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Basic definitions and examples of log schemes
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1 Basic definitions

Definition 1.1. A monoid is a set with a binary operator that’s commutative,
associative and contains a unit.

Definition 1.2. The characteristic of a monoid M is M = M/M*.
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Definition 1.4. A log scheme X is a scheme X together with a sheaf of monoids

Mx on the topological space of X and a monoid morphism « : Mx — Ox such
that o : = 'O% — O% is an isomorphism.

Remark 1.5. This implies M% = o~ 10%.

Ezxample 1.6.

x .
g) ><3§P€Q \/fofyj mX: OX @L |K\qx/],)(N
Nl S Kix,yj d’l"y—m;,x W

DX Spec Uyl D bhessbsdin gim by g (q) 15 Ky 9 =
m(uz‘ O \A) £ \/0;/6)0[ uls £ r 0l Llé) \/: SPCC L(
=2t e 0 merible o de o D} MXZNQ}OX%OX

\(\[]Xﬁ OX s inclucion

25) Y=x-D,
U= X

X
m O X NSl N/l

M= Jx Ou (Oy@ /}7\/:/%/@%



Definition 1.7. A pre-log structure on a scheme X is sheaf of monoids MY on the
topological space of X and a monoid morphism « : M% — Ox. The log structure
associated to it, is My ®a-1(0%) O

Definition 1.8. Let X = (X, M),Y = (Y, N) be two log schemes, let f: X — Y
be a morphism of schemes. The pullback f*N is the log structure associated to
f~IN with the structure map f~*N — f~'Oy — Ox. The pushforward f,M is
the fiber product fS** A x; o, Oy.

Lemma 1.9.

Hom (5N, M) == Hom(ly Al ) =5 {pry >y ey |
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Definition 1.10. A morphism of log schemes X = (X, M) - Y = (Y,N) is a
morphism of schemes f : X — Y together with a map h: f7'N — M s.t. we get

a commutative diagram .{1—/{ N m

y >0 x
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2 Charts
Ezample 2.1. P a monoid, X a scheme, map P — I'(X, Ox).
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Ezample 2.2. P a monoid, X = SpecZ|[P] a scheme, canonical log structure on
Spec Z[P], denoted by P — Spec Z[P].

P =T 0) ~= ZTF) > T, 0 ) oy X = Spe L8]

Definition 2.3. A morphism X — Y of log schemes is strict if f*My — My is
an isomorphism.
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Definition 2.5. A chart of X modelled on a monoid P is a strict morphism
X — (P — Spec Z|P)).

Example 2.6. Log curve has a chart modelled on N?| with N* — k[x,y]/(xy) given
by (a,b) — z%". \,
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3 Back to monoids

P a monoid

Definition 3.1. The group envelope P# is {pg~" | p,q € P}/ ~ where pg_" ~
p'qd ' < Ire Porpd =rpq. )

Definition 3.2. P is integral if P — P®P is injective, equivalently P is cancellative:

ab=ac = b=c. Pﬁpﬂ
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Definition 3.3. P is saturated if for a € P with o € im(P — P#P), have
a €imP.
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Definition 3.5. P is fine if fin. generated and integral, P is fs if fine and saturated.
Lemma 3.6. The characteristic P is P/P*; if P is fs then P* =17"

4 Back to log schemes

Definition 4.1. A log scheme X is integral (fine/fs) if étalle locally, it has a chart
modelled over an integral (fine/fs) monoid.

Proposition 4.2. In characteristic 0, the sheaf of monoids of an fs log scheme X
splits étalle locally as Mx @ O%.
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