Multivariate Diophantine equations
with many solutions

J.-H. Evertse, P. Moree, C.L. Stewart and R. Tijdeman

1 Introduction

Among other things we show that for each n-tuple of positive rational num-
bers (ay,...,a,) there are sets of primes S of arbitrarily large cardinality s
such that the solutions of the equation ayx1+---+a,x, = 1 with x1,..., 2,
S-units are not contained in fewer than exp((4+4o0(1))s'/?(log s)~*/2) proper
linear subspaces of C". This generalizes a result of Erdds, Stewart and Tij-
deman [6] for S-unit equations in two variables.

Further, we prove that for any algebraic number field K of degree n, any
integer m with 1 < m < n, and any sufficiently large s there are integers
g, - - -, &, in K which are linearly independent over Q, and prime numbers
P1, ..., Ps, such that the norm polynomial equation

|Nijolao + aray + -+ 4 on)| = pit -+ - p2*

has at least exp{(1 + o(1))Zs™/"(logs)~'"™/"} solutions in z1,...,Tm,
Z1,...,2s € Z. This generalizes a result of Moree and Stewart [18] for
m = 1.

Our main tool, also established in this paper, is an effective lower bound
for the number ¢k 7(X,Y") of ideals in a number field K of norm < X com-
posed of prime ideals which lie outside a given finite set of prime ideals T
and which have norm < Y. This generalizes results of Canfield, Erdds and
Pomerance [5] and of Moree and Stewart [18].
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2 Results

Let S = {p1,...,ps} be a set of prime numbers. We call a rational num-
ber an S-unit if both the denominator and the numerator of its simplified
representation are composed of primes from S. Evertse [7] proved that for
any non-zero rational numbers a,b, the equation ax + by = 1 in S-units
x,y has at most exp(4s + 6) solutions. On the other hand, Erdds, Stewart
and Tijdeman [6] showed that equations of this type can have as many as
exp{(4 + o(1))(s/logs)'/?} such solutions as s — oco. Thus the dependence
on s cannot be polynomial. In the present paper we generalise this result to
S-unit equations in an arbitrary number n of variables. Here n is considered
to be given.

In [8] Evertse proved that for given non-zero rational numbers ay, ..., a,,
the equation

(2.1) a1 + Ao + -+ + apx, = 1 in S-units xq, o, ..., T,

has at most (235712)"3(5“) non-degenerate solutions. We call a solution de-
generate if there is some non-empty proper subset {iy,... iy} of {1,...,n}
such that a;,z;, + a;,x;, + -+ a;,z;,, = 0 and otherwise non-degenerate.
In [9], Evertse, Gyory, Stewart and Tijdeman showed that there are equa-
tions (2.1) which have as many as exp{(4+o0(1))(s/logs)*/?} non-degenerate
solutions as s — oo and subsequently Granville [10] improved this to
exp(cos' /" (log )~/ for a positive number co. For our first result we
shall establish a version of Granville’s theorem with ¢y given explicitly.

THEOREM 1. Let ¢ be a positive real number and let a4, ...,a, be non-
zero rational numbers. There exists a positive number sy, which is effectively
computable in terms of € and aq, ..., a,, with the property that for every
integer s > sq there is a set of primes S of cardinality s such that equation
(2.1) has at least

exp {(1 — a)n”—flsl’l/”(logs)’l/"}

non-degenerate solutions in S-units x1, X, ..., T,.

Theorem 1 does not exclude the possibility that the sets of solutions of
the equations (2.1) under consideration are of a special shape, for instance
that they are contained in the union of a small number of proper linear
subspaces of Q" or in some algebraic variety of small degree. We shall
prove in Theorem 2 that this is not the case.



Let again S be a set of primes and a = (ay,...,a,) a tuple of non-zero
rational numbers. Recall that the total degree of a polynomial P is the
maximum of the sums k; + - -- + k, taken over all monomials XJ* - .. XF»
occurring in P. Define g(a, S) to be the smallest integer g with the following
property: there exists a polynomial P € C[Xj,...,X,] of total degree g,
not divisible by a; X; 4+ --- + a,X,, — 1, such that

(2.2) P(xy,...,x,) =0 for every solution (xy,...,x,) of (2.1).

For instance, suppose that the set of solutions of (2.1) is contained
in the union of ¢ proper linear subspaces of C", given by equations
cnX1+ -+ X, =0 (i = 1,...,t), say. Then (2.2) is satisfied by
P = H§:1(Z?:1 ¢;;X;) which is not divisible by a1 Xy + --- + a, X, — 1;
hence t > g(a,S). This means that if g(a, S) is large, the set of solutions of
(2.1) cannot be contained in the union of a small number of proper linear
subspaces of C". Likewise, the set of solutions of (2.1) cannot be contained
in a proper algebraic subvariety of small degree of the variety given by (2.1).
Our precise result is as follows.

THEOREM 2. Let ¢ be a positive real number and let a = (aq, ..., a,) be
an n-tuple of non-zero rational numbers. There exists a positive number sy,
which is effectively computable in terms of € and a, with the property that
for every integer s > sy there is a set of primes S of cardinality s such that

g(a,S) > exp{(4— £)s'2(log s)_l/Q}.

Note that for n = 2, both Theorems 1 and 2 imply the above mentioned
result of Erdds, Stewart and Tijdeman.

We prove results analogous to Theorems 1 and 2 for “norm polynomial
equations.”

In what follows, K is an algebraic number field. We denote by Ok the ring
of integers of K. Let ay,...,a,, be elements of Ok which are linearly inde-
pendent over Q and for which Q(«ay,...,a,,) = K. Further, let py,...,p;s
be distinct prime numbers. From results of Schmidt [20] and Schlickewei
[19], it follows that the norm form equation

(2.3) |Nijg(aowo + -+ + )| = pi* -+ &

has only finitely many solutions in integers xg,...,Zn, 21,...,2s with
ged(xg, ..., 2) = 1 if and only if the left-hand side satisfies some suitable
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non-degeneracy condition. Instead of (2.3) we deal with norm polynomial
equations

(24) ‘NK/Q(OJ0+061.T1+"'+CKmLEm)‘ :pil pis

inTy,...,Tm, 21,...,2s € 4,

that is, norm form equations with xqg = 1. As it turns out, the number
of solutions of equation (2.4) is finite if ay, . .., a,, are linearly independent
over Q. Under this hypothesis, Bérczes and Gy6ry ([2, Theorem 2, Corollary
8] or [1, Chapter 1]) proved that equation (2.4) has at most

(217n) 6(m)(s+1)

solutions, where n = [K : Q] and 6(m) = 2(m + 1)(m + 2)(2m + 3) — 4.
In fact, this is a consequence of a much more general result of theirs on
decomposable polynomial equations.

Note that for m = 1, equation (2.4) is just the generalised Ramanujan-
Nagell equation

(2.5) |[f(zx)| =p7* - p> inx z,...,2s €7,

where f is an irreducible polynomial in Z[X] of degree at least 2. Erdés,
Stewart and Tijdeman [6] proved that given any n > 2 and any sufficiently
large integer s there are a polynomial f € Z[X] of degree n and primes
P1,-..,Ps such that (2.5) has more than exp{(1 + o(1))n?s*/"(log s)/M~1}
solutions. The polynomial constructed by Erdés, Stewart and Tijdeman
splits into linear factors over Q.

Subsequently Moree and Stewart [18] proved a similar result in which the
constructed polynomial f is irreducible. More precisely, let K be a field
of degree n over Q and let f be a monic irreducible polynomial in Z[X] of
degree n such that a root of f generates K over Q. Let m;(z) denote the
number of primes p with p < z for which f(z) = 0 (mod p) has a solution.
It follows from the Chebotarev density theorem (see Theorems 1.3 and 1.4

of [13]) that
(@) = ——(1+ o))

where ¢k is a positive number which depends on K only. Let L denote
the normal closure of K. Then cx equals [L : Q] divided by the number
of field automorphisms of L/Q that fix at least one root of f, or in group
theoretic terms, cx = #G/#(U,eqoHo™!), where H = Gal(L/K) and
G = Gal(L/Q), see [3, Theorem 2|. Thus 1 < ¢x < n is a rational number
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and if K is normal then cx = n. Moree and Stewart [18] proved that for
each field K of degree n over Q there is a polynomial f, as above, such that
the number of solutions of (5) is exp{(1 + o(1))n(cxs)/"(log s)"/"~1}.

We generalize the result of Moree and Stewart to norm polynomial equa-
tions as follows.

THEOREM 3. Let K be an algebraic number field of degree n > 2. Let
a1, ..., a, be elements of Ox which are linearly independent over Q where
1 <m < n-—1. Let € > 0. There exists a positive number s, which is
effectively computable in terms of ¢, K and axq, ..., a,,, with the property
that for every integer s > sy there are a set S = {pi,...,ps} of rational
prime numbers and a number oy with

(2.6) € Ok, Q(ap) = K, ag Q-linearly independent of ay, . .., ay,,
such that equation (2.4) has more than
exp{(1 — 5)%(0Ks)m/"(log g)(m/m—11

solutions.

Given a set of primes S = {p1,...,ps} and a tuple a = (v, ..., ) of ele-
ments of Ok, we define g(a, S) to be the smallest integer g with the following
property: there exists a non-identically zero polynomial P € C[X7, ..., X,,]
of total degree g such that

(2.7) P(zy,...,xy) =0
for every solution (z1,...,Zm, 21,...,2s) of (2.4).

We prove the following result.

THEOREM 4. Let K,n,m, ay,...,q,, and € > 0 be as in Theorem 3.
There exists a positive number s3, which is effectively computable in terms
ofe, K and oy, . . ., au,, with the property that for every integer s > sz there
are a set S = {p1,...,ps} of rational prime numbers and a number o with
(2.6), such that

g(a,S) > exp{(1 — 5)n(cKs)1/”(log s)(l/”)_l}.

Here o = (ag, (g, - . -y (uy).
It should be noted that both Theorems 3 and 4 with m = 1 imply the result
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of Moree and Stewart mentioned above.

The main tool in the proofs of Theorems 1-4 is a lower bound for the num-
ber of ideals in a given number field which have norm < X, are composed of
prime ideals <Y, and which are composed of prime ideals outside a given
finite set of prime ideals 7. We have stated this result below since it is not
in the literature and since it may have some independent interest. We first
recall some history.

Let ¢ (X,Y) be the number of positive rational integers not exceeding X
which are free of prime divisors larger than Y. Canfield, Erdés and Pomer-
ance [5] proved that there exists an absolute constant C' such that if X,Y

are positive reals with Y > 3 and with u := }Zi); > 3, then

(2.8) YP(X,Y) > Xexp{ — u{log(ulogu) — 1 +

n logou — 1 n C<10g2u>2}}.

log u log u

where log,u = loglogu. Further, Hildebrand [11] showed that for
arbitrary fixed ¢ > 0, one has uniformly under the condition X >
2, exp{(log, X)iT} <Y < X,

(2.9) B(X,Y) = Xp(u){l +0 (mglggi;n) }

where p(u) denotes the Dickman-de Bruijn function.

More generally, let K be a number field. By an ideal of the ring of integers
Ok we shall mean a non-zero ideal. Denote by ¥k (X,Y’) the number of
ideals of Ok with norm at most X composed of prime ideals of O of norm
at most Y. Here the norm of an ideal a is the cardinality of the residue class
ring Ok /a. By Moree and Stewart [18, Theorem 2] there exists a constant
Ck > 0, depending only on K, such that with X,Y and u as above we have

(2.10) vrr(X,Y) > Xexp{ — u{log(ulogu) — 1 +

L logou — 1 . CK<log2u>2}}‘
logu log u

This result has been proved by extending the method of Canfield, Erdos
and Pomerance.

Now let T" be a finite set of prime ideals of Ok, and denote by g 7(X,Y)
the number of ideals of Ok which have norm < X and are composed of
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prime ideals which have norm <Y and lie outside T'. We prove the follow-
ing:

THEOREM 5. There exists a positive effectively computable number Ck
depending only on K and T such that for X,Y > 1 with u := igg‘;f > 3 we
have ¢

(2.11) Yrr(X,Y) > Xexp{ — u{log(ulogu) — 1 +

n logou — 1 n Of{j(log?u)?}}
log u log u

In the proof of Theorem 5 we did not use the ideas of Canfield, Erdos and
Pomerance, but instead extended the arguments from Hildebrand’s paper
[11] mentioned above. Another more straightforward method to obtain a
lower bound for ¢k r such as (2.11) is by combining the estimate (2.10) for
Vi (X,Y) with an interval result for ¢ (X,Y’) due to Moree [16]. Unfortu-
nately, the result obtained by this approach is valid only for a much smaller
X,Y-range, and it is not at all transparent whether the constant C'x p aris-
ing from this approach is effective. In [4] Buchmann and Hollinger, assuming
the Generalized Riemann Hypothesis, established a non-trivial lower bound
for ¢ (X,Y), uniform in K, involving the degree of the normal closure and
the discriminant Dg of K. They did so by using the method of Canfield,
Erdés and Pomerance. Our method to prove Theorem 5 can be used to ob-
tain a variant of the result of Buchmann and Hollinger with much smaller

error term. As a starting point in our approach one may take equation
(11.RH) of Lang [14].

3 Proof of Theorem 5.

We recall some properties of the Dickman-de Bruijn function p(uw). This
function is the unique continuous solution of the differential-difference equa-
tion up'(u) = —p(u — 1) for u > 1 with initial condition p(u) = 1 in the
interval [0, 1] (and, by convention, p(u) := 0 for u < 0). Recall that accord-
ing to Hildebrand’s estimate (2.9), p(u) is the density of the set of integers
< X composed of prime numbers < X" as X tends to infinity; therefore,
0 < p(u) < 1. In the following lemma we have collected some further easily
provable properties of the Dickman-de Bruijn function that will be needed
in the sequel.



LEMMA 1. We have

i) up(u) = [* p(t)dt for u>1.

ii) p(u) > 0 for u > 0.

iii) p(u) is decreasing for u > 1.

iv) —p'(u)/p(u) is increasing for u > 1.

v) —p'(u) < p(u)log(2ulog®(u + 3)) for u > 0, u # 1.

vi) p(u —t) < p(u)4(2ulog®(u +3))t foru >0 and 0 < ¢ < 1.

Proof. This is in essence [11, Lemma 6], see also [17, p. 30]. Parts v)
and vi) are, however, modified so as to obtain explicit estimates valid for
u > 0. They require some easy numerical verifications that are left to the
interested reader. O

An important quantity in the study of the Dickman-de Bruijn function is
the function &(u). For any given u > 1, {(u) is defined as the unique positive
solution of the transcendental equation

65—1_
§

The quantity &(u) exists and is unique, since lim,|o(e” —1)/z = 1 and since
(e — 1)/x is strictly increasing for z > 0. The Fourier transform p of p
involves the function (e® — 1)/s. By writing p as the Fourier transform of
p and applying the saddle point method one obtains [22, p. 374] that for
u > 1,

(3.1) u.

_ 8 w) / b 1
32 =y ey [ e 0}
(It is not difficult to show that £'(u) ~ 1/u as u tends to infinity.) For our

purposes we need an effective lower bound of the quality of (3.2). The next
lemma fulfils our needs.

LEMMA 2. Foru > 1 we have
oo { - [ e} <ot <o { - [“etar)

Proof. Let f(u) = —p'(u)/p(u) denote the logarithmic derivative of 1/p(u).
Using parts i) and iv) of Lemma 1 we deduce that

U= / &dt _ / elt F(s)ds gy < / e(u=f (W) g — g’
u—1 p(U) u—1 u—1 f(U)



and thus, by the monotonicity of (e* — 1)/, that f(u) > &(u) for u > 1.
By a similar argument we find that f(u) < {(u+ 1) for v > 0 and u # 1.
On noting that

exp(—/luf(s—l—l)ds> < p(u)zexp(—/luf(s)ds>

< o (- [ ts)ds).

the proof is completed. O

The method of bootstrapping allows one to obtain an asymptotic expression
for £(u) with error O(log™* u) for arbitrarily large k. To illustrate this we
do the first few iterations. From (3.1) we deduce that

(3.3) §zlog§+logu+0(€‘iu), £ u — oo.

Notice that for u sufficiently large 1 < £ < 2logu. It follows from (3.3)
that £ = logu + O(logyu). Substituting this into the right-hand side of
(3.3) then yields £ = logu +log, u+ O(log, u/ log u). Note that the implied
constant is effective. By repeatedly substituting the lastly found asymptotic
expression for &(u) into the right-hand side of (3.3), one can calculate an
asymptotic expression for &(u) with error O(log ™ u) for arbitrary k > 1,
with effective implied constant. This then implies, using Lemma 2, that for
arbitrary £ > 1 we can find an elementary explicit function gx(u) such that
p(u) > exp(gr(u) + Og(ulog ™ u)), where the implied constant is effective.
For example, by substituting £ = logu + log, u + O(log, u/ log u) into the
right-hand side of (3.3) we obtain for u > 3,

¢ =logu +logyu + log, u +O<(1og_2u>2>'

log u log u

Using Lemma 2 we then find that, for u > 3,

(3.4) p(u) > exp {—u{ log(ulogu) — 1+ logyu—-1 + O<(1og2u)2> }} ,

log u log u

where the implied constant is effective.
Alternatively gi(u) can be computed using the convergent series expansion

= — 1 \" [(1+ulogyu g
f(u)—logu+log2u+ZZcmk(lo > ( oz ),

u
m=0 k=1 8




where the ¢,,; are explicitly computable real numbers, cf. [12]. (This for-
mula corrects the one stated in [12] where there is a typo that, as Prof.
Tenenbaum pointed out to us, was introduced by the printer after the proof-
corrections had taken place.)

Now let K be an algebraic number field. We put P(a) = max{Np : pla}
for an ideal a # (1) of Ok and P((1)) =1 (here and in the sequel the sym-
bol p is exclusively used to indicate a prime ideal). We denote by Nk (Y)
the number of ideals of O of norm <Y and for a given finite set of prime
ideals T' of Ok, by Ng (YY) the number of ideals of Ok of norm <Y which
are coprime with each of the prime ideals from 7'. For instance from the
arguments in Lang [15, Chap. VI-VIII] it follows that

Ng(Y) =AY + O(Yl_l/[K:Q}), where Ax = Ress—1(k(s)

is the residue of the Dedekind zeta-function at s = 1 (which as is well-
known can be expressed in terms of invariants such as the class number and
regulator of the field K) and where the implied constant is effective and
depends only on K. By means of the principle of inclusion and exclusion it
then follows that

(3.5) Ner(Y) = AgrY + Oy —VIKQ)
with Agr = Ak HpeT(l _ NLp)7

where the implied constant is effective and depends only on K and 7.

As before, we denote by i 7(X,Y) the number of ideals of Ok of norm
at most X which are composed of prime ideals which do not belong to the
finite set of prime ideals T" and, moreover, have norm at most Y. The ideals
so counted form a free arithmetical semigroup satisfying the conditions of
Theorem 1 of [17, Chapter 4]. It then follows that, for arbitrary fixed
e € (0,1), we have uniformly for 1 <u < (1 — ¢)log, X/logs X that

(3.6) Yrr(X,Y) ~ AgrXp(u) as X — oo,

where logg X = logloglog X. Thus we get a density interpretation of p(u)
similar to that for ¢)(X,Y).

The proof of (3.6) is based on the Buchstab functional equation for free
arithmetical semigroups. In order to obtain Theorem 5, which gives a lower
bound for ¢k (X, Y) valid for a much larger X, Y-region, a different func-
tional equation will be used. This equation along with several other ideas
that go into the proof of Theorem 5 are due to Hildebrand [11], cf. [22, pp.
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388-389], who worked in the case where K = Q and T is the empty set. Put
q = [[,cr p- Define

log Np if a =p™ for some p ¢ T and m > 1,
AKT(CI =

0 otherwise.
Then for X > Y we have

(3.7) Yrr(X,Y)log X

/ ¢KTtY dt—l— Z Agr(a wKT(Na, Y).

Na<X
P(a)<Y

In order to establish the validity of this equation we express the sum of all
terms log Na with a satisfying Na < X, P(a) <Y and a coprime with ¢ in
two different ways. On the one hand we find by integration by parts that
this sum can be expressed as

X
Y
1/1K,T(X,Y)logX—/ %dt,
1

on the other hand we notice that the sum can be rewritten as follows

Z ZAK,T(b) = Z Agr(b) Z 1

Na<X, a+q (1) b|a Nb<X Na<X, a+q=(1)
P(a)< P(b)<Y bla, P(a)<Y

Z AKT ¢KT(N57Y)7

Nb<X

P(b)<Y
where we used that log Na =, Agr(b) for any ideal a coprime with q.
Using functional equation (3.7) and Lemmata 3 and 4 below, we will deduce
the crucial Lemma 5, and from that, Theorem 5.

LEMMA 3. Let K be a number field and T a finite set of prime ideals in
Ok. Put log™Y = max{1,logY}. Then

AK,T<a)
Na

=logY +cixkr+EY) forY >1,
Na<y

where ci g is a constant depending on K and T and where for every
m > 1 we have |E(Y)| < ¢, (log"Y)™, with ¢, an effectively computable
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constant depending on m, K and T.

Proof. Let IIx(Y) denote the number of prime ideals of K of norm < Y.
Theorems 1.3, 1.4 of Lagarias and Odlyzko [13] imply an effective version
of the Prime Ideal Theorem of the shape I (Y) = Li(Y) + Eo(Y) where
Li(Y) = fzy(logt)_ldt and |Eo(Y)| < Y (log"Y)™™ for every m > 2,
with ¢/, an effectively computable constant depending on m and K. From
this and the standard Stieltjes integration and partial summation arguments
one obtains Lemma 3. O

LEMMA 4. Let 0<0<1,m>4,1<u<Y2Y > and let ¢, be as
in Lemma 3. Put

AK,T(Q) og Na
Sy = Z Ta'P(U—%)-
Na<y?

Then ,
Sy = logY/ o — v)dv + Ex(0),
0
with

ulog?(u + 3)0_m}

< /
|E1(0)] < 17cmp(u){2 + og™ 1Y

Proof. Using Lemma 3 we find by Stieltjes integration that

Sy = /09 p(u—v)d ( AK—T(C‘)) = logY/Oe p(u—v)dv+1,(0) + 15(0),

N
Na<yv a4

where I1(0) = E(Y%)p(u — 0) — E(1)p(u) and I,(6) = foe p(u—v)E(Y")dv.
Using Lemma 1 vi) we deduce that

, 8ulog”(u+3) .
|f1(9)’§0mﬂ(u){1+#9 }

For notational convenience let us put g(u) := log(2ulog®(u + 3)). Then
using Lemma 1 v), vi) we obtain

log™'Y 6
L) < dptwg{e, [ e avr [ e B},
0 log='Y
The conditions on v and Y ensure that the first integral in the latter esti-
mate is bounded above by g(u)~!exp(g(u)/logY) < 8/g(u). We split up
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the integration range of the second integral at 8log™/™Y and denote the
corresponding integrals by I3(6) and I,(0), respectively. We have

e@g(u) logf% Y 010g7% Y dv ! n
3.8 LN <d — 2% « _Tm 0g(u)/logm Y
I o e
and
O ' 9= 2y log?(u + 3
(3.9)  |L.(0)] gcw;ni_l/ it gy < (0" 2ulog (ut3)
log™ ™Y Jorog—m v log" Y g(u)

Note that if g(u) < log"™Y, then g(u)|I5(0)| < ¢, /4. If g(u) > log"/™Y,
then thanks to our assumption Y > ™™, the right-hand side of (3.8) is
smaller than the right-hand side of (3.9), therefore both |I3(0)| and |,(6)]

c,0—m 2ulog? (u43
og™ 'Yy g(u)

are bounded above by ; ). On adding the various estimates,

our lemma follows. O

LEMMA 5. Let m > 4 be arbitrary and 1 < u < Y?2. Suppose that
Y > max{e™" €0} Then

Y

log(6(u + 1)) N 5.2 Hu+1) })7

X.V) > Xo(wA (-1224’ {
wK,T< 9 )— p(U) €xp Cm lOgY lOgm_SY

where A = ian21 NK7T(Y)/Y

Proof. We set 0(u) := infocp<y (Y, Y)/(Y?p(v)). Note that 6(u) > A
for 0 < uw < 1. Let uw > 1. Functional equation (3.7) gives rise to the
estimate

Vrr(X,Y)log X > ZAK,T(C‘WK,T(%;Y)

Na<lY

> X3(u)Sy + X6(u— 1)(S) — S1).

1
2

By dividing this inequality by X p(u)log X = Xup(u)logY and then using
Lemma 4, Lemma 1 i) and the fact that § is decreasing, we obtain

¢K,T(X7 Y)

o 2 ) 0= L= rw) 2B (3]~ B,

where




Since by Lemma 1 iii), p is decreasing it follows that r(u) < 1. Further,

51c¢. (2 5-2m
2NE, (1) + |Ey (D] < f(u) = m{— —————}
| 1(2)|+| 1( )| —f (U) ]_OgY logm—?)Y

Hence

Yrr(X,Y)
Xp(u)

We want to establish that

(3.10) >

o) + (5 = fn(w))d(u — 3).

N[+

(3.11) §(u) > min(A, §(u — 5))e me=3),

If 6(u) = 6(u — 1), this inequality is trivially true. If §(u) = 6(1) the
inequality is true as well, since §(1) > A. So assume that 5(u) < 6(u—3) and
d(u) < §(1). Choose € with 0 < ¢ < 1. Then there exists u' € (max(l u—
1), u] such that ¢r (X', Y)/(X'p(u')) < §(u)(1+¢), with X' =Y. Using
(3.10) with «’ replacing u we then infer

(W) + (5 — fm(W))o(u —
u) + (5 = fm(u = 3))d(u — 3).
Since € may be chosen arbitrarily small, the latter inequality implies that

6(u) > 6(u—3%)(1—2fn(u—3)). The lower bound Y > exp(1500¢/,) ensures
that f,,(u— 3) < 1/6 and hence the validity of (3.11).

)

N[—=

+
+

N =
N =

We now iterate (3.11), the last step being with an argument wy, > 1

such that 6(ugp — 3) > A. Since f,, is decreasing, this yields d(u) >

A exp{—6 Zi[ﬂ) m(%)} Then Lemma 5 follows after an easy compu-
tation. O

Proof of Theorem 5. By (3.5) (which is effective), there is an effective
constant Ay such that A > Ag > 0. Now from this fact, Lemma 5 with
m = 6 and (3.4) (where the implied constant can be made effective) we ob-
tain (2.11) with some effective constant Crc 7 > 0, provided that 1 < u < Y?
and Y > Y}, where Y} is some effectively computable number depending on
K and T. Note that if u > Y? and Y > Y} (with Y; > Y} effective and
depending on K, T and Cy r) then the right-hand side of (2.11) is < 1 so
that (2.11) is trivially true (as g r(X,Y) > 1). Further, if Y <'Y) then for
X exceeding some effectively computable number Xy depending on K, T, Y;
and Ckxr we have again that the right-hand side of (2.11) is < 1, so that
(2.11) holds. We can achieve that (2.11) holds for the remaining values for
X,Y, ie,Y <Y and X < X, by enlarging the constant C r if necessary.
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This completes the proof of Theorem 5. O

Remark. Given any k£ > 0, a refinement of Theorem 5 with error term
exp{O(ulog ™ u)} and effective implied constant can be given by carrying
out the bootstrap process for £(u) far enough.

4 Preparations for the proofs of Theorems
1-4.

We start with a simple result on polynomial equations.

LEMMA 6. Let Q € C[Xy,...,X,,] be a non-trivial polynomial of to-
tal degree g. Let A,B € 7Z with A < B. Then the set of vectors
X = (X1,...,&y) € Z™ with

(4.1) Q(x) =0, A<z, <Bfori=1,...,m
has cardinality at most g - (B — A +1)™1,

Proof. We proceed by induction on m. For m = 1 the lemma is obvious.
Suppose m > 1. Assume the lemma holds true for polynomials in fewer
than m variables. We may write

h

Q(Xl, .. 7Xm) = ZQ@(le v ,Xm—l)Xrin

1=0

with h < g, Q; € C[Xy,..., X;n_1] of total degree < g —i for i =0,...,h
and with @, not identically zero. Let V' be the set of tuples x with (4.1).
Given x = (1,...,2y) € V we write X' = (z1,...,Zpm_1).

First consider those x € V for which Qn(x’) # 0. There are at most
(B — A+ 1)™ ! possibilities for x’. Fix one of those x’. Substituting z;
for X; (i =1,...,m —1) in @ gives a non-zero polynomial of degree h in
X,,. Hence for given x’ there are at most h possibilities for x,, such that
Q(x) = 0. So altogether, there are at most h(B — A +1)™"! vectors x € V

with Qh(X,) 7é 0.

Now consider those x € V for which @Q,(x’) = 0. Recall that @) has
total degree at most g — h. So by the induction hypothesis, there are
at most (g — h)(B — A + 1)™2 possibilities for x’. For a fixed x/, there
are at most B — A + 1 possibilities for z,,. Therefore, there are at most
(g—h)(B—A+1)""1 vectors x € V with Qp(x') = 0.
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Combining this with the upper bound h(B — A + 1)™~! for the number of
vectors in V' with Q(x’) # 0, we obtain that V has cardinality at most
g(B — A+ 1)™"!. This proves Lemma 6. O

Let K be a number field. We denote by & — £ (i = 1,...,[K : Q)]) the iso-
morphic embeddings of K into C. The prime ideal decomposition of o € O
is by definition the prime ideal decomposition of the principal ideal («) gen-
erated by ao. We say that o € Ok is coprime with the ideal a if (o) +a = (1).

LEMMA 7. Let [K : Q] = n. Let a be an ideal of Ok and let o € Ok
be coprime to a. Further, let T be the set of prime ideals dividing a. Then
there are effectively computable constants C,Cy, C3 > 1, depending only
on K,a such that for X, Y with X > Y > (4, the number of non-zero

|ED| < CoX V™ fori=1,...,n,
(4.2) E=a (mod a),
(&) is composed of prime ideals of norm <Y

is at least Cy "W r(X,Y).

Proof. Below, constants implied by <, > depend only on K,a and are all
effective. For £ € Ok let ||£]| denote the maximum of the absolute values
of the conjugates of £&. Denote by h the class number of K. By the effective
version of the Chebotarev density theorem from [13] (Theorems 1.3, 1.4)
each ideal class of K contains a prime ideal outside T" with norm bounded
above effectively in terms of K,a. Let H consist of one such prime ideal
from each ideal class.

Assume that Y exceeds the norms of the prime ideals from H. Let b be
an ideal of norm at most X composed of prime ideals of norm at most Y
lying outside T'. Choose p from H such that b - p is a principal ideal, (),
say. Then (f) has norm < X and is composed of prime ideals of norm
< Y lying outside T. Further, there are at most h ways of obtaining a
given principal ideal () by multiplying an ideal of norm at most X with
a prime ideal from H. Therefore, the number of principal ideals of norm
< X, composed of prime ideals of norm at most Y and lying outside T, is
at least h ™ (X, Y).

We choose from each residue class in (Og/a)* a representative + for which
|7|| is minimal. Denote the set of these representatives by R. Suppose
R has cardinality m. Clearly, each element from R is composed of prime
ideals outside T'. Furthermore, of each element of R the absolute value of
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the norm can be bounded above effectively in terms of K a.

Assume that Y exceeds the absolute values of the norms of the elements
from R. Then the elements of R are composed of prime ideals outside T’
of norm at most Y. Take a principal ideal () of norm < X composed of
prime ideals of norm at most Y lying outside 7". According to, for instance,
[21], Lemma A.15, there is a 8 with (8') = (3) and ||#|| < X'/". Clearly,
(' is coprime with a, so there is a v € R with £ := 'y = @ (mod a). Note
that ||£]| < X/, and that (¢) is composed of prime ideals of norm at most
Y lying outside T'. There are at most m ways of getting a given element
¢ with (4.2) by multiplying an element 3’ coprime with a with an element
from R. In other words, there are at most m principal ideals of norm < X
composed of prime ideals of norm at most Y outside T" which give rise to
the same ¢ with (4.2). Together with our lower bound vk (X, Y")/h for the
number of principal ideals this implies that the number of £ with (4.2) is at
least (hm) Y4 (X,Y). This proves Lemma 7. O

For functions f(y),g(y) we say that f(y) = o(g(y)) as y — oo effectively
in terms of parameters z, ...,z if for every 6 > 0 there is an effectively
computable constant yy depending on 6, 21, . .., z; such that |f(y)| < d|g(y)]|
for every y > y9. Then we have:

LEMMA 8. Let 0 < o < 1. Further, let K be a number field and T a finite
set of prime ideals of Ok . Then for Y — oo there is an X such that

2
1l—«

11—«
)

(4.3) log X <

7vZ)K,T(*X? Y)

(4.4) -

exp {71 j_o(;) Y1 (log Y)*l}

where the o-symbol is effective in terms of o, K, T.

Proof. Below all o-symbols are with respect to Y — oo and effective in
terms of a, K, T. Let X = Y* with ulogu = Y=, Thus,

u=(1+0(1))(1 — )Y (log V)"

and
log X =ulogY = (1+0(1))(1 —a) 'Y

Note that for Y sufficiently large, X satisfies (4.3). Further, v > 3. Now
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by our choice of u and by Theorem 5 we have

wK,T<XJ Y)

e > yul=exp{ — u(log(ulogu) —1 +o(1))}

> exp ((1 + 0(1))u) = exp {%S) -Y'1=(log Y)_l}

which is (4.4). O

5 Proofs of Theorems 1 and 2.

Proof of Theorem 1. Constants implied by < and > are effective and
depend only on n,aq,...,a, and the o-symbols are always with respect to
s — oo and effective in terms of n,ay,...,a,. By “sufficiently large” we
mean that the quantity under consideration exceeds some constant effec-
tively computable in terms of n,aq,...,a,. We denote the cardinality of a
set A by |A|.

Let s be a positive integer and let € be a positive real number. Put

t=1[(1-¢/2)s],
Y=p, T=A{p1,....,p}

where p; denotes the i-th prime. Note that, by an effective version of the
Prime Number Theorem,

(5.1)

(5.2) Y =(1+o0(1))tlogt.

We choose X according to Lemma 8 with a = 1/n, K =Q, T = 0.

Let g; = ﬁ fori=1,...,n. The number of n-tuples (z1,...,z,) with each
g;x; a positive integer of size at most X and composed of primes at most Y
equals (X, Y)". Since the sum ayzy + -+ + a,z, is < X and is a positive
rational number with denominator < 1, there exists a positive rational
ag < X with denominator < 1 such that the set of tuples (xy,...,x,) € Z"
with

(5.3) { a1y + - - + a,T, = ag

1 <egx; <X, x; is composed of primes <Y fori=1,...,n,

has cardinality > ¢(X,Y)"/X. Let R be the set of primes p dividing the
numerator or denominator of ag. By the (effective) Prime Number Theorem,

|R| is at most
(14 0(1))log X/ log, X.
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From (4.3) with a = 1/n, (5.2), (5.1) we infer that |R| = o(s) and then
from (5.1) that |[R UT| < s provided s is sufficiently large. Let S be a set
of primes of cardinality s containing R U T

Clearly the numbers ;”—0 for i = 1,...,n are S-units. Further, since al(z—o)
is positive for ¢ = 1,...,n, the subsums of a1z; + --- 4+ a,x, are all non-
zero. Thus equation (2.1) has > ¢ (X,Y)"/X non-degenerate solutions in
S-units. By (4.4) with & = 1/n and (5.2) we have for Y sufficiently large

2

H(X,Y) /X > exp ((1 T o(1))2y 1=/ log Y)_1>

n

> exp ((1 + 0(1))nn__21t1—(1/n)<10g t)—l/n)

Using (5.1) it follows at once that for s sufficiently large, equation (2.1) has
more than exp ((1 - 5)n”—f181*(1/”)(10g 3)*1/"> non-degenerate solutions in

S-units. This proves Theorem 1. O

Before proving Theorem 2 we observe that g(a,.S) is the smallest integer g
for which there exists a non-zero polynomial P* € C[Xj, ..., X,,_1] of total
degree g with

(5.4)  P*(xy1,...,x5-1) =0 for every solution (z1,...,z,) of (2.1).

Indeed, let P € C[X},...,X,] be a polynomial of total degree g(a, S) with
(2.2) which is not divisible by a1 X; + - -+ + @, X,, — 1. Substituting X,, =
a;'(1—a; X, —+-—a, 1X,_1) in P we get a polynomial P* which satisfies
(5.4), has total degree at most g(a,S), and is not identically zero. On the
other hand, any non-zero polynomial P* with (5.4) must have total degree
at least g(a, S) since it is not divisible by a; X; + -+ - 4+ a, X, — 1.

Proof of Theorem 2. Let ¢ > 0. By Theorem 1 with n = 2 we know
that there is an effectively computable positive number ¢, which depends
only on ¢, such that for every integer ¢ > t; there is a set of primes T' of
cardinality ¢t for which the equation x + y = 1 in T-units x, y has at least

(5.5) A(t) := exp { (4 — %E)tl/Q(log t)_l/Q}

solutions. Fix such ¢t and T. We first show by induction that for every n > 2
the n-tuple 1,, = (1,...,1) satisfies g(1,,,T) > A(t).

We are done for n = 2. Suppose n > 3, and that our assertion holds with
n — 1 in place of n. Thus g(1,-1,7) > A(t). Let U be the set of tuples

(56) (xlu s 7xn) = (yh <oy Yn—2,Yn—-1%1, yn—122>
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where (yi,...,Yn—1) runs through the solutions of

(5.7) Y1+ + Ypor =1 in T-units yq, ..., Yn_1
and where (z1, 25) runs through the solutions of

(5.8) 21+ 2o =1 in T-units 2z, 2s.

Then from
Y+t Yno Fyn-1(z1 +22) =1

it follows that the tuples in U satisfy
(5.9) T+, =1

Let P € C[Xy,...,X,,—1] be a non-zero polynomial of total degree g(1,,,7)
such that P(xy,...,2,-1) = 0 for every solution (z1,...,x,) in T-units of
(5.9). Since the tuples in U consist of T-units, we have

(5.10) P(yi, .. Yn—2,Yn-121) =0

for every solution (yi,...,yn—1) of (5.7) and every solution (z1, 29) of (5.8).
Define the polynomial in n — 1 variables

(511) P*(}/la I ,Yn,Q,Zl) — P(}/l, e 7Yn727 Zl . (1 — 1/1 — e — Ynfg)).

Then P* is not identically zero since P is not identically zero and since the
change of variables

(X, X)) > (M, Yoo, Z0 - (1 =Y — - = Yo )
is invertible. Now from (5.10), (5.7) it follows that

(512) P*(yl,...,yn,Q,Zl) =0

for every solution (yi,...,yn—1) of (5.7) and every solution (21, z9) of (5.8).
We distinguish two cases.

Case 1. There is a solution (21, z9) of (5.8) such that the polynomial
Pr(Y1,..., Y s) = P*(Y1,...,Y, 2, 21) is not identically zero.

Then by (5.12), P} is a non-zero polynomial with P} (y1,...,9p—2) = 0
for every solution (yi,...,yn—1) of (5.7). Hence P} has total degree >
g(1,-1,T) > A(t). Now by (5.11) this implies that the total degree ¢g(1,,7)

of P is at least A(t).
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Case 2. For every solution (21, 2) of (5.8), the polynomial P} (Y1,...,Y, )
= P*(Y1,...,Y, 9, z1) is identically zero.

Then since (5.8) has at least A(t) solutions, the polynomial P* must have
degree at least A(t) in the variable Z;. By (5.11) this implies that P has
degree at least A(t) in the variable X,,_;. So again we conclude that the
total degree ¢(1,,7T) of P is at least A(t). This completes our induction
step.

Now let a = (ay, ..., a,) be an arbitrary tuple of non-zero rational numbers
and let R be the set of primes dividing the product of the numerators and
denominators of ay,...,a,. Then |R| < 1.

Let s; be a positive number such that if s is an integer with s > s; then for
(5.13) = (55)" s 41

we have

t>t, t+]|R|<s.

Clearly, s; is effectively computable in terms of n,aq,...,a,,e. Choose
s > s; and let T be a set of ¢ primes with ¢g(1,,7) > A(t). Choose any
set of primes S of cardinality s containing 7'U R. Then since aq,...,a, are

S-units and by (5.5), (5.13) we have
0(a.9) = 9(1,,5) > 9(1,,T) > A(t) > exp (4 2)3"*(log ) 2).

Theorem 2 follows. O

6 Proofs of Theorems 3 and 4.

We keep the notation from the previous sections. In particular, K is a
number field of degree n > 2 and «q,...,qa, are Q-linearly independent
elements of O, where 1 < m < n — 1. Constants implied by <, > are
effectively computable in terms of K, aq,...,a,, and the o-symbols will
be with respect to s — oo and effective in terms of K, ay,...,q,. By
“sufficiently large” we mean that the quantity under consideration exceeds
some constant effectively computable in terms of K, aq, ..., ay,.

We order the rational primes p by the size of the smallest norm p*» of a prime
ideal dividing (p). Let py,...,ps be the first s primes in this ordering and

put Y = pfps. By the effective version of the Chebotarev density theorem
from [13] (Theorems 1.3, 1.4) we have

(6.1) Y =(140(1))cgslogs.
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We have to make some further preparations. Choose v € Ok with
Q(7) = K; then the conjugates vV, ... 4™ are distinct. Further, choose
0 € Og which is Q-linearly independent of aq,...,q,,. Then there are
indices ig, i1, ... ,im € {1,...,n} such that

a?O) oal st
A= : : : # 0.
agi’”) oalim) o sm)

Choose a rational prime number p such that p is coprime with v and with
the differences 4 —~vU) (1 <4 < j < n). Further, choose another rational
prime number ¢ such that ¢ is coprime with § and with A. Then by the
Chinese Remainder Theorem, there is a § € Ok such that =+ (mod p),
B = § (mod ¢q) and [ is coprime with pqg. It is clear that p,q, [ can be
determined effectively.

LEMMA 9. For every £ € Ok with& = 3 (mod pq) we have that Q(§) = K
and that & is Q-linearly independent of oy, . .., Q.

Proof. Take £ € Ok with € = 8 (mod pq). Then £€® = ) = 4@ (mod p)
fori=1,...,n, so
€0 _ el =40 _ 1) 20 (mod p)

for 1 < i < j <n, which implies that the conjugates of £ are distinct. Hence
Q(¢) = K. Likewise, we have ¢ = 0 = §0) (mod ¢) fori=1,...,n, so

ozgio) ol £Gio)
: : : =A#0 (modg).
o) L olim) gl

Hence the determinant on the left-hand side is # 0, and therefore, £ is Q-
linearly independent of ay, ..., a,,. This proves Lemma 9. O

Proof of Theorem 3. Let V be the Q-vector space generated by
ai,...,0p,. Choose an integral basis {wi,...,w,} of Ok such that
Wi, ..., wn span V; this can be done effectively. Thus, every £ € O can be
expressed uniquely as £ = Z;;l xjw; with x; € Z. By applying Cramer’s
rule to €@ = > i xjw](.i) (t=1,...,n) and using the fact that det (wj(»i)) #0
we get

max |z;] < max [¢9)].
j=1,...,n i=1,....,n
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We combine this with Lemma 7. Choose X > Y. Since by our construction,
[ is coprime with pgq, it follows that the set of £ € Ok with

522?:1%"%" r; € Z, |xj|<<X1/nf01"j:]_,...7n7
§=p (mod pg),

(&) composed of prime ideals of norm <Y

has cardinality > ¥x r(X,Y), where T is the set of prime ideals dividing
(pq). Consequently, there is a number

K= Z yiw; withy; € Z, ly;| < XY for j=m+1,...,n
Jj=m+1
such that the set of £ € Ok with

E=r+) 00 mwy, 15 €L, |74 < XV for j=1,...,m,

(6.2) =0 (mod pg),
(€) composed of prime ideals of norm <Y

has cardinality > ¢y 7(X,Y)/ X1/,

Pick &, satisfying (6.2). Then by Lemma 9, &, is an algebraic integer such
that Q(&) = K and &, is Q-linearly independent of ay,...,a,,. Since

w1, . ..,wn, span the same Q-vector space as aq, ..., a,,, there is a positive
rational integer d such that the Z-module generated by dw,...,dw,, is
contained in the Z-module generated by aq, ..., a,. Put ay := d&; then

ap satisfies (2.6).

We have & = r + >0, yyw; with y; € Z, Jy;| < Xnforj=1,...,m. If
for £ as in (6.2) we write ¥, = z; —y; (j =1,...,m), we get

€:fo+zx;wj with 2 € Z, |2} < XUrforj=1,....m
j=1

(where we have enlarged the constant implied by <). By expressing
dws, . ..,dw,, as linear combinations of a,...,qa,, with coefficients in Z
we may express d¢ with £ satisfying (6.2) as

(6.3) d¢ = +Zx;-’aj with o € Z, |2| < XY™ for j=1,....m
j=1

(again after enlarging the constant implied by <). Assuming, as we may,
that d is composed of prime ideals of norm at most Y, we have for £ with
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(6.2) that (d€) is composed of prime ideals of norm at most Y. Hence
|Nko(d€)| is composed of py,...,ps. To simplify notation we write z;
instead of 7. Recalling that the set of elements with (6.2) has cardinality
> (X, Y)/ X1/ and that d¢ with € as in (6.2) can be expressed as
(6.3), we obtain that the set of tuples (z1,...,%,,) € Z™ with

|Nijo(ao + 2101 + -+ + Tyt = 3t -+ po
(6.4) for certain zy,...,z, € Z,

2| < XVnfor j=1,...,m
has cardinality > ¢ (X, Y)/X=(m/m),

We have already observed that Y — oo as s — oo. Further, from Lemma
8 with &« = 1 — (m/n) and from (6.1) it follows that for arbitrarily large Y’
there is an X with

Vrr(X,Y) /X0 > exp {(140(1))2 - Y™/ (logY) '}

m

> exp {(1+0(1))2 - (cxs)™"(log s)m/m=11,

m

Theorem 3 now follows directly. O

Proof of Theorem 4. In the proof of Theorem 3 we have shown that
for every sufficiently large Y and every X > Y there is an o with (2.6),
such that the set of tuples x = (z1,...,2,) € Z™ with (6.4) has cardinality
> i (X, Y)/ X0,

Let S ={p1,...,ps} Let P € C[Xj,..., X,,] be a non-trivial polynomial of
total degree g = g(a,S) such that for each solution (xy,..., %y, 21,...,2s)
of (2.4) we have P(xy,...,x,) = 0. This implies in particular that P(x) = 0
for each tuple x with (6.4). Now since the tuples (xy,...,x,,) with (6.4)
have |z;| < XY™ for j = 1,...,m, we have by Lemma 6 that the number
of these tuples is < g - (XY™)™~1 Together with our lower bound >
Vrr(X,Y)/ X1/ for the number of tuples with (6.4), this gives

qg- x (m=1)/n > ¢K,T(X, y)/Xl—(M/n)

or equivalently
9> Yrp(X,Y)/X10M),

Again Y goes to infinity with s. Further, by Lemma 8 with a« =1 — (1/n)
and (6.1) we have that for Y — oo there is an X with

V(X Y)/ XM > exp {(140(1))n - YV(logY) ™'}
> exp {(1+ o(1))n - (cxs)/"(log s) /=11
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This proves Theorem 4. O
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