition shows that the universal derivation exists.
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Proposition 3.1.19 Let A be an R-algebra. Let f: A ®r A — A be the multiplication homo-
morphism, i.e., f(a ®b) = ab, and let J be the kernel of f. Consider A ® A as am A-module by
multiplication on the left. Then J/J? inherits a structure of A-module. Define a map d: A — J/J?
byda=1®a—a®1 (modulo J?). Then (J/J? d) is a universal derivation for A/R.

Proposition 3.1.19 enables us to define a sheaf of relative differentials on a scheme X over
a scheme Y. Using Remark 3.1.18 we will then give a similar characterization of this sheaf of
differentials in the case that Y = Spec K for a field K.

Definition 3.1.20 Let f: X — Y be any morphism of schemes and let A: X — X Xy X be the
diagonal morphism. Then A induces an isomorphism of X onto its image A(X), which is a closed
subscheme of an open subset W of X xy X (see [47, prf. of Cor.II.4.2]). Let T be the sheaf of
ideals of A(X) in W. Then we define the sheaf of relative differentials of X over Y to be the sheaf
Qx/y = A*(Z/Iz) on X.

Remark 3.1.21 Let X be a scheme over a field K. From the characterization of the universal
derivation in Remark 3.1.18 we find that the sheaf of differentials is the sheaf associated to the
presheaf which can be characterized by

Qx/x(U) = Qo /K

for every open U of X. Note that the first 2 denotes a sheaf, where the second denotes an
Ox (U)-module.

Proposition 3.1.22 Let X be an irreducible separated scheme of finite type over an algebraically
closed field K. Then Qx/i is a locally free sheaf of rank n = dim X if and only if X is a
nonsingular variety over K.

Proof. See [47, Thm.I1.8.15]. O

Definition 3.1.23 Let X be a nonsingular variety over an algebraically closed field K and let
Qx K be the sheaf of differentials on X, then the canonical sheaf wx on X is defined as wx =
A" Qx/K, the n-th exterior power of the sheaf of differentials.

Let X be a nonsingular variety over an algebraically closed field K. The canonical sheaf wx
corresponds to a divisor class Kx, which we call the canonical divisor class. Note that K without
subscript denotes the field, while Kx denotes a divisor class. The constant sheaf K x corresponds
to the function field K (X).

The sheaf wx and the class Kx are related as follows, see [47, Prop.I1.6.15.] and [52, Ch.I.1.].
Choose a nonzero global section w of wy, i.e., a differential form of degree n = dim X. Note that
Lang [52, p.14] forgets to take w nonzero. For any closed point P on the nonsingular variety X
let t1,...,t, be local parameters in P, i.e., generators for m/m?, where m is the maximal ideal
of the local ring at P. Let Up be a neighborhood of P on which for every point Q € Up the
t; —t;(Q) form a set of local parameters. On Up we may write w = ¢pdt; A ... A dt, for some
Yp € K% (Up) = K(X)*. The collection of pairs (Up, 1 p) defines a Cartier divisor, which is called
the divisor associated with w and is denoted by (w). Since the K (X)-vectorspace of differential
forms of degree n has dimension 1 over K (X ), we find that all divisors associated to some nonzero
differential form of degree n are linearly equivalent. They are called canonical divisors.

Conversely if D is a divisor which is linearly equivalent with the divisor (w) associated with
a differential w, say D = (f) + (w) for some rational function f € K(X)*, then D is the divisor
associated with fw, so D is also a canonical divisor. The class of these divisors is the canonical
divisor class Kx. By Kx we will sometimes also denote a divisor contained in the canonical class.

Since the divisor (w) is defined by the pairs (Up, 1p), we find that £((w))(U) = ¢ 5" Ox (U) for
U C Up. Hence every section of L((w))(U) C Kx(U) comes from a rational function f € K(X)
such that fip is regular on U. Hence fw is a regular differential form on U. This map

L(W)U) = wx(U): f = fo
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induces an isomorphism of sheaves between wx and the sub-Ox-module £((w)) of Kx.

If Y is a nonsingular subvariety of a nonsingular variety X over an algebraically closed field K,
then we can express the canonical sheaf on Y in the canonical sheaf of X and the so-called normal
sheaf of Y in X, see Proposition 3.1.27 and [47, I1.8]. We will first define this normal sheaf.

Proposition 3.1.24 Let X be a nonsingular variety over an algebraically closed field K. Let
Y C X be an irreducible closed subscheme defined by a sheaf of ideals T. Then Y is nonsingular
if and only if Qy i is locally free and there is an evact sequence

0—>I/I2 —>Qx/K®Oy —>Qy/K—>O

of sheaves on'Y. Furthermore, in this case, T is locally generated by r = codim (Y, X) elements,

and T/I? is a locally free sheaf of rank r on'Y .
Proof. See [47, Thm.I1.8.17]. O

Definition 3.1.25 Let Y be a closed subscheme of a scheme X over K and let T be the corre-
sponding sheaf of ideals. We will call the sheaf Z/I? on'Y the conormal sheaf of Y in X . Its dual
Ny, x = Homp, (Z/I?,0y) is called the normal sheaf of Y in X.

Remark 3.1.26 Note that it follows from Proposition 3.1.24 that if Y is a nonsingular subvariety
of a nonsingular variety X, then the normal sheaf Ny, x is locally free of rank r = codim(Y, X).
We will see later that it is also locally free if X = P™ and Y is a complete intersection.

Proposition 3.1.27 LetY be a nonsingular subvariety of codimension r in a nonsingular variety
X. Let wy and wx be the canonical sheaves on'Y and X respectively. Then wy = wx ® /\T Ny/X.
In case r =1, consider Y as a divisor, and let L = L(Y') be the associated invertible sheaf on X.
Then wy Zwx @ LR Oy .

Proof. See [47, Prop. 11.8.20]. O

In some situations we can use Proposition 3.1.27 to identify the canonical sheaf on Y with a
more familiar invertible sheaf. One specific such case is the situation in which Y is a complete
intersection in X = P™. In that case we can combine Proposition 3.1.27 with Lemma 3.1.36.

Definition 3.1.28 Let Y be a closed subscheme of a nonsingular variety X. We say that Y is
a local complete intersection in X if the ideal sheaf Iy of Y in X can be locally generated by
r = codim(Y, X)) elements at every point.

Definition 3.1.29 A closed subscheme Y of projective n-space P} over a field K is called a
(strict,global) complete intersection if the homogeneous ideal I of Y in S = Klxo,...,xy,] can be
generated by r = codim(Y,P") elements.

Complete intersections are closely related to regular sequences, whence to the notion Cohen-
Macaulay. These notions are defined as follows.

Definition 3.1.30 Let A be ring and M an A-module. Let x1,...,z. € A elements such that
(i) M/(x1,...,2.)M #0,

(it) x1 is not a zero divisor in M and for every 1 < j < r the element T; is not a zero divisor
m M/(.’L’l, N 7$j,1)M.

Then x1,...,x, is called a regular sequence for M.
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Definition 3.1.31 If A is a local ring with maximal ideal m, then the depth of M is the maximum
length of a regular sequence x1,...,x, for M with all x; € m. We say that a local noetherian ring
A is Cohen-Macaulay if depth A = dim A. A scheme X is said to be Cohen-Macaulay if all its
local rings are Cohen-Macaulay.

Proposition 3.1.32 Let A be a local noetherian ring with mazimal ideal m.
(a) If A is regular, then it is Cohen-Macaulay.
(b) If A is Cohen-Macaulay, then every localization of A at a prime ideal is also Cohen-Macaulay.

(c) If A is Cohen-Macaulay, then a set of elements x1,...,x, € m forms a regular sequence for
A if and only if dim A/(x1,xo,...,2,) = dim A — r.

(d) If A is Cohen-Macaulay and x4, . ..,x, € m is a reqular sequence for A, then A/(x1,...,x;.)
is also Cohen-Macaulay.

(e) If A is Cohen-Macaulay, and x1,...,x, € m is a reqular sequence, let I be the ideal I =
(x1,...,2). Then the natural map

(A/Dtr,....t,] > gr, A= @1/,

n>0

defined by sending t; — x;, is an isomorphism. In particular, 1/1? is a free A/I-module of
rank r, generated by the x;.

Proof. See [53, (a):p.121, (b,c,d):p.104-105, (e):p.110]. For the last statement of (e), see also [50,
Prop.XXI.4.1]. O

Lemma 3.1.33 Let K be an algebraically closed field and let H be a hypersurface in P}, i.e.,
a locally principal subscheme of codimension 1. Then there is a homogeneous principal ideal
I C Klzg,...,xy,], such that I is the homogeneous ideal of H. In other words, H is a complete
intersection.

Proof. Since H is locally principal, we can view H as an effective Cartier divisor and as P™ is a
noetherian regular variety, even as an effective Weil divisor. If divisors D; and Dy have principal
homogeneous ideals (f1) and (f2) respectively, then the divisor D; + D5 has principal ideal (f; f2),
so we may assume that H is a prime Weil divisor. Let [ be a linear homogeneous form such that
H is not contained in the hypersurface [ = 0 and let U be the open affine given by [ # 0. By a
homogeneous transformation of coordinates we may assume that | = z¢. As HNU is an irreducible
hypersurface in U = Spec K [z1/xq, ..., Zn/x0] = A", we find that HNU is in U the zeroset of an
irreducible polynomial f in K[z1/xo,...,%,/x0] (see [47, Prop.1.1.13]). Let F be the homogenised
polynomial of f with respect to zo, i.e., F = 2387 . f. Then I = (F) C Klzo,...,y] is the
homogeneous ideal of the closure of H NU in P". This is exactly H itself. 0

Corollary 3.1.34 Let K be an algebraically closed field and let Y be a closed subscheme of codi-
mension r in P}. Then'Y is a complete intersection if and only if there are hypersurfaces (i.e.,
locally principal subschemes of codimension 1) Hy, ..., H,, such thatY = HyN---NH, as schemes,
e, Iy =2y, + ...+ 1Hq,.

Proof. Let Y be a complete intersection of codimension r given by the homogeneous ideal
I={(f1,...,fr). The f; all determine a closed subvariety H,. The H; are locally principal for if
l is a linear homogeneous form, then on the affine open set given by I # 0 the ideal sheaf of the
hypersurface H; is generated by f;/1%, where d; is the degree of f;. Further, since P" is integeral,
the f;/ 1% are not zero divisors in the local rings at points of P*. As P" is also Cohen-Macaulay,
it follows that the H; have codimension 1. Hence the H; are hypersurfaces. On the same affine
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open [ # 0 the ideal sheaf of Y is generated by f,/1%, ..., f,/l%. As these open affines cover P"
we find Iy = IHl + ... +IH7

Conversely, let Hy, ..., H, be locally principal subschemes of codimension 1 in P™, such that
Iy =71y, + ... +Zgy,. Then Lemma 3.1.33 states that there are principal homogeneous ideals
I; = (f;), such that Hj is the hypersurface given by f; = 0, i.e., on the open affine [ # 0
the ideal sheaf Tp, is generated by f;/ [%. That means that on the same open affine the ideal
sheaf Zy is generated by fi/l%,..., f./l%. This implies that the homogeneous ideal I of Y is
I=1(f1,...,fr) and can be generated by r elements. Therefore Y is a complete intersection. See
also [47, exc.I1.8.4(a)]. O

Remark 3.1.35 Note that a strict complete intersection ¥ C P" is indeed a local complete
intersection as well, since the H; of which Y is the intersection are locally principal.

Lemma 3.1.36 Let K be an algebraically closed field and let p:Y — P} be a global complete
intersection of codimension r, say of hypersurfaces D1, ..., D, of degree di,ds,...,d, respectively.
Let Ny pn be the normal sheaf of Y in P". Let wp be the canonical sheaf of P*. Then we have
wp 2 Op(—n —1) and if we set m = —n — 1+ > d;, then

wp @ /\Ny/w = p*Op(m).

Before we prove this, first some algebraic results. The following result about exterior powers
will be needed.

Lemma 3.1.37 Let
0—-FE —-—FE—FE'>0

be an exact sequence of free R-modules of finite rank r, n and s respectively. Then there is a

natural isomorphism
o: \E'® \E"— \E.

This isomorphism is the unique isomorphism having the following property. For the n elements
V1,...,U € B and wy,...,ws let uy,...us be liftings of wy,...,ws in E. Then

(v A Avp) @ (wy A Awg)) = v A= Avp Aug A+ A Ug.

Proof. See [50, Prop.XIX.1.2.]. O

In manipulating modules the following lemma will turn out to be quite useful.

Lemma 3.1.38 Let R and S be rings and let Ar, rBs and Cg be (bi-)modules. Then there is a
natural isomorphism

a:Homg(A ®g B,C) — Hompg(A, Homg (B, C))
defined for each f: A®r B — C by
[(aef)(a)](b) = fla®b).
Proof. See [49, Thm.IV.5.10]. O

Lemma 3.1.39 Let A be a local noetherian ring which is Cohen-Macaulay and suppose that the
elements x1,...,z, € m form a reqular sequence for A. Let I; C A denote the ideal I; = (z;) and
let I denote the ideal I = (x1,...,x,). Then I;/I? is an A/I;-module and I /17 is an A/I-module.
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The natural maps I;/T? — I/I? induce natural maps I;/I7 @ A/I — I/I* which induce a natural
homomorphism

£ (1)1} @ay1, AJT) — 1)1 (16)
j=1
of A/I-modules. This homomorphism is actually an isomorphism. It induces the following natural

isomorphism.

T

Hom 7 (1/1%, A/T) — @) (Hom a1, (I;/17, A/I;) @ay1, A/T). (17)

j=1

Proof. From Proposition 3.1.32 we know that Ij/IJ2 is a free A/I;-module generated by T;, so
I;/I? © A/I is a free A/I-module of rank 1, generated by T; ® 1. The A/I-module I/I? is by the
same proposition also a free A/I-module, generated by Z7, ..., T, and of rank r. Hence the two
homomorphisms

o (A/D)" = I/ (a;)5y — Y a;T5,
=1

r

b (A" — @ (/1 @ A/I): (a)f—y — (T7® a;)f—,

j=1
are both isomorphisms. These isomorphisms make the following commutative diagram, from which

it follows that f is an isomorphism as well.

O, (/oA —I = 11

M ¢ c ©
A/0)"

Using the fact that f is an isomorphism we find a sequence of canonical isomorphisms.

T

Hom /r (I/1%,A/I) = Homa,; | @I/ 17 @ay1, AJT), AJT

Jj=1

= @HOI’HA/I (I]/IJQ ®A/]j A/[,A/[)

Jj=1

=~ @HomA/Ij (I;/17, Hom, 1(A/1, A/T))
j=1

= @HOHIA/]j (I]/IJQ,A/I)
j=1

o @HOHIA/]j (Ij/IJZvA/Ij) Qa1 A/I'
j=1

The first isomorphism follows from the fact that f is an isomorphism, the second from the fact
that a finite direct sum is a product. The third follows from Lemma 3.1.38 and the fourth
since Homg(R, R) = R. Finally the fifth isomorphism follows from the fact that I;/I7 is a free
A/I;-module of rank 1. This isomorphism is therefore induced by the natural homomorphim of
A/I;-modules
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Hom 1, (I; /17, A/1;) — Homy,y, (I; /17, A/T).
O

Lemma 3.1.39 is purely algebraic. The sheaves version of it will enable us to prove Lemma
3.1.36.

Corollary 3.1.40 Let K be an algebraically closed field and let Y be a closed subscheme of codi-
mension v < n in X = P}. Suppose that Y is a global complete intersection, say given as the
intersection D1 N --- N D,., where the D; are hypersurfaces in P". Let I; be the ideal sheaf of D;
i X and let Ty be the ideal sheaf of Y in X. Then the natural morphism of sheaves on'Y

T

D (5/7 oy, Ov) = Ty /T3 18)

Jj=1

is an isomorphism. It induces a natural isomorphism of sheaves

Ny x = @ND]-/X ® Oy, (19)

j=1
where Ny/x and /\/D]./X denote the normal sheaves of Y and D; in X respectively.

Proof. Note that the natural morphism Z; /I]2 — Ty /T% indeed induces a natural morphism as
in (18). It suffices to check that it is an isomorphism locally. Let P be a closed point on X.
Since a global complete intersection is also a local complete intersection there is an open affine
neighborhood U C P" of P over which Zy can be generated by r elements fi,...,f, € B =
I'(U,Op). Let p C B be the maximal ideal corresponding to the point P € U = Spec B. Since X
is nonsingular, the local ring A = Op x = B, is regular, whence Cohen-Macaulay by Proposition
3.1.32. The ideal Iy of Y in Spec A is given by Iy = (f1,..., fr) and as Y is of codimension r
in U we have dim A/Iy = dim A — r, so from the same Proposition 3.1.32 we find that f1,..., fr
is a regular sequence for A. The ideal I; of D; in Spec A is given by I; = (f;), so on Spec A the
morphism (18) is given by

T

P (1,/1} @1, A/T) = Iv /I3,

j=1

by taking the corresponding sheaves of modules. This is exactly the isomorphism (16) of Lemma
3.1.39 and hence proves that (18) is an isomorphism. Similarly, it follows locally from the isomor-
phism (17) of Lemma 3.1.39 that the homomorphism in (19) is an isomorphism. O

Proof of Lemma 3.1.36. For the first assertion, see [47, exa.II.8.20.1]. Let Z and Z; be the
sheaves of ideals of Y and D; respectively in P". From Lemma 3.1.12 we find Z; = £(—D,) and
hence the sheaf I]»/I]2 on Dj is given by L(—D;) ® Op,. Since Dj is as a divisor on P" linearly
equivalent with d;H, where H is any hyperplane, it follows that we have an isomorphism

7;/I; = L(-D;) ® Op, = L(—d;H) ® Op, = Op(—d;) ® Op, (20)
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of invertible sheaves on D;. We get the following sequence of isomorphisms.

Ny/]pn = Homoy (I/IQ,Oy)

= Homoy @ (Zj/ZJ2 & OY) , Oy
j=1

= @Hom@y (O]}»(—dj) ®o, Oy, OY)

j=1

= P Homo, (Op(—d;), Homo, (Oy,Oy))

Jj=1

& @ Homep, (Op(—d;), Oy)

j=1

= (P Homo, (Op(—d;), 0p) @ Oy

j=1

= P Os(d;) ® Oy.
j=1

The first isomorphism is a definition and the second follows from the isomorphism (18) of Corollary
3.1.40. The third follows from (20) and the fact that a finite direct sum is a direct product. The
fourth isomorphism follows from the sheaves version of Lemma 3.1.38, while the fifth is trivial.
The sixth follows from the fact that Op(d) is a locally free Op-module of rank 1. Finally the
last isomorphism follows from the fact that for any invertible sheaf £ on a scheme X we have
L7~ Homop, (L, Ox).

Since Op(d) ® Oy is locally free of rank 1, we have A' Op(d) ® Oy = Op(d) ® Oy, so by
repeated use of Lemma 3.1.37 we find an isomorphism

ANysen 2 \E Oe(d)) @ Oy
j=1
= Op(d1) ® -+ ® Op(d;) © Oy

Using wp = Op(—n — 1) we find

wp Q /\Ny/}pn = O[P(—TL — 1) ® Op (Z dj) ® Oy = Op(m) ® Oy = p*Op(m).

O

Two notions defined on nonsingular varieties in terms of the canonical sheaf are the m-genus
pm and the geometrical genus p,.

Definition 3.1.41 For a positive integer m and a nonsingular projective variety X over an alge-
braically closed field K the m-genus is defined as

pm(X) = dimg HO(X,w§™).
The geometrical genus py is defined as py(X) = p1(X).

These notions are birational invariants, see [47, Thm.I1.8.19, Exc.I1.8.8] and [60, Cor.I1.6.4].
Hence in characteristic 0 we can define the m-genus and the geometric genus of an arbitrary variety
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to be the corresponding genus of a birational nonsingular projective variety due to resolution of
singularities by Hironaka.

There are some other numbers that people seem to be interested in. Instead of the canonical
sheaf wx we can also use the sheaf of differentials {2x, to define the numbers 7?7 as in Definition
3.1.42 for every pair (p,q) of nonnegative integers. These are in general not birational invariants.

Definition 3.1.42 Let X be a nonsingular connected compact variety over an algebraically closed
field K of dimension n and let Qx /i be its sheaf of differentials. For integers p,q the group
HP9(X) and the number h?1(X) are defined as

P
HPY(X)=HYX, \ Qx/x)  and  hPI(X) = dimg H"9(X).

The numbers hP9 are called the Hodge numbers.

Remark 3.1.43 Note that from the fact that wy = A" Qx we find that py(X) = h™%(X).

Proposition 3.1.44 (Grothendieck’s Vanishing Theorem) Let X be a noetherian topologi-
cal space of dimension n. Then for all i > n and all sheaves of abelian groups F on X, we have

HY{(X,F)=0.
Proof. See [47, Thm.II1.2.7]. O

Corollary 3.1.45 Let X be a noetherian nonsingular connected compact variety of dimension n.
For nonnegative integers p,q with p > n or ¢ > n we have h?%(X) = 0.

Proof. If ¢ > n, then it follows from Proposition 3.1.44 that H4(X, A\’ Qx) = 0. If p > n then it
follows from the fact that A Qx = 0. O

If X is defined over the complex numbers C, then we can view X = X (C) as a connected com-
pact complex manifold of dimension n. Hence we can consider the cohomology groups H*(X, C)
of X with coefficients in C.

Definition 3.1.46 Let X be a connected compact complex manifold. Then we define the k-th
Betti number by (X) to be by(X) = dimc H*(X, C).

Serre’s paper GAGA [55] tells us that we can identify HP4(X) = HY(X, A\’ Qx) with its
analytic brother H?(Xp,, A" Qx, ), where Qx, is the sheaf of holomorphic differential forms on the
analytic space X} associated to X, see also [47, Thm.B.2.1]. Under this identification we get the
following proposition.

Proposition 3.1.47 Let X be a a nonsingular connected projective variety defined over C. Then
there is a direct sum decomposition

H*X,C)= P HM(X),
ptg=k

which is the famous Hodge decomposition. Hence we have by = 3 hP 4. We also have

hPd = hOP

p+q=k

Proof. See [35, Cor’s.1.13.3,4]. Note that these corollaries in [35] are stated for compact Kéhler
manifolds, but projective algebraic manifolds are indeed Kéahlerian. Note also that the definition
of HP(X) is different in [35], but from the Dolbeault isomorphism from [35, Sect.I.12] we see
that their definition coincides with ours. 0
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Proposition 3.1.48 (Poincaré duality) If X is a nonsingular projective variety of dimension
n defined over C, then Poincaré duality gives isomorphisms

H*(X,C)=~ H™ *(X,C)
for 1 <k < 2n, whence b(X) = bap—i(X).
Proof. See [35, Sec.I.1.]. O

Remark 3.1.49 Note that for & > 2n we have b, = 0. This is a general result from alge-
braic topology, but also follows from Proposition 3.1.47 and Corollary 3.1.45. Note also that
for a projective nonsingular surface over an algebraically closed field K we have H°(X,0%) =
H%(X,0x) = K, so bg(X) = h%9(X) = dimg K = 1. From Proposition 3.1.48 we also find
bon(X) = "™ (X) =1if K =C.

The betti and Hodge numbers are related by the equation b, = Zp tq=n hP4, but there are
more relations. One of these can be best expressed by two different Euler characteristics, the
topological Euler characteristic and the Euler characteristic of the global sections.

Definition 3.1.50 Let X be a connected compact complex manifold. Then we define the topolog-
ical Euler characteristic as

2n

Xtop(X) = > _(=1)* dim H* (X, C).
k=1

Definition 3.1.51 Let X be a projective variety over a field K of dimension n. As the sheaf Ox
is coherent, the groups H*(X,Ox) are finite dimensional, so we can define the Euler characteristic
(of global sections) by

x(X) = zn:(—l)k dimy H* (X, Ox)
k=

of X and the arithmetic genus p,(X) = (-1)"(x(X) — 1).

[}

Proposition 3.1.52 (Noether formula) Let X be a nonsingular projective variety of dimension
n defined over C and let Kx be a canonical divisor on X. Then x(X) and xiop(X(C)) are related
by

Xrop(X(C)) = 12x(X) — KX

Proof. See [36, Sect.l.14, p.12]. O

Lemma 3.1.53 Let X be a nonsingular projective variety over an algebraically closed field K and
let wx be the canonical sheaf. Then we can also express the FEuler characteristic as

X(X) = Zn:(—1)’f dimg H" % (X, wx) = zn:(—nkh"’"—k(x).
k=0 k=0

Proof. Serre’s duality (see [35, Thm.I.5.2] or [47, Cor.II1.7.7]) says that if X is a nonsingular
variety with canonical sheaf wy, then there is an isomorphism H*(X,Ox) = H"*(X,wx). The
first equality now follows directly. The second follows from the definition of the Hodge numbers
and the fact that A" Qx & wx. O

For curves and surfaces the arithmetic genus is a birational invariant. In general it is invariant
under monoidal transformations, which comes close.

Definition 3.1.54 A monoidal transformation of a variety X is the operation of blowing up a
single point P.
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Lemma 3.1.55 If)? — X is a monoidal transformation, then there are isomorphisms
H'(X,0x) = H'(X,0%)
for alli > 0.

Lemma 3.1.56 Let m: X — X be a monoidal transformation. Then pa(X) = pa(X). If X is
either a nonsingular projective curve or a nonsingular projective surface, then p,(X) and x(X)
are birational invariants.

Proof. For the first claim see [47, Cor.V.3.5]. For the last two see [47, Exc.I.5.3] for the curve
case and [47, Cor.V.5.6] for the surface. O

Remark 3.1.57 For a curve C we find from Lemma 3.1.53 with n = 1 and the fact that A1 (C) =
1 that
Pa(C) =1 =x(C) =1~ (hM(C) = h"(C)) = h°(C) = py(C).

The number p,(C) = po(C) is called the genus of C. For a surface S we find similarly that
Pa(S) = pg(S) — h*1(S) < py(S).

Lemma 3.1.58 LetY be a closed subvariety of P = Py defined over a field K with homogeneous
coordinate ring S(Y) = @~ Sa, where Sy is the degree d part of S(Y'). Then there is a unique
polynomial Py of degree dimY such that Py (1) = dimg S; for | large enough.

Proof. See [47, Thm. 1.7.5]. O

Definition 3.1.59 The polynomial mentioned in Lemma 3.1.58 is called the Hilbert polynomial
Py of the projective variety Y .

Lemma 3.1.60 Let Y C P" be a projective variety with Hilbert polynomial Py. Then for the
Euler characteristic x(Y) we have x(Y) = Py (0).

Proof. See [47, exc.I11.5.3]. O

3.2 A surface describing perfect cuboids

A perfect cuboid corresponds to a rational point on the surface T C IP’(% given by the equations

A2+ B2 - 7% =0,
B>+ C?-X?%=0,
C?4+A2-Y?2=0,
A2+ X2 -U?=0.

(21)

Lemma 3.2.1 Let K be any field of characteristic char K # 2 and consider the graded ring
R=KI[A,B,C,X,Y,Z,U]. Then the ideal I C R generated by the polynomials in (21) is a prime
ideal.

Proof. We will prove this lemma by showing that R/I has no zero divisors. Consider the
polynomial ring S = K(A, B,C)[X,Y, Z,U] in four variables over the field L = K(A, B,C). We
will first show that R/I is a subring of S/IS, and then that S/IS is a field. These two facts indeed
imply that R/I has no zero divisors.

For the first fact, namely that R/I is a subring of S/IS, it suffices to show that I is the kernel
of the natural map R — S/IS, i.e., that RN IS = I. We use the theory of Grobner bases to
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show this. The ordering X > Y > Z > U induces a well-ordered lexicographic ordering on the
monomials of the polynomial ring S. One can check that the four polynomials of (21) give a
Grobner basis with for 1.5 with respect to this ordering.

Now suppose that for some f € R C S we have f € I.S. Since the monomials are well-ordered
we can use induction with respect to the leading monomial of f to show that f € I. For f =0
this is immediate, so suppose that we have a nonzero f € RN IS. Since the polynomials of (21)
give a Grobner basis for IS, the leading monomial M of f is divisible by the leading monomial of
one of the polynomials of (21), whence by X2,Y?2, Z2 or U?. Suppose M is divisible by X2, then

we can define
cM

_ ﬁ . (
where ¢ € L is the coefficient of M in f. Since we have f € R, the leading coefficient c is contained
in K[A, B,C], whence cM/X? € R. We find g € RN IS and since the leading monomial of g is
less than M, by the induction hypothesis we may assume that g € I and it follows that f € I.
The cases that M is divisible by Y2, Z2 or U? are similar, so we find indeed that RN IS = I and
R/I C S/IS. Define

Ly=L=K(AB,CQC),
Ly = Ly[X]/(X? —ay), with a3 = B>+ C?,
(Y2 —ay), with  ay = A%+ C?,
L3:L2 Z]/(ZQ—ag), with a3:A2—|—BQ,
Ly = L3[U]/(U? —ay), with a4 = A%+ B% + C?.

g= XQ—B2—02),

From Kummer theory we know that if the sequence
Li? C Ly? - {ay) € L% (a1, a2) C L% - (ay,a2,a3) C L% - (a1, az, a3, a4) (22)

of subgroups of Lj is strictly increasing, then we will have a; ¢ L;_; for all 1 < j <4, whence L;
would be a field for all j. In particular, Ly = S/IS would be a field. It remains to show that the
sequence (22) is indeed stricly increasing.

We will use the fact that K[A, B,C] is a unique factorization domain. Consider the prime
element B + iC, where i> = —1. Every element in Lj? has an even number of factors B + iC.
Since a; doesn’t, we find a; ¢ ng. Similarly every element in LE‘;2 - {a1) has an even number
of factors A +iC, so az ¢ L§? - (a1) and analogously az & L§? - (a1, az). For the last step note
that a4 itself is prime in K[A, B, C], for if we view a4 as a polynomial in the variable C' over
the unique factorization domain K[A, B], then a4 is an Eisenstein polynomial with respect to the
prime A + iB. Since aj, az and a3 are not divisible by a4, every element in L§? - (a1, az, a3) has
an even number of factors ays. Therefore this group does not contain a4 and the sequence (22) is
strictly increasing. O

From Lemma 3.2.1 and the fact that dim T = 2 it follows that the surface T is a complete
intersection. It is geometrically irreducible and reduced, whence integral, has degree 16 and its
radical ideal I(T) in Q[A, B,C, X,Y, Z, U] is given by the polynomials in (21). We will denote the
homogeneous coordinate ring of T by S(Y) = Q[A, B,C,X,Y, Z,U]/I(T).

The map o that sends apoint [a :b:c:x:y:z:ujto[b:a:c:y:ax:z:u] and the
map 7:la:b:ic:x:iy:z:ul—[b:ic:a:y:z:x: ul are automorphisms of Y. For ¢ one of
the seven coordinates let ¢; denote the involution that multiplies the t-coordinate with —1. These
nine automorphisms generate a Galois invariant subgroup Go of Aut(Y).

The subgroup N generated by the ¢; is normal in Gy. Since the only relation among the ¢
is given by tatp -ty = 1, the group N is generated by ta,tp,tc,tx,ly,tz and isomorphic to
(Z/2)% under the isomorphism

o N — (2/2)%: 909200 X 20y — (94 — qu, a8 — qusdc — QU 4x — QU+ Qy — qU, 4z — qU)-

The subgroup H = (o, 7) is isomorphic to S3. The subgroup H acts on N by conjugation. The
corresponding action on (Z/2)% via ¢ is given by letting S3 act on the first and the last three
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coordinates at the same time. We have HN = Gy and H N N = {1}, so Gy is the semidirect
product of H and N of order 6 - 2° = 384. Hence we have Gy = S3 x (Z/2)° with respect to the
action given by letting S3 act on the first and the last 3 coordinates at the same time.

Consider a point P = [ag : by : o : To : Yo : 20] of T ®Q with ag, 29 # 0 with local ring Opreo
and maximal ideal m. We can write

Z 20 - ap B bo 2 + bo B bo ap Z 20 2
A ao n 220 A ag 20 A ap 220 A ag ’

so the element % — Z_?] € m is congruent to g—g(% — Z—?)) modulo m?. Similarly, if zg, o, uo # 0, then
we can express the residues of & — 2o ¥ _ %0 and U _ Y0 iy i /m? in those of £ — % and & — <
A 0 ao A ag A ag A ay’
B _ by

whence the vector space m/m? is generated by A e and % - Z—‘; and therefore 2-dimensional,

so P is regular. Analogously, we can define the following three open subsets of T ® Q in which
every point is regular.

open set given by local parameters

C co U U
Ui XY, Z,AB#0 | G—at 3~ 4
Y

Us UX,ABC#0| X - Z_ 2

ag? A aq

A
Us X7Y’A’Bac7é0 %_Z_g’%_;_z

For each 1 < i < 3 not only U; contains only regular points but also 7U; and 72U;. This
gives 9 open sets of T ® Q in which all points are regular. We define R; and R; to be the points
Ry:=[1:0:0:0:1:1:1and Ry:=[1:7i:0:i:1:0:0] on ¥ ® Q with i> = —1. These points
are both singular. For ¢ = 1,2 let m; be the maximal ideal of the local ring Op, ygg. Then the

2 : B C X ; 2
vector space my /my is generated by the residues of 7, % and 5, while the vector space my/mj is

generated by the residues of %, % and %.

Proposition 3.2.2 Let P be a point on T ® Q and suppose that for 1 < j k < 3 we have
P ¢ 1°U; ® Q. Then there is an automorphism g € Go such that gP = Ry or gP = Ra.

Proof. Let P=[a:b:c:x:y: z:u] be an arbitrary point on Y.

First suppose abc # 0. If y = z = 0, then —a? = b% = ¢ # 0 whence 22 = 2b% # 0 and
u? = b? # 0, so we see P € U,. Similarly, if z =2 = 0 or z = y = 0, then we get P € 7U, or
P € 12U, respectively. Since P & 7FU, for any k this gives a contradiction, so at most one of the
x,y, 2 equals 0 and we get P € 7%U; for some k. Again a contradiction, so abc = 0.

Now suppose that exactly one of the coordinates a,b,c equals 0, then after applying some
power of 7 we may assume ab # 0 and ¢ = 0. We then get xy = +ab # 0 and z = +u. If
z = du # 0, then P is contained in U, contradiction, so we have z = u = 0 and a = +ib. Now P
is up to some product of the t,tp,tx,ty equal to Rs.

Finally suppose that at least two of the coordinates a, b and ¢ equal 0. Sincea =b=¢ =0
implies z = y = z = u = 0, a contradiction for homogeneous coordinates, we conclude that exactly
two of the coordinates equal zero and after applying a power of 7 we may assume b = ¢ = 0, whence
2 = 0. Then up to some product of the ¢4, ty,tz,ty the point P equals R;. [l

Corollary 3.2.3 The 9 open subsets ™*U; @ Q with 1 < j, k < 3 cover the regular locus of T @ Q.
The surface T @ Q contains exactly 48 singular points, all with a stabilizer in Go of order 16.

Proof. Let P be a point not contained in the TkUj for 1 < 5,k < 3. Then by Proposition 3.2.2
there is a g € Go with g(P) = R; or g(P) = Rs. Since Ry and Ry are singular, so is P. Hence

24



the TkUj do indeed cover the regular locus of T ® Q. The orbits of R; and Ry under the action
of G are easily determined to be

[1:0:0:0:£1:£1:+1], [1:4i:0:45:4+1:0:0],
0:1:0:£1:0:+£1:+1], and 0:1:4i:0:=4i:+1:0],
0:0:1:£1:4+1:0:£1] [£4:0:1:£1:0:+i:0]

respectively. Since the orbits of R; and Ry under Gy are different and both contain 24 different
points, this implies that we get 48 singular points, all with a stabilizer in G of order 384/24 = 16.
Note for instance that c Ry = Rs. O

Actually, there are more automorphisms of T ® Q, but these may not be Q-rational. With
i? = —1, it is easily checked that the map p:[a:b:c:ax:y:z:u|lr|a:b:iu:iy:iz: z:ic

gives an automorphism of T ® Q and that we have the following relations.

2 _
P~ = lAlBLlZ,

lep = ptu, lup = ptc,

Lyp=pLx, Lxp=ply, (23)
LAP = pla, LBP = PLB; lzp = plz,

opo = p, pTP = LcLyTpT_lo.

Let G be the group G = Gy - (p), where the product taken in Aut(Y ® Q). Using the relations in
(23) we can write any element of G as either

NS rte® with 0<qa,qB,90,qx, 9y, qz,s <1, 0<t<2. (24)

or

RS T 0% with 0<qa,qB,40, 40X, 0y, 4z, s <1, 0 <t <2, (25)
It is also easily checked that the elements in (24) and (25) all act differently on the set of singular
points of T ® Q. This implies that G acts faithfully on the singular points and that #G =
26.3.2426.32.2 =29.3 = 1536. The group G also acts transitively on the set of singular points
for we have p72R; = Ry. Hence the stabilizer of each singular point has order 1536/48 = 32.

We number the 48 isolated singularities Ry, Ro, ..., R4s, where Ry and Ry are as before. They
will turn out to be ordinary double points. We will see that this particular type of singularity is in
some way not too bad, but before we can define the notion ordinary double point we need another
definition, see [47, 1.5, p.34].

Definition 3.2.4 (analytically isomorphic) Let X andY be two varieties over an algebraically
closed field K and P and Q points on X and Y respectively with local rings Op and Og. Let Op
and @Q denote the completions of Op and Og at their mazimal ideals. Then P and Q are said
to be analytically isomorphic if there is an isomorphism Op = @Q as K-algebras.

One important fact about this notion is Corollary 3.2.6 to the following lemma.

Lemma 3.2.5 Let A be a noetherian ring and m a mazimal ideal. Consider the scheme X =
Spec A with the point P corresponding to the ideal m. Let m: X — X be the blow-up of X in
the point P and let E = 7~ Y(P) be the exceptional fibre above P. Then on X we have E? =
deg Op(—1).

Further let Ay be the localization of A at m and let Am be its m-adic completion with maximal
ideal m = mAy. Let P’ be the point on the scheme X' = Spec A corresponding to m and let
7' X" — X' be the blow-up of X' in the point P’ with exceptional fibre E' = n'~1(P"). Then E
and E' are isomorphic and E? = E"?.
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Proof. Let P” be the point on X" = Spec Ay, corresponding with the maximal ideal m” = mAy
and let 7”: X" — Spec Ay, be the blow-up of X” at P, write E” = 7”"~}(P"). Define the graded

A-algebra
R= EB mF,
k>0

where we take m® = A and the graded A-algebra structure is as follows. For f € m* and g € m!
the product fg is taken to be in mF+. We have 1z = (1,0,0,...). Define similarly the graded
m-algebra R” and the graded Ay-algebra R’ by

R = @m//k, R = @ﬁlk

k>0 k>0
Since A is noetherian, we find from Theorem 7.2 in [42] that there are natural isomorphisms
mF JmktL o2 7k gL o gk kel (26)
for every k > 0. The graded ring R/mR can be given by

R/mR = P m* /mH, (27)
k>0

where the degree kg part is given by the term with & = ko. For the graded rings R”/mR” and
R’'/mR’ we find expressions similar to the one in (27), so from (26) we find the isomorphisms

R/mR=R'/mR" =~ R'/&iR . (28)

Now by definition we get X = Proj R and X’ = ProjR’ and X" = ProjR", see [47, IL.7,
p.163].

The morphism 7 is induced by the ringhomomorphism ¢: A — R:a +— a - 1 that makes R
into an A-algebra. Therefore, as P corresponds to the maximal ideal m, the exceptional fibre
E = 77 1(P) can be given by E = Proj R/mR. Similarly we find E’ = Proj R'/mR’ and E” =
Proj R”/mR", so from the isomorphisms (28) we find that there are isomorphisms E = E"” >~ F’.
This means that the commutative diagram of rings and ideals

/

A A T A
mR T njiR” T mR/
%

induces the following commutative diagram of schemes in which the two lowest horizontal
arrows are actually isomorphisms.
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Spec A

Proj R Proj R {» ProjR =
/
SpecAm/mJ»SpecAm/mJ»SpecA/m P

U
Proj R'/mR' —» Proj R”/mR” —» Proj R/mR

Spec An Spec A=X

2 2

FE E" E

2

From [47, exa.V.1.4.1.] we know that the self intersection number E? on X equals

E? = deg Ny 5 = deg Homo, (Z/Z%, Op), (29)

where T is the sheaf of ideals of E in X , i.e., 7 is the sheaf of ideals on X = Proj R corresponding
with the ideal mR C R. Writing S for the graded ring S = R/mR, we find from E = Proj R/mR
that the sheaf Z/Z2 on E is isomorphic to the sheaf of modules induced by the graded S-module
M = mR/(mR)2. This sheaf is written as M, see [47, Ch.IL5, p.116-117]. From (27) and the
isomorphism
M =~ mF L /b2
D

we see that M is isomorphic to S(1), the twisted module obtained by shifting the degree of S,
i.e., we have My, = Sj 1 where S, and M}, denote the degree k parts of the graded ring S and the
graded S-module M respectively. By definition the sheaf on £ = Proj S induced by the graded
S-module S(1) is the twisting sheaf Og(1) of Serre, see [47, Ch.IL5, p.117]. Hence we get

E? = deg Homp,, (Op(1),0g) = deg Op(—1).

Similarly we find E’? = deg Op/(—1), so from the isomorphism E = E’ we also find E? = E’?. O

Corollary 3.2.6 Let X and Y be varieties containing the analytically isomorphic points P and Q
respectively. Let Ep and Eg be the exceptional curves above P and @ after blowing up X andY in
P and @Q respectively. Then Ep and Eq are isomorphic and they have the same self-intersection
number.

Proof. Let Spec A and Spec B be affine neighborhoods of P and @ respectively and let m and n
be the maximal ideals corresponding with the points P and Q). Let A, and B, be the localizations
of A and B at m and n respectively and let Ay and By, be their completions with maximal ideals
7 and A respectively. Let P’ be the point on X’ = Spec A corresponding to the ideal /1 and let
Q' be the point on Y’ = Spec By corresponding to the ideal n. Let X’ be the blow-up of X’ in P’
with exceptional fibre Eps above P’ and let Y’ be the blow-up of Y’ in Q' with the exceptional
fibre E¢: above @'. From Lemma 3.2.5 we find that Ep and Eps are isomorphic and that the
self intersection numbers E% and E%, on Spec A C X and X’ respectively are equal. Similarly we
find Eq = Eq and E} = Ep,, so it suffices to show that Ep: and Eg: are isomorphic and that
E%, = Eé,.
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_ The fact that P and @ are analytically isomorphic says that there exists an isomorphism
Am — B, mapping m to fi. Then clearly we have Eps & Eg and E%, = ECQQ,.

~

Spec By —— Y X'—=—Spec Ay,

J ~7r3/ ~TFVJ J
Y’ {“N X'
SpecBn/ﬁ% Q’% P’HSpeCAm/ﬁ‘t
/ /

Q)= W)_l(ll(P’)
|
EQ/ EP’

O

Definition 3.2.7 Let X be an algebraic surface and P a point on X. Let V = (0,0,0) be the
vertex of the cone in A3 given by x> +y?> + 22 = 0. Then we call P an ordinary double point or
conical double point if P is analytically isomorphic to V.

The fact that ordinary double points are in some way not too bad is made precise in the
following lemma. The remark on the self-intersection number will be needed later.

Lemma 3.2.8 Let X be an algebraic surface over an algebraically closed field K and let P on X
be analytically isomorphic to the vertex of the cone over a nonsingular curve C C P% of degree d.
Let go:)? — X be the blowing-up of X at P and let E = ¢~ *(P) be the exceptional curve above
P. Then X is nonsingular in an open neighborhood of the curve E, which is isomorphic to C

and E* = —d. In particular, if P is an ordinary double point, then E is isomorphic to P! and
E? = -2.

Proof. By Lemma 3.2.6 the fibre above P of the blow-up in P depends only on the completion of
the local ring at P, so we only need to prove this in the case that P is the origin (0,0,0) € A3 and
X is the surface in A% determined by F' = 0, where F' € K[X,Y, Z] is a homogeneous polynomial
describing C. In that case the blow-up of X is one of the standard examples of blowing up.
It follows for instance from [47, exc.I.5.7.] that E is isomorphic to the curve C' and that X is
nonsingular in an open neigboorhood of E. This also follows from [43, Exa.IV.27] in the case
F = X? +Y? — 72 From Lemma 3.2.5 we find E? = degy Op(—1), so from the fact that
E = C we find that E? = deg, Oc(—1) = —deg- Oc(1). Let the embedding of C in P? be
given by j: C' — P2. Then we have O¢(1) = j*Op(1) and if H is a line in P? and D is the divisor
D = HNC on C then j*O(1) = j*L(H) = L(D). Since deg L(D) = deg D (see [47, exc.11.6.12])
and deg D = (deg C')(deg H) = deg C = d (Theorem of Bézout), we find

E? = —dego Oc(1) = —dege j*Op(1) = — deg L(D) = —dege D = —d.
This also follows from example V.2.11.4 on page 374 of [47] for n = 2. If P is an ordinary double
point, then we can take C to be the curve of degree d = 2 given by X2 + Y2 + Z2 = 0. g
Lemma 3.2.9 All singular points on Y ® Q are ordinary double points.

Proof. Since G C Aut(Y ® Q) acts transitively on the 48 singular points, we only need to show
that Ry = [1:0:0:0:1:1:1]is an ordinary double point. Since R; lies in the affine part
A #0, the local ring O v can be given by

@Q[b. ¢, 2y, 2, u]/T)m,
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with

I=( P+ —a? (1-2)(1+2)-0 (1-pA+y) -, (I-uw)l+u)-2" ),
m=(bc,z,y—1,z—1,u—1).
A (30)
There are fy, f2, fu € Og, ygg such that fg =14y, f2=1+z and f2 = 1 + u, namely

fo= V34 3Valy — 1)~ VAl 1)+

and similar f., and f,. These elements are units, so we can define b’ = bf;!, ¢ = cf, " and
2’ =zf;! to find

OR1 reg = (@[b’,c’,z’,y,z,u]/(b’2 +?—a? 1=V y—1-c*u—1- x/Q))m
o~ (@[6170/71_/]/(6/2 4 C/2 _ x/Q))(bl’C/J/) .
By substituting 2’ = iz” this shows that R; is indeed an ordinary double point. d

Definition 3.2.10 Let m:T — Y be the blowing-up of T in the 48 singular points and for i =
1,...,48 let E; be the exceptional fibre of m above R;.

Corollary 3.2.11 The surface T ® Q is nonsingular. For each i the fibre E; is isomorphic to P!
and has self intersection number —2.

Proof. This follows directly from Lemma 3.2.8 and 3.2.9. O

Lemma 3.2.12 Let A be a commutative ring, R an A-algebra, A’ the integral closure of A in R
ans S a multiplicative subset of A. Then the integral closure of ST*A in STIR is ST1A’.

Proof. See [37, V.1.5, Prop. 16]. O

Corollary 3.2.13 Let A be an integrally closed domain and S a multiplicative subset of A such
that 0 € S. Then S™'A is integrally closed as well.

Proof. The field of fractions R of A is also the field of fractions of S™'A since 0 ¢ S. The
corollary follows by applying Lemma 3.2.12 to R with A’ = A. O

Lemma 3.2.14 FEvery commutative reqular local ring is factorial, whence integrally closed.

Proof. See [42, Thm. 19.19]. O

Lemma 3.2.15 The surface T @ Q is normal.

Proof. Since regular local rings are integrally closed by Lemma 3.2.14, we only need to show
that the local rings B; = ORj veg at the singular points R; are integrally closed. As the group

G C Aut(Y ® Q) acts transitively on the singular points, it suffices to do this for j = 1. Since R;
is contained in the affine part A # 0, we can describe B = B as

B= (@UL cvxay7zau}/1)m7
where I and m are as in (30). By Corollary 3.2.13 it suffices to show that A := Q[b, ¢, x,y, z,u]/I

is integrally closed. The fact that this is sufficient also follows from the fact that an affine variety
is normal if and only if its coordinate ring is integrally closed, see [47, exc.1.3.17.].
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The embedding Q[b, ¢] — QIb, ¢, x, ¥, z, u] induces an embedding Q[b, c] — A as Q[b, cJNI = (0).
Let Q(A) be the quotient field of A and let t € Q(A) be an element which is integral over A. Using
the fact that 22, y2, 22, u? € Q[b, ¢], we can write

t=f+afo+yfy+zf+ufu,

with f, fa, fy, f20 fu € Q(b, c). Since u +— —u induces an automorphism of A, the element

t/:f+xfx+yfy+zfz_ufu

is integral over A as well, whence so is t — ' = 2uf, and since char Q # 2, so is uf,. Similarly, so
are zf,, yfy, and zf, and hence

fro @) =0+ 2, A+A)f), A+0)f2 and (1+0*+)fr. (31)

Since Q[b, ¢] is a unique factorization domain, it is integrally closed. This implies that the elements
of (31), which are all contained in Q(b, ¢) and integral over Q[b, ¢, are actually all in Q[b, ¢]. Since
the factor b? + ¢? is squarefree, it follows from (b? + c?)f2 € Qb,c] that f2 € Q[b,c], whence
fz € Qb, c]. Analogously, since the factors 1 + b2, 1+ ¢ and 1 + b% + ¢? are also squarefree, we
get fa, fys fu € Q[b, ¢]. Therefore we have t € A, so A is integrally closed. O

Remark 3.2.16 It is a fact that if P is an ordinary double point of a surface S, then S is normal
at P. And more generally, if P is an isolated hypersurface singularity on a surface S, i.e., P is
analytically isomorphic to an isolated singular point on a hypersurface S’ C P2, then S is normal
at P. This follows from the following two facts. First that an irreducible affine hypersurface is
normal if and only if it is regular in codimension one, see [54, Ch.IIL.8, Prop.2]. Secondly the more
heavy machinery, stating that a local excellent ring is normal if and only if its completion is, see
[46, Sch.IV.7.8.3(v)].

Since almost all surfaces that we will encounter in this paper are complete intersections, we
will not prove the facts stated in Remark 3.2.16 or even refer to the complete proofs. Instead we
will use the following proposition to prove that our surfaces are normal. Lemma 3.2.15 also follows
from this proposition.

Proposition 3.2.17 Let Y be a locally complete intersection subscheme of a nonsingular variety
X over an algebraically closed field K. Then

(a) Y is Cohen-Macaulay,
(b) Y is normal if and only if it is regular in codimension 1.

Proof. See [47, Prop.11.8.23]. O

Lemma 3.2.18 The Hilbert polynomial Py of the surface Y is given by Py(n) = 8(n? —n +1)
and the arithmetic genus p,(Y) of T equals 7. The Euler characteristic x(T) equals 8.

Proof. The degree n part S,, of the graded homogeneous coordinate ring S = S(T) is generated
by the residues of degree n monomials A% B% (9 X9xXY ¥ Z92[J90 , Since we can express X2, Y2,
Z% and U? in A, B and C, a basis for S,, over Q is given by those monomials with qx, ¢y, ¢z, qu €
{0,1}. Consider these monomials. The number of 3-tuples (g4, g5, qc) with ga+qp+gc =n—k is

("7]2”2), so for 0 < k < 4 there are exactly ("7]2”2) of these monomials with k of the gx, gy, ¢z, qu

fixed to be equal to 1 and the other 4 — k equal to 0. For n > 4 this gives Zi:o (i) (”*’;*2) =
8(n? —n+1) monomials that form a basis of S,, over K. From Lemma 3.1.60 and Definition 3.1.51
we find that x(T) = Py (0) = 8 and the arithmetic genus p,(Y) equals (—1)3m T (Py(0) — 1) =7,
see [47, exc.1.7.2]. O
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Since the arithmetic genus is invariant under monoidal transformations, the arithmetic genus
pa(Y) of T equals 7 as well and we also have x(Y) = 8. We will see that the geometric genus
pg(f) coincides with the arithmetic genus. Actually we shall now compute all Hodge numbers of
Y but Al which we will compute later, see Corollary 3.3.34.

Proposition 3.2.19 Set q = h170(:f ® C), then the Hodge numbers of:Iv" ® C are given by

hO,2 h1’2 h2’2 7+ q q 1
hO,l hl,l h2,1 — q hl,l q
hO’O h170 h2’0 1 q 7 + q

Hence we have pg(T) =T+q.

Proof. Unless stated otherwise the Hodge and betti numbers hP¢ and by, denote those of T ®C.
Since T ® C is projective we have HO(T ® C, O3gc) = C, 50 by = h*® = 1 and from Poincaré
duality 3.1.48 we also find h?2 = b, = 1. From Proposition 3.1.47 we find that h0! = A10 = ¢,
so by = h%! + A0 = 2¢. The Poincaré duality then implies that b3 = b; = 2¢ and as we have
by = h*1 + hY2 and A2 = K21, we find h>! = th—q

For arithmetic genus p, = pa(T ® C) = pa(Y) = po(YT) = 7 we have 7 = p, = p, — h*! =
py—q = h*°—q from Remark 3.1.57. Therefore we get h** = p, = 7+¢. Finally from Proposition
3147wealsogeth02—h20—7+q O

Bluff 1 we have H'(T,05) =0, whence h'°(T) = 0 and p,(T) = 7 and

h0’2 h1’2 h2’2 7 0
hO,l hl,l h2’1 — 0 hl,l
h0,0 hl,O h2’0 1 0
Proof. There is no proof yet, for otherwise this result wouldn’t be a bluff. O

3.3 Computing canonical sheaves and Kodaira dimensions

There are several ways to classify surfaces, one of which is by the notion of Kodaira dimension,
which we will define in this section. The Kodaira dimension of a variety X is a birational invariant
integer —1 < k(X) < dim X. If k(X) = dim X then we say that X is of general type. Our main
goal is to prove that the surface T in P% describing perfect cuboids is of general type, but we will
state more general propositions. In this section K will always denote an algebraically closed field
of characteristic # 2. Also in this section, by abuse of notation, T and T will denote the varieties
T ®Q and T ® Q over Q respectively.

Let X be a projective variety over K and let £ be an invertible sheaf on X. Consider the
K-vectorspace HY(X, L) = T'(X, L) of global sections. Following K. Ueno [60, IL.5], we define

N(L,X) :={m € Z+q : dimg H°(X,L™) # 0}.

Actually Ueno only does this for invertible sheaves associated to divisors. Note that N(£, X) is a
semi-group under addition, for if we have f € H°(X,L™) and g € H°(X, L"), then we also have
f®ge HY(X,Lm™). Since X is projective, the dimension of H%(X, £) over K is finite. Hence
for m € N(L, X) we can choose a basis ¢y, ..., ¢y for HO(X,L™).

Let P be a point on X. As L is an invertible sheaf we can choose an open neighborhood U
of P such that £L(U) is a free Ox(U)-module of rank 1, say generated by s € L(U). Hence there
are regular functions go,...,gn € Ox(U) such that ¢;|y = g; - s. Note that s is not a unique
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generator of L(U) as a free Ox (U)-module, whence neither are the g;. However the ratios g; : g;
are unique, so we can define a rational map

Jm: X -=» ]PIA(I:P'—’ [90(P) = g1(P) -+ gn(P)],
which we will also write as
Jm: X > PR: P — [¢o(P) : ¢1(P) : -+ : ¢n(P)],

without addressing the g;. If L™ is generated by its global sections, then f,, is a morphism. In
general it determines a morphism from a maximal open set U,, C X to projective space. The
set X \ U,, is called the set of basepoints. For a different basis of H%(X,£™) we get a rational
map f!: X --» PV which differs from f,, only by the action of an element of GL(N + 1, K) on
PX. Hence f,(Uy) and f/ (U,,) are isomorphic and their dimensions are equal. Therefore the
following definition is well defined.

Definition 3.3.1 Let X be a projective variety over K and let L be an invertible sheaf on X.
Then we define the invertible sheaf dimension x(£,X) of £ on X by

-1 if N(L,X) =0,
A { maxmen(z,x) (dim frn(Un)) if N(L X) # 0.

Lemma 3.3.2 Let X be a projective variety over K and let £ and L' be two isomorphic invertible
sheaves on X. Then we have k(L, X) = k(L', X).

Proof. Let ¢: £ — L’ be an isomorphism and let ¢y,...,dx be a basis of H(X,£L™) giving a
rational map fp,: X --» PY. Then the Y¢; form a basis of H°(X,L'™) giving a rational map
fl:X --» PN, Let P be a point on X and let U C X be an open neighborhood of P such that
L(U) and L'(U) are free Ox (U)-modules of rank 1. Let s € L(U) be a generator of L(U) as an
Ox (U)-module. Then #(s) is a generator of L' (U) and if g; € Ox (U) satisfies ¢y = g, - s, then
Yéjilu = gj - ¥(s), so both f,, and f} can be given by

X --» IP’%:P — [go(P) : g1(P) : -+ : gn(P)].
a

From this lemma it follows that we may define the divisor dimension of a Cartier divisor as
follows.

Definition 3.3.3 Let X be a projective variety over K and let D be a Cartier divisor on X. Then
the divisor dimension of D is defined by (D, X) := k(L(D), X), where L(D) is the invertible sheaf
associated to D.

From Definition 3.3.1 it is clear that —1 < (£, X) < dim X for any invertible sheaf on a
projective variety over K.

Definition 3.3.4 We say that an invertible sheaf L on a projective variety X over K is pseudo-
ample if K(L£,X) =dim X. We say that a Cartier divisor is pseudo-ample if k(D, X) = dim X.

Remark 3.3.5 Let X again be a projective variety over K and let £ be an invertible sheaf
on X. Suppose m € N(L, X), let ¢g,...,én be a basis for H*(X,£™) and let f,: X --» PV
be the corresponding rational map. Let U C X be an open subset such that £(U) is a free
Ox (U)-module and let U,, C X be the maximal open subset on which f,, is defined. Let W,,
be defined by W,,, = fn(Up), then dimW,, = dim f,,,(Uy,) = dim f,,(U). Let s € L(U) and
90,---,9n € Ox(U) be such that ¢;| = g;j - s. Then on U the rational map f,, is defined by

U-->PY: P [go(P): g1(P) - gn(P)].

Hence the function field of f,,(U) is K(g—;, cee Z—JZ) and dim W,,, = dim f,,,(U) equals the tran-
scendence degree of this field over K.
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Lemma 3.3.6 Let X be a projective variety over K and let L be an invertible sheaf on X. Let
m € N(L,X) be an integer. Let v, ..., 1, be elements of HY(X,L™) and let h be the rational
map

h:X == P": P+ [o(P) : -+ : . (P)].
Then (L, X) > dim h(X).
Proof. Let s+ 1 be the dimension of span(vy,...,1,). After a permutation we may assume that
Yo, ..., are linearly independent over K. We can extend them with elements ¢sy1,...,¢n to

a basis of H%(X,£™). Then we have two more rational maps

g: X == PP [tho(P) o -+ 1 (P,
fm: X -+ PN P [ho(P): - s(P) : oyt -+ : dn(P)].
Let 8:P" --» % be the projection on the first s+ 1 coordinates. Then we have g = Boh so clearly
we have dim h(X) > dim g(X). However, since the 151, ...,1, are K-linear combinations of the

Yo, - .., Ps, we also find dim h(X) < dim g(X), so dimh(X) = dimg(X). Let y:PY --s P* be
the projection on the first s + 1 coordinates. Then we have dim f,,,(X) > dim g(X) = dim h(X),
whence k(L, X) > dim h(X).

h

Xo---t--- > Pr
TN :
| \\ Iﬂ
fm, AN
| ~ |
v Y
PN-------- = ps

O

Corollary 3.3.7 Let X be a projective variety over K and let L be an invertible sheaf on X.
Then we have k(L, X) = k(L¥, X) for all positive integers k.

Proof. Clearly we have k- N(£*, X) C N(£, X), whence x(L¥, X) < x(L, X), as for the latter we
are taking the maximum of a larger set of integers. It remains to show the converse. If (£, X) =
—1, the converse is evidently true, so we may assume that N(£, X) # 0. Let m € N(£L, X) be a
positive integer such that for a basis ¢y,...,¢nx of H°(X,L™) and the associated rational map
fm: X ——+ PN we have dim f,,(X) = x(L, X).

Consider the r +1 = (N;:k) elements @, ..., P, € HO(X, (LF)™) of the form ¢;, ® -+ ® ¢,
with 0 < j; <... < jr < N. Let h be the rational map

h:X -3 P": P+ [Do(P) : -+ : D,.(P)].

From Lemma 3.3.6 we conclude that x(£*, X) > dim h(X), so it suffices to prove that dim h(X) =
dim f,,(X). Let 6:PNY — P" be the k-uple embedding. Then we have h = 6 o f,, and since §
induces an isomorphism from P¥ onto its image (see [47, Exc.1.3.4]), we conclude that indeed
dim h(X) = dim f,,,(X).

IP)T‘
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Lemma 3.3.8 Let X be a normal projective variety and p: X — P™ a morphism. Let m > 0 be
an integer, then for the sheaf L = p*O(m) on X we get dim p(X) < (L, X) < dim X.

Proof. By Proposition 3.3.7 it suffices to prove this for m = 1, so we assume £ = p*O(1). The
K-vectorspace H?(P™, Op(1)) of global sections of Op(1) is generated by the coordinates o, . . .,
of P". Hence H°(X, L) contains the sections p*zo, ..., p*x,. Let h be the rational map

h: X ==+ P P [p*xog(P) : -+ : p*x,(P)].

Then from Lemma 3.3.6 we conclude that x(£, X) > dim h(X), but h is nothing but the morphism
p, whence (£, X) > dim p(X), which proves the left inequality. The right inequality is a general
fact that we have seen before. 0

In fact, if X is a projective variety and p: X — P" is morphism such that dim p(X) = dim X,
then we can say even more, for which we will first prove the following lemma.

Lemma 3.3.9 Let X be an integral projective scheme of dimension > 1 over K, and let L be a
pseudo-ample invertible sheaf on X. Then H°(X,L7) =0 and x(L7, X) = —1.

Proof. Since L is pseudo-ample, there is a positive integer n such that a basis of H°(X, L") gives
a rational map f: X — PV with

dim X = dim f(X) < N = dimg H*(X, L") — 1.

Therefore we get dimy H° (X, L") >dimX + 1 > 2, so L™ admits at least two nonzero linearly
independent global sections, say fi and fo. Now suppose that H°(X,L£71') # 0. Then £~}
admits a nonzero regular global section as well, say g, and hence so does L=, namely g". Then
fig" is a nonzero global section of L™ ® L7" = Ox. Since Ox admits only the constants as
global sections, f;g™ is a nonzero constant for ¢ = 1,2, contradicting the fact that f; and fy are
linearly independent. For every positive integer m the sheaf £ is pseudo-ample as well, whence
HO(X,L7™)=0and N(L71, X)=0,s0 s(L}, X) = —1. O

Lemma 3.3.10 Let X be a normal projective variety and p: X — P™ a morphism such that
dim p(X) = dim X > 1. For an integer m consider the sheaf L = p*O(m) on X. Then

KL, X)=—-1 if m <0,
K(L,X)=0 if m=0,
K(L,X)=dimX ifm>0.

Proof. If m > 0 then from Lemma 3.3.8 we find that dim X = (£, X) and L is pseudo-ample. If
m = 0, then we get £ = Ox, which has only the constants as global sections for X is projective.
Therefore the map f,, corresponding to a basis of HY(X,£™) = HY(X,0x) = K is constant for
each m, so x(£,X) = 0. If m < 0, then we have just proven that £ is pseudo-ample for every
integer k > 1, whence from Lemma 3.3.9 we find that x(£, X) = —1. O

Definition 3.3.11 (Kodaira dimension) For a nonsingular projective variety X we define the
Kodaira dimension to be k(X) = k(wx, X), where wx is the canonical sheaf. The map fp, corre-
sponding to a basis of H°(X,w%) will be called the m-canonical map of X.

The Kodaira dimension is a birational invariant, i.e., for two birationally equivalent nonsingular
projective varieties X and X' we have k(X)) = x(X"), see [47, Thm. I1.8.19]. In characteristic 0,
given a projective variety X, there exists a birationally equivalent nonsingular projective variety X
as resolution of singularities is known due to Hironaka. Lipman proved that for a surface S there
exists birationally equivalent nonsingular projective surface in arbitrary characteristic. Therefore
the following definition gives a well defined birational invariant.
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Definition 3.3.12 Let X be an arbitrary projective variety over K and assume either char K = 0
ordim X < 2. The Kodaira dimension of X is defined to be the Kodaira dimension of a birationally
equivalent nonsingular projective variety X.

Clearly there is the inequality —1 < k(X) < dim X. We can classify varieties of a given
dimension by the Kodaira dimension. Note that by definition we have k(X) = dim X if and only
if the sheaf wyx is pseudo-ample. Some people call X in this case pseudo-canonical. We will use
the following term.

Definition 3.3.13 If X is a variety of dimension n = dim X > 1 over a field k such that X ® k
has Kodaira dimension k(X) = n, then we say that X is of general type.

If X is a nonsingular variety over K of dimension n with function field K(X), and if wy and
w1 are two nonzero differentials on X of degree n, then there is a rational function f € K(X) such
that w1 = f - wy. Using this we define algebraic independence of differentials of degree dim X.

Definition 3.3.14 Let X be a nonsingular variety of dimension n over K with function field
K(X) and let wg,w1,...,wi be nonzero differentials on X of degree n. Let f1,..., fr € K(X) be

such that w; = fj - wo for all 1 < j < k. Then wy,...,wr are said to be algebraically independent
over K if the rational functions f1,..., fr are.
Lemma 3.3.15 Let X be a nonsingular variety over K of dimension n and let wy, . ..,wi be k+1

algebraically independent regular differentials of degree n. Then we have k(X) > k. In particular,
X is of general type if there exist n + 1 algebraically independent reqular differentials of degree n
on X.

Proof. The differentials wy,...,wy are algebraically, whence linearly independent over K, so
we can extend them with wgi1,...,w, to a basis wy,...,w, of H*(X,wx) over K. For j with
kE<j<rlet f; € K(X) be such that w; = f; - wp. Then the 1-canonical map of X is given by
the rational map

[X-P P [1:fyoe fior fowr:o o fol

Let U be the largest open subset of X on which f is well defined and set W := f(U). Then we have
K(X) > dim W = tr.degy K(W), where K(W) is the function field of W, see also Remark 3.3.5.
This field is generated over K by fi,..., f. and since f1, ..., fi are algebraically independent over
K, we find tr.degx K(W) > k. O

Remark 3.3.16 A closely related expression for the Kodaira dimension is the following, see [47,
Sect.V.6]. For a nonsingular projective variety X over an algebraically closed field K we have

K(X) =tr.degg R — 1,

where R is the graded ring

R=H(X,03").
n>0

We now have two different approaches to check if a variety is of general type, one using sheaf
theory and one using concrete differentials. We will be using both in order to get a feeling of
how to go from one approach to the other. We will start with a proposition about nonsingular
varieties. Then the singularities will come in, first only on curves, then on a cone over a curve,
the first surface. Then comes the surface T which will indeed turn out to be of general type and
after that we will see some more general results about surfaces.
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Proposition 3.3.17 Let X be a nonsingular complete intersection in P of dimension > 1, say
of v hypersurfaces of degree dy,ds,...,d,. Let p: X — P be the embedding of X in P} . Let wx
be the canonical sheaf on X and set m = —n — 1+ Y.._, d;, then wx is isomorphic to p*O(m)
and we have
-1 if m <0,
K(X)=1¢ 0 ifm =0,
dimX =n—r ifm>0.

For the proof of Proposition 3.3.17 we could refer to [60, exa.6.9.1] or in the case of surfaces,
ie, r=n—2, to [47, exc. V.6.1]. However, we will actually give two proofs for this proposition.
The first is an easy consequence of lemmata and propositions involving sheaf theory that we have
already seen. For the second proof, which uses concrete differentials, we will also first state several
lemmata. This proof is more laborious, but also gives extra insight in the situation.

First proof of Proposition 3.3.17. Let wx and wp denote the canonical sheaves on X and
P" respectively. From Proposition 3.1.27, we find that wx = wp® A" Nx /en, which by Proposition
3.1.36 is isomorphic to p*O(m) with m = —n—1+3%""_, d;. Lemma 3.3.10 finishes the proof. [

Lemma 3.3.18 Let X be a subvariety of A}, of codimension k and suppose that X is a complete
intersection, namely given by f1 = ... = fr = 0, with f1,...,fx € Klz1,...,2,]. Then for
each nonsingular point P on X there is a surjection /\"716 TpAYL — /\"7k TpX and there is
exactly one differential w € /\"_k TEX such that for any lift W' € /\"_k TEATY of w we have
W ANAfy N A fp=dxy A Adx, € N THAY.

Proof. Let ¢ be the submersion ¢: A% — AX.: P (f1(P),..., fx(P)) and set @ = (0,...,0) €
A% Let 21,..., 2, denote the coordinates of A*. Then we get X = ¢~1(Q) and for P € X we
get an exact sequence

0— TpX — TpA" — ToA* — 0.
Dualizing gives

0 — THar Lo THA™ — TEX — 0.

This implies that /\n_k TpAY — /\n_k THX is indeed a surjection and by Lemma 3.1.37 we get

an isomorphism
n—k k

p: \ TpX ® \THA* — /n\Tj;A”.

Since ¥*dz; = df; we find from Lemma 3.1.37 that for every w € /\nfk TEX and any lift W' €
/\"_k TEAY of w we have p(w® (dzy A---Adzy)) = W Adft A+ - Adfy. Since dzq A---Adz, # 0 and
A" THA™ is 1-dimensional, there is exactly one w with @(w® (dz1 A+ -Adzg)) = dzi A+ Adxy,. O

In the following Lemmata we will pose some concrete differentials that will turn out to be
useful. We will start with some affine results, which we will then turn into projective results.

Definition 3.3.19 Let polynomials f1, ..., fr, € K|x1,...,7,] and a sequence J = (j;)¥_, be given
with 1 < j1 < ... < jx <n. Then we define Mj(f1,..., fr) to be the determinant of the matrix

k
()
0zj, ) i 11 ’
whence it is a k x k-subdeterminant of the Jacobian matrix. If the polynomials f; are understood
from the context, then we write My = My(f1,..., fx).
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Lemma 3.3.20 In A" TEA™ we have

dfl/\n-/\dfk:ZMJd:cjl/\~~/\d:cjk,
J

where the sum is taken over all (2) sequences J = (jy)¥_, with 1 < j; <...<jr <n.
Proof. First note that df; = Z?zl g—g dx;, so by expanding it is clear that we can write dfi A... A
dfy = >, Cydxj, A--- ANdxj, for some coefficients C;. By induction we see that these coefficients

can be given by
C Z . ( ) ﬁ af o(1)
= sign —
’ o e i O
where the sum is taken over all the permutations o € Si. This means that C; = M. O

Lemma 3.3.21 Let X C A% be a variety of codimension k. Suppose that X is a complete
intersection, say given by f1 = ... = fr =0 with f1,..., fx € K[z1,...,x,]. For a sequence J as
in Definition 3.3.19 let I be the sequence I = (is)gz_lk with 1 < i1 < ... <1is <n such that I and

J are disjoint. If we write e(J) for the sign of the permutation

1 2 ... n—k n—k+1 ... n
i1 G2 ... dn_k J1 cee Tk
then the differential
(J)
J = Edwil AN /\d.’Einik

on X is the same for each J.

Proof. Using the fact that dz; A de; = 0 we find from Lemma 3.3.20 that for any lift o/, €
N FTEAT of wy we have

Oy Ndfy N dfy = dzy A AN day,.

Lemma 3.3.18 says that this determines w; uniquely. O

Lemma 3.3.22 Let X C A}, and fi,..., fr be as in Lemma 3.3.21. Let P = (z1(P),...,zn(P))
be a nonsingular point on X. Then there exists a sequence J = (j;) as in Definition 3.3.19 and a
corresponding sequence I = (is) as in Lemma 3.3.21 such that M;(P) # 0 and fors=1,...,n—k
the functions x; — x; (P) form a set of local parameters.

Proof. Since P is nonsingular, the rank of the k& x n Jacobian matrix (8fl/8x])§f<§£ at P equals

k, so there exists a J = (j;)f_; with 1 < j; < ... < jx < n such that the vectors (8f,/0z;,)
are linearly independent at P. Then M;(P) # 0. By a linear transformation we can bring
the corresponding k£ x k submatrix in triangular form. That is, there is an invertible matrix
A = (ar¢)k,_; such that for y, = Zle arx;, we have %(P) = 0 for r < [. This means that we
can write i

k n—k
= crlyr —ye(P)+ > dis(zi, — 2;,(P)) +hot. (32)
r=l1 s=1

with some constants ¢; , and d; s and where the higher order terms are monomials in the y, —y, (P)
and z;, — x;_ (P) of degree > 2. Let Op x be the local ring at P and mp be its maximal ideal.
Then mp/m% is generated by the z; —z;(P) and therefore also by y1 —y1(P), ..., yx — yr(P) and
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iy — iy (P)y ..o x4, —x;,_, (P). Since Hle ¢ =My(P)#0, we find ¢;; # 0 for all I, so using
(32) we can write

k

n—k
y—y(P) =~ ( S arlyr —ye(P) + D dis(wi, — i, (P))> (mod m%).

r=Il+1

This implies that in mp/m% we can express the y; —y;(P) inductively in the z;, —x;_(P), so these
form a set of local parameters. O

Corollary 3.3.23 Let X C A} and w = wy be as in Lemma 3.3.21. Then for any nonsingular
point P there is a meighborhood U of P such that w has no zeroes or poles in U. In particular, if
X is nonsingular, then for the divisor (w) on X we have (w) = 0.

Proof. Let P be a nonsingular point, then by Lemma 3.3.22 there is a sequence J = (j;) as in
Definition 3.3.19 and a corresponding sequence I = (i5) as in Lemma 3.3.21 such that M;(P) #0
and the z;, — x;,(P) form a set of local parameters. Then there is an open neighborhood U of P
such that for all Q € U we have M;(Q) # 0 and the z;, — z;_(Q) form a set of local parameters
in Q. Since dx;, = d(x;, — x;_(Q)), this implies that the differential

+1
w=wj = Edﬁfil ARERIA dxin—k

has indeed no zeroes or poles in U. g

Knowing the behaviour of the differential w = w; as in Lemma 3.3.21 on the affine part of a
projective variety X, we could check its behaviour at the hyperplane at infinity to find out its global
behaviour. It will turn out that the contribution of the hyperplane H at infinity to the divisor (w)
is mH, where m = —n — 1+ > _deg f;. As a matter of fact, for polynomials g,h € K[z1,...,z,)
the divisor of £w on the regular locus of X is given by (g9) — (h) 4+ (m — degg + degh)H. In
particular, taking ¢ = " for some linear polynomial, we get m — deg g 4+ degh = 0 and we find a

result for projective varieties similar to Lemma 3.3.21. Projectively, this is stated as follows.

Lemma 3.3.24 Let X C P} be a variety of codimension k. Suppose that X is a complete
intersection, say giwen by Fy = ... = F, =0, with Fy,...,F € K[Xo,X1,...,X,] homogeneous
polynomials. For a sequence J = (j)*_, with 0 < j; < ... < jx < n let My = My(F,..., Fy)
be the determinant of the matriz (0F;/0Xj,)1+. For any ig not in J let I = 1(J, 1) be the unique
sequence (zs)?;lk with 0 < iy < ... <ip_i < n such that ig is not in I and I and J are disjoint. If
we choose a linear form L € K[Xy,...,X,], set m=-n—1+ Zle deg F; and we write £(J, o)
for the sign of the permutation

0O 1 ... n—-k n—-k+1 ... n
o 11 ... Ip_g 1 R T
then the differential
e(J,io) X FHL™ X, X;
o — L d ! o ANd Zn-k
o M, <Xio> Aot ( Xio ) 33)

is the same for each J and ig not in J. For each point P there is some neighborhood U on which
the divisor (wj,) is given by m(H NU), where H is the hyperplane determined by L = 0.

Proof. Note that the degree of M is equal to > (deg F; — 1) = m+n+ 1 — k, so (33) gives a

well defined differential. From )
() =-x(3)
Xig X2\ X,
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and

10

X; X; X; X X; X;
d s — Zl,d 1s _ 2] lsd 0
<X > Xi <Xiz > X2 (Xiz >

we conclude that

X, X, Xkt X, X X, X,
d i)/\-~-/\d< l""):g o ~d(i)/\---/\d( lll)/\d( ”“)/\---/\d( an),
(Xio Xi XpoE X, Xi, Xi, Xi,

where ¢ is the sign of the permutation

0 1 ... 1 il+1 oo Uk
W - Y—1 Y41 - lp—k

In combination with Lemma 3.3.21 it follows that w(.J, ig) is indeed the same for each J and i¢ not
in J. Hence we can write w = w(J,ip). Each point P on X is contained in an open affine given by
X, # 0 for some 7y. Just as in the proof of Corollary 3.3.23 we now find that if P is nonsingular,
then there is an open neighborhood U of P such that (w)|y = m(H NU). O

Corollary 3.3.25 Let X C P} be a variety of codimension k. Suppose that X is a complete
intersection, say gwen by Fy = ... = F, =0, with Fy,..., F, € K[Xo, X1,...,Xn] homogeneous
polynomials of degree deg F; = d;. Let p denote the embedding of the regular locus X*°® of X in
P", so p: X™8 — P" and set m = —n — 1+ Zle d;. Then the canonical sheaf wxres of X8 is
isomorphic to p*O(m).

Proof. Let P be any nonsingular point. Then from Lemma 3.3.24 we find that there is an open
neighborhood U of P such that if H C P" is a hyperplane, then mp*HNU is a canonical divisor on
U. As these open sets cover X™# it follows that mp*H is a canonical divisor on X*°¢. Therefore
the canonical sheaf of X*°8 is isomorphic to the sheaf £(mp*H) on X' which is isomorphic to
p*O(1)™ =2 p*O(m). O

Second Proof of Proposition 3.3.17. If X is nonsingular, then X™® = X, so from
Corollary 3.3.25 we find that the canonical sheaf wy is isomorphic to p*O(m). Lemma 3.3.10
finishes the proof. O

We now know how to compute the Kodaira dimension of nonsingular projective complete
intersections. The next step is to consider singular varieties. We will start with curves, for which
the Kodaira dimension will turn out to depend only on the genus. In general some inequalities
about the m-genus imply inequalities involving the Kodaira dimension.

Lemma 3.3.26 Let X be an algebraic variety over K. Then for the Kodaira dimension we have
k(X) > 0 if and only if for some positive integer m the inequality p,,(X) > 2 holds for the
m-genus. We have p,,(X) =0 for all m if and only if k(X)) = —1.

Proof. Let X be a nonsingular projective surface over K that is birationally equivalent with X
and suppose m is a positive integer such that dimx H°(X,wy™) > 2. Let wq,ws € HO(X,w3™) be
two linearly independent differentials. Then for some nonconstant rational function we can write
w1 = fws. Since X is by definition geometrically irreducible, the algebraic closure of K in the field
K(X) of rational functions on X is equal to K itself. Hence the nonconstant rational function
f is transcendental over K, so the m-canonical map of X is nonconstant and «(X) = x(X) > 0.
Conversely, if /1(5(; ) > 0, then there exists a positive integer m such that the transcendence degree
of HO(X,w%™) is at least 2, whence p,,(X) > 2. We have p,,(X) = 0 for all m if and only if
N(wx, X) =0, so if and only if x(X) = —1. O

Corollary 3.3.27 Let C be a curve. Then the Kodaira dimension depends only on the (geometric)
genus. If we have pg(C) = 0, pg(C) = 1 or py(C) > 2, then we have k(C) = —1, k(C) = 0,
k(C) = 1 respectively.
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Proof. Since k(C) < dim C' = 1, the first statement of Lemma 3.3.26 is equivalent with the fact
that x(C') = 1 if and only if p,,(C) > 2 for some integer m. Hence if p,(C) = p1(C) > 2, then
k(C) = 1. If pg(C) = 0, then C is (geometrically) isomorphic to P; and a canonical divisor is
given by K¢ = —2(Q) for any point (). Therefore mKs < K¢ for positive integers m and we
get HO(C,wg™) = 0. This implies that p,,(C) = 0 for all m, so from Lemma 3.3.26 we find
k(C) = —1. Finally, if p,(C) = 1, then C' is an elliptic curve (over some field extension). On an
elliptic curve there exists a regular nonvanishing differential w, so a canonical divisor K¢ can be
given by K¢ = (w) = 0. Hence mK¢ = K¢ for all m and therefore p,,,(C) = p1(C) = py(C) =1
Again from Lemma 3.3.26 it follows that x(C) = 0. O

From the Theorem of Riemann-Hurwitz we know that if C' — D is a finite separable morphism
of curves, then the inequality p,(C) > py(D) holds. It actually holds in more generality and by
Corollary 3.3.27 it implies that x(C) > k(D), which also holds in a far more general situation.

Lemma 3.3.28 Let f: X — Y be a generically surjective rational map of algebraic varieties such
that dim X = dimY. Then we have k(X) > k(Y).

Proof. See [60, Thm.I1.6.10]. O
Remark 3.3.29 A variety is called unirational if it is a rational image of projective space. From

Proposition 3.3.17 we know that x(P™) = —1 for all n. Together with Lemma 3.3.28 this implies
that for any unirational variety X we have k(X)) = —1.

For a nonsingular ruled surface X we also have x(X) = —1, see [47, Thm.V.6.1.] or [35, Thm.
VIL.1.1.]. An example of a ruled surface is a cone over a curve.

HK-

X

Example 3.3.30 Let C be a nonsingular curve in P% given by F = 0 for some homogeneous
polynomial F' € K[X,Y, Z] of degree e. Using the inclusion K[X,Y, 7] — K[X,Y,Z, W] we can
define the cone X C P? over C given by F' = 0, see also [47, exc.1.2.10]. It is normal because of
Proposition 3.2.17 and has a vertex P = [xp : yp : zp : wp] = [0 : 0 : 0 : 1], which is the only
singular point of X. Let (: X — X be the blow-up of X in the point P and set E = ¢~ !(P). The
surface X can be given in P3. x PZ by

F(R,S,T)=0, XT=ZR, YR=XS, YT=2S,

where X,Y, Z, W are the homogeneous coordinates of P? and R, S, T are the homogeneous coor-
dinates of P2. Then ¢ is given by projection on P3.

For o € K* let C,, denote the intersection of X with the hyperplane H C P2 given by Z —aWV.
Then C,, is a nonsingular curve not passing through P which is isomorphic to C, whence ¢~ (C,,)
is isomorphic to C,. We will show that as a divisor on X it is linearly equivalent with E using
the Segre-embedding, see [47, exc.1.2.14].
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The Segre-embedding gives an embedding of X in P!, Using the fact that XS =Y R, XT =
ZR and YT = ZS we can project P! onto P® to get an embedding of X into P8. After some
calculations we find that its image Z in P® can be given by

bo1bs1 = bosbi1, bo1bss = bosbs1, bazbss = b3s, F(bo1, bo2, bo3) = 0,
bo1bao = boabi2, boabaz = bozbaa, bi1bss = b3y, F(b11,b12,b31) =0,
borbas = bo3b12, Do2bssz = bogbas, biabag = bagbs1, F(b12,b22,b23) =0,
bo1bas = boabs1, biibas = b3, bigbsz = bazbs1, F(bsi,bag, b3z) =0,

b01b12 = b02b11;

b11b23 = b31b12a

where bg1, boz2, bos, b11, b12, b2z, ba3, b31, b3z are homogeneous coordinates of P®. The isomorphism
X — Z is given by

[Z:y:z:w] x[ris:t]—[wr:ws:wt:zr:zs:ys:yt: zr: zt]

Its inverse will be denoted 1 and can locally be given by

bo1 : bo2 : bos],

[b11 : b1z = b3y : bot], %bi : b?z : bgﬂ

[bo1 : Doz 1 bo3 = bi1 @ big t bag : bag 1 bgy : bgg] — q [b12 : bag : bag : boa], X s
[b12 @ baa @ bas],

[b31 : b2z : b33 : bos] [bs1 : bas : bas]

It is easy to check that Z, and hence )Z', is nonsingular. The curve E is isomorphic to E/ = ¢~ 1(FE),
which is given by by; = b1y = bog = baz = b3y = b3z = 0 on Z. On P® the radical ideal I(E’) of E’
is generated by

bi1,b12, b2z, ba3, b1, bas, F(bo1, boz, bo3)-

Hence the projection on the by, bgs and bgs coordinates induces an isomorphism between E’ and
the curve C. These facts also follow from [47, exc.1.5.7].

For a € K* define D, = ¢~ 1p~1(C,), then D, is isomorphic to C,. On Z the curve D, is
given by bzz — abpz = baz — bz = bz — abp; = 0. On P? the radical ideal I(D,,) is equal to the
ideal I, generated by

F(bo1, boz, bo3),
F(b11,b12,b31),
F(b12, baa, bag).

b12b31 — b11b23,
bazbi2 — ba2bai,
b31ba3 — b3zbi2,

bss — aboz, bi1bay — b2y,
bas — abpz, baabss — b3,
bs1 — abo1, bssbin — b3y,

The ideal I,—¢ is equal to I(X) + (bsz3), which is the intersection of two radical ideals, namely
I(E') and J, where J is the ideal generated by

bi1bas — bly,  F(bot, boz, bo3),
baobss — b35,  F(bi1,b12,b31),
bssbi1 — b%y,  F(bi2,baa, bas)

bQBa
b33,

bo3,
b31,

and its zeroset has dimension zero. For a # 0 we also happen to have I(X)+ (bsz —abos) = I+ J.
It follows that for o # 0 and f = (b33 — O[bog)bggl = 1 — abg3 /b33 the principal divisor (f) on Z
equals D, — E’, so E' is linear equivalent with D,. Hence on X we now know that E is indeed
linearly equivalent with ¢~1(C,).

Let L € K[X,Y, Z,W] be homogeneous linear polynomial with L(P) # 0 and let H C P? be
the hyperplane given by L = 0 and write U = X — {P}. By Lemma 3.3.24 the divisor of the

differential
() ()
Ww=—"3r %\ W
8—)1‘; w w

equals (w)|y = (e —4)(H NU), but to compute the Kodaira dimension we need to look at X or
Z. Since U is isomorphic to ¢~ (U) = X — E, we only need to find out the contribution of E to
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(p*w), so we can restrict to the affine part W # 0 of P2. We first look at the affine part T # 0

of P2. Hence we are looking at A% x A% =2 AS with coordinates x,¥, z, r, s on which X is given by
y = zs, v = zr and F(r,s,1) = 0. On this affine part we have F/0x = 2~ *9F(r,s,1)/0r, so
p*w is given by

e—4 le—42 e—4 e—4
* — _ N J—
prw = —J5 d(zs) Ndz = —F ds Ndz = ——oFa) ds Ndz = — 0T dr A dz.
o o A T e Fa

Here we put | = L(z,y, 2,1). Since E = C' is nonsingular, we have

OF(r,s,1)
or

OF(r,s,1)

(P)=0 or P

(P)=0

for every P € E. Since F is given by z = 0 on this affine part, this implies that in a neighborhood
V of this affine part of E we get (p*w)|y = (e —4)(¢*HNV) + (2 —¢e)(ENV). Looking at the
affine parts R # 0 and S # 0 we find similar results, which after putting together imply that
(p*w) = (e—4)p*H + (2 —e)E. Since F is linear equivalent with ¢*H and £L(¢*H) is isomorphic
to ©*O(1), this implies that the canonical sheaf on X is isomorphic to ¢*O(—2). Since ©*O(2) is
pseudo-ample, it follows from Lemma 3.3.9, that x(X) = k(p*O(-2), X) = —1.

Similar as in this example we can compute the Kodaira dimension of Y using concrete differ-
entials.

Proposition 3.3.31 The surface Y is of general type. The canonical sheaf on T is isomorphic

to mO(1).

Proof. Since T is of general type if and only if T is, it suffices by Lemma 3.3.8 to show that the

~

canonical sheaf on T is isomorphic to L(7*H) for any hyperplane H C IP’% as we have L(7*H) =

7*L(H) = 7*O(1). Hence it suffices to show that for any linear form L € Q[A, B,C, X,Y, Z, U]
such that L(R;) # 0 for any singular point R;, the differential

w = %d (%) /\d(%) (34)

on Y induces a differential 7*w on T which is regular everywhere.

We could check easily that w is regular on the open sets 7°U;, with i,k = 1,2, 3, described in
section 3.2. However, since w is the differential described in (33), Lemma 3.3.24 already tells us
that on the regular locus U = T*°8 of T we have (w)|y = HNU, where H C ]P% is the hyperplane

given by L = 0. Hence we only need to check that 7*w on T is regular in a neighborhood of
7~ Y(R;) for the singular points R;. Since G C Aut(T) acts transitively on the singular points and
g(w) = i@w for all g € G, it suffices to do this for Ry =[1:0:0:0:1:1:1] only.

We will look at the affine part A # 0 on which w can be written as

dz A db.

w =
cyxu

The point R; is contained in the open set U given by yzu # 0. The point Ry on U locally looks like
the vertex (0,0,0) on the surface in A% given by f = 0 with f = b? + ¢? — 2%. Just as in Example

3.3.30 we now find that the contribution of E; on T to the divisor (7*w) is (2 — deg f)E1 = 0.
Hence on T we find (7*w) = 7#*H. It follows that the canonical sheaf is indeed isomorphic to

7 L(H) = 7*O(1) and by Lemma 3.3.8 we find for the Kodaira dimension that (1) = x(T) =
2. O
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Remark 3.3.32 We have seen that Proposition 3.3.31 follows from regularity of 7*w on T for
w as in (34). This also follows from Lemma 3.3.15. Indeed, we can choose 2 other linear forms

L',L" € Q[A,B,C, X,Y, Z,U] such that L'/L and L"/L are algebraically independent. Then the

differentials w,w’ = %w and "’ = LTw are 3 = dim T + 1 algebralcally independent regular

differential forms of degree 2 on T so the Kodaira dimension equals dim T.

Corollary 3.3.33 Let K5 be a canonical divisor on Y. Then we have K% = 16.

Proof. Let H C ]P% be a hyperplane that does not contain any of the 48 singular points of

Y. Then D' = n*H is a canonical divisor on T, whence D’ is linearly equivalent with K5 and
D"? = K?f. Write D = HN'Y. Since H does not contain any of the singular points and 7 induces
an isomorphism T — Uj‘il E; — Y =7 —{R;:1<j <48} we find that D'? = D?, where the
first is a self intersection number on Y and the second on Y.

Let H' C P% be another hyperplane and let H and H’ be such that H N H' intersects Y
transversally. Since D is linearly equivalent with H' N T we find D? = deg(HNY)N(H'NY) =

deg(HN H')NY. Since H N H' is a line intersecting T transversally, it intersects T by Bézout’s
Theorem in deg ¥ = 16 points, so D? = 16 and K% =D"? =D?=16. O

Corollary 3.3.34 The topological Euler characteristic Xtop(f((C)) equals 80. For the Hodge num-
ber b1 of T ® C we have h*' (YT ® C) = 64 + 2q, where ¢ = h*? is as in Proposition 3.2.19.

Proof. Remember that X(T) = 8, so from the Noether Formula 3.1.52 and Corollary 3.3.33 we
find
Xtop(T(C)) = 12x(T® C) — K2 =128 — 16 = 80.

From the Hodge numbers already computed in Proposition 3.2.19 we find that 80 = yop(T(C)) =
1—2¢+ (1442 + htt) —2¢ +1 =16 + ht! — 2¢q, from which h*! follows. O

Bluff 2 We actually have h*'(T @ C) = 64.

Proof. From Bluff 1 we know that A" = ¢ = 0. Hence it follows from Corollary 3.3.34 that
W = 64. 0

Because T is a complete intersection which is nonsingular except for some isolated singular
points which are ordinary double points, the fact that T is of general type will also follow from
proposition 3.3.35 together with Lemma 3.3.8 for then we have e; = 2 for all j.

First let us set some notation. Let X C P" be a surface over K which is a complete intersection
of n — 2 hypersurfaces of degree di,...,d,_2. Suppose that X is nonsingular except for some
isolated singular points Q1,...,Q;. Suppose also that for all j = 1,...,¢ there is a nonsingular
curve C; C P of degree e; such that @; is analytically isomorphic to the vertex of the cone
over C;. Let j denote the inclusion j: X — P" and let U = X" be the maximal regular open
subset of X, i.e., X™8 = X \ X®"8 where X*"¢ is the singular locus of X. Let mX — X be
the blow-up of X in the points Q;. Let E; = 7~!(Q;) be the fibre of m above Q;. Let H be a
hyperplane of P" that does not contain any of the ;. This is possible since we can work over
an algebraically closed, whence infinite, field. Define U’ := 7=1(U) and p = j o 7. Finally write
P:=P" P =P\ X" and m = -1 —n+ 3" d;.

Proposition 3.3.35 Under the assumptions above the surface X is regqular and a canonical divisor
on X is given by

t
mp*H + 2(2 —e;)E;.
j=1
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We have the following diagram and will first compute the canonical sheaf on U’ via those of
U, P’ and P. Then we will compute a canonical divisor on X from the canonical sheaf on U’.

U+ X

Uc'/()—>X/ P
RN

Lemma 3.3.36 The surface X is reqular, Ej is isomorphic to Cj, has genus g; = %(ej —1)(e;—2)
and self intersection number E]2 = —e;.

Proof. Apart from the genus g; this is just a restatement of Lemma 3.2.8. Hence the genus g; of
E; is equal to that of C;. Since C; is a nonsingular degree e; curve embedded in P2, the genus of
C; indeed equals 1 (e; — 1)(e; — 2). O

Lemma 3.3.37 Let wy be the canonical sheaf on the nonsingular variety U = X*°%. Then we
have an isomorphism wy = j*O(m) of sheaves on U.

Proof. Let 7 be the idealsheaf of X in P and Z’ the ideal sheaf of U in P’. Let wps and wp denote
the canonical sheaves on P’ and P respectively. Then wp|ps & wps and Z|ps 2 T'. Tt follows that

n—2 n—2

wr® \E/T))o 2wp © N (/27

By taking Y = U and X = P’ for the X and Y in Proposition 3.1.27 we find that the right hand
side is isomorphic to wy. The left hand side is isomorphic to j*O(m)|y by Lemma 3.1.36. O

Lemma 3.3.38 Let wy be the canonical sheaf on the nonsingular variety U’'. Then we have an
isomorphism wy = p*O(m) of sheaves on U’.

Proof. Since 7 induces an isomorphism from U’ to U, we find from Lemma 3.3.37 and the fact

that p* = 7* o j* that
wyr = mwy = 17 0(m) = p*O(m).

O

Before we can compute the canonical divisor on X , we need the following propositions. Re-
member that for a noetherian integral separated scheme Y which is regular in codimension one the
group DivY is the group of divisors on Y and that C1Y is the group of divisor classes. Remember
also that if Y is also factorial, then the group ClY is isomorphic to the group CaClY of Cartier
divisors and hence with the group PicY of invertible sheaves.

Proposition 3.3.39 (Adjunction Formula) If C is a nonsingular curve of genus gc on a non-
singular surface S, and if Kg is a canonical divisor on S, then

290 —2=C (C+ Kg).
Proof. See Hartshorne [Proposition V.1.5]. O

Proof of Proposition 3.3.35. Since X isa nonsingular variety we can apply Proposition
3.1.5 and it tells us that there is a surjective homomorphism C1X — ClU’. Let M denote the
kernel. The 48 exceptional curves E; of codimension 1 are irreducible, whence prime divisors, so

44



we find that there is an exact sequence which is the top row of the following commutative diagram
in which the two rows and the two columns are exact. Note that the top two vertical arrows are
not injections.

0 Zt DivX —=Divl ————= 0
0 M X —= ClU ——= 0
/ /
Pic X —t= PicU’
0 0

Let K € Div X be a (canonical) divisor the class of which corresponds with the sheaf wg
and let H C P" be a hyperplane that does not contain any singular point of X. Then the class
of mp*H € DivX in ClX corresponds with p*O(m). The two sheaves wg,p*O(m) € Pic X
have the same images in PicU’, whence also in ClU’. Therefore the image [D|y/] in C1U’ of
D:=Kg—-mp*H € Div X is 0. Hence the image of D in Div U’ is principal, say D N U = (f)
for some rational function f € K(U’). Since U’ and X are birationally equivalent, they have the
same function field, so we can view f as an element of K(X). The divisor D — (f) € Div X maps
to 0 in DivU’, so from the exactness of the top row of the diagram we find that we can write it
as D — (f) = >_, rjE; for certain integers r;. This means that for K’ := K — (f) we have

t
K;? = mp*H —+ Z’I"jEj.
j=1
Since K ;} is also a canonical divisor we can use Proposition 3.3.39 to compute the r;. Note that

the F; are isomorphic to C; by Lemma 3.3.36 and that they have genus g; = %(ej —1)(e; —2).
Substituting C = F; and Kg = K ;~( in the adjunction formula, we find

ejle; —3)=2g; —2=C-(C+K%)=E;- (E; + p*(mH) + Y _r;E;). (35)

j=1
Since E;Np*(H) = 0 and E;NE; = ( for i # j, we get E;-mp*(H) = E;-Ej = 0 for i # j. Therefore
(35) simplifies to e;(e;—3) = E?+r, E? = (14r;) E?. Lemma 3.2.8 says that E? = —e;, sor; = 2—e;
and K is linearly equivalent with the canonical divisor K% = p*(mH) + S (2—-¢)E;. O

Corollary 3.3.40 Let X C P} be a projective surface which is a complete intersection, say
X is the intersection of n — 2 hypersurfaces of degree dy,...,d,_o. Suppose that X is reqular
except maybe for some isolated singular points all of which are ordinary double points. Set m =
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—n — 14> d;, then the Kodaira dimension of X equals

-1 ifm<Q0,
Kk(X) = 0 ifm=0,
2 ifm>0.

Proof. Let m: X — X be the blow-up of X in the singular points. Let H C P" be a hyperplane
not containing any of the singular points. From Proposition 3.3.35 we find that X is nonsingular
and that m7*H is a canonical divisor on X, as all the e; equal 2. Hence the canonical sheaf on X
is isomorphic to 7*O(m) and the proof is finished by Lemma 3.3.10. O

In Corollary 3.3.40 we found an isomorphism between wg and 7*O(m) for some integer m, as
the exceptional curves F; did not contribute to the canonical class. This enabled us to immediately
deduce the Kodaira dimension from m. If the E; do contribute to the canonical class, then we
can assume to know more about them in order to get the same result, an isomorphism between
wg and 7O(m’) for some integer m'. We will give two versions based on different assumptions.

Corollary 3.3.41 Let again X be as above, a complete intersection in Py of hypersurfaces of
degree dy, . ..,dn_o with isolated singular points @Q; that are analytically isomorphic to the vertex
of the cone over a degree e; nonsingular curve C; C P2, In addition, assume that for the blow-up
m: X — X of X at the points Q; the exceptional fibres E; = n~%(Q;) are as a divisor on X all
linearly equivalent with p*H for some (any) hyperplane H. Setm' = —n—14+> d; +> (2 —e;),
Then m/p*H is a canonical divisor on X and the Kodaira dimension of X equals

-1 4fm <0,
K(X) = 0 im =0,
2 ifm' > 0.

Proof. From Proposition 3.3.35 we know that a canonical divisor is given by mp*H + 2211(2 —
e;j)E; with m = —n — 14> d;. Since Ej is linearly equivalent with p*H we find that m/p*H is
a canonical divisor as well. The proof is again finished by Lemma 3.3.10. 0

Corollary 3.3.42 Let X, X and the E; be as in Corollary 3.3.41, a complete intersection in
Py of hypersurfaces of degree dy,...,d,—o with isolated singular points Q); that are analytically
isomorphic to the verter of the cone over a degree e; nonsingular curve C; C P2, In addition,
consider the divisor Y. (2 — e;)E; on X and assume that it is linearly equivalent with the divisor
lp*H for some (any) hyperplane H and an integer l. Set m’ =m+1. Then m’p*H is a canonical
divisor on X and the Kodaira dimension of X equals

-1 ifm <0,
K(X) = 0 im =0,
2 ifm’ > 0.

Proof. From Proposition 3.3.35 we know that a canonical divisor is given by mp*H + 2211(2 —
e;)E; withm = —n—14%"d;. Since )_,(2 — ;) E; is linearly equivalent with [p*H we find that
m/p*H is a canonical divisor as well. The proof is again finished by Lemma 3.3.10. 0

Example 3.3.43 Let C C P% be a nonsingular curve of degree e and X C P3. the cone over C

with vertex P. Let m: X — X be the blow-up of X in the point P. Let H C P3 be a hyperplane not
containing P, write C’ = 7*H and let E = 7~ !(P). Then Proposition 3.3.35 says that a canonical
divisor on X is given by (e — 4)C’ 4+ (2 — e)E. This is exactly what we have seen in Example

3.3.30. Since F is linearly equivalent with C’, a canonical divisor is given by —2C’ = —27*H.
Note that this means that the canonical sheaf on X' = X — {P} is pseudo-ample for e > 5,
while the canonical sheaf on X has no global sections at all, so still K(X) = —1.
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Remark 3.3.44 We computed the Kodaira dimension of the singular variety X as that of X.
One might hope for a definition of Kodaira dimension in terms of X itself, without having to
pass to a birationally equivalent nonsingular variety. In the special case that X contains only
ordinary double points as singular points we have seen that the canonical divisor on U = X" is
pseudo-ample if and only if the canonical divisor on X is pseudo-ample. One might hope that this
is the case under weaker assumptions, such as normality of X. However, we have seen in Example
3.3.43 that only normality is not enough to assume, even when X is a complete intersection.

On a nonsingular variety X the canonical sheaf wyx is isomorphic to the so-called dualizing
sheaf w$, see [47, II1.7]. Hence on these nonsingular varieties we can define the Kodaira dimension
as the divisor dimension of the dualizing divisor associated to the dualizing sheaf. One might
therefore hope that this does generalize to singular varieties. This would require that £(w$, X) is
a birational invariant, for so is the Kodaira dimension. However, on complete intersections X the
dualizing sheaf restricts to the canonical sheaf on the regular locus X8, i.e., wg|xres = wxres.
For locally complete intersections this follows from Proposition 3.1.27 and Theorem II1.7.11 in
[47]. Taking X to be the cone of Example 3.3.43 which is regular in codimension one, it follows
that the dualizing sheaf w$ on the cone X is isomorphic to Ox (e — 4), this is pseudo-ample for
e > 5, yet we have seen that the canonical, whence the dualizing, sheaf on X is not. Hence this
hope evaporates by the same example 3.3.43.

In Corollary 3.3.40 we have seen that if X is the blow-up of a surface X in an ordinary double
point P, then the exceptional fibre above P does not contribute to the canonical class of X. This
is in general true for a larger class of singular points, the so-called A-D-F singularities. For a
proof see [35, Prop.I11.3.4]. Together with Corollary 3.3.42 this implies the following Theorem.

Theorem 3.3.45 Let j: X — P} be a surface which is a complete intersection in P}, say of
hypersurfaces of degree di,...,dn—o. Suppose that X is regular except maybe for some isolated
singular points Q1,...,Q:. Furthermore, suppose that Q; is either an A-D-E singularity, in
which case we set e; = 2, or that Q; is analytically isomorphic to the vertex of the cone over a
degree e; nonsingular curve C; C P2, Let m: X — X be the blow-up of X at the singular points
Qi and let E; be the exceptional divisor above Q;. Consider the divisor ) .(2 — e;)E; on X and
assume that it is linearly equivalent with the divisor lp*H for some (any) hyperplane H and an
integer 1, where p = jom. Set m' = m + 1, then the Kodaira dimension of X equals

-1 ifm' <0,
K(X) = 0 ifm =0,
2 ifm’ > 0.

3.4 Conjectures about surfaces of general type

S. Lang has made some conjectures about rational points on varieties of general type. For a
more complete discussion see [51], [61] and [41]. Following an article of L. Caporaso, J. Harris
and B. Mazur [39], we will call them the weak, the strong and the geometric Lang Conjecture,
respectively. Note that the field K is no longer algebraically closed. The notions T and T are
again only used for the varieties defined over Q.

Conjecture 3.4.1 (Weak Lang Conjecture) If X is a variety of general type defined over a
number field K, then the set X (K) of K-rational points of X is not Zariski dense.

Conjecture 3.4.2 (Strong Lang Conjecture) Let X be any variety of general type, defined
over a number field K. There exists a proper closed subvariety = C X such that for any number
field L containing K, the set of L-rational points of X lying outside of Z is finite.

Conjecture 3.4.3 (Geometric Lang Conjecture) If X is any variety of general type, the

union of all irreducible, positive-dimensional subvarieties of X not of general type is a proper,
closed subvariety =.
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Note that the Weak Lang Conjecture would imply that if X is a surface of general type over
@, then there are finitely many curves of genus < 1 on X such that there are only finitely many
Q-rational points on X that are not on any of these curves.

Note also that the Strong Lang Conjecture is implied by the Weak together with the Geometric
Lang Conjecture. The Strong Lang Conjecture is also implied by a much more general conjecture
of P. Vojta, see [61, Conj.3.4.3] and [41, p.1-11]. The Strong Lang Conjecture has been proven
for arbitrary subvarieties of abelian varieties by Faltings [45]. The Geometric Lang Conjecture
has been proved for surfaces satisfying some inequality concerning Chern numbers. This is stated
more precise in Proposition 3.4.6.

Definition 3.4.4 For a nonsingular algebraic surface X the Chern classes ¢; and co are defined
as follows. We have

a(X)=-Kx and co(X) =12(1 + pa) — K%,

where Kx is a canonical divisor on X, the number K% is the self intersection number of Kx and
Pa = Pa(X) is the arithmetic genus of X.

Remark 3.4.5 Actually, the definition of the Chern classes is usually different, but it coincides
with this definition, see [47, App.A, exa.4.1.2]. Note that from the Noether formula 3.1.52 we find
that in the case of nonsingular projective surfaces over C we have ¢3(X) = xtop(X(C)).

Proposition 3.4.6 Let X be a smooth minimal projective surface of general type. Suppose that
for the Chern classes c; and cy we have ¢? > ca, then X contains only finitely many curves of
genus 0 or 1.

Proof. See Bogomolov [40, Thm.0.4]. O

We have not proven that Y is a minimal surface. However, if we had, we still would not be
able to use Proposition 3.4.6 to prove that the surface T contains only finitely many curves of
genus 0 or 1, for we have ¢;(Y)? < co(T) by the following proposition.

Proposition 3.4.7 For the surface T we have ¢1(Y)? = 16 and co(T) = 0.

Proof. From Corollary 3.3.33 we know that K i = 16 for any canonical divisor K5 on T. Hence

we have ¢} = K% = 16. We have just seen that ca(Y) = Xtop(Y(C)), so from Corollary 3.3.34 we

find that co(Y) = 0. O

The surface T ® Q does contain several curves of genus < 1, corresponding to trivial perfect
cuboids. The hyperplane A = 0 intersects T in 8 rational curves of degree 2, all in the same orbit
under G and all defined over Q. The hyperplane X = 0 intersects T ® Q in 4 elliptic curves of
degree 4, all defined over Q(7) and in the same orbit. The hyperplane A = B intersects T ® Q
also in 4 elliptic curves of degree 4, all in the same orbit and defined over Q(v/2). Hence none of
these elliptic curves contains any Q-rational point. We now have three orbits of curves.

ABC =0, 24 degree 2 curves defined over Q and isomorphic to P!,
U=0, 8 degree 2 curves defined over Q(i) and isomorphic to P
{ XYZ =0, 12 degree 4 elliptic curves defined over Q(i).

(A% — B?)(B? — C?)(C? — A%) =0, 24 degree 4 elliptic curves defined over Q(v/2),
(A2 + U?)(B? 4+ U?)(C? +U?) =0, 24 degree 4 elliptic curves defined over Q(v/2,1).
(36)
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Representatives of these three orbits are

A=0, A=m?—n?, A =2mn,

B =m? —n?, B = 2imn, B =2mn,

C =2mn, C =2mn, C =m?—n?,

X =m? +n?, X =0, X =m? +n?, (37)
Y =2mn, Y =m? +n?, Y =m? +n?,

Z =m? —n?, 7?2 =m* — 6m?n? + m4, Z =2\2mn,

U=m?+n? U=m?—-n? U? =m* + 6m2n? + nt.

Proposition 3.4.8 There are infinitely many cuboids, pairwise not similar, with positive sides

that are “perfect” over Q(v/2,/3).

Proof. Let E denote most right elliptic curve of (37) on Y. It contains the point
P=[2V/6:2V6:1:5:5:4V3:7

corresponding with (m,n) = (v/3,1/2). The point P has infinite order, all its multiples are points

over Q(v/2,V3). O

Example 3.4.9 Let P be as in the proof of Proposition 3.4.8. Then up to torsion the point 4P

corresponds with (m,n) = (1382351, 174860+/6) giving rise to the cuboid

A= 4834357917206
B = 4834357917206

C= 1727438169601
X = 2094350404801
Y = 2094350404801
Z = 966871583440+/3
U= 2405943600001

Remark 3.4.10 Similarly, we find that if L is a field over which the elliptic curve C:y? = z* +
622 + 1 has positive rank, then there are infinitely many cuboids that are “perfect” over L(1/2).
Note that E is isomorphic over Q to the elliptic curve E:y? = 22 — 2. This curve has rank 0 over

Q(v2,1).
Proposition 3.4.11 There are no straight lines on T @ Q.

Proof. Suppose that L were a line on T ® Q and consider the hyperplane H C PS given by
Y — Z = 0. Then by Bézout L would either lie in H, or it would have exactly one point in
common with H. In the first case we find that the line would also be in the intersection of T with
one of the hyperplanes B + C'. We have already seen that these intersections only contain elliptic
curves. Hence the line L intersects H in exactly one point, say P.

Since L is on Y, we find from Z2 — Y2 = B? — C? that B(P) = £C(P) on L. Hence either
B+ C or B — C has a single zero on L at P. It follows that either the function (Z —Y)/(B+ C)
or (Z —Y)/(B — C) has neither zeros nor poles on L. By applying ¢ to L if necessary, we may
assume it is the former, which is apparantly a nonzero constant on L, say A € @* That means
that L is one component of the intersection of T ® Q with the hyperplane Hy given by f\ = 0
with fy =Z —Y — A(B 4 C). The radical ideal of the intersection T N H} is given by

IN) = (A2 + B> - 22 A+ C? - Y2 B>+ C? — X?, A + B>+ C* - U?) = L N I,(\),
where I; and I3()\) are given by
L=B+C,Z-Y2B*-X* A+ B>-Y? A+ X* - U?),
L(A) = (fa g0 BP+C* = X2 A%+ X7 - U? 44% — (A= XA"1)°X* —2(\* = A )BC),
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with gy = 2AY 4+ (A2 — 1)B 4 (A +1)C. Over Q(v/2) the component given by I; falls out in two
elliptic curves of degree 4, so the line L is a component of the zeroset V(A) of I3(\). Since V(A)
should have degree 8 in total by Bézout, there are more components and hence I5()) is not prime.
We will show that Io()) is prime for A ¢ {0, &1, i}. Therefore we fix A such that A* # 0, 1. Since
f and g, are linear, we get an isomorphism

@[Avachvyv Za U}/IQ(A) g@[A7B7C7X7 U]/I3(/\)a
with
L(A) = (B*+C? - X? A+ X?-U?4A - (A= A" 1)’X? —2(\> =X ?)BC) .

If we put
ay = (B+iC) (B —1iC),

2_12 _
QQ—M(B—FMC) <B+uc),

12 A= 1 A+1 (38)
2
C(A2+1) At A—i
w="—pr (BT3¢ \BHamc)

then we can write
I3(>\) = (X2 — al,A2 — (lg,U2 — ag) .

If we view Q|A, B,C, X,U] as a polynomial ring in three variables A, X, U over the unique factor-
ization domain Q[B, C] with fraction field L = Q(B, C'), then we find that Q[A, B, C, X,U]/I5(\)
can be embedded in L[A, X,U]/I5(\), so in order to show that the former is an integral domain
it suffices to show that the latter is a field. Define Ly = L and

Ly = L[IX]/(X? - ay),
Ly[A]/(A? — ag),
Ly[U]/(U? — a).

L,
L3

For 1 < j < 3 the ring L; is a field if L;_; is a field and a; € L;_;. Using Kummer theory we
find just as in the proof of Lemma 3.2.1, that L3 = L[A, X, U]/I3()) is field if the sequence

LSQ C LSQ . <a1> - LSQ . (al,a2> - LSQ . <a1,a2,a3>

of subgroups of Lg is strictly increasing. This follows also just as in the proof of Lemma 3.2.1 from
the fact that Q[B, C] is a unique factorization domain and if A ¢ {0, 1, +i}, then all six linear,
whence irreducible, factors in (38) are different.

We conclude that A € {0, +i,+£1}, but it is easily checked that for each of these 5 possibilities
V(A) consists of components that we have already seen in (36), whence it does not contain a
line. 0
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4 A surface and its Néron-Severi group

So far we have found only trivial rational points on the surface T, i.e., rational points with
ABC = 0. Finding non-trivial rational points on T appears to be rather difficult, if they exist
at all. One way to search for these points is to consider the surface T/H for some subgroup
H C Aut(Y). For every rational point found on this surface, we could check if it lifts to a rational
point on Y. The problem is now to find as many rational points on T/H as possible. In this
chapter we will take H to be the group of order 2 generated by tz. This gives a surface V' and
in order to find lots of rational points on V', we will try to find as many rational curves on V as
possible.

4.1 A surface describing face cuboids

Definition 4.1.1 Let V' be the surface V.= Y/{(1z) defined over Q and let 8: Y — V be the
corresponding map.

The surface V' can be given as a surface in IP’% by the equations

A2+ C?-Y? =0,
B*4+C*-X%=0, (39)
A2+ X2 -U?=0.

The map 6 is then given by projection along the Z-axis. Consider the graded homogeneous
coordinate ring R = Q[A, B,C, X,Y,U] of IP% and let I C R be the ideal generated by the
polynomials in (39). Similarly to Lemma 3.2.1 it follows that the ideal I is prime, actually it
follows already from the proof of Lemma 3.2.1. Therefore V is geometrically integral and the
radical ideal Iy = I C Q[A4, B,C, X,Y, U] corresponding to V is prime and generated by the
polynomials of (39), whence V' is a complete intersection. It has degree 8 by Bézout’s Theorem.

Let G be the subgroup of G C Aut(Y ® Q) consisting of all elements that commute with ¢.
The group G is commutative and generated by o, p and the ¢, where ¢ is any of the 7 coordinates
of P®. The group G induces a group Gy = G1/{tz) of automorphisms of V ®Q of order 27 = 128.

It turns out that of the 48 singular points of T ® Q, there are 16 with Z = 0. These are
ramification points of # above nonsingular points of V ® Q. The other 32 singular points of T ® Q
lie in pairs above 16 singular points of V ® Q. The group Gy acts transitively on these singular
points of V ® Q. A representative of their orbit is Q:[A: B: C: X :Y : U] =[1:0:0:0:1:1].
Computations similar to those of Proposition 3.2.2 or computations using a Jacobian show that
these 16 points are the only singular points of V ® Q. As they are isolated singular points, it
follows from Proposition 3.2.17 that V' ® Q, whence V, is normal. Other computations, similar
to those of Lemma 3.2.9 show that @ is an ordinary double point, whence all singular points of
V ® Q are. This implies that if we blow up V at the 16 singular points, then we get a nonsingular
surface and the exceptional fibre above each singular point is isomorphic to P*.

Definition 4.1.2 Let m:V — V be the blow-up of V' at its 16 singular points.

Remark 4.1.3 Although not all 16 singular points are defined over Q, the singular locus is,
whence so is V.

We can apply Corollary 3.3.41 to the surface V ® Q to get the canonical sheaf on V® Q and
the Kodaira dimension of V. With n =5, d; = dy = d3 =2 and e; = -+ = e;g = 2 we find
m’ = 0, so the zero divisor on V @ Q is a canonical divisor and the canonical sheaf on V' ® Qis
isomorphic to 0‘7®@, the structure sheaf of V ® Q. Hence we find that the Kodaira dimension

51



of V is 0 and the geometrical genus equals py(V) = pq(V ® ®Q) = pq( ) = dim H° (V7 Op) =
since V' is projective.

We can compute the Hilbert polynomial Py of V' as we did in Lemma 3.2.18 for Y. We find

that s
- £ Q)L

k=0
so the arithmetic genus of V equals p,(V) = Py(0) — 1 = 1. Since the arithmetic genus is
invariant under monoidal transformations we also find pa(‘~/) = 1. For the irregularity g we then
get ¢ = pg(f/) — pa(f/) = 1—1 = 0. Together with the fact that the zero divisor Ky = 0 is a
canonical divisor, this implies that V is a K3 surface.

Write h?¢ and by for the Hodge and betti numbers h7¢(V @ C) and by(V ® C) of V @ C
respectively. Using Proposition 3.1.47 and Poincaré duality 3.1.48 we find that h'0 = ROl =
h*t = pl2 = ¢ = 0, that h*? = h%2 = p, = 1 and that h%° = h?2 = 1. We have by = by = 1,
by = by = 0 and by = 2+ h'!. Using the fact that K‘z/ = 0 we find from the Noether formula
3.1.52 that A"' = 20. All the Hodge numbers are hence given by

h0’2 h1’2 h2,2 1 0
hO,l hl’l h2,1 = 012010 |
ROO | 1O | p20 1101

The surface V is also analysed by F. Beukers and B. van Geemen in [1], see section 2. We will
recapitulate some of their results.

Let W C A3 be the surface given by
22 — (p4+q2) (q2 + 12)’

then V and W are birationally equivalent by the following rational maps.

p=BtX A=p* - ¢
@ B = (p” 1)
_ B+X C = 2pq
Q*A-T-—Ya and X:(pz 1)q
_ 2U(B+X)? Y =p? + ¢,
T oGy U=z

Let E be the elliptic curve given by
E: yiz = 2% — da2?,

with the 2-torsion point T : [z : y : 2] = [0 : 0 : 1]. Then E x E is an abelian surface with
automorphisms ¢: (P, Q) — (—P,—Q) and v: (P,Q) — (P +T,Q + T), both of order 2. The map

O:ExE—V

given by

y1$2 +y2x1)
= yiys + 162723,
= (y? + 8x121)(y5 + 8wa22)
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is a morphism that factors through (E x E)/{(t,7), inducing an isomorphism between V and

(B x E)/(t;7)-

Let ® be the morphism ® = ® o «, where « is the automorphism «: (P,Q)— (P+Q,Q) of
ExE,ie., N
P:ExE—V:(P,Q)— PP+ Q,Q).

Let 7 be the automorphism (involution) of E that sends P to P+ T and let E’ denote the elliptic
curve B/ = E/{(r). Then E’ can be given by

E': 2=+ x2.
Let 7’ be the automorphism 7" =id x 7 of E x E, then (E X E)/{(r') = E x E’. Note that we have
a Y, v)a = (',1), whence we have isomorphisms
V= (ExE)/(,7) = (ExE)/(r',1) = (Ex E)/(inv),
where inv is the automorphism inv: (P, Q) — (=P, —Q) of E x E'.

ExE%ExE —® . v

NN/

ExXPE ———= (EXE)/

mod inv

This implies that V' is the Kummer surface of the abelian surface E x E’.

4.2 Generators of the Néron-Severi group

In this section we will give generators for the Néron-Severi group of V @ C. This is the free group
generated by curves on V ® C modulo algebraic equivalence. Therefore, in order to find generators,
we’d better have some curves at our disposal.

The hyperplane C' = 0 intersects V in 4 conics given by

C=0, Y = +A, X =+B, A2+ B2 =U"

We will denote these by D¢y, j,, where ji = signY/A and j, = sign X/B, whence D¢, _ for
example denotes the curve given by C =0,Y = A, X = —B and A% + B? = U2. The hyperplane
A = 0 intersects V in 4 conics as well, given by

A=0, Y = +C, X =40, B? +C? = X?

We will denote these by D4, j,, with j1 = signY/C and js = sign X/U. Similarly we find 4 conics
Dgj,j, with B =0 and j; = sign X/C and jp = signY/U. The hyperplane ¥ = 0 intersects V' in
an algebraic set that over Q falls out in 4 conics, namely

iA =+C, B =+U, Y =0, B? +(C? = X?

where i is fixed and i? = —1. These conics will be denoted by Dy, j, with j; = signiA/C and
Jj2 = sign B/U. Analogously, we find 4 conics Dxj,;, with j; = signiB/C and j, = sign A/U
in the intersection of V' with the hyperplane X = 0. Finally, the hyperplane given by U = 0
intersects V ® Q in the 4 conics with

iX =+A, iY = +B, B? 4+ (C? = X?, U=0.

These 4 conics will be denoted Dy, ;, with j; = signiX/A and jo = signiY/B. Each of these 24
conics contains exactly 4 singular points and each singular point is contained in 6 of the conics.
It turns out that there are no straight lines on V ® Q.
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Proposition 4.2.1 There are no straight lines on V ® Q.

Proof. Suppose that L were a line on V. Then L can be parametrised by linear homogeneous
polynomials in s and ¢, i.e., there are homogeneous linear polynomials fa, f5, fc, fx, v, fu €

Q[s, t] such that

fa+ & =17,

fh+1é = 1%

A+ Ik =10
Suppose fa = a1s+ ast, fo = c15+ cot and fy = y15 + yot. Then from the first equation we find
y? = a2 +c2, y2 = a3 + c3 and y1y2 = ajas + cico, whence

(a7 + 1) (a3 + 3) = yiys = (araz + c1c2)?,

which rewrites to (ajco — azc1)? = 0, whence ajco = agey. If ay # 0, then fo = g—llfA. If ay # 0,
then fo = 22 fa and if a1 = a2 = 0, then f4 = 0. In all cases there exists a linear form g € QJs, 1]
and constants a,c € Q such that f4 = ag and fc = cg. Then fy = yg for some constant y with
y? = a® + 2. Together with the other two equations we find similarly that there is a linear form
g € Q[s,t] with constants a,b,c,z,y,u € Q such that fa = ag’, fg = bg',..., fv = ug’. This
implies that L is just the point [a:b: c: x:y : u], contradiction. O

Remark 4.2.2 Proposition 3.4.11 follows from this proposition as every straight line on T @ Q
would map to a straight line on V ® Q. The proof of Proposition 3.4.11 therefore seems to be
more complicated than needed.

OnV® Q we have 16 more rational curves, the exceptional curves above the singular points.
We name the singular points as follows.

Qr=10:1:0:1:0:1], Q2=1wQ1, Q3=1xQ1, Qs=150Q1,
Qs=1[1:0:0:0:1:1], Qs =1pQs, Qr=1yQs, Qg =1aQs,
Qo=1[0:i:1:0:1:0], Quo=1tBQy, Q11 =1tcQo, Qi2=1yQy,

Quz=1[:0:1:1:0:0], Qua=1xQ13, Q15 =1cQ13, Qi =1aQ13.

For j =1,...,16 the exceptional curve above @); is isomorphic to P! and will be denoted E;.

Let A and ¢ be coordinates of P! and consider the rational map

Y-A:C] or

Vo sPLA-B-C-X -V -
@V'appLBLKXJCMH{K%Y+%

which is only not well defined in the four singular points with A =C =Y =0, i.e., in Q1, Q2, Q3
and Qy.

Definition 4.2.3 Let &} denote the inverse image of [A : 1] under ¢ and write E._ for the inverse
image of [1: 0], all of them not including the points Q1,Q2,Q3, Q4. Let Ex denote the closure of
& inV, e, & =E U{Q1,Q2,Q3,Q4} and let Ex denote the closure of m=1(E}) in V.

Let K by any field extension of Q. For A € K let Hy, H C P denote the hyperplanes given
by Y — A= AC and A(Y 4+ A) = C respectively. The hyperplane Hy cuts out on V ® K the two
conics D4+ and €y @ K. After intersecting with H} only £y ® K remains left. This helps us to

describe &y, which in turn will enable us to describe £, on V.
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For A = 0 € Q we find that £, consists of the two conics Dc4+ and for A = oo of the conics
De_4. For A # 0,00 the radical ideal of £, is given by

L= —-A=)XC,24+ (A= A"1C, B>+ C* = X?4B* + (A + X" 1)?C* —4U?). (40)

As the first two polynomials in (40) are linear, it follows that £y is isomorphic to the intersection
of two quadratic surfaces in P%,, namely

B*+C?—-X? and 4B+ (\+ 2 YH)2C? —4U (41)
With the distinguished point
OB:C:X:U)=[-1:0:1:1]

this becomes an elliptic curve over K for almost all A € K. Now consider K = Q The curve is
singular for A = 0, 4, £1, co. For these A the intersection £, decomposes on V ® Q as the sum

E1:Dayy + Day—,
E_1: Dp—y+Dy__,
E:Dy iy + Dy,
E-itDy_y +Dy__,
€0: Doyt + Doy,
Eooit Doy + De——.

Proposition 4.2.4 There is a morphism @: V — P! such that for P € V- (F1UEyUE3UEy)
we have ¢(P) = ¢(n(P)).

Proof. The problem is to extend ¢ o 7 to the whole of V. For A # 0,£1, £4, 0o the fibre &) is
nonsingular, in particular at Q1, Q2, @3 and Q4. For j = 1,2, 3,4 it follows that £, intersects £}

exactly in 1 point, which we will call Q;(\).

For each A = 0, 0o, £1, +4 both the two nonsingular conics of which £, consists contain exactly
2 of the 4 points Q1, Q2, @3, Q4. The two conics intersect at 2 other points that are singular on V.
Hence for j = 1,2,3,4 again £, is nonsingular at @);, so £, intersects E; also for these A exactly
in 1 point, which we will call ij()\) again.

Fix j € {1,2,3,4}. For different A the curve &, goes through @; with an other direction, so
the morphism N

P! — E;: )\ = Q;(\)

is injective. It is not constant, whence it is surjective so it is an isomorphism. This implies that
we can extend the rational map pom:V —>~]P’1, which is a priori only defined outside F,, Fs, Fs,
Ej4, to a morphism ¢: V — P! by sending Q;()\) to [A: 1] for j =1,2,3,4.

@j()\) S g)\ = ‘7

T P
R € & —us V**;O**>]P’19[)\:l]

Although we worked with an extension of Q, the morphism ¢ is defined over Q itself. O

The inverse image of [A : 1] under @ is exactly E,. For A # 0,00, 41, 47 the irreducible
nonsingular curve £, ® Q on V ® Q does not contain any singular points other than Q1,Qs, Q3
and Q4, s0 Ex ® Q does not contain any exceptional curves and is isomorphic to £ ® @ To
describe £, ® Q for A = 0, 00,41, +i it is convenient to have a notation for the conics on V that
are isomorphic under 7 to conics on V.
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Definition 4.2.5 Let D be a curve on V', which is nonsingular at the singular points of V.. Then
the closure of 7=1(D N V') in V is isomorphic to D and will be denoted D.

Lemma 4.2.6 Consider the morphism @ ® Q: Ve Q — IE%. The fibre of @ ® Q is singular at
A=0,00,%1,+i. These fibres decompose as follows.

& Dcyt + Doy + Es + Ee,
Ext Doy + Do + Er + Es,
E1: Dayy + Day_ + Eo + Eyg,
5711 5A7++ﬁA77 + B+ Eqo,
&: Dyyy+ Dy, + Ei3+ Eu,
£_i: Dy_.+Dy__ + Ei5 + Eyg.

For each A\ = 0,00,41, £i the two conics in the decomposition of E)\ ® Q do not intersect each
other on V', neither do the two exceptional curves. The conics both have exactly one (different)
point in common with each of the exceptional curves.

Proof. First consider A = 0 and the conics Do+ of which & on V' consists. Apart from the
points @1, @2, Q3 and @4, the only singular points of V on Doy are Q5 and Qg. These are the
intersection points of Doy 4 and Dey—. Hence the only exceptional curves in the pre- image of
50 =& — {Q1,Q2,Q3,Q4} under 7 are the exceptional curves E5 and Fg. It follows that 50 on
V consists of 4 irreducible curves, namely E5, Fg and the conics DC+:|:

Similarly, the only singular points of V on £, apart from Q1, @2, @3 and Q4, are Q7 and Qg
and these are the intersection points of the conics Do_+. Then £, consists of F7, Fg and the
conics lNDC_i on V. Note that goo consists of 4 irreducible curves as well.

Just as before, the only singular points of V ® Q on £, ® Q, apart from Q1, Q2, @3, Q4, for
A= 1, —1,’L'7 —i are the pairs (Q97Q10)7 (Q117Q12>7 (Q13,Q14) and (Q157Q15) respectively. The
decompositions follow just as in the case of A = 0.

In all six cases each of the two conics is nonsingular at the two intersection points @; and @Q;
at which the conics intersect transversally. It follows that the conics do not intersect anymore on
V ® Q and that they both intersect E; and F; in exactly one (different) point. O

The pre-image of the generic point of IP’}@ under ¢ is the elliptic curve over the function field
Q(\) of P!, also denoted by €. It can be given in IP%)( ) 88 the intersection of the two quadrics
given by (41) and it can be brought into Weierstrass form

Chi Yz =a(r+4\%2)(x + (V2 +1)2%2)
by the map

A=2(1-\)yz,

B = (x —2X(A\% + 1)2)(x + 22A(\% + 1)2),
C =4)\yz,

X =22 + 8X\2z2 + 4X2(\% + 1)%22

Y =2(A2 + 1)yz,

U= (z+2(N+1)2)(z+2)\2(\2 +1)z)

r=4)\2C(U - B),
or y=8\(U + X)(U — B),
=C(X + B).

The elliptic curve Cy/Q(A) has discriminant A(X) and j-value j(A) given by

AN =22+ DA+ DA =1)*  and
A +2X03 207 — 20 + 1)(\* - 2)\3+2)\2+2)\+1)
M2+ DA+ DA - 1)1

J) = 164
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Lemma 4.2.7 Let ¢:S — P! be a nonsingular minimal model for ¢:Ex — P'. The nonsingular
fibres of p ® Q at A = 0,00,+1, +i are all of type 4.

Proof. This follows from Tate’s algorithm. For A = 0, +1, 4 it follows directly from the valuation
of A(X) and j(A). For A = oo we should first do some rewriting to see that £ looks locally at
A = oo exactly the same as at A = 0. 0

Proposition 4.2.8 The surface 1% together with the morphism @ gives a minimal nonsingular
model for Ey.

Proof. As we have seen the surface V is nonsingular, so it is minimal if and only if the (singular)
fibres are what they should be as described by the Tate algorithm. For A # 0, 00,41, £i the fibre
&\ ® Q is indeed an elliptic curve isomorphic to £y ® Q, for 7 induces an isomorphism outside
the singular points of V. The singular fibres should all be of type I; and by Lemma 4.2.6 this is
exactly what the singular fibres of @: V' — P! look like. O

Let NS(V @ C,C) denote the Néron-Severi group of V ® C over C. Then NS(V @ C,C) is a
finitely generated Z-module and it follows from Shioda [56, Cor.1.5] that
rank NS(V ® C,C) = rank Ex(C(A\)) + 246 - (4 — 1).

Since the rank of the Néron-Severi group of a K3-surface cannot exceed 20 (see [35]) it follows
that rank NS(V,C) = 20 and rank £,(C(A)) = 0. This means that the Mordell-Weil group of
E\(C(N)) is a torsion group. Three points on £y are

Ti: [A:B:C:X:Y:U] =[1-X:0:2x:2x:1+A*:1+)?],
Ty: [A:B:C:X:Y:Ul =[1-X:i(1+X):2X:i(1—=A%): 14+ A*: 0]
T3: [A:B:C:X:Y:U =1[0:1:0:-1:0:1],

corresponding with

Tycfrey:z)=2AA2+1) 20X\ + (A +1)2 1 1],
[—2(A\% + 1) : 2i(A2 + 1)(\2 = 1) : 1],
[—4X\?:0:1].

Tr:[z:y: 2

Ts:[x:y:z

We will see in Proposition 4.2.12 that T} and T5 generate the Mordell-Weil group over C(\). For
this proposition we need a generalization of the Theorem of Lutz and Nagell, see [57, Cor.VIIIL.7.2].
This can be stated much more general than the version we need, which is stated in Corollary 4.2.11.

Proposition 4.2.9 Let R be a discrete valuation ring with quotient field K and valuation v. Let
m be the mazimal ideal of R and k = R/m its residue field. Let m > 1 be an integer relatively
prime to chark. Let E/K be an elliptic curve, E/k the reduction of E modulo m and set

Ei(K)={Pc E(K): P=0}.
Then the subgroup E1(K) of E(K) has no non-trivial points of order m.

Proof. Let R and K denote the completions with respect to v of R and K respectively. Then
E4(K) is a subgroup of
E(K)={Pe E(K): P=0},

which has no non-trivial points of order m by Proposition VII.3.1(a) of [57]. O

Remark 4.2.10 It is easily checked that the proof Proposition VIL.3.1 of [57] does not use com-
pleteness. The completeness is only used for right exactness of an exact sequence of which right
exactness is not used.
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Corollary 4.2.11 Let k be a field of characteristic chark = 0 and let K be the field K = k(t),
where t is transcendental over k. Let E/K be an elliptic curve given by the Weierstrass equation

E: y? =234 asx® + asx + ag =: flx)
with az, a4, a6 € k[t]. Let P € E(K) be a non-zero torsion point. Then
(a) z(P),y(P) € k[t] and
(b) 2P = O or y(P)?|A(E) = —16(4a3as — a3a3 + 4aj + 27a% — 18aza4ae).
Proof. Let P € E(K) be a point of order m. Let m be any nonzero prime ideal of k[t] and let

v be the corresponding valuation. We will show that v(z(P)) > 0. If the equation for E is not
minimal with respect to v, and (2’,y’) are coordinates for a minimal equation, then we have

v(@(P)) Zzv(@'(P))  and  o(y(P)) = v(y'(P))

(see [57, Prop.VIIL.1.3d]). Hence we may assume that the equation for E is minimal with respect
to v. Let R be the localization R = k[t|m of k[t] at m. Then R is a discrete valuation ring with
respect to v and with quotient field K. The residue field I = R/mR is a finite field extension of k.

Let E/l be the reduction of £ modulo m.

Suppose that we had v(z(P)) < 0. Then we would also have v(y(P)) < 0 and from minimality
of the equation for E we find that P reduces to P = O, whence P € E, (K). Since charl =0
we can apply Proposition 4.2.9 to find that P is not a non-trivial point of order m. From this
contradiction we conclude that v(z(P)) > 0. This holds for every valuation corresponding to a
nonzero prime ideal of k[t], so indeed we find z[t] € k[t]. This immediately implies that y(P)? =
z(P)? + asx(P)? + ayx(P) + ag € kt], whence y(P) € k[t], thus proving part (a).

To prove part (b), suppose that P € E(K) is a non-zero torsion point with 2P # O. Then
from part (a) we know that z(P),y(P),z(2P),y(2P) € k[t]. Let v, ¢ € k[t][z] be given by

P = —272% — 2Tasa? — 2Taqx + 4ag — 18asa4 + 27ag,
¢ = 322 + 2as1 — a% + 4day.

Then it is directly verified that ¥ (z)f(z) + ¢(z)f'(z)?> = —A(E)/16 € k[t]. Note that we also
have the following equations.

4y(P)? (¢(2P) + az + 2x(P)) = f'(x(P))?
y(P)* = f(x(P))

The first one follows from the addition formula for 2(2P) and the second from the fact that P is
a point on E. Multiplying the first by ¢, the second by v and adding them up gives

y(P)* (4¢(x(2P) + az + 22(P)) + ) = —A(E)/16.
As all these factors are contained in the unique factorization domain k[t], we conclude that

y(P)*|A(E). O

Proposition 4.2.12 The Mordell Weil group Ex(C(N)) is isomorphic to Z/AZ x Z/AZ and gen-
erated by Ty and Ty. The group Ex(Q(N)) is isomorphic to Z/27 x Z/AZ and generated by Ty and
Ts.

Proof. Let P # O be any torsion point in £x(C(\)). Then from Corollary 4.2.11 we know that
z(P),y(P) € C[A] and that either 2P = O or

y(P)* = z(P) (x(P) + 4)\2) (x(P) + (A% + 1)2)
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is a divisor of
AN =220+ ) A=)+ D)t - DL

As CJ])\| contains infinitely many units, this still leaves infinitely many possibilities. First note
that we can narrow down the possible degrees for z(P). As the degree of f(z(P)) = y(P)? as
a polynomial in C[A] should be even and at most deg A(\) = 20, it follows from the following
tabular that the degree of 2(P) € C[\] equals 0,2, 3,4 or 6.

deg z(P) deg f(z(P))
>7 > 21

6 18

5 15

4 8+ deg(z(P) + (A2 +1)?)
3 10

2 6 + deg(z(P) + 4A?)

1 7

0 6

We also know that (z(P),x(P) + 4)\?) is a pair of polynomials (g, h) in C[A] both dividing A()),
whence with g = ¢¢’ and h = dh’ for some constants ¢,d € C and monic divisors ¢g’, h’ of A()),
say of degree n and m, of the form

¢:A%A+@WA—QWA+UWA—U*:ﬁiqv,
j=0

M:A%A+@WA—0%A+UWA—Q*:ﬁi@wg
Jj=0

where the stars mean any exponent from 0 to 4. Then g and h satisfy h = g + 4\?, whence
g —cod? = a(h — dy)\?) (42)

for some « € C. Furthermore we have n = 0,2,3,4,6 and

n if n=3,4,6,
m=4¢ 0Qor2 if n=2,
2 if n=0.

Hence for these pairs (m,n) we can compute all polynomials of the form
XA+ A=) A+ 1) (A=D1

of degree m and n. In this finite set of polynomials we can look for all pairs (¢', ') satisfying (42).
Then from the equations g = cg’, h = dh’ and h = g + 4\? we can compute the constants ¢ and
d by looking at the coefficients. This gives a finite set of all possible polynomials g for z(P). We
let a computer compute all these possibilities and check for each possibility whether f(x(P)) was
a square in C[A]. Out came 9 polynomials, 3 of which are 0, —4\? and —(\? + 1)? giving rise to
2-torsion points. The other 6 give rise to 12 points of order 4. Together with O this gives a total of
16 points, all contained in the group generated by Ty and T, which is isomorphic to Z/4Z x 7 /AZ.

As the group £,(C())) is not invariant under complex conjugation, the group £x(Q(X)) has at
least index 2 in Ex(C())), so at most order 8. The group generated by T} and T3 is contained in
Ex(Q(N)) and is isomorphic to Z/2Z x Z/4Z, whence £x(Q(A)) is generated by T and T5. O

Knowing that ¢: V — P! is a minimal nonsingular model for £, we can find generators of
NS(V ® C,C) by the ideas of Swinnerton-Dyer [59]. These tell us that the group NS(V & C,C)
is spanned over Z by
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e the locus of the point O,
e the components of the singular fibres in the pencil £, and

e the loci of the generators T, T» of the group Ex(C(N)).

Lemma 4.2.13 The Néron-Severi group NS(V ®C,C) 0f‘~/ ® C is generated by the exceptional
curves Ey, ..., Fig and the conics Dpyy, Dy—+, Dat+, Dyt+, Dots.

Proof. The locus of the point Oy on Vis E,. The locus of the points T} and T on V are the
conics Dpy4 and Dy_ 4 respectively. From the ideas of Swinnerton-Dyer it follows that we get
a set of generators by adding the irreducible components of the singular fibres given in Lemma
4.2.6. O

We have already seen that the rank of N.S (17 ® C, C) equals 20, so instead of the 27 generators
given in lemma 4.2.13, we want 20 generators. First we extend the 27 generators to 33 by adding
the last 3 exceptional curves Fq, E5 and E3 and the conics Dp. This is done because these are
defined over Q. We filter these 33 generators to 20 by using intersection theory. The intersection
numbers are relatively easy to compute. Clearly, we have F; - E; = 0if i # j. As Ky = 0is a
canonical divisor and for the genus we have g(E;) = 0, we find from the adjunction formula that
EJ2 = —2. Similarly, we have D? = -2 for any of the 17 considered conics D on V. Since all these
conics are nonsingular, we find that

D.E — 0 if Q; does not lie onD:7T(ﬁ)7
71 1 if Qy lies on D.

It remains to compute l~)1 . lN)Q for 2 different conics out of the considered 17. It turns out that
each pair Dy, Dy out of the 17 considered conics on V' ® C intersect each other either not at all,
or transversally in 1 or 2 points. The points of intersection are in most cases singular points of
V ®C, so after blowing up at the singular points these conics do not intersect each other anymore
on V ® C. The only pairs of conics that intersect each other in a nonsingular point of V ® C are

DAj1j2 and Dpii,, with  jijo = l1lo,
DU,Jr and Dlejz? with jljg =1.

Hence the 10 pairs N B
D aj s and Dpi,1,, with  j1j2 = lila,

Dy_. and  Dcjyjy» with  jij2 =1

still intersect on V ® C and their intersection number is 1. For all other pairs out of the 17
considered conics on V @ C the intersection number equals 0. We now have all 332 = 1089
intersection numbers which give the intersection matrix. Indeed, it has rank 20 as expected. From
the intersection matrix we also find that 13 of the 33 given classes in NS(V ® C,C) are Z-linear
combinations of the 20 others. Hence the latter 20 form a set of generators for V.S (YN/ ®C,C). We
find the following proposition.

Proposition 4.2.14 The Néron-Severi group NS(‘N/@)(C, C) of V&C has rank 20 and is generated
by the classes of the exceptional curves Ey, E3, Ey, Es, Es, E7, Eg, Eig, E12, E13 and the conics
Dyr—, Dyiy, Dy—+, Doy, Doy—, Do—y, Dpyy, Dpi—, Dp_4. Apart from the 5 divisors
Fho, E12, E13, 5Y++ and EU_+ these are all defined over Q.

Remark 4.2.15 The intersection matrix of these 20 divisors has determinant —16 and is given
by
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5 What more to do on perfect cuboids

So far we still haven’t found a perfect cuboid, nor a proof of nonexistence. In section 3.4 we have
seen that conjecturally there are few rational points on the surface Y, where “few” means that
the set of rational points on Y is not Zariski dense.

Although it is highly forbidden to use probability theory on numbers, if we were to use it
anyway, we would find that the expected number of perfect cuboids with all sides greater than a
fixed number z is less than z~3/2. Together with the fact that from computer searches we know
that there are no perfect cuboids with any side less than 10°, this gives at least psychological
support to believe that there are indeed “few” perfect cuboids.

Obviously, there are basically two roads to take to get any further with the question of the
(non)existence of perfect cuboids. One could try to find either a concrete perfect cuboid or a proof
of nonexistence. We will now state some ideas that might help to find an approach to the problem.

Idea 1. We can use Proposition 4.2.14 to find out more about the rational curves on V. For any
rational curve C found on V' we can try to find rational points on C that lift to a rational point
on Y. First of all we could try to find all rational curves on V' of small degree, just as A. Bremner
does in [38].

We could also try to follow a result of H. Sterk [58], stating the following. Let Aut(V ® C) be
the group of (biholomorphic) automorphisms of the K3 surface V @ C. Then Aut(V ®C) is finitely
generated and the number of Aut(‘7 ® C)-orbits in the collection of complete linear systems which
contain an irreducible rational curve is finite. It may be possible to find all these orbits and their
irreducible rational curves.

Idea 2. As long as we don’t know whether the surface Y contains any non-trivial rational points,
we’d better have as much birationally equivalent surfaces at our disposal as possible. This might
help both in case one tries to find perfect cuboids and in case one tries to prove nonexistence.

Apart from T and Y/{tz) that we have seen in the previous sections, one may want to study
Y/H for any subgroup H of G C Aut(Y). In [2] A. Bremner analysed a surface which was
birationally equivalent with the surface T/(ir7), see section 2. Some other interesting surfaces are
the following.

W. Colman [5] shows that a perfect cuboid corresponds with a rational solution to the system
of elliptic curves

8 . 8
w? 4+ 24w° + 20? — 24w + 1 = §2, w* + de + 2u? — ZU)—F 1=t (43)

fibered over the conic AD = D? + 1.

It is sometimes convenient to work with a hypersurface instead of a variety of higher codimen-
sion. The rational map

A = uw(v? — 2?),
B = vw(u? — 2?),
C =2uvzw,

X = vw(u +22), or
Y = uw(v? + 22),
)
)

u=CY - A)(U+ 2),
— O(X - B)(U + 2),
—C(x ~ B)(Y - A),

Z_U’U(Z _w2 :(X_B)(Y_A)(U+Z)7

U =uv(z? + w?

)

shows that Y is birationally equivalent with the hypersurface in P? given by

(z2+w2)2u202 :wQ(u2—|—v2)(z —|—U2U2)
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Lots of automorphisms are revealed by rewriting this equation as
u o z\2 v oz\2 w o z\2
(-2 -3 -2 w
z u z v z  w

Idea 3. We have seen in section 2 that Leech [18] states that there are no rational cuboids with
sides A, B and C such that A : B =4 : 3. This is done by considering equation (5). Note that
we can assume that A : B = 2ab : (a? — b?). Substituting u = /3 and v = ay/bs this equation
becomes
a? — b2
2ab

an elliptic curve with parameter a/b. Using an infinite descent it can be shown that for a/b = 2
this elliptic curve has no nontrivial rational points. It follows that there are no rational cuboids
with sides A, B, C' under the extra constraint A: B =4: 3.

Using the same method we can prove nonexistence of rational cuboids under similar constraints.
It may also be interesting to prove nonexistence of rational or perfect cuboids under various other
types of extra constraints.

u(v? — 1) = v(u? - 1),

Idea 4. If we want to search for perfect cuboids, then that would of course be done by computer.
Apart from inventing new search algorithms, there are several algorithms, described in section 2,
that might be made much faster by considering p-adic constraints. Such constraints may be found
by imitating N. Elkies’ search for solutions of the equation a* + b* + ¢* = d* in [44]. Note that
we will not be able to prove that T has no nontrivial points over the p-adic numbers Z, for some
prime p. Indeed, for x € Z, with = = 1(mod p™) for n large enough (n > 1 for p > 2 and n > 3 for
p = 2), we know that z is a square in Z,. Hence the cuboid with sides 1, p*>" and p*™ is “perfect”
over Ziy.

63



6.1

10.

11.

12.
13.

14.

15.

16.

17.

18.

19.

20

References

References about cuboids

. F. Beukers and B. van Geemen, Rational Cuboids, not published.

A. Bremner, The rational cuboid and a quartic surface., Rocky Mountain J. Math. 18, no.
1 (1988), p. 105-121.

T.B. Bromhead, On square sums of squares, Math. Gaz., 44 (1960), p.219-220.

E.Z. Chein, On the derived cuboid of an Eulerian triple, Canad. Math. Bull., Vol 20, no. 4
(1977), p. 509-510.

W.J.A. Colman, On certain semiperfect cuboids, Fibonacci Quart., 26 (1988), p. 54-57. See
also Some observations on the classical cuboid and its parametric solutions, p. 338-343.

L.E. Dickson, History of the theory of numbers, Vol. 2, Diophantine Analysis, Carnegie
Institute of Washington, (1919), Reprint by Chelsea, (1952); Ch. 15, ref. 28 p.448 and
cross-refs to pp.446-458; Ch. 19, refs. 1-30, 40-45, pp. 497-502, 505-507.

M. Gardner, Mathematical Games, Scientific American no. 1, 223 (July 1970), p.118; Cor-
rection, ibid. no. 3 (September 1970), p.218.

R. Guy, Unsolved problems in number theory, Problem books in mathematics, Springer-
Verlag, 1981.

I. Korec, Nonexistence of small Perfect Rational Cuboid, Acta Math. Univ. Comenian.
42/43 (1983), p. 73-86.

I. Korec, Nonexistence of small Perfect Rational Cuboid II, Acta Math. Univ. Comenian.
44/45 (1984), p. 39-48.

I. Korec, Lower bounds for Perfect Rational Cuboids, Math. Slovaca, 42 (1992), No. 5, p.
565-582.

M. Kraitchik, On certain Rational Cuboids, Scripta Math. 11 (1945), p. 317-326.

M. Kraitchik, Théorie des Nombres, Tome 3, Analyse Diophantine et application aux cub-
oides rationelles, Gauthier-Villars, Paris 1947, p. 122-131.

M. Kraitchik, Sur les Cuboides rationelles, Proc. Int. Congr. Math., Amsterdam, 2 (1954),
p- 33-34.

J. Lagrange, Sur le cuboide entier, Seminaire DeLange-Pisot-Poitou (Groupe d’étude de
Théorie des Nombres), 17éme année, 1975/1976, #G1.

J. Lagrange, Sur le Dérivé du Cuboide Eulérien, Canad. Math. Bull, Vol. 22 (2) (1979), p.
239-241.

M. Lal and W.J. Blundon, Solutions of the Diophantine Equations x> +1y* = 12, y* 422 = m?,
2?2 + 2% = n?, Math. Comp 20, (1966), p. 144-147.

J. Leech, The Rational Cuboid Revisited, Amer. Math. Monthly 84, (1977), no. 7, p.
518-533.

J. Leech, Corrections to: “The Rational Cuboid Revisited”, (Amer. Math. Monthly 84,
(1977), p. 518-533), Amer. Math. Monthly 85 (1978). no. 6, p. 472.

. J. Leech, Five Tables Relating to Rational Cuboids, Math. Comp. 32 (1978), p. 657-659.

64



21

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.
32.
33.

34.

6.2

35.

36.

37.
38.
39.

. J. Leech, A Remark on Rational Cuboids, Canad. Math. Bull. Vol 24 (3), (1981), p.
377-378.

J. Leech, Table errata 554— M. Kraitchik, Theorie des nombres, Tome 3, Analyse Diophan-
tine et Applications aux Cuboides Rationnels, Gauthier-Villars, Paris, 1947, p. 122-131;
555—M. Kraitchik, Sur les cuboides rationnels, Proc. Internat. Congr. Math., 1954, vol.
2, Amsterdam, p. 33-34; see Math. Comp. 32 (1978), p. 661.

R.C. Lyness, Cycles, Math. Gazette, 26 (1942) p. 62, ibid. 29 (1945), p. 231-233, ibid. 45
(1961), p. 207-209.

“Mahatma”, Mahatma’s Problems no. 78, The AMA [J. of the Assistant Master’s associa-
tion, London], 44 (1949) 188; Solutions, ibid. 225.

R.L. Rathbun and T. Granlund, The integer Cuboid Table, with Body, Edge and Face Type
of Solutions, vii+399 pp. (2 vols.) + The Integer Cuboid Auxiliary Table, 100 pp., deposited
in the UMT file, see Math. Comp. 62 (1994), p.441-442, Review #11.

R.L. Rathbun and T. Granlund, The Classical Rational Cuboid Table of Maurice Kraitchik,
revised and enlarged, ii+(3-page errata)+135pp., deposited in the UMT file, see Math. Comp.
62 (1994), p.442-443, Review #12.

N. Saunderson, The Elements of Algebra, Vol. 2, Cambridge, 1740.

D. Shanks, Corrigenda, M. Lal and W.J. Blundon, solutions of the diophantine equations
2?2 +y? =12, y? + 22 = m?, 22 + 22 = n?, Math. Comp 20, (1966), p. 144-147; see Math.
Comp. 23, 1969, p. 219.

W. Sierpinski, Elementary Theory of Numbers, Panstwave Wydawnictwo Naukowe, Warsaw,
(1964).

W. Sierpinski, A selection of Problems in the Theory of Numbers (English Transl.), Pergamon
Press, Oxfors, (1964), p. 112.

W.G. Spohn, On the Integral Cuboid, Amer. Math. Monthly, 79 (1972), p. 57-59.
W.G. Spohn, On the Derived Cuboid, Canad. Math. Bull. Vol. 17 (4) (1974), p. 575-577.

W.G. Spohn, Table of integral cuboids and their generators, 4pp+45pp reduced-size com-
puter print out, UMT file, Applied Physics Laboratory, Johns Hopkins University, Laurel,
Maryland, 1978; see Math. Comp. 33 (1979), Review 4, p. 428-429.

W.G. Spohn, Table errata 558—John Leech, Five tables related to rational cuboids, UMT 12,
Math. Comp. 32 (1978), p. 657-659; see Math. Comp. 33 (1979), p. 430.

Other references that were used

W. Barth, C. Peters and A. van der Ven, Compact Complex Surfaces, Ergebnisse de Math-
ematik und ihrer Grenzgebiete, 3. Folge, Band 4, Springer-Verlag, 1984.

A. Beauville, Surfaces algébriques complexes, troisieme édition, astérisque, 54, société math-
ématique de france, 1978.

N. Bourbaki, Commutative Algebra, Chapters 1-7, Elements of Mathematics, Springer, 1985.
A. Bremner, On squares of squares II, not published.

L. Caporaso, J. Harris and B. Mazur, Uniformity of Rational Points, Journ. of the Am.
Math. Soc., Vol 10, Nr. 1 (1997), p. 1-35.

65



40

41.

42.

43.

44.

45.

46.

47.

48.
49.
50.
ol.

92.
93.
o4.

95.

56.
o7.

58.

59.

60.

61.

. M. Deschamps, in Seminaire Bourbaki, Courbes de Genre Géométrique Borné sur une Sur-
face de Type General, Lecture Notes in Mathematics, 710, Springer-Verlag, (1977/78), Exp.
519, p.233 247.

B. Edixhoven and J.-H. Evertse (Eds.), Diophantine Approximation and Abelian Varieties,
Lecture Notes in Mathematics, 1566, Springer-Verlag, 1993.

D. Eisenbud, Commutative Algebra, with a View Toward Algebraic Geometry, Graduate
Texts in Mathematics, 150, 1995.

D. Eisenbud and J. Harris, The Geometry of Schemes, Graduate Texts in Mathematics, 197,
Springer-Verlag, 2000.

N. Elkies, On A* + B* + C* = D*, Mathematics of Computation, Vol. 51, Nr. 184,
p-825-835.

G. Faltings, The general case of S. Lang’s Conjecure, Barsotti Symposium in Algebraic
Geometry, Perspectives in Mathematics, Academic Press, Inc. 1994, p.175-182.

A. Grothendieck, Eléments de géométrie algébriques (EGA), IV: Etudes local des schémas
et des morphismes de schemas, Institut des Hautes Etudes Scientifiques, 1965.

R. Hartshorne, Algebraic Geometry, eighth printing, Graduate Texts in Mathematics, 52,
Springer, 1977.

T.L. Heath, Diophantus of Alexandria, Cambridge, 1910.
T.W. Hungerford, Algebra, Graduate Texts in Mathematics, 73, Springer-Verlag, 1980.
S. Lang, Algebra, third edition, Addison Wesley, 1993.

S. Lang, Hyperbolic and diophantine analysis, Bull. Amer. Math. Soc. 14, No.2 (1986),
p.159-205.

S. Lang, survey of Diophantine Approximation, Springer, 1997.
H. Matsumura, Commutative Algebra, W. A. Benjamin Co., New York (1970).

D. Mumford, The Redbook of Varieties and schemes, Lecture Notes in Mathematics, 1358,
Springer, 1999.

J.-P. Serre, Géométrie algébrique et géométrie analytique, Ann. Inst. Fourier 6 (1956), p.
1-42.

T. Shioda, On elliptic Modular Surfaces, J. Math. Soc. Japan, Vol 24 (1972), p. 20-59.

J.H. Silverman, The Arithmetic of Elliptic Curves, 2nd edition, Graduate Texts in Mathe-
matics, 106, Springer, 1986.

H. Sterk, Finiteness Results for Algebraic K3 Surfaces, Mathematische Zeitschrift 189,
(1985), p. 507-513.

H.P.F. Swinnerton-Dyer, Applications of Algebraic Geometry to Number Theory, AMS Proc.
Symp. Pure Math., XX, 1969, Number Theory Institute, Providence (1971), p. 1-52.

K. Ueno, Classification Theory of Algebraic Varieties and Compact Complex Spaces, Lecture
Notes in Mathematics, 439, Springer, 1975.

P. Vojta, Diophantine Approximations and Value Distribution Theory, Lecture Notes in
Mathematics, 1239, Springer-Verlag, 1987.

66



6.3
62

63

64

65.

66.

67.

68.

69.

70.

71.

72.

73.

4.

75.

References for further reading

F.A. Bogomolov, Families of Curves on a Surface of General Type, Soviet Math. Dokl., Vol
18 (1977), No. 5, p. 1294-1297.

A. Bremner, Pytagorean triangles and a quartic surface, J. Reine angew. Math. 318 (1980),
p. 120-125.

M. Engel, Numerische Lésung eines Quaderproblems, Wiss. Z. Padagog, Hochsch. Er-
furt/Miihlhausen Math.-Natur. Reihe, 22 (1986), p. 78-86.

R. Hartshorne, Residues and Duality, Lecture Notes in Mathematics, 20, Springer-Verlag,
1966.

M. Kuwata and J. Top, A Singular K3 Surface related to Sums of Consecutive Cubes,
preprint, 1999.

J. Leech, The location of four squares in an arithmetic progression, with some applications,
Computers in Number Theory (A. Oliver, L. Aitkin and Brian J. Birch, eds.), Academic
Press, London and New York, (1971), p. 83-98.

G. Ligozat, Courbes Modulaires de Genre 1, Bull. Soc. Math. France, Mem. 43, Supplément
au Bull. Soc. Math. France Tome 103, né 3, (1975), 80 pp.

E. Looijenga and C. Peters , Torelli Theorems for Kdhler K3 Surfaces, Compositio Mathe-
matica, Vol. 42, Fasc. 2 (1981), p.145-186.

S. Lu and Y. Miyaoka, Bouding Codimension-one Subvarieties and a General Inequality
between Chern Numbers, Am. Journ. Math. 119 (1997), p. 487-502.

M. McQuillan, Diophantine Approximations and Foliations, Inst. Hautes Etudes Sci. Publ.
Math. 87, (1998), p. 121-174.

T. Shioda, An Ezxplicit Algorithm for Computing The Picard Number of certain Algebraic
Surfaces, American Journal of Mathematics 108, (1986), p. 415-432.

T. Shioda, On the Rank of Elliptic curves over Q(t) arising from K38 Surfaces, Comment.
Math. Univ. St. Pauli, Vol 43, no. 1 (1994), p. 117-120.

T. Shioda and H. Inose, On Singular K3 Surfaces, in: W. Baily and T. Shioda, Complex
Analysis and Algebraic Geometry, Cambridge University Press, 1977, p. 119-136.

J.H. Silverman, Computing Heights on Elliptic Curves, Math. Comp. 51, no.183 (1988), p.
339-358.

67



