DIOPHANTINE INEQUALITIES ON PROJECTIVE VARIETIES
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ABSTRACT. We will deduce a quantitative version of a Diophantine approximation
result of Faltings and Wiistholz [7] dealing with systems of Diophantine inequali-
ties to be solved in algebraic points of a projective variety X. Our method consists
of embedding X into a linear variety by means of a suitable Veronese map and
then applying a recent quantitative version of the Subspace Theorem due to
Evertse and Schlickewei [5]. To construct the Veronese map, we prove a result of
independent interest, which gives a lower bound for the m-th normalized Hilbert
weight of X in terms of the normalized Chow weight of X.
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1. INTRODUCTION

1.1. Let Y be an n-dimensional projective subvariety (i.e., a geometrically irre-
ducible Zariski-closed subset) of P which is defined over a number field K. Let S
be a finite set of places of K. For v € S, i = 0,...,n,, let f;, be a homogeneous
polynomial of degree £k > 1 in M + 1 variables with coefficients in K and let d;, a

real > 0. We are interested in systems of inequalities

(1.1) log (%) < —dph(y) (veS,i=0,...,n,) inyeY(K),

where | |,, || |lo (v € S) are normalized absolute values and norms and h(y) is the
absolute logarithmic height (cf. §2.1 below).

Assume that for v € S, the map y — (fou(y) : -+ ¢ fu,0(¥)) is a finite mor-
phism from Y to P™. Then we may reduce (1.1) to a system in which all poly-
nomials involved are coordinates. Indeed, let {fo,..., fy} be the union of the sets
{fovs s faww} (0 E€S). Then v : y — (foly) : ---: fn(y)) is a finite morphism

from Y to PV. Let X = ¢(Y). Then X is a projective subvariety of PV defined over
1
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K. Write x; = fi(y), x = (¢ : -+ : xn) = ¢(y). Then if we ignore the necessary
modifications in the norms and the height, we see that x satisfies the system of
inequalities

(1.2) log ( |x7’|v) < —cph(x)  (veS,i=0,...,N)

1%

inx=(zg: - :ay) € X(K),

where ¢;,, = dj, /K if fi = fj and ¢y = 01f fi & {fou, - .-, fauw}. Clearly, ¢ establishes
a finite-to-one map from solutions y of (1.1) to solutions x of (1.2). In the sequel
we will focus our attention on systems (1.2).

1.2. Let X be a projective subvariety of PV of dimension n and degree d which
is defined over a number field K. Assume that 1 < n < N. Further, let ¢,
(v e S, i=0,...,N) be non-negative reals. Faltings and Wiistholz [7] proved
that the set of solutions of (1.2) is contained in the union of finitely many proper
subvarieties of X if the expectation of a particular probability distribution is larger
than 1. Ferretti [9] showed that this latter condition is equivalent to

1
(1.3) mZeX(cv) > 1,

vES

where ¢, = (g, - .., Cny) and where ex(c,) is the Chow weight of X with respect
to ¢, (cf. §3.3). If X is a linear variety, then the result of Faltings and Wiistholz
is equivalent to Schmidt’s Subspace Theorem. Whereas Schmidt’s proof of his Sub-
space Theorem is based on techniques from Diophantine approximation and geome-
try of numbers, Faltings and Wiistholz developed a totally different method, based
on Faltings’ Product Theorem (cf. [6], Theorem 3.1, 3.3).

1.3. Starting with Schmidt [18], much work has been done to obtain good quan-
titative versions of the Subspace Theorem. The sharpest such version to date is
due to Evertse and Schlickewei ([5], Theorem 2.1). From their result we will deduce
the following for (1.2) in the case that X is a linear variety. Let X C PV be an
n—dimensional linear subvariety defined over a number field K and denote by h(X)
the logarithmic height of X (cf. §2.2). Assume that

1

(14) n+1

Zex(cv) >144§ with § > 0.

vES



DIOPHANTINE INEQUALITIES ON PROJECTIVE VARIETIES 3

Then there are explicitly computable constants ¢y, ¢, depending only on N, n, d, such
that the set of solutions x € X(K) of (1.2) with h(x) > ¢1(1 4+ h(X)) is contained
in the union of at most ¢y proper linear subspaces of X. It has turned out to be
crucial for applications that ci, ¢y are independent of K and S. More generally, the
result of Evertse and Schlickewei allows to deduce a similar result for an “absolute”

generalization of (1.2) dealing with points in X (Q) rather than in X (K). For the
precise statement we refer to Theorem 3.2 in Section 3.

1.4. Using the method of Faltings and Wiistholz, Ferretti [8] obtained a quantitative
version of their result, an equivalent version of which reads as follows. Let X be a
projective subvariety of PV of dimension n and degree d which is defined over K,
where 1 < n < N. Assume that

1

(1.5) (n+1)d

> ex(ey) >1+06 withd > 0.

veS

Then there are explicitly computable constants ¢y, ¢, c3, depending on N, n,d, K, S
and some geometric invariants of X, such that the set of solutions of (1.2) with
h(x) = ¢1(1 4+ k(X)) lies in the union of at most ¢y proper subvarieties of X, each
of degree < c3.

1.5. In the present paper we prove another quantitative version of the result of
Faltings and Wiistholz, in which the constants ¢y, ¢s, c3 depend only on N, n,d and
the degree of X. Further, just as for linear varieties, we prove a similar quantitative
version for an absolute generalization of (1.2), dealing with points in X (Q). For the
precise statement see Theorem 3.4 in Section 3.

We sketch our method which is very different from that of Faltings and Wiistholz.
Let ¢ @ PY — PF with R = (V™) — 1 denote the Veronese embedding, which
maps x € PV to the point whose coordinates are the monomials in x of degree m.
Let X,, denote the smallest linear subvariety of P containing ¢,,(X). We construct
from (1.2) a new system of a similar shape, with solutions taken from X,,, which is
such that if x is a solution of (1.2) then ¢,,(x) is a solution of the new system. The
hard core of our paper is to find an explicit value for m such that the analogue of
condition (1.4) for the new system is satisfied. Having achieved this, we obtain our
quantitative result for the original system (1.2) by applying our previously obtained

quantitative result for linear varieties to the new system.
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In order to find a suitable value for m, we prove a result which gives, in some
well-defined sense, an explicit lower bound of the m-th normalized Hilbert weight of
X with respect to a tuple of reals c¢ in terms of the normalized Chow weight of X
with respect to ¢ (cf. Section 4 for the definitions and the statement of the result).
Our result may be viewed as a one-sided explicit version of a result of Mumford
([16], p. 61, Proposition 2.11) which states that the normalized Chow weight of X
with respect to c is the limit of the sequence of its normalized Hilbert weights.

As a by-product of our investigations we obtain that the theorem of Faltings
and Wiistholz, which at a first glance seems to be a generalization of the Subspace

Theorem, is in fact equivalent to the Subspace Theorem.

1.6. In Section 2 we introduce some notation. In Section 3 we give the precise
statements of the results mentioned above related to (1.2) (Theorem 3.2 and Theo-
rem 3.4). In Section 4 we give the definition of the Hilbert weights and Chow weight
of X, and state our result concerning these (Theorem 4.6). In Sections 5,6 we prove
Theorem 4.6. In Section 7 we prove Theorem 3.2 (the result for linear varieties). In
Section 8 we prove an auxiliary result about heights. Finally, in Section 9 we prove
Theorem 3.4 (the result for arbitrary varieties).

2. NOTATION

2.1. We introduce the notation needed in the statements of our results. We first
define absolute values and heights. Let K be a number field. Denote by M its set
of places. For v € My we define a normalized absolute value |.|, on K by requiring
that for x € Q :

|z|, = || RI/IKCQLif ¢ is archimedean,

_ |p|e R/

|| if v lies above a prime number p,

where Q,, K, denote the respective completions. These absolute values satisfy the
product formula [],c,, |z], =1 for z € K*.

Given a finite extension L of K we write w|v to indicate that a place w of M,
lies above v € M. Further, we denote the completion of L at w by L,,. Then if we

define normalized absolute values in the same manner for L, we get the extension
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formulas
(2.1) ||y = || Lo BV IR for ¢ € K w e My, v e Mg with wlv.
For x = (z¢,...,2n) € KN v € My we put
|1x||» := max{|zoly, .- -, |TNn]|o}-

We then define the absolute logarithmic height of x € @NH by taking a number field
K with x € K¥*! and putting

M) o= Y Tog [l
vEM
By the product formula we have h(Ax) = h(x) for A € K* and by the extension
formulas, this height is independent of the choice of K. Therefore, h defines a height
on PY(Q). For a polynomial P with coefficients in Q, we denote by h(P) the absolute
logarithmic height of the vector of coefficients of P.

2.2. We define the height of a projective variety. Given any field K, we define
the usual scalar product of x = (zg,...,2.), ¥y = (Yo,---,%) € K by x-y =
ToYo + -+ + xy,. Further, if 0 < s < r we define the exterior product xg A - -+ A X,

of xg = (Zoo, - -+ Tor)s- - Xs = (Ts0,--.,Tsr) € K™ as follows: let Iy,. .., [ with
R= (:ﬁ) —1 be the subsets of {0, ..., r} of cardinality s+1 in lexicographical order
and for kK =0,..., R, let A, = det (xij)0<i<s7jefk; then xg A -+ Axs = (Ao, ..., AR).

Let X C PV be a projective variety of dimension n and degree d, defined over
Q, where 1 < n < N. To X we can associate an up to a constant factor unique
polynomial

FX:Fx(ho,...,hn):Fx(hoo,...,hON;...;hno,...,hnN)

in n + 1 blocks of variables h; = (hi,...,hin) (¢ = 0,...,n) which is irreducible
in Q[hgo, - - ., hny] and which is homogeneous of degree d in each block h;, with the
property that Fy(hy, ..., h,) = 0 if and only if X(Q) and the hyperplanes given by
h;,-x = hjpzo+---+hnry =0 (i =0,...,n) have a point in common. Fl is called
the (Cayley-Bertini-van der Waerden-)Chow form of X. We then define the height

of X by

(2.2) h(X) := h(Fy).



6 J.-H. EVERTSE AND R. G. FERRETTI

For instance, suppose that X is an n-dimensional linear subvariety of PV over Q.

Let {ay,...,a,} be any basis of X(Q) considered as a vector space. Then
(2.3) Fx(hg,...,h,)=(agA---ANa,) - (hgA---Ah,),
and so
(2.4) MX)=h(agA---Na,).
Faltings ([6], pp. 552, 553) defined another height for projective varieties by
means of arithmetic intersection theory. Let hp.(X) denote @ times the height

introduced by Faltings where K is any number field over which X is defined. The
quantity hga(X) is independent of K and by [1], Theorem 4.3.8, there is an explic-
itly computable constant ¢(N) such that |h(X) — hpa(X)| < ¢(IV) - deg X.

3. STATEMENTS OF THE RESULTS

3.1. We first state our quantitative result for (1.2) if X is a linear subvariety of PV.

Let X C PV be a linear subvariety of dimension n defined over a number field K,
where 1 < n < N. A set of indices {ig,...,i,} C {0,..., N} is called independent
with respect to X if there is no tuple (a;,,...,a;,) € @n+1\{0} such that a;,z;, +
-+ +a; x; vanishes identically on X. Denote by Zx the collection of all subsets of
{0,..., N} of cardinality n 4+ 1 which are independent with respect to X.

We consider the system of inequalities

(3.1) log (‘||;LZ||’”> < —cph(x) (vesS, i=0,...,N) inxe X(K)

with reals ¢;,, > 0, where as before, (zo:---: zy) are the homogeneous coordinates
of x. More generally, for every finite extension L of K we consider

(3.2) log(’xilw) < —Ciwh(x) (we Sy, i=0,....,N) inxe X(L)

%

where Sy, is the set of places of L lying above the places in S and where

(3.3) Ciw = Cin [L[Zjé”] fori=0,...,N, we S, veS with wv.

For a given finite extension L of K denote by Sx (L) the set of solutions of (3.2).
Extension formula (2.1) implies that if X' C L; C Ly are number fields, then
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Sx(L2> N X(Ll) - Sx(Ll) We put
Sx(@) = | sx(1),

LDOK

where the union is taken over all finite extensions L of K.

Theorem 3.2. Let X C PV be a linear subvariety of dimension n defined over K,
where 1 <n < N. Let S be a finite set of places of K. Further, let § > 0 and let ¢,
(wesS,i=0,...,N) be reals > 0 such that

1
3.4 ma Cigw +++Ciw) = 140.
( ) n + 1 ’UGZS {iO ..... ini(el—x( 0, n )

Then there are proper linear subspaces Yy, ...,Y; of X, all defined over K, with

(3.5) t < A% (] 4 51 o6 (3N) log log(3N),

such that the set of x € Sx(Q) with
(3.6) h(x) > (140 ) (N +1)" - (1+ k(X))

18 contained in Y1 U---UY,.

We explain the relation with Schmidt’s Subspace Theorem, which reads as follows:
let kK > n+1and let {loy,...,lw} (v € .S) be linearly independent set of linear forms

in n + 1 variables with coefficients in K'; then the set of solutions of

(3.7) log (H I] |lj”(y””> < —kh(y) iny eP(K)

vES j=0 ||Y||U

is contained in the union of finitely many proper linear subspaces of P".

Let x = (xg : -+ : zy) € X(K) be a solution of (3.1) and assume that (3.4) holds.
For v € S, let I, be an independent subset of {0,..., N} of cardinality n + 1 for
which ., ¢j, is maximal. Thus for each v € S the set of linear forms {z; : j € I,,}
is linearly independent on X. Then

log (H 11 |',°fj"|j) <X X ) h) < 1+ 1) +6) - hi)

veS jEI, veS jEI,
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and this can be transformed into an inequality of the shape (3.7) by means of a
linear isomorphism from X to P".

Thus, the Subspace Theorem implies that under hypothesis (3.4), the set of so-
lutions of (3.1) is contained in the union of finitely many proper linear subvarieties
of X. Using a standard combinatorial argument originating from Mahler (cf. [5,
Section 21]) one may show that conversely the latter statement implies the Subspace
Theorem.

3.3. We now state our quantitative result for arbitrary projective subvarieties of
PV,

Let X C PV be an arbitrary projective variety of dimension n and degree d
which is defined over a number field K. We assume again 1 < n < N. Let ¢ =
(co,...,cn) € RN and let t be an auxiliary variable. Write

(38) FX(tcOhoo, . e ,tcNhON; e ;tcoh,no, e ,tcNhnN) - teOF() + telFl "’ te + teTFT
with F(],...,FTGK[hoo,...,hnN], €p > € > - >er,

where Fxy = Fx(hoo,---,hon;---;hnos-- -, han) is the Chow form of X. Then we
define the Chow weight of X with respect to ¢ by

(3.9) ex(c) :=eg

(cf. (6.4) below for an alternative expression).

Let again S be a finite set of places of K, and ¢;, (v € S, 7 = 0,...,N) non-
negative reals. For a finite extension L of K, let Sy be the set of places of L lying
above those in S, and let ¢, (w € Sp, i =0,..., N) be defined by (3.3). Denote by
Sx (L) the set of solutions of

log (%) < —Ciwh(x) (we Sp,i=0,...,N) inxe X(L)
and let
Sx(@ = |J Sx(L),
LOK
where the union is taken over all finite extensions L of K.

By a proper K-subvariety of X we mean a proper Zariski closed subset of X de-
fined over K which is not the union of two strictly smaller Zariski closed subsets
defined over K. Then we have:
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Theorem 3.4. Let X C PN be a projective subvariety of dimension n and degree d
defined over a number field K, where 1 < n < N. Let S be a finite set of places of
K. Further, let § > 0 and let ¢, = (cop, .., CN0w) (v € S) be tuples of non-negative
reals with

1
(3.10) m;ex(cv) > 1+44.

Put
c1(N,n,d,d) := exp ((10n)4”d4”+2(1 - (5‘1)2”> -log(3N) loglog(3N),
(3.11) ¢2(N,n,d,8) := (8n+5)(1 + 6 ')d?min ((n + 1)d, N + 1),
c3(N,n,d,d) := exp ((10n)2”+2d2"+3(1 + o)t log(SN)) .

Then there are proper K -subvarieties Yi,...,Y; of X with

(3.12) t < ¢(N,n,d,d),
(3.13) degV; < (N,n,d,0) fori=1,...,t,

such that the set of x € Sx(Q) with
>

(3.14) h(x) = ¢3(N,n,d,d) - (1+ h(X))

18 contained in Y1 U---UY,.

3.5. Let again h; = (hjy,...,hin) (i = 0,...,n) be blocks of N + 1 variables. For
each subset I = {jo,...,jn} of {0,..., N} with jo < ... < j, we define the bracket
I = [jo---Jjn] = det(hij,)ik=o,. n- From [13], p. 41, Thm. IV it follows that
the Chow form Fx of an n—dlmensmnal subvariety X of PV can be expressed as a
polynomial in terms of these brackets. It is easy to show that for ¢ = (¢, ..., cn) €
RN*1 the substitution

(hoo, ceey hON7 ey hn07 ceey hnN) — (tcohoo, e ,tCNhON; Ce ;tcohno, e ,tcNhnN)

transforms [I] into t2=ier % [[].
In particular, let X C PV be a linear subvariety of dimension n. Then from (2.3)
it follows that Fx = ;.7 7r[I] with 77 # 0 for I € Zx where as before Zx is the
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collection of subsets of {0,..., N} of cardinality n + 1 which are independent with
respect to X. Hence

ex(c)= max ¢,+--+c,.
{iO 77777 in}eIX

So for linear varieties X, (3.10) is equivalent to (3.4).
3.6. Now let X C PV be the hypersurface given by f = 0, where

(3.15) f=Y B@azy.. . o € Klxo, ... x|

acA

is a homogeneous polynomial of degree d which is irreducible over Q. Here A is a
finite set of tuples of non-negative integers a = (ay, . ..,ay) with ag+ -+ +ay = d,
and ((a) # 0 for a € A.

The variety X has dimension n = N — 1 and degree d, and its Chow form is equal
to

(3.16)  Fx = f([12---N},—=[02---NJ],...., (=D '0o1---N —1])

= > #B(@)1 2 N[0 1--- N — 1]V,

acA
This implies that for ¢ = (cg, ..., cy) € RYT! we have
N N
(3.17) ex(c) = max ) aj< Z 'ck>

Now we have:

Corollary 3.7. Let X C PV be the irreducible hypersurface defined by f = 0, where
f is given by (3.15). Let S, 6 be as in Theorem 3.4, and let c, = (Cop,---,CNo)
(v € S) be tuples of non-negative reals with

N
1 1
(3.18) N g g Civ = 77 g I;leifrll(aocoq,—i—---—i—aNch) > 1+6.

veS =0 veES
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Further, let

i (N,d, ) = exp ((10N)4Nd4N*2(1 + 571)2]\/72) 7
(N,d,0) = (8N —=3)(N+1)d%(1+61),
(N, d,6) = exp ((10N)2NHENHL(] 4 5=1)N)

Then there are proper K -subvarieties Yi,...,Y; of X with
t <c(N,d,d), degV; <c3(N,d,d) fori=1,...,t

such that the set of x € Sx(Q) with
h(x) > c¢5(N,d,0) - (1 4+ h(X))
18 contained in Y1 U---UY,.
Proof. We apply Theorem 3.4 with n = N — 1 to X. In view of (3.17), condition

(3.18) is equivalent to (3.10). Further we have ¢;(N,N — 1,d,6) < ¢f(N,d,d) for
i=1,23. 0

Lastly, we give a consequence of Theorem 3.4 for curves. For x € PY(Q), denote
by K(x) the smallest extension of K containing a set of homogeneous coordinates

for x.

Corollary 3.8. Let X C PV be an irreducible projective curve of degree d defined
over K. Further, S,d be as in Theorem 3.4 and let ¢, = (coy,...,cn0w) (v € S) be
tuples of non-negative reals satisfying

(3.19) %;ex(cv) >144.

Put
¢i*(N,d,d) = exp <1O5d7(1 + 5*1)3> -log(3N)loglog(3N),
&' (N,d,8) = 13(1+ 6 V) min(2d, N + 1),
(N, d,5) = exp (1O4d5(1 4oy 1og(3N)).

Then there are at most ¢;*(N,d, ) points x € Sx(Q) with
h(x) > ¢3*(N,d,d) - (1 + h(X)).
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Moreover, for each of these points we have
K(x): K] < (V. d, ).

Proof. Notice that if Y is a proper K-subvariety of X of degree D then Y consists
of D points which are conjugate to one another over K and have degree D over
K. By applying Theorem 3.4 with n = 1 to X, we obtain that Sx(Q) contains at
most ¢1(N,1,d,0) - co(N, 1,d, ) points x with h(x) > c3(N, 1,d,9) - (1 + h(X)) and
moreover, that for each of these points we have [K(x) : K] < (N, 1,d,d). Now
Corollary 3.8 follows on observing that ¢; (N, 1,d,6) - ca(N, 1,d,9) < ¢* (N, d, ) and
¢i(N,1,d,6) < ¢*(N,d, ) for i =2,3. O

We mention that computing the Chow weights e x(c) for arbitrary projective vari-
eties X is in general quite difficult. In [9], [10] Ferretti discussed various methods to
compute Chow weights, and computed them for certain varieties other than linear
varieties or hypersurfaces.

4. HILBERT WEIGHTS AND CHOW WEIGHTS

4.1. Denote by ZY;", REf™ the sets of (N + 1)-tuples consisting of non-negative
integers, non-negative reals, respectively. For a = (ao,...,ay) € Zggf U we write x®
for the monomial z(” - --23Y. In this section, K is an algebraically closed field of
characteristic 0. A homogeneous ideal I of K[xzo,...,zy]| is said to be relevant if

I # (0) and if there is no integer k£ > 0 such that xf,... 2% € I.

4.2. For a positive integer m, let K|z, ..., xy]n denote the vector space of homo-
geneous polynomials in K[z, ..., zy] of degree m (including 0). Let I be a relevant
homogeneous ideal of K|xg,...,zy]|. Put I, := Klxo,...,2x]|nm NI and define the

Hilbert function Hy of I by
(4.1) Hi(m) := dimg (K[q:o, . ,:I,’N]m/]m) form=1,2,....

Then there are integers n > 0, d > 0 such that

n

(4.2) Hy(m) = d- "+ O(m"™") as m — cc.
n:

We call n the dimension of I, notation dim I, and d the degree of I, notation deg I.
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Let Pi,..., P, be the prime ideals of maximal dimension associated to /. For
i=1,...,9, let Op, s be the localization of Klxy,...,xy]/I at P; and let pup, ; :=
lOPZ_’I(OPZ.J) be the length of Op, ; as a Op, ;-module. This quantity is known to be
finite. We call pp, ; the multiplicity of I with respect to F;. Then

g
(4.3) dimI =dim P, =--- =dimP,, degl =Y ppsdegP.

i=1

4.3. We define the m-th Hilbert weight s;(m,c) of I with respect to a tuple ¢ =
(CQ, e 7CN) € RN+! by

(4.4) sy(m,c) = max(a; + - + ap;(m)) - C,

where the maximum is taken over all sets of monomials x®!,. .. ,x*#1(m whose residue
classes modulo [ form a basis of the K-vector space K|xo,...,Zn|m/Im-

4.4. We define the Chow form of a homogeneous prime ideal P of Kz, ..., zy]

by Fp := Fx, where X is the variety defined by P and Fx is the Chow form of X
as defined in §2.2 (with K in place of Q). Further, we define the Chow form of an

arbitrary relevant homogeneous ideal I of K|[xo,...,xzy] by
g
(4.5) Fr=[]F5™",
i=1
where Py, ..., P, are the prime ideals of maximal dimension associated to I and

where pp, r is the multiplicity of I with respect to F;.

Let dim/ = n, degl = d. Then it follows from §2.2 and (4.2) that F; =
Fr(hoos - -, hon; -5 hno, -, hyn) is a polynomial in n + 1 blocks of N + 1 vari-
ables h; = (hi,...,hin) (i = 0,...,n) such that F} is homogeneous of degree d in
each block h;. Given ¢ = (cy, ..., cy) € RV we write similarly as in (3.8), (3.9)

T
Fr(t%hoo, - hons 8%, 1% hy) = S 9 F
k=0

with Fy, ..., Fr € Klho,--.,han|, €0 > €1 > -+ > er and define the Chow weight
of I with respect to ¢ by

(4.6) er(c) = eo.
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4.5. According to Mumford [16], p.61, Proposition 2.11 we have

m" !
si(m,c) =es(c) - CFSL +O0(m") asm — 0.
Together with (4.2) this implies
lim _ sp(m,c) = L er(c).
m—oo mHj(m) (n+1)d
We call m - s7(m, c) the m-th normalized Hilbert weight and m -ey(c) the

normalized Chow weight of 1.

For a projective subvariety X of PV defined over K, denote by Px the prime ideal
of K[xo,...,xy] consisting of all polynomials vanishing identically on X. Then we
put dim X := dim Py, deg X := deg Px, Hx(m) := Hp, (m), sx(m, c) := sp, (m,c),
ex(c) := ep,(c). This coincides with earlier given definitions. We deduce an explicit
lower bound for the m-th normalized Hilbert weight of X in terms of the normalized
Chow weight of X.

Theorem 4.6. Let X be a subvariety of PN of dimension n and degree d, defined

over an algebraically closed field K of characteristic 0. Let m > d be an integer.

Further, let ¢ = (co,...,cn) € Rggfl. Then

1 | (2n + 1)d
47)  ——— ,C) > ———— - ( 1)
(4.7) mHx(m) sx(m;c) (n+1)d ex(c) m iz0n €

Inequality (4.7) is sufficient for our purposes. It is probably more difficult to prove
an inequality in the other direction. In the proof of Theorem 4.6 we use some ideas
of Kapranov, Sturmfels and Zelevinsky [14] which were also implicit in Mumford’s
paper [16]: in Section 5 we deduce an auxiliary result for monomial ideals (i.e., ideals

generated by monomials) and in Section 6 we deduce from this Theorem 4.6.

5. MONOMIAL IDEALS

5.1. We keep the notation introduced in the previous section, so in particular K is

an algebraically closed field of characteristic 0. In addition, for a = (ay,...,an),
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b = (by,...,by) € R¥*! we writea < borb > aifa; <b; foralli =0,...,N.
For a = (ag, . ..,ay) € RN*! we define the norm |a|| := 3_N |a;| and the support
suppa = {i: 0 < i< N, a; # 0}; further, for W C {0,..., N} let ay be the vector
obtained by setting the coordinates of a with indices outside W to 0, i.e., ay =
(bo, . ..,bx) with b; = a; fori € W, b; =0 fori € W. For fi,..., fr € K[xg,...,xnN]
let (f1,..., fr) denote the ideal in Klxg,...,zx]| generated by fi,..., fr and for
W c{0,...,N},let Py := (x; : i € W) denote the ideal in K[y, ...,z x| generated
by z; (i € W).

5.2. Throughout this section, let
(5.1) I=(x*,...,x%7)

be the ideal generated by the monomials x* (i = 1,...,T'), where a; = (aj, .. ., a;n)
€ Zg&“ !, We assume that I is relevant. Note that x® € I if and only if a > a; for
some ¢ € {1,...,T}. Let S(I) be the collection of sets W C {0,..., N} with the
property that for every ¢ € {1,...,T} there is a j € W with a;; > 0. Given

W e S(I), let
(5.2) Aw(I):={ac Zgaq csuppa C W, afawforalli=1,...,T}.

We have included a proof of the following simple lemma (see also [19], Proposition
3.4).

Lemma 5.3. Let Wy,..., W, be the non-empty sets in S(I) of minimal cardinality.
Then Pyw,, ..., Pw, are the prime ideals of maximal dimension associated to I.
Further, fori=1,...,g, the multiplicity pup,, 1 of I with respect to Py, is equal to
the cardinality of Aw,(I).

Proof. For x = (zg : -+ : wy) € PY(K) we have that x* =0 for i = 1,...,T if and
only if there is a set W € S(I) such that x; = 0 for j € W. Hence the radical of I is
NwesaPw. Since dim Py = N — #W, it follows that the prime ideals of maximal
dimension associated to I are precisely Py,,..., Pw,. Let W € {W;,..., W} and
suppose that W = {0,...,r}. Let K' = K(x,41,...,2n), R = K'[zg,..., 2],
I' = (x*w, ..., x*wW). Then Op,, ; = R/I'. The latter is a K'-vector space with
basis {x*: a € Aw([)}. Therefore, pp, 1 =lo,, ,(Opy,r) = dimg /1" is equal to
the cardinality of Ay (7). O
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We make some further observations. Let I be as in (5.1) and let Wy, ..., W, be the
sets from Lemma 5.3. Let n = dim [/, d =deg/, yi; = ppy, 1 (i =1,...,g). Then

(5.3) #W;=N-n (i=1,...,9).
Further, by (4.3) we have

g
(5.4) > pi=d.
i=1
Lastly,
(5.5) la|| < u; forae Ay, (I),i=1,...,9.

Indeed, let a € Ay, (I). Then every b € ZY;' with b < a belongs to Ay, (I). The
number of b € Zggrl with b < a is at least ||a|, and so ||a|| is at most the cardinality

5.4. Let ¢ = (cg,...,cn) € Rggfl. Note that Klzo,...,Zn|m/Im has a unique
monomial basis consisting of those monomials x® such that a 2 a; fori =1,...,T

and ||al| = m. This implies

(5.6) sr(m,c) = Z a-c.

acz)y, llal=m,
aZa,; for i=1,....T

Let W¢={0,..., N}\Wj for k=1,...,9. Then by (4.5) we have, with the bracket

notation from §3.5,
g

g
Fr=11Fp, =11
k=1

k=1
Hence
g
(5.7) er(c) = Z,uk< Z cj>.
k=1 JEWS
We prove:
Lemma 5.5. Let m be an integer > d and c = (co,...,cn) € ]Rgoﬂ. Then

(5.8)  si(m,c) = 2= (M) ep(c) — dPm (™) - (maXogigN ci).
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Proof. For a finite subset S of Z;VO“ put Xc(S) := > ,cga-c. Write A, for the set
Aw, (I) given by (5.2). For k =1,...,9, a € A, let Sp(a) be the set of vectors r

such that
{ r=a+b forsomebc Zgarl with suppb C W,

[rf} = m.

We estimate from below s;(m,c) using (5.6). Using that for r € Si(a) we have

r % a; fori = 1,...,T, and applying the principle of inclusion and exclusion we
obtain

g
(5.9  si(m,c) > zc( Uy Sk(a))

k=1acAg

> DD TSi@) - Y Se(S@)nsi(a”),

k=1 acAy (k,a’)#(l,a")

where the last summation is over all quadruples (k,[,a’,a"”) with k,l = 1,...,g,
a' € A, a” € A and (k,a’) # (1,a”).
Let k € {1,...,9}, a € A;. By (5.3) we have #W¢ = n + 1 and by (5.4), (5.5)

we have ||a|| < d. Hence

Se(Sk(a)) > Se({b € ZZf : suppb S Wy, |[bll =m — |al})
_ (m—llall +#Wg =1\ m—|a]
- ( HWe — 1 iy 2

m—d+n\y m-—d
> . .
- ( n ) n+1 ZC]

JEWE

Summing over k =1,...,g, a € A, we obtain, using that # A, = ux by Lemma 5.3
and using (5.7),

g

(510) > ) Te(Sk(a) = :;f(m _;LHn) > (D ¢)

k=1 acAy k=1 JEWE

_ m—d(m—d+n> er(c).

n+1 n

Let (k,l,a’,a”) be a quadruple with k.l € {1,...,g}, a’ € Ay, a” € A; and (k,a’) #
(I,a”). If k =1 then Si(a’) N Sy(a”) = 0. Assume k # . Write a’ = (ag, ..., dy),
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a’ = (ay,...,ay) and put max(a’,a"”) := (max(ay, ag), . . ., max(ay, agy)). Then
Si(a") N Sy(a”) consists of all vectors r such that

{ r = max(a’,a”) +b for some b € Zggrl with suppb C WgN WY,

[rl} = m.
By (5.3) we have #(W¢ N W) < n, hence

m — || max(a’;a”)|| +n — 1> o (m—}—n— 1)

n—1 n—1

4(S(a) N Si(a") < (

Further, for each r € Si(a’) N S;(a”) we haver-c < m - (maxogigN ci). Therefore,

, " m+n—1
et i@ <m(™ ) (g a).

By Lemma 5.3 and (5.4), the number of pairs (k,a) with k = 1,...,¢9, a € Ay is
equal to py + - - - + pg = d. Therefore,

I Z e(Sk(a) N S@")|| < &*m (m e 1) : ( max ci> :

n—1 0N
(k.a")#(la")

By inserting this and (5.10) into (5.9) we arrive at (5.8). O

6. PROOF OF THEOREM 4.6

6.1. Much of the material in this section can be found in bits and pieces in the
literature, in particular in [14], [3, Chapter 15], [17]. For convenience of the unspe-
cialized reader we have worked out more details. We keep the previously introduced
notation; in particular K is an algebraically closed field of characteristic 0. Further,
in what follows [ is a relevant homogeneous ideal of K|z, ..., xy] of dimension n
and degree d and ¢ = (cp, ..., cy) € RVHL

Let t be a parameter. For f € K|zg,...,zy], f # 0, define the number w.(f) and
the polynomial in.(f) € K[xy,...,zy] (the initial part of f with respect to c) by

(6.1)  f(t®z,...,tVxy) = t“*D - in,(f) + (terms with higher powers of t).
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Alternatively, if we write f =>"__, #(a)x® with 3(a) # 0 for a € A, then wc(f) =
min{a-c: a € A} and

(6.2) ine(f) =Y Blax®

acA
a-c=we(f)

We denote by inc(I) the ideal generated by in.(f) (f € I). The following lemma is
implicit in [3], Chapter 15.

Lemma 6.2. Let m > 1 be an integer. Further, let {x?' ... x*1(™} be a basis of
Klxo, ..., xn|m/In for which (ay+- - -+ap,m))-c is mazimal. Then {x*', ... x*1tm}
is a basis of K|xo, ..., TN|m/i0c(I)n.

Consequently, in.(I) has the same Hilbert function as I.

Proof. Write H := H;(m), R = (N]J(,m) Let x2,...,x®% be all monomials of de-
gree m in xo,...,xy, ordered such that x*', ... x®# are the monomials from the

statement of the lemma. Then I, is generated by

fi=x%— Zﬂijxaj (t=H+1,...,R),
JEB;
where B; C {1,...,H} and 3;; # 0for j € B;. Fori € {H+1,...,R}, j € B; we can
make a new basis of K{zo,...,2xy|m/L, by replacing x* by x® in {x®, ... x*"},
therefore a; - ¢ < a; - c. By (6.2) we have inc(f;) = x* — ZJ.EB; Bi;x% where B is
the set of indices j € B; for which a;-c=a;-cfori=H +1,...,R.

We claim that ing(I),, is generated by the polynomials in.(f;) (i = H+1,..., R).
Let f € inc(I),,. We may write f as a linear combination of terms x®in.(g) with
g € I. We have x*in.(g) = inc(h) with h = x*¢ € I,,,. Now h is a linear combination
of the polynomials f;, therefore in.(h) is a linear combination of the polynomials
inc(f;), and so f is a linear combination of these polynomials. This proves our claim.

Now Lemma 6.2 follows by observing that x®',...,x*#  ine(frs1),--.,nc(fr)

form a basis of Klzg,...,zxn]. O

Let as before F; be the Chow form of /. From the definition of the Chow weight
it follows that there is a polynomial fin,(F) € K[hgo, ..., hnn] (the final part of Fj
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with respect to ¢) such that

(63) F](tcohoo, .. ,tCNhON; ce ;tcohno, c. 7tCNhnN>
= ¢ fin (F}) 4 (terms with smaller powers of t).

Alternatively, for a; = (aj,...,a;n) € Zg&rl (¢t = 0,...,n) put h§®---h2» =
| H;‘V:() hi'. Then if we write F; = > (ao....anyen V(@0s -+, a,)hg? - - i with
v(ap, . ..,a,) # 0 for (ap,...,a,) € B, we have
(6.4) er(c) = max{(ag+---+a,)-c: (ag,...,a,) € B},
(6.5) fing(Fy) = > v(ag, ..., a,)h ... ha"

(ag,...,an)EB

Lemma 6.3. Apart from a constant factor, Fineay = fin.(Fy).

Proof. We first reduce the lemma to the case that ¢ € ZV*!. Let ¢ € RV*! be
arbitrary. Let M be a sufficiently large integer. Let by, ..., bg be the vectors in Zg&rl
with sum of coordinates at most M, ordered such that b;-c < by-c <--- <bg-c.
Then there is a vector ¢’ € ZN*! such that for i = 1,..., R—1 we have the following:
if b;-c < b;y1-c then b;-¢’ < b;y;-c’, while if b;-c = b;y;-c then b;-¢’ = b;y;-¢’. (To
obtain such ¢/, let V' C R¥*! be the smallest linear subspace defined over Q which
contains ¢, choose ¢/ € V N QN*! very close to ¢, and clear the denominators of
c”). Now choose polynomials fi,..., fs € K[xg,...,zy] such that [ = (f1,..., fs),
ine(I) = (inc(f1),...,inc(fs)). Taking M sufficiently large, it follows from (6.5)
that fin.(Fr) = fin,/(Fr) and from (6.2) that ine(f;) = ine(f;) fori =1,...,s. The
latter implies that ine(/) C ine (). But by Lemma 6.2 these two ideals have the
same Hilbert function, and so they must be equal. Therefore, it suffices to prove
Lemma 6.3 for ¢’ instead of c.
So assume ¢ € ZN*. For f € K|zg,...,zn], t € K define

fo = t7oe f(teony, . .. t°Nay). Let I, be the ideal in K[z, ...,xy] generated by
the polynomials f; (f € I). Further, let Z; = Proj(K|zo,...,zn]/I;) be the cor-
responding closed subscheme of PY. Then Iy = in.(I) by (6.1). From e.g., [3], p.
343, Theorem 15.17 it follows that the schemes Z; form a family which is flat over
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Al = Spec(K[t]). Further, for t € K define
FI,t = teI(C)FI(t_COhO(), e ’t—CNhON; C ;t_cohn07 e ,t_cNhnN).

Then Fro = fin,(Fr) by (6.3). Let C; be the subscheme of PN x -+ xPN (n +1
times) defined by Fr;. Then, again [3], p. 343, Theorem 15.17 implies that the
schemes C; form a flat family over AL.. For ¢ € K, let D; be the subscheme of
PV x - xPN (n+ 1 times) defined by the Chow form Fj, of I;. For instance by
[17], sections 5.2, 5.4, the Chow forms of the closed subschemes of PV from a family
which is flat over some Noetherian scheme S form themselves a flat family over S.
So in particular, the schemes D; form a flat family over Al.. From the definition
of Chow form, i.e., §2.2 and (4.5), it follows that if A € GLy.1(K) and if 1, is
the ideal generated by the polynomials f(Ax), (f € A), then I4 has Chow form
Fr, = F((A7Y)Thy,...,(A™")Th,), where (A™!)T is the transpose of the inverse of
A. In particular, for ¢ # 0 we have (up to a constant), Fr, = Fy,, i.e., C; = D;.
Using [12], p. 258, Prop. 9.8 and the flatness of the families Cy, Dy, it follows that
then also Cy = Dy, which means that Fj, = Fj, apart from a constant factor. This
proves Lemma 6.3. O

Lemma 6.4. We have (i) dim in.(I) = dim I, (ii) degin.(I) = deg I,

(iii) Sipgr)(m,€) = si(m, ), (i) e p(c) = er(c).

Proof. (i) and (ii) follow at once from Lemma 6.2. To prove (iii), choose a basis
{x*, ..., x4} of K[xg,...,TN|m/In such that (a; + - + a,,) - ¢ is maximal. By
Lemma 6.2, {x*',...,x?#} is then also a basis of K[xg,...,xn]m/inc(I)m. So by
definition (4.4), s (m, ') = sr(m,c). On the other hand, if {x",...,x"#} is
a monomial basis of Klzo,...,Zx|m/inc(I)m, then it is also a monomial basis of
Klxg,...,xN|m/Im. For otherwise, there are v; (i = 1,..., H), not all zero, such
that f := Zfil vxP" € I. But then, ine(f) = > ,c57%x" € ine(I) for some non-
empty set B with 7; # 0 for ¢ € B, which is impossible. Therefore, again by (4.4),
Sine(r(m,c’) < sy(m,c). This proves (iii). By (6.3), e;(c) is equal to the single
exponent on ¢ occurring in the expression obtained by substituting t“h;; for h;;
in fin,(Fy) for i = 0,...,n, j = 0,..., N. Together with Lemma 6.3 this implies
(iv). O
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We are now ready to prove the following result:

Lemma 6.5. Let m > d be an integer, and let c € RNH. Then

(6.6) sy(m,c) > %l (m+:_d) cer(c) — d?m (™) - (maXogigN ci).

Proof. We first assume that ¢ = (co,...,cn) with ¢, ..., cy linearly independent
over Q. Thus b; - ¢ # by - ¢ for any pair by # by, € Z¥*1. So by (6.2), for each non-
zero f € K|xg,...,zn|, inc(f) is a monomial, therefore, in.(I) is a monomial ideal.

In this case, Lemma 6.5 is an immediate consequence of Lemma 5.5 and Lemma 6.4.
The lemma for arbitrary ¢ € R¥*! now follows by approximating ¢ by a tuple with
Q-linearly independent coordinates and using continuity arguments. 0

Our last auxiliary result is an upper bound for the Hilbert function of a projective
variety, due to Chardin [2], Théoreme 1. In what follows, X is a projective subvari-
ety of PV of dimension n and degree d defined over K.

Lemma 6.6. Hy(m) <d(™™") form > 1.

6.7. Proof of Theorem 4.6.
Let m > d. Put C' := maxog<y ¢;. By Lemma 6.5, Lemma 6.6 we have

mH)lg(m) ) SX(m’ C) 2> max {0’ mH)lg(m) ) (T;LLT_Id (er:id) ) BX(C) - de(m:ffl) ’ C)}
(m—d) ("t n
> m<7(71+n) : . (n-&l)d ex(c) —d- mn C.
Together with
—d m+n— d n41
(m 2n(+n Hm—i—z (1_i> >1_(n—|—1)d
m( " o Mt l m m

and mex(c) < C (which follows from (6.4)) this implies

1 'SX(TTL,C) > 1 'eX(C)— (M+n_d) C

mH x (m) (n+1)d m m+n
Z (n+11)d rex(e) - W -G
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This completes the proof of Theorem 4.6. U

7. PROOF OF THEOREM 3.2 (LINEAR CASE)

7.1. We recall Theorem 2.1 of Evertse and Schlickewei [5] which is the main tool in
the proof of our Theorem 3.2.

Let K be an algebraic number field. Let N > n > 1 be integers. Let £ =
{lo,...,In} be a family (i.e., an unordered tuple with possibly repetitions) of linear
forms in K[zg,...,z,]. Suppose that £ has rank n + 1. For every place v € My,
let I, be a subset of {0,..., N} of cardinality n+ 1 such that {l; : i € I,,} is linearly
independent. Let d;, (v € Mg, 1 € I,,) be reals such that for some finite subset 7" of
My we have

(7.1) diy =0 forve Mg\T, i€ 1,
For Q > 1 and for y € K™*! we define

7.2 H = max (|1;(y)], - Q~%).
(72) o) = T s (sl @)
We will refer to Hg as a twisted (exponential) height. By the product formula we
have Ho(\y) = Hg(y) for A € K*, therefore, Hy may be viewed as a twisted height
on P"(K).

We extend Hg to P*(Q) as follows. Let y € P*(Q). Pick a finite extension L of
K such that y € P*(L). For a place w € M|, put

_ _ [Luwik]
(73) ]u) — -[v7 diw - [L:K] dilM

where v € M is the place lying below w. Then we put

(7.4) Ho(y) = [ max (Jl(y)l - @),

weMfp,

By (2.1) this is well-defined, i.e., independent of the choice of L.
7.2. Define

(7.5) A= ] Idet(l; i € L),

vEMK
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where for any subset I of {0,..., N} of cardinality n + 1, det(l; : i € I) denotes the
coefficient determinant of the linear forms l; (i € I'). Further, let

(7.6) He = H (m?X |det(l; : i € I)|v>,
’UEMK
where the maxima are taken over all subsets I of {0,..., N} of cardinality n + 1.

We may view H, as a height of the family £ = {ly,...,Ixy}. We assume that the
reals d;, satisfy, apart from (7.1),

vEME €1y

(7.8) > max di, < 1.

vEMK

Then Theorem 2.1 of [5] can be stated as follows:

Proposition 7.3. Let 0 < e < 1. Let Hy be defined by (7.2)-(7.4). Then there are
proper linear subspaces T1,...,T; of P", defined over K, with

(7.9) t < A a5 0g(3N) loglog(3N)

for which the following holds:
For every real () with

N+1
(7.10) () > max (Hz/(”“), (n+ 1)2/5)
there is a space T; € {T1,...,T;} such that

(7.11) {y eP"@): Holy) <AV . @} c T,

In addition, we need the following estimate for A:

1-(31)
Lemma 7.4. A > H, ‘"7,
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Proof. Let I, ..., Ir be the subsets I of cardinality n + 1 of {0,..., N} such that
{l; : i € I} is linearly independent and put ay := det(l; : ¢ € I};) for k=1,... R.

Then A = [ e, @i, o, Where i, € {1,..., R} for v € Mg. With the product
formula and R < (];7:11) this gives

A= H M > H ( max |a,~|v>1R = HLE > HZ_(ZXE)

=
vEMK Hk?élv |ak|v veEM 1<hsR

7.5. Proof of Theorem 3.2. Let X C P¥ be the linear variety from Theorem 3.2,
defined over a number field K. Choose a basis ag = (agg,-..,0N), -, &, =

(@nos - - -, any) of X(Q) (considered as a vector space) with ag,...,a, € KN*L

Define the family of linear forms
(712) L= {lo,...,l]\[} with lj = Qp;To + - +CLle’N (j = 0,,N)

For v € S, let I, be a subset of cardinality n+ 1 of {0, ..., N} which is independent
with respect to X such that ), ; ¢, is maximal. For v € Mg\S, let I, be any
independent subset of cardinality n+1 of {0,..., N}. Thus, forv € Mg, {l; : i € I,}
is a set of n 4+ 1 linearly independent linear forms. Notice that the quantity H,
defined by (7.6) satisfies

(7.13) He = exp(h(X)),

where h(X) is the logarithmic height of X. Further, by (7.13) and Lemma 7.4 we
have for the quantity A defined by (7.5):

(7.14) Az exp (= {(N]) - 1}h00)).
Put

dip =E7'- (By—ci) (vES, i€l),
(7.15)

dsy =0 (v e Mg\S, i€l,),
where

1

(7.16) Byi= g i (veS), E=) E,.

7:611} veES
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It is clear that the numbers d;, satisfy (7.1), (7.7). Further, using that the numbers
ciw are > 0, it follows easily that the numbers d;, satisfy (7.8).

Let ¢ : P* — X be the bijective linear map given by y = (yo : -+ : y,) —
S oviai. Let x = (mg: - : 2x) € Sx(Q) be a point with (3.6). This means that
x € X (L) and x satisfies (3.2) for some finite extension L of K. Let y = ¢ !(x).

Then y € P*(L) and by (7.12),

Put
(7.18) Q = exp (E - h(x)).

We estimate from above Hg(y), where Hg is defined by (7.2)—(7.4).
Put I, = I, d;, := d;y, - [L[zj((]“] for w € My, i € I,,. Further, let Sy, be the set of
places of L lying above the places in S, and put £, := n+r1 Zielw Ciw for w € Sp.

Then by (3.3) and (7.15) we have

di = E - (Ey — i) (w € Sy, i €1,),
(7.19)
diy =0 (UJEML\SL, iE]w),

Further, by (3.3), (7.16), (3.4) and the choices of the sets I, we have

(7.20) Y E,=E>1+34

wEST,

For w € Sy, we have by (7.17), (7.18), (7.19), (3.2),

max ([1i(y)|w@ ") = max (Jzifu exp((cin — Eu)h(x)))
< [xl[w exp(—Ewh(x)),

while for w € M \Sy we have by (7.17), (7.19),

max ([li(y)[w@ ") = max fzily < [|zl.

By taking the product over w € My, invoking (7.18), (7.20), we obtain

Holy) < exp (— (E—1)h(x)) = Q F-D/E < Q-0+7H7",



DIOPHANTINE INEQUALITIES ON PROJECTIVE VARIETIES 27

From (7.18) and (7.20), our assumption (3.6) and (7.14) it follows

log@Q > h(x)= 1+ )N +1)"(1+h(X))
> 2(1 +5—1)(N+ !

n—+1

) h(X) > 2(1+ 6 1) log A=V,

and so

Ho(y) < AV Q-@a+6=)7

Thus we are in a position to apply Proposition 7.3 with ¢ = (2(1 +467'))~". Our
assumption (3.6), in combination with (7.18), (7.20), (7.13), implies that

N+1

0@ 5 ogmas (1 V) (1 1y005)

i.e., that condition (7.10) of Proposition 7.3 is satisfied with our choice of €. It

follows that there are proper linear subspaces 17, ...,T; of P" defined over K, with
t < AR (2(1 + (5_1))n+5 log(3N)loglog(3N)
< 4171 4 571" og (3N) log log(3N),

such that y e Ty U---UT;. Thenx € YU ---UY;, where Y; = o(T;) (i =1,...,1)
are proper linear subspaces of X defined over K which do not depend on x. This
completes the proof of Theorem 3.2. U

8. HEIGHTS

8.1. Let K be a number field. Denote by Mz® the set of archimedean places and
by MY the set of non-archimedean places of K. For each v € M3, there is an
isomorphic embedding o, : K — C such that |z|, = |o,(z)|FKR/IEU for 2 € K.
For x = (xg,...,ry) € KNt v € Mg we put

N N
[Kv:R]/[K:Q] [
Ixllen = (3 lowli)]) ez = (Y loulwa) )
i=0 =0

K,:R]/2[K:Q]
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We then define heights h;(x), ho(x) for x € @NH\{O} by choosing a number field
K with x € KN¥*! and putting

h(x) = Y log|xlon+ Y logllxl,

veMg? veEMY,
hao(x) = Y logllx[lua+ > log|lx]l.;
UEM}’(O quM?<

these quantities are independent of the choice of K. By the product formula, Aq, hs
define heights on PV (Q). We have

8.1) { h(x) < ha(x) < hi(x),
' hi(x) < h(x) +log(N +1), ha(x) < h(x) + Llog(N + 1)

forxe@ (or x € PY(Q)) and

n

(8.2) ha(xg A -+ - AXp,) < Z ha(x;) (Hadamard’s inequality)
i=0
for xq,...,x, € @NH. Given a polynomial P with coefficients in Q, we define

hi(P), ha(P) to be the respective heights of the coefficient vector of P.

In what follows, X is a projective subvariety of PV of dimension n and degree d,
defined over Q. Let Px C Q[z,...,zx] denote the prime ideal of X. Given any
number field K such that X is defined over K, denote by X its Zariski closure over
Spec(Ok), i.e. X = Proj(R/Px N R) where R = Oglxo, ..., zy]. Let h(X) be the
logarithmic height of X as defined by Faltings [6], pp. 552, 553. We then define
the absolute Faltings height of X by hpa(X) h(X). By [1], p. 948 this is
independent of the choice of K.

1
T K

Lemma 8.2. hpy(X) < h(X)+d(n+1)(1+ 2log(N +1)).

Proof. From [1], Theorem 4.3.8, pp. 989, 990, formulas (4.3.31), (4.3.32), it follows
that

(8.3) hrae(X) < hy(Fx) +d(n +1)log(N +1).

Since the Chow form F'y is homogeneous of degree d in each of the n + 1 blocks of

N + 1 variables, its number of coefficients is at most (N;d)n+1 < (e(N + 1))dn+1)
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with e = 2.71 ..., where the latter inequality follows from

z+y x+y) v s
s (7)< T e < (/)
for positive integers x,y. So by (8.1) we have

hi(Fx) < h(Fx) +log ((e(N + 1))4*)) = h(X) + d(n + 1)(1 + log(N + 1)).

By combining this with (8.3) we obtain the lemma. O

Lemma 8.3. For every € > 0, the set
X(e) :i={x € X(Q) : hy(x) < d ' hpa(X) + ¢}
15 Zariski dense in X.

Proof. This follows from Zhang [20], p. 208, Theorem 5.2. O

Let m be a positive integer and put R := (N ;m) — 1. Choose homogeneous coordi-
nates (yo : ... : yr) on P, Let x® ... x28 be the monomials of degree m. Consider

the Veronese embedding
(8.5) Om : PV PR x s (x20: .- xBR),

Denote by X,,, the smallest linear subvariety of P? containing ¢,,(X). Then clearly,
a linear form Zio ~v;y; vanishes identically on X, if and only if the polynomial
of degree m Zio v;x% vanishes identically on X. In other words, there is an

isomorphism

(8.6) Qlro, -, N|m/(Px)m — Xt x* =y (1=0,...,R),

where (Pyx),, is the vector space of homogeneous polynomials of degree m in Py
and X is the vector space of linear forms in Qlyo, ..., yr] modulo the linear forms
vanishing identically on X,,.

Lemma 8.4. (i) If X is defined over a number field K then X, is defined over K.
(it) dim X,,, = Hx(m) —1 < d(™™) — 1.
(iii) h(X) < dm (™) - (d—lh(X) + (30 + 4) log(N + 1)) .
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Proof. If X is defined over K then (Px),, is generated by polynomials with coeffi-
cients in K, therefore, X,, is defined by linear forms with coefficients in K. This
implies (i). By (8.6), we have dim X,, = dim XY, — 1 = Hx(m) — 1 and together
with Lemma 6.6 this implies (ii).

In order to prove (iii), let ¢ > 0 and let X, be the smallest linear subspace of
P containing ¢,,(X (¢)). We claim that X/ = X,,. For assume the contrary: then
there is a non-zero linear form vanishing identically on X/, but not on X,,. Hence
there is a non-zero polynomial of degree m vanishing identically on X (g) but not on
X, which contradicts Lemma 8.3.

Therefore, X,,(Q) (considered as a vector space) has a basis of the shape
{om(x;) + i = 1,...,H}, with H = dimX,, + 1 = Hx(m) and x; € X(¢) for
i=1,...,H. By (2.4), (8.1), (8.2) we have

hXm) < ho(@m(x1) A= A pm(xXn)) 2(om(%i))

||Mm

Further, by (8.1), (8.4) we have fori=1,..., H,

ha(pm(x:)) < $log ("5") + h(pm(x:))
< % (1 +1log(N +1)) +mh(x;) < m(%(l +log(N +1)) + hg(xi))
< m(%(l +log(N + 1)) + d " hpae(X) + 5).
Hence

h(X) < mH - (%(1 +10g(N + 1)) + d hpae(X) + 5).

By inserting Lemma 6.6, Lemma 8.2 and using N > 2, we obtain

W(Xy) < dm (m N ”) (31 + 1og(N + 1)) +

n

A RX) + (4 D1+ 21og(N +1)) + 5)

< dm (m N ”) : (d—lh(X) +(3n+4)log(N + 1) + 5>.

n

Since we may choose € arbitrarily small, this implies (iii). O
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9. PROOF OF THEOREM 3.4 (THE GENERAL CASE)

9.1. We keep the notation from Sections 2,3. In particular, X is a projective sub-
variety of PV of dimension n and degree d defined over a number field K, where
1 < n < N. We assume that none of the coordinates z; (j = 0,...,N) vanishes
identically on X which is no loss of generality. Indeed, suppose for instance that
Tprr41, - - -,y vanish identically on X whereas xg, ..., 2y do not vanish identically
on X. Let X' = m(X) where 7 is the projection (xqg : -+ : xy) +— (zg: -+ xp). We
construct from (3.2) a new system of inequalities with solutions in X’ by removing
all inequalities involving z; (i = M + 1,..., N). For the Chow forms of X, X’ we
have that Fy = Fx: € Qlhoo, ..., hors;- -5 Pnos - - -, hnas] and this implies that for
the Chow weights we have ex(c,) = ex/(c)) for v € S, where ¢, = (cou, -, Crro)-
Therefore, the new system satisfies (3.10) with ¢/ in place of ¢, for v € S. So it
suffices to prove Theorem 3.4 for the new system in place of (3.2).

In the remainder of the proof we distinguish two cases.

9.2. First assume that

(9.1) Zoglfgv ¢jo = 2min ((n+ 1)d, N + 1).
For v € S, choose j, € {0, ..., N} such that ¢;, , = maxog;<n ¢;», and put
(92) djv,v = Cj, v, djv =0 for j = 0, ce ,N, j 7é jy.

Let X; be the smallest linear subspace of PV which contains X. Put H := dim X;.
By Lemma 8.4, (i) with m = 1, X; is defined over K. For v € S, let I, be a subset
of {0,..., N} of cardinality H + 1 containing j, which is independent with respect
to Xj, i.e., no non-trivial linear combination of the variables z; (j € I,) vanishes
identically on X;; such a set exists since x;, does not vanish identically on X, hence
not on X;. By Lemma 8.4, (ii) with m = 1, we have H < min((n + 1)d — 1, N).
Together with (9.2), (9.1) this implies

(9.3) Z > dj, >

UGS j€el,

For any finite extension L of K we put j, = Jj,, dju = [[z ]]d]v for w € Sy,

j=0,...,N, where v € S is the place lying below w. Then by (9.2), (3.3) we have
djw,w = Cjw,wa djw = 0 lf] 7é jw-
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Let x € Sx(Q). Then for some finite extension L of K, x € X (L), x satisfies
(3.2) for some finite extension L of K and, by what we just observed,

(9.4) log (M) < —djyh(x) forwe S, j=0,...,N.

3¢}

We apply Theorem 3.2 with X3, H, 1, {d;,} in place of X,n,d, {c,}. Notice that

condition (3.4) is satisfied in view of (9.3). It follows that the set of x € Sx(Q) with
(9.5) h(x) = 2(N + )71 + h(X,))

is contained in the union of at most

(9.6) to = 41079145 1003 ) log log(3N)

proper linear subspaces of X; which are all defined over K.
Note that by Lemma 8.4,(ii),(iii) with m = 1 the right-hand side of (9.5) is at most
(N + 1)dn+D) (1 + (n+ DA(X) + d(3n + 4) log(N + 1))
< ¢3(N,n,d, 0)(1 + h(X)),
hence (9.5) is implied by (3.14). The intersection of X with a proper linear subspace

of X defined over K is a proper Zariski closed subset of X, and by Bézout’s theorem,
it is the union of at most d proper K-subvarieties of X, each of degree < d. Hence

the set of x € Sx(Q) with (3.14) is contained in the union of at most ¢t = dt, proper
K-subvarieties of X of degree at most d. Inserting Lemma 8.4, (ii) with m = 1 into
(9.6) we obtain

t < d - 4N o D)d+4 1660 3N og log 3N < (N, n, d, ).

Further, d < ¢o(N,n,d,d). This shows (3.12) and (3.13). Thus under assumption
(9.1), Theorem 3.4 follows.

9.3. Now assume that

(9.7) Z max ¢, < 2min ((n+ 1)d, N +1).
veSs

0 <N
Choose

(9.8) m =1+ [(8n+4)(1+ 6 ")dmin ((n+1)d, N +1)] .
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Put R := (N ]J\r,m) — 1. Let ¢, : PV — P be the Veronese embedding defined by
(8.5), and let X, be the smallest linear subvariety of P® containing ,,(X). Recall
that by Lemma 8.4, X,, is defined over K and dim X,,, = Hx(m) — 1.

Let x € Sx(Q). Then x € X (L) and x satisfies (3.2) for some finite extension L

of K. Put y; =x* (i=0,...,R), y = (Yo : -+ : Yr) = @m(x). Further, put
1
(9.9) dw:zaai-cv (vesS, i=0,...,R)

and dj,, = [L[Zf[}((]”]dw (we S, i=0,...,R) where v € S is the place below w.
Write a; = (a0, .. .,a;n) for i = 0,..., R. Then using ||y|l. = x|}, h(y) = mh(x),

(3.3), we obtain

(9.10) log ( 9] ) = iv:aik log <|mk|w> < —(Zaikckw)h(x)
k=

vl ~ 2 ) S
< —dyh(y) forwe Sp,j=0,...,R,

We consider system (9.10) with solutions y € X,,,. We show that the analogue of
(3.4) for this system is satisfied.

Denote by Zx, the collection of subsets of {0,..., R} of cardinality dim X,, +
1 = Hx(m) which are independent with respect to X,,. Recall that a subset I of
{0,..., R} is independent with respect to X,, if no non-trivial linear combination of
the variables y; (¢ € I) vanishes identically on X,,. According to (8.6), this means
precisely that {x® : i € I'} is linearly independent in Q[z, . . ., Zx]m/(Px)m. Hence

I €Iy, <= {x*:i€l}isabasisof Qg,...,7on]m/(Px)m-
In combination with (9.9) this implies

1 1
dim X1 1 Irenze)x(x div = mHx (m)
m .

el

where sx(m,c,) is given by (4.4). Further, from Theorem 4.6, (3.10), (9.7), (9.8),
we infer

’ SX(ma Cv)7

1 - _ (Cn4nd .
mHx (m) ZS Sx (m7 C’U) P (nt1)d ZS ex(Cv) — ZS Oglfgv Cis
ve ve =
> 140— (2n+1)d-2min1§£n+1)d7N+1))
> 1+446/2.
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Thus we arrive at

1

veS
which is the analogue of (3.4) for system (9.10) with 0/2 replacing .
Thus the conditions of Theorem 3.2 are satisfied with X,,, R = (N;m) -1,
Hx(m)—1,0/2, {d;,} in place of X, N, n, 6, {cj,}. It follows that there are proper

linear subspaces 7, ..., Z;, of X,,, all defined over K, with
to = 4(Hx(m)+9)* (1 + 20~ H)Hx(m+4 )60 (3 (N]J\r,m)) log log (3(N+m))

such that for every finite extension L of K the set of solutions y € X,,(L) of (9.10)
with Hox ()
N+ X
T G B R (R T )
is contained in Z; U --- U Z,,.

For i = 1,..., 1o, the intersection X N ¢ 1(Z;) is contained in X N Z(f;), where
Z(f;) is the zero locus of a homogeneous polynomial f; € K|z, ..., zx]| of degree m
not vanishing identically on X. By Bézout’s Theorem, XNZ( f;) is equal to the union
of at most dm K-subvarieties, each of degree < dm. Using that h(y,,(x)) = mh(x),
it follows that the set of x € Sx(Q) with

(9.12) h(x) = m " hg = m™ (N m

Hx (m) .
: ) (1+20°)(1 + h(X,0)

is contained in the union of at most
(9.13) t = dmty = dm - 4Ux(09% (1 o5~ 1) Hx(m+ 1og (3(VEm)) oglog (3(V ™))

proper K-subvarieties of X, each of degree < dm.
Using Lemma 6.6, (8.4), (9.8), n > 1, N > 2, we obtain

Hx(m) < d(™™) <d(e(m+1))"

< d<6(8n +5)(n+ 1)d*(1 + 5*1)>n < d(71n2d2(1 + 5*1)>n,
(")

Together with Lemma 8.4, (iii), this implies that the right-hand side of (9.12) is at

most

26n2d%(14+61)
)) -

N

(e(N+1))" < (e(N+1
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THe(N 4 1)) (1 42571

(1 m () () 4 dn 4+ ) og(V + 1) )

< (e(N 4 1)) ™A (1 49571y
m (") - (1+d(3n + 4)log(N + 1)) - (1 4+ h(X))

< (e(N 4 1)) *etm 1+MX»
< (e(N 4 1)) T EOTTE L (x))
< (BN)AOWTRETEALTI (1 4 B(X)) = e3(N,n,d, 8) - (1 + h(X)),
hence (9.12) is implied by (3.14).

In order to estimate from above the upper bound ¢ for the number of subvarieties
from (9.13), we first observe that

log (3("1™)) loglog (3(Y™)) < log (3(e(N +1))™) loglog (3(e(N + 1))™)
< log ((3N)*™) loglog ((3N)*™)

< 2m?log(3N)loglog(3N).

Therefore,

t < dm-aCCT)R? (1 425U 2m log (3N) Tog log (3N)

N

2
< (461/71) ((r1m2yraenta572)-10) log(3N)loglog(3N)
< exp ((10n)4"d4"+2(1 + 5*1)%) 1og(3N) loglog(3N) = c1(N, n, d, 5).
Finally, by (9.8), we have md < (8n + 5)(1 + 6 Hd*min((n + 1)d, N + 1) =

c2(N,n,d,d). Hence (3.12), (3.13) hold true. This completes the proof of Theo-
rem 3.4. O
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