ON RESULTANT INEQUALITIES

JAN-HENDRIK EVERTSE

1. INTRODUCTION

Let t be a positive integer, x a positive real and f € Z[X] a polynomial of degree
r > 0 without multiple zeros. We consider the so-called resultant inequality

(1.1) 0 <|R(f,g)] < M(g)"

to be solved in polynomials g € Z[X] of degree ¢, where R(f, g) denotes the resultant
of f and g and where M(g) denotes the Mahler measure of g (see formulas (2.1),
(2.2) in Section 2 for definitions). If g = v.X — w is a polynomial of degree 1 then
R(f,g) = F(u,v) where F is the binary form defined by F(u,v) = v" f(u/v) and
M (g) = max(|ul, |v]). So for t =1 we may rewrite (1.1) as a Thue inequality

(1.2) 0 < |F(u,v)| < max(|ul,|v))"™™ inu,v € Z.

By a theorem of Roth [10], (1.2) has only finitely many solutions if x > 2. Hence
(1.1) has only finitely many solutions if ¢ = 1,x > 2. From results of Wirsing [17],
Schmidt [14] and Ru and Wong [11] it follows that (1.1) has only finitely many
solutions if ¢ > 2 and x > 2¢.

Our purpose is to compute an explicit upper bound for the number of polynomials
g € Z[X] of degree t satisfying (1.1) for any ¢ > 1, > 2t. With the present
state of affairs, it is realistic to estimate only the number of polynomials g which
are irreducible and primitive (i.e., whose coefficients have greatest common divisor
1). Indeed, as was pointed out by Hirata-Kohno and the author [4], any explicit
upper bound for the number of non-primitive or reducible polynomials g of degree ¢
satisfying (1.1) would yield an effective improvement of Liouville’s inequality which
is much stronger than what has been achieved so far. In other words, getting an
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explicit upper bound for the number of non-primitive or reducible solutions of (1.1)

is at least as difficult as proving such a strong effective result.

In [3] we derived an explicit upper bound for the number of primitive, irreducible
polynomials g € Z[X] of degree ¢ satisfying (1.1) but only for x > 2t<22:1 2;—_1>
In the present paper we derive a similar such upper bound for x > 2¢t. The precise
statement is given in Theorem 2.1 in Section 2. Whereas in [3] we obtained our result
by following Wirsing’s method from [17], in the present paper we use techniques from
the proof of the quantitative Subspace Theorem. These techniques were developed
in their basic form by Schmidt [15] and refined later by Schlickewei and the author,
cf. e.g., 2], [5].

The quantitative Subspace Theorem implies for a general class of inequalities
including (1.1), that the set of solutions is contained in a finite union V; U---UVj of
proper linear subspaces of the ambient solution space, and moreover it provides an
explicit upper bound for s. In this paper, we specialise the arguments of the proof
of the quantitative Subspace Theorem to (1.1) and show that in this particular
situation, V4, ..., V, can be chosen to be one-dimensional. As our argument heavily
uses properties of resultants, it is not likely that it can be extended to inequalities
other than (1.1).

We give two applications. First we give an explicit upper bound for the number
of solutions of Thue inequalities in which the unknowns are algebraic integers x,y
with [Q(z/y) : Q] =t (cf. Corollary 2.2 in Section 2). Second we derive an explicit
upper bound for the number of solutions of so-called Wirsing systems (these are
systems of inequalities introduced by Wirsing in [17]) (cf. Corollary 2.3 in Section
2). Roughly speaking this means that we give an upper bound for the number of
algebraic numbers ¢ of degree t such that for i = 1,...,t, the i-th conjugate () of

( is very close to a given algebraic number «;.

By (2.3) in Section 2 we can express R(f,g) as F(qgo, ..., g:) where go,...,g; are
the coefficients of g and where F' is a homogeneous polynomial in Z[X, ..., X;] of
degree r = deg f. More precisely, F' is a decomposable form, i.e., F' factors into
homogeneous linear forms over the algebraic closure of Q. Thus (using that for
polynomials g, M(g)/ max(|gol,- .-, |g:|) is bounded from above and from below by

constants depending only on t), we may view (1.1) as a special type of a decomposable
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form inequality
(1.3) |F(go,---,9:)| < (max|g0|,...,|gt|)

where F'is any decomposable form in Z[Xy, ..., X;] of degree r and where £ > 0.
Schmidt [13],[14] and Ru and Wong [11] obtained qualitative finiteness results for
classes of decomposable form inequalities much more general than (1.1). However,

r—K

in go,...,q € Z,

to obtain explicit upper bounds for the number of solutions of decomposable form
inequalities other than (1.1) is a notoriously difficult problem.

2. RESULTS

We start with some notation. The Mahler measure of a polynomial f =

fo(X —aiq) -+ (X —a,) € C[X] is given by
(2.1) M(f) == |fol | [ max(1, |al).
i=1
The resultant R(f,g) of two polynomials f,g € C[X] is defined as follows: write

f=foX"+ AX 4 fo with fo # 0 and g = go X' + g1 X" 4 -+ - 4 g, with
go # 0; then

fo fio  fi
fo /v o f
(2.2) R(f,9):=|9 - gt ,
dgo - Gt

where the right-hand side is a determinant of order r 4 ¢ of which the first ¢ rows
consist of coefficients of f and the last r rows of coefficients of g. The resultant
R(f,g) is characterized by the fact that R(f,g) = 0 if and only if f, g have a
common zero in C. If

f=hX-a) (X —a), g=90(X—=C) (X =),
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then

(2.3) R(f.9) = foan [T]]( —¢)

i=1j=1

= gof(C) - f(G) = foglen) -+~ g(an)
(see [16, §§34,35]). This implies

(2.4) [R(f.9)] < 2"M(f)" - M(g)".

Now let f € Z[X] be a fixed polynomial of degree r > 0, let ¢ be a positive integer
and let kK > 0. We consider the inequality

(2.5) 0<|R(f,g9)| < M(g)"" in polynomials g € Z[X] of degree ¢.

It is trivial that for » < x the number of solutions of (2.5) is finite. So henceforth

we assume that r > k.

Wirsing [17] proved that (2.5) has only finitely many solutions if f has no multiple
zeros and if k > 2t (143 4+ - -+ 577). Later, Schmidt [14] proved that (2.5) has only
finitely many solutions if £ > 2t and if f has no multiple zeros and no irreducible
factors in Z[X]| of degree < t¢. Finally, Ru and Wong [11, p. 212, Theorem 4.1]
proved a general result on decomposable form inequalities which gives as a special
case that (2.5) has only finitely many solutions if £ > 2t and if f has no multiple

Zeros.

On the other hand, Schmidt [14] showed that for every ¢ > 1 there are infinitely
many integers r for which there exists a polynomial f € Z[X] of degree r such that
(2.5) has infinitely many solutions for any x < 2¢. But Schmidt showed also in [14]
that there are polynomials f such that (2.5) has only finitely many solutions already
when xk >t + 1.

We now discuss quantitative results which give an explicit upper bound for the
number of solutions of (2.5). As we explained in Section 1, we will restrict ourselves
to polynomials g which are primitive and irreducible.

In [3] we proved the following result. Let ¢ be a positive integer, f a polynomial

in Z[X] of degree r > 0 without multiple zeros and

1 1
— (2t 14+ -4 — ith 1.
k= (2t +6)( +3+ +2t_1) with 0 < § <
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Then there are at most
10" (671)"3(100r) log 4r log log 4

primitive, irreducible polynomials g € Z[X] of degree t which satisfy (2.5) and for

which
114l L)1
M(g) > (28?“% . M(f)‘*(?“l)t)é Utgtta=)™
We mention that we proved this result by making explicit Wirsing’s arguments from
[17]. In [3] we suggested the possibility to prove a similar result for x > 2¢, but this
was not possible with Wirsing’s method.

In the present paper we prove the following result by means of another approach,
based on techniques from the proof of the quantitative Subspace Theorem:

Theorem 2.1. Lett > 1,0 < § < 1 and let f be a polynomial in Z[X] of degree
r > 2t + 1 without multiple zeros. Then the number of polynomials g € Z[X]| of
degree t such that

(2.6) 0 < [R(f,9)] < M(g)"*,

(2.7) g 1s primitive and irreducible,
(2.8 Mg > (2 ()"

18 at most

(2.9) QIHE0 242l (5715 Lt og 4 log log 47,

Remark. Put C(f) := (22"2M(f)4r4>t/6. The number of polynomials g = go X' +
-+ -+g¢ € Z[X] of degree t with (2.6), (2.7), M(g) < C(f) may be trivially estimated
from above by the number of all polynomials g € Z[X] of degree t with M (g) < C(f).
By estimating the latter from above using M(g) > max(|go|,...,|g:|), and then
adding (2.9), it follows that the total number of polynomials g € Z[X] of degree
t with (2.6), (2.7) is < M(f)Ur=—HHD/9 " where the constants implied by <,>>
depend on 7, t and §. We do not know of any better estimate in terms of M(f).
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On the other hand, one may show that for any pair of integers r >t > 0 and for
any A > 0 there exists an infinite family of polynomials f € Z[X] of degree r, such
that the number of primitive, irreducible polynomials g € Z[X] of degree ¢ with

(2.10) 0 <[R(f,9)] < M(g)*
grows polynomially with M (f).

In the construction we use an argument similar to Mueller and Schmidt [9, pp.
331-332]. Fix an irreducible polynomial fy € Z[X] of degree r. Constants implied
by <, > will depend on r,t and fy. Let b be a sufficiently large integer, and let
0 <6 < 1. Put f(X):= fo(X 4+ b). Take a monic, irreducible polynomial h of
degree t in Fy[X]. Let S, be the set of monic polynomials gy € Z[X]| of degree t
with M(go) < b’ whose reduction modulo 2 is equal to h. Then S, has cardinality
> b and moreover, each gy € S, is primitive and irreducible. Let T} be the set
of polynomials g(X) = go(X + b) with go € Sp. Thus, each g € T}, is a primitive,
irreducible polynomial of degree t. Note that by (2.1) we have

(2.11) M(f) >< b,
(2.12) M(g) >< b for g eTh.

From (2.11) and the lower bound for the cardinality of S, mentioned above we infer
that T}, has cardinality

(2.13) > b0 > M)
Now let g € T,. Then by (2.3), (2.4), (2.12) and the fact that f; is irreducible we

have

0 < [R(f,9)| = |R(fo, 90)] < M(g0)" < b < M(g)""",
where g(X) = go(X +b). By taking 6 sufficiently small and then b sufficiently large
this implies that each g € T satisfies (2.10). Combining the latter with (2.13),
(2.11) and letting b — oo our assertion follows.

We now state two corollaries of Theorem 2.1. Our first corollary concerns Thue
inequalities such as (1.2) but whose unknowns are algebraic integers of bounded
degree. To give the correct formulation we have to introduce the absolute norm and
height of an algebraic number.

Denote by Q the algebraic closure of Q in C and by O the integral closure of Z in
Q, i.e., the ring of all algebraic integers. All algebraic numbers occurring in this
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paper are supposed to belong to Q. We define the minimal polynomial of ¢ € Q to
be the primitive, irreducible polynomial f in Z[X] with positive leading coefficient
for which f({) = 0. Then the Mahler measure of ( is defined by M(({) := M(f).
Further, we define the absolute norm and absolute height of { by

I€]] == [ Nae)o(Q)VOC H(¢) = M(¢)VIROA,

For a binary form F e C[X,Y] we put M(F) := M(f) where f(X) := F(X,1). For

)
a pair (§,n) 6 O’ with &n # 0 we put H(&,n) := H(&/n). Lastly, two pairs (1, 771)
(&a,m2) € O° are said to be proportional if (£,7,) = (A&, Mpp) for some X € Q.
Then our result reads as follows:

Corollary 2.2. Let t be an integer > 1, let 0 < § < 1 and let F € Z[X,Y] be a
binary form of degree r > 2t+1 without multiple factors. Then up to proportionality,
there are at most

(2.14) QUIHO0 2422 (5=1YH5 .yt og 4 log log 4r
pairs (€,7) € (O\{0})? such that

(2.15) 0 < |F(.m)]| < H(E ny =",
(2.16) Q(E/m) Q) =

(2.17) e > (227 mp))"

We now turn to Wirsing systems. For each algebraic number ¢ € Q of degree ¢
we choose an ordering of its conjugates ¢V, ..., (M. A Wirsing system is a system
of inequalities of the shape

(2.18) la; — ¢ < M(¢)™% (i e€I) in algebraic numbers ¢ of degree t,
where I is a subset of {1,...,t}, a; (i € I) are algebraic numbers, and ¢; (i € I)
non-negative reals. A particular instance of (2.18) is

(2.19) oo — | < M(¢)™% in algebraic numbers ( of degree t,

where « is a fixed algebraic number and ¢ a non-negative real. Wirsing [17] showed
that (2.19) has only finitely many solutions if ¢ > 2¢ and later Schmidt [12] proved
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the same for ¢ >t + 1. In his paper [17], Wirsing showed also that (2.18) has only
finitely many solutions if ) ., ¢; > 2t- ( k#zll T1—1) Hirata-Kohno and the author
[4] showed that (2.18) has only finitely many solutions already when )., ¢; > 2t.
Furthermore they gave examples of tuples (a; : ¢ € I) with the property that for
any € > 0 there is a tuple (p; : @ € I) with ) .., ¢; = 2t — ¢ such that (2.18) has

infinitely many solutions.

In [3] we showed that if

max M(a;) < M, [Q(a;:1€1):Q] <R,

i€l
#I
iz (2t+0)> e with0o<d<l,
i€l k=1
then (2.18) has at most
(2.20) 2x 107 -t"6 *log4Rloglog 4R

solutions with M (¢) > max (M, 4D/ (ier #=20) We mention that independently
Locher [8] obtained a similar upper bound for the number of solutions of (2.19).

From Theorem 2.1 we deduce the following:

Corollary 2.3. Let t be a positive integer, let f € Z[X] be a polynomial of degree
r > 2t + 1 with only distinct zeros, let I be a subset of {1,...,t}, let o; (i € I) be

not necessarily distinct zeros of f and let @; (i € I) be non-negative reals with

(2.21) STeiz2+0 with0<§ <1,

icl

Then there are at most

(2.22) BIH06  g2t22 (5145 et log 4 log log 4r
algebraic numbers C of degree t satisfying

(2.23) i = ¢V < M(Q)# foriel,

(2.24) M(¢) > max (M(f),4"+D/0).
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It should be noted that the upper bound (2.22) is much worse than (2.20).
Hirata-Kohno discovered another method to estimate from above the number of
algebraic numbers ¢ of degree ¢ with (2.23), (2.24), based on ideas of Ru and Wong
[11] and on techniques used in the proof of the quantitative Subspace Theorem. This

is work in preparation; see [6].

We conclude this section with some comments on the proof of Theorem 2.1. With
each primitive, irreducible polynomial g of degree ¢ with (2.6)-(2.8) we associate a
symmetric convex body C(g) C R, Let A,..., A\ry1 be the successive minima of
this body. Following the standard method of proof of the Subspace Theorem one
shows first that there is an index k € {1,...,¢} such that A\;/Ax;1 is small in terms
of M(g), and next that there is a k-dimensional vector space which contains g and
which belongs to a finite collection which is independent of g. Moreover, by making
all arguments explicit one may compute an explicit upper bound for the cardinality
of this collection of k-dimensional spaces.

We show that in the particular case considered in this paper we can take k = 1.
More precisely, by an argument heavily depending on properties of resultants we
show in an explicit form, that A;/As is small in terms of M (g). Then using the Sub-
space machinery we prove that each primitive, irreducible polynomial g of degree ¢
with (2.6)-(2.8) is contained in a one-dimensional vector space belonging to a finite
collection independent of g, and moreover we obtain an explicit upper bound for
the cardinality of this collection. Since each such one-dimensional space contains at
most two primitive polynomials, this gives an explicit upper bound for the number
of primitive, irreducible polynomials of degree ¢ satisfying (2.6)-(2.8).

3. PRELIMINARIES
For a polynomial F' € C[Xy, ..., X,], put

S
1)l := ) el
=1

where c¢q,.. ., cs are the non-zero coefficients of F'. It is easy to check that

B.1) [F+Gly < [Fl+Glys  [1F-Glly < [[Fl[- Gl for F,G € CIXy, ..., X,
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Let f = fo(X —a;1)--- (X —«,) € C[X]. The Mahler measure M(f) is defined by
(2.1) and the discriminant of f by

We will use that

o — ay

(3.2) IDHMM() = ]

1<i<j<r maX(la |az|> maX(la |aj|)

(note that the factors | fo|"~! in the numerator and denominator cancel each other).

Since
i — o] < 2max(1, [a;|) max(1, [ay])
this implies

(3.3) ID(f)] <2707V M(f)>r2.

Moreover, for any subset I of {(¢,j): i,j =1,...,r, i < j} we have

’CY,L' — CYj| _r(r=1 _
3.4 > 2#D D(H)IMPM(f) .
(3:4) (11] max(1, |o;|) max(1, |a;|) [P (£)

27]

From the arguments in for instance [7, p. 60] it follows easily that for polynomials
[ € C[X] of degree r we have

(3.5) Iflle < 27M(f),  M(f) < | flh-
Moreover,
(3.6) M(fg)=M(f)M(g) for f,g€ C[X].

We now prove some more elaborate results.

Lemma 3.1. Let f € C[X] be a polynomial of degree r without multiple zeros.

Let aq,...,aq41 be distinct zeros of f where t < r. Then there are linear forms
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Ci = ZtJrl Cz'ij (Z = O, Ce ,t) with

J=1

t r(r=1) _ _ _

81 el < (5) 2 My DO
fori=0,....t, 5=1...t+1,

(38) Gl < ¢+1)-277 M) DT Jori =0, t,

such that for every polynomial g = go X'+ 1 X" ' + -+ + g, € C[X] of degree < t

we have
(3.9) gi = Ci(g(ar),...,g(apy1)) fori=0,...t.

Proof. Let g = go X'+ 1 X" ! + -+ + g, € C[X] be any polynomial of degree < t.

Then Lagrange’s interpolation formula gives

o= sty T (22,

«
j=1 k=1,k#j 7

Take C; = Z;J:l c;; X where ¢;; is the coefficient of X* in Hz/,ill’k#(X—ak)/(aj—ak).
Then clearly, (3.9) is satisfied. Furthermore, by (3.4) we have

t+1
t max(1, |o;]) max(1, |oy)
|Cij| < (Z) H J

k=1, kj oty — el

< (?)2“2‘”tM<f>“\D<f>\”2

]

fori=0,...,tand j =1,...,t+ 1. This proves (3.7). Inequality (3.8) is an imme-
diate consequence of (3.7). O

Lemma 3.2. Let f = fo(X —a1)--- (X — «,) € C[X] where fo # 0 and where
ai, ..., q, are distinct. Further, lett < r and let g = goX'+¢: X" '+ +¢; € C[X]
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be a polynomial of degree t. Suppose that |g(a1)| < |g(az)| < -+ < |g(a.)|. Then
(3.10) lg(ay)] < M(g)-2'max(1, |ay])" fori=1,...,r,

(3.11) gl > M(g)- (t+1)7" 275 - DM

fori=t+1,... 1,

312)  [Jlo(e)l = 279 @FDIR(f,g)|- M(f)~ - M(g) D

i€l

for each subset I of {1,...,r}.

Proof. Tt is obvious that |g(;)| < ||g]|1 max(1, |a;|)! for ¢ = 1,...,t. By combining
this with (3.5) we obtain (3.10).

It clearly suffices to prove (3.11) for i =t + 1. Let Cy, ..., C}; be the linear forms
from Lemma 3.1. Then by (3.5), (3.9), (3.7) we have

M(g) < r\ng:Zm \(ZD%)- (cus)]
< (X ()2 i e
A (‘ééf;;,!g<atﬂ>!

which implies (3.11).
From (2.3), (3.10) we obtain

[Tlstedl > 1RG0l (150 T] o))

icl il

> R(f.0)| - (1720 #0019y T max(1]au])?)
igl

> [R(f.9) - (20D ar(gy-#OM(p))

which implies (3.12). O
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Lemma 3.3. Let r,t be positive integers withr > 2t+1. Let f = fo(X—ay) -+ (X —

a,) € C[X] where fo # 0 and ay,...,q, are distinct. Further, let g € C[X] be a
polynomial of degree t with leading coefficient gy and let h € C[X] be a non-zero
polynomial of degree m < t. Then

1

(3.13) |R(g,h)| < 227 |f0‘ LOM(f )T(r,l) , \D(f)\*’”ﬂ «
<IR( ) -l 2109 (ma (1,0 ) )

Proof. Without loss of generality we may assume that

(3.14) lg(an)] < lglaz)] < --- <glar)].
Put

|7(n)] |7(ow))|
(3.15) A —max< ‘g(al)’,...,’g(%)’).

From Lagrange’s interpolation formula we infer

t+1 t+1 X " t+1 t+1 X —
) — ) i )
(316)  g= Zyz I . 1), h=)a 11 A(ai —J)
= Jj=1,j#i J =1 j=1,j#i J
with
(3.17) yi=g(a), z=hley) (i=1,...;t+1).
Write

g=gX ' + X"+ 4, h=h X'+ X" 4. 4Ry

where go # 0, hy_, # 0 and h; = 0 for ¢ > t — m. Thus ¢g; = Ci(y), h; = Ci(2)
for i = 0,...,t where Cy,...,C; are the linear forms from Lemma 3.1 and where
Yy = (yl, Ce >yt+1); 7z = (21, Ce ,Zt+1>.

If m =t ie., hyg # 0, we can express R(g,h) as a determinant of order 2¢ of the
shape (2.2), with go, ..., g; on the first ¢t rows and hy, ..., h; on the last ¢ rows. It is
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easy to check that for arbitrary m <t we have

dgo - Gt
t—mR ’ h _ 90 e gt ’
90 (9,h) he - Iy
hO ce ht

where the first ¢ rows consist of coefficients of g and the last ¢ rows of coefficients of
h. Hence

Coly) - Cily)
Co(z) -+ Cy(z)

By expanding U we get a polynomial expression

ai at 1 bt

(319> U(Y? Z) = Z C(a7 b>y1 e yt;ilzll) T Zt++11 )
(a,b)erl

where the sum is taken over a finite set I of tuples of non-negative integers (a,b) =
(ala ceey Qg1 bla s 7bt+1) with
(3.20) aj+ - a1 =t b+ +by =t
and where c(a,b) € C\{0} for (a,b) € I. Moreover, we have
(3.21) a;+b;>1 fori=1,...,t+1, (a,b) € I.

To prove this we view 1, ..., Y1, 21, - - -, 2Ze41 for a while as indeterminates. Pick
i € {l,...,t+ 1} and substitute y; = 0, z; = 0 in U. Then by (3.17) we have
g(a;) = 0, h(ay;) = 0 which implies U(y,z) = gy ™R(g,h) = 0. So by substituting
y; = 0, z; = 0 in U we obtain a polynomial which is identically 0. Therefore, each

monomial of U must contain at least one of the variables y;, z;. This implies (3.21).
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We first estimate from above |y{" - - -y 5 20 - - szﬂ for (a,b) € I. We have

a1 at+1 by biy1
|y Yl A1 Ryl |

<A g )| g )| by (3.17),(3.15)
< Mg(en) -+ glowr)] - [glogy )| @O0 Hloctb) =1y (3.20),(3.21),(3.14)
= >\t|g(041) o 'g(at+1>| ) |9(at+1)|t_1 by (3-20)

< Nlg(ar)---g(ag)| by (3.14)

< (2 ) latan) gl Mg

by (3.14), (3.11), and finally

(322) |yib1 . .. y?rilzi’l . Zfr-l1|
oo M(FIN\TH -
g((t—l-l)-Q 2 W ‘fo’ t|R(f,g)]-M(g)2t Y

by (2.3).

It remains to estimate the coefficients of U. By repeatedly applying (3.1), using
that the determinantal expression (3.18) for U is the sum of (¢ + 1)* products each
consisting of ¢ terms C;(y) and t terms C;(z) and then inserting (3.8) we obtain

2%
Ul < (t+ 1)2t( max HCkHl)
0<k<t

r(r=1) 2t

< (v 2 M) D)

Together with (3.18), (3.19), (3.22), r > 2t + 1 > 3 this implies

at+1 by bi+1 |

lgo" ™| R(g,h)| = |U(y.2)| < ||U]: - (go6}>6<1|y?1~-yt+1 2tz

r(r—1)
2

< ((+ 02 My D) IR )] Mgy X

<28 (M) DI Lol RIS, 9)] - M) - N

This proves Lemma 3.3. 0
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4. GEOMETRY OF NUMBERS

In what follows, t,r are positive integers with r > 2t + 1, d is a real with 0 < § < 1
and
f=fX"+ AX" 4t fo= fo(X =) (X = a,) € Z[X]

is a polynomial for which fy # 0 and aq, ..., «, are distinct.

In what follows we fix a polynomial g = go X'+ ¢, X" ! +-- -+ g; € Z[X] of degree
t satisfying (2.6), (2.7) and, instead of (2.8), the stronger condition

(4.1) M(g) > 2" M(f)',
Define the quantity & = £(g) by

(4.2) [R(f,9)] = M(g)" <.
Then (2.6) implies

(4.3) £§>9.

We associate with g a set of indices {i1,...,441} C {1,...,7} such that

lg(ai))], -, |g(c,)| are the t smallest values among |g(c)|,. .., |g(a,)],

(4.4) i <y < ...<l1y,

ir41 is the smallest index from {1,...,r}\{i1,... 4}
Notice that i;y1 is determined by iy,...,4;. Thus, when g varies then {iy,... 441}
runs through a collection of subsets of {1,...,r} of cardinality at most (:)

Further we define linear forms
(45) Lz:()éon—i‘Oéfile—i‘—i—Xt (Z:].,,’f’)

Thus if h = (hy, ..., h) is the coefficient vector of a polynomial h = ho X'+ - - -+ hy
of degree <t we have

(4.6) Li(h) =h(ey) fori=1,...,r.

With the polynomial g chosen above we associate the set

(4.7) Clg) = {x e R |Li(x)| < |glay)| fori=1,...,7r}.
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It is easy to show that C(g) is a compact, convex subset of R™! which is symmetric
about 0. We shall prove below that C(g) has positive volume. Notice that if g =
(go, - - -, gi) is the coefficient vector of g then g € C(g).

We denote by
AL =A1(9), -5 A1 = Mg (g)
the successive minima of C(g). Further, let h; = hy(g),...,h;y; = hy1(g) be
linearly independent vectors in Z'™! with h; € \,C(g) fori =1,...,t + 1. Thus

(4.8) |Li(h;)| < A+ |g(e)| fori=1,...,r;5=1,...,t+1.

One may show that vol(C(g)) >< |g(a,) - g(as,,,)| where vol(C(g)) denotes
the volume of C(g), {i1,...,4:+1} is the set of indices defined by (4.4) and where the
constants implied by >, < depend on f. Then Minkowski’s theorem on successive
minima of convex bodies implies that |g(c,) - - g(0u,, )| A1+ - Agr >< 1. We will
prove a more precise version of this estimate below. As a preparation we need the

following;:

Lemma 4.1. Let {L;,,...,Lj,,, } be a linearly independent subset of {L1,...,L,}.
Then

(49) 2(t(t+1)—r(r—1))/2M(f>l—r < ‘ det(le, o th+1)| < 2t(t+1)/2M(f)t '

Proof. Put D := |det(L;,,...,Lj,,)|. By Vandermonde’s indentity we have D =
[Tickcrcisr |y, — |- This implies on the one hand, noting that the leading coeffi-
cient fy of f is a non-zero integer,

D < ] (2maX(17Iajkl)max(1,|04jl|)>
1<k<I<t+1

t+1

¢
202 (T max(1, o)) < 240720y
k=1
and on the other hand, by (3.4),
D > H |ajk — ajl| > 2(t(t+1)—r(r—1))/2|D(f>|1/2M<f>1—r

1<k<I<t+1 max(1, |a;, ) max(1, oy | g

> 2(t(t+1)—T(r—1))/2M<f)1—7’
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where we have used that D(f) is a non-zero integer. O

Lemma 4.2. Let {iy,...,i;11} be the set of indices defined by (4.4). Then
(4.10) 27 PM() T < Dglan) - glai ) - A Asn <227 M)

Proof. Put A := |g(cy,) - - g(ci,, )| A1 -+ - Aeya. We first deduce the lower bound for
A. Notice that the determinant det(L;, (hy))j =1, 41 is the sum of (¢ 4-1)! terms
of the shape :I:H;J:1 L;;(hy(j)) where o is a permutation of 1,...,¢ + 1. By (4.8),
each such term has absolute value at most Hjill (lg(cv,)|Ao(jy) = A. Together with
Lemma 4.1 this implies

1 < |det(h1,...,ht+1)| = |det(Li1,...,Lit+l)|_1 . |det(LZ~j(hk))jv;€:1 ..... t+1|
< 2(r(r—1)—t(t+1))/2)M(f)r—l S(t+1D)!-A
< 2r2/2M(f>r—1A

from which the lower bound for A immediately follows.

We now prove the upper bound for A. Assume, as we may, that ay,...,q,, are
real numbers and that o, 41, ..., a, are non-real, where r = r; 4+ 2ry and a;4,, = @;
fori =r 4+ 1,...,71 + 7. Let L; := lg(c;)|7*L; for i = 1,...,7. Then there are
linear forms M, ..., M, in t + 1 variables with real coefficients such that

i/i = Mz (’izl,...,Tl)
(4.11) Li = Mi+vV=1-My,, (i=r+1,...,r47r),

Lisr, = My—+/—=1-Myy,, (i=ri+1,...,r1+7).

Clearly, if for some x € R we have |M;(x)| < 272 fori=1,...,r then |L;(x)| <
1, whence |L;(x)| < |g(a;)| for i = 1,... 7. Therefore,

(4.12) C(9) DDy :={x e R": |M;(x)| <2V fori=1,...,r}.

By rank{Ly,...,L,} = t+ 1 and (4.11) we have rank{M,..., M.} =t + 1. Let
Jis- - jis1 be indices for which A := |det(M;,, ..., M;,,,)| is maximal. Then A > 0
and therefore My, ..., M, are linear combinations of M;,, ..., M;,_ . Write
t+1
M; = ch-ijk fori=1,...,r.
k=1
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For k =1,...,t+ 1 and for any linear form L in ¢ + 1 variables, let Ag(L) be the
absolute value of the determinant obtained by replacing M;, by L in the determinant

ir.1). By Cramer’s rule, (4.11), and the choice of ji, ..., ji41, we have

1900

lei] = Ap(M;)/JA <1 fori=1,...,r.

Hence if for some x € R we have |M;, (x)| < 27V2(t+ 1)t for k=1,...,t+1,
then |M;(x)| < 27Y2 for i = 1,...,7. Together with (4.12) this implies

C(9) 2Dy 2D :={xc R : |M; (x)| <27 Y*(t+1) fork=1,...,t+1}
and therefore, the volume of C(g) is bounded from below by
vol (C(g)) = vol (D) = 2+D/2(¢ 4 1)1 AL,

Now Minkowski’s theorem on successive minima implies that
t+1
(4.13) Ay~AH1<2”%mMC@»r1<<¢ﬂﬁ+m) A

We estimate A from above. Assume that among {ji, ..., ji+1} there are precisely
s indices > ry. By (4.11) we have M; = L; for i = 1,...,ry, M; = %(L + Litr,) for

t=ri+1,...,1r9, M; = 2%/7—1([‘4_7«2 — L;) fori=r; +re+1,...,r, therefore,

det(Mj sz+1) = Z stet(ikl,...,ikt+1)

K=(k1,....ke+1)

190

where the sum is taken over all 2° tuples K = (kq,..., k1) such that k, = jp if
1< gn <, kn € {gngn+mre}ifri+1< g, <ri+reand ky € {jp —ro,Jn} if
r+re+ 1< j, <r, and where |ex| = 27° for each of these tuples K. Therefore,
there is a tuple K = (ki,..., k1) such that A < |det(Ly,, ..., Ly,.,)|- By (3.10),
(3.11) (with {7q,...,4;} in place of {1,...,t}) we have for any two indices j,k €

(W i i,
lglap)l <20+ (4 1) - 27 D2M(f)" - [g(en)]

and so by (4.4),

|g(ai1) te 'g<ait+1)| < 2t : (t + 1) ' 2T(T_1>/2M(fy ’ |g(ak1) e g(akt+1)| .
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Together with Lemma 4.1 this implies
A < |det(Ly,,... ,Zkt+1)| = |det(Lgy, -y Liyoy)| - l9(ar,) -+~ gam,, )"
< RMCERN() 0t (14 1) 2 M) (o) (e,
= (t41)- 200=DFEDED 2 (Y g(y,) - - 'g(ait+1)|_1 .

By combining this with (4.13) and using r > 2t + 1 we obtain the upper bound for
A in (4.10). O

The following lemma is our key observation. Its proof is the only place where we
use our assumption that g is irreducible.

Lemma 4.3. (i) \y = 1, hy = +g where g is the coefficient vector of g;
(ii) Ao = M (g)12¢/1% where & is the number defined by (4.2).

Proof. Let h = (hg, ..., hyy1) € Z"1\{0}. Define A(h) to be the smallest positive
real A such that h € AC(g), i.e., the smallest real X such that |L;(h)| < A|g(a;)| for

i=1,...,7. Then in view of (4.6) we have
h(a;
(4.14) A(h) = max 1)
2 a0

where h = hoX' + --- + hy;. Suppose h is linearly independent of g. Then the
corresponding polynomials g, h are linearly independent. But ¢ is irreducible, hence
the polynomials g, h do not have a common zero, that is, R(g,h) # 0. Since g,h
have integer coefficients this implies |R(g, h)| > 1. By combining this with the upper
bound for |R(g, k)| from Lemma 3.3, observing that |fo| > 1, |[D(f)| = 1, |go] = 1
since f, g € Z[X], we obtain

1< 25 M(f) Y R(f, )] - M(g)* " - max(1, A(h))*

3

< 22 M(f)" "I M (g) "¢ max(1,A(h))" by (4.2)

N

M(g) "%/ max(1,A\(h))" by (4.3), (4.1).
Therefore,

(4.15) Ah) > M ()16 > 1.
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Since g € C(g) we have A(h;) = A\ < 1. So by (4.15), h; is linearly depen-
dent on g. Since ¢ is primitive, this implies h; = +g and A\ = A(g) = 1. Fur-
ther, hy is linearly independent of hy, hence of g, and therefore (4.15) gives that
Ao = A(hy) > M/(g)toe/16t, O

5. RECIPROCAL VECTORS AND LINEAR FORMS

We keep the notation and assumptions from the previous sections. In particular, g
is a polynomial in Z[X] of degree t satisfying (2.6), (2.7), (4.1). Let hy, ..., hyyq be
the linearly independent vectors in Z!*! associated with the successive minima of
C(g), i.e., the vectors satisfying (4.8). Write h; = (hio, ..., hy) (i=1,...,t+ 1),
hig - hiy 0 hTt
H=| Lo, etH) - (H)T = :
ht+1,0 T ht+1,t h:+1,0 e hr+1,t

where AT denotes the transpose of a matrix A, and put

(5.1) hi= (Wl .. h%) (i=1,....t+1).

Recall that up to sign, hj; is the determinant of the ¢ x t-matrix obtained by removing
the i-th row and j-th column from H. Therefore hf € Z*! for ¢ = 0,...,t. Define
the scalar product of two vectors x = (xg,...,+1), ¥ = (Yo, .-, Yet1) by X -y =
ToYo + - -+ + x4y;. Then we have

hzhjzéwdetH fOYi,jzl,...,t+17

where d;; = 1 if @ = j and 0 otherwise. Therefore, h; is perpendicular to the
span of the vectors h} (j # ). In particular, by Lemma 4.3, (i) we have that g
is perpendicular to the span of h3,... hy , i.e. the one-dimensional vector space

generated by g is determined by this span. Since g is primitive, this implies that

(5.2) up to sign, g is uniquely determined by the span of h3, ... hy, .

Let {i1,...,4+1} be the set of indices defined by (4.4) and let Lq,..., L, be the
linear forms given by (4.5) so that in particular L;, = aj X+ oz,f]_’le +---+ X, for
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g=1,...,t+ 1. Write

af ol 1 bio bt
L=| : |, @etn)-(HT =]
a§t+1 &2;11 T 1 bt+1,0 e bt+1,t

and define the linear forms

t
(5.3) L= bupXe (G=1,....t+1).
k=0

Lemma 5.1. We have

* (T * r2 r -1 :
(5.4) |Li(hyp)| < #1- 22 M(f)* - (lg(ai,)| - An) forjk=1,...,t+1.

Proof. Let A= LH”. Then

(Lim (hn)> = A>

1<mn<t+1
(L:n(h;;)) — (et L)(LT)"' - (det HYH ™' = (det A)(A~))T
1<mn<t+1

where in both cases m is the row index and n the column index. It follows that for
Jke{l,...,t+1} we have

Li(hy) = £ det(L;,, (hy) )myn

im

where the indices m, n run over {1,....t+1}\{j}, {1,..., ¢+ 1}\{k}, respectively.
The determinant is the sum of ¢! terms of the shape + Hf::ll,m# L;,,(hy(m)) where
o is a bijection from {1, ..., t+1}\{j} to {1,...,t+1}\{k}. In view of (4.8), (4.10),
each such term has absolute value at most

41 i+l

I (gt o) = (TT lgles)l An) - (lg(as,) - Ae)

m=1,m#j
r2 r -1
< 20 M ()T (lglai)l - M)

Now (5.4) easily follows. O
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6. ESTIMATES FOR CERTAIN LINEAR FORMS

For a linear form L = ¢y Xy + - - - + ¢,.X; with coefficients in Q we define the field
Q(L) := Q(eo/ciy - .., et/ c;) where ¢; is any non-zero coefficient of L. Thus Q(cL) =
Q(L) for any ¢ € Q. Further, we define the linear form o(L) := o(co)Xo + - - - +
o(¢;) X, for any isomorphism o defined on Q(co, ..., ¢).

For a prime number p, we denote by | - |, the standard p-adic absolute value,
normalised such that |p|, = p~! and we choose an extension of | - |, to Q which we
denote also by | - |,. Then for a linear form L = ¢y Xy + -+ + ¢, X; € Q[Xo, ..., X{]
we put

) J\1/2
12l = (ool -+ lal?)
L], := max(|colp,...,|ct|p) for each prime number p

and subsequently we define the absolute height of L by choosing a number field K
containing the coefficients of L and putting

1/[K:Q)
(6.1) H(L) =] {IIU(L)II 11 IIU(L)IIp}

(e

where the products are taken over all primes p and over all isomorphic embeddings

o of K into Q. This is easily shown to be independent of the choice of K. Further
we have H(cL) = H(L) for every c € Q.

Now let L, ..., Li,, be the linear forms defined by (5.3). If the coefficients of L}

are not all real we write
L; = §R(L;k) ++v—-1- S(Lj)

where both $(L7) and (L) are linear forms with real coefficients. We can express
det(Ls,...,L;,,) as a linear combination of at most 2™ determinants Y, exAy
where each ¢, is a power of v/—1 and where each A}, is a determinant of ¢ + 1 linear
forms, the j-th of which is L7 if all coefficients of L} are real, and either one of the
linear forms R(L}), I(L;) if not all coefficients of L} are real. Therefore, we may
choose linear forms My, ..., M, with M} = L% if all coefficients of L} are real and
My € {R(L3),S(L;)} otherwise, such that

(6.2) [det (M} ... M| > 27 det( L, . L)
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Lastly, we define normalised linear forms
(6.3) Nf= M- M (j=1,....t+1).

Notice that each linear form N, ]’f has real coeficients. Below we have collected some

other properties of the linear forms My, N7.

Lemma 6.1. We have

(6.4) |det(M, ..., ME,)| = 2720 (f)~ (=Dt

t+1 )
(6.5) M| < (E+ )DPM() forj=1,...t+1;
(6.6) M7 =27 M(f)™ forj=1,....t+1.

Proof. We first prove (6.4). From definition (5.3) it follows that det(L7, ..., Ly ;) =

det(L;,,...,L; ). Together with (6.2), Lemma 4.1, r > 2t + 1, this implies
1 t+1
|det(My, ..., M/ )| > 277" |det(Lyy, ..., Ly, )|
> gt <2(t(t+1)—r(r—1))/2M<f)1—'r>t

> 2—T2t/2M(f)—(r—1)t.
This proves (6.4).
We prove (6.5). Fix j € {1,...,t+ 1}. By (4.5) we have
1L < (1+ Jeu]® + -+ + o)V < VE+1-max(1, o)) fori=1,...,r.

By inserting this into Hadamard’s inequality

t+1
IZ;< TT 1Ll
k=1, k#j
(which follows easily from the Gram-Schmidt orthogonalisation procedure) we obtain

L3I < (¢ + D)2 (f)".

Using the obvious inequality |[M}]| < [[L]|, inequality (6.5) follows.
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We prove (6.6). Fix again j € {1,...,t+1}. By combining Hadamard’s inequality
|det(My, ..., M) < || M| - - || M| with (6.4), (6.5) we obtain
t+1 .
IMGI = Jdet(M, o agl - (T 180)
k=1, kj
—t

> 2—r2t/2M(f)—(7‘—1)t . ((t + 1>(t+1)/2M(f)t>

> 2—7‘2tM(f)—2Tt ]
This proves (6.6). O

Lemma 6.2. We have

(6.7) [QN;): Q] <r* forj=1,...,t+1;
(6.8) H(N?) <2-(t+1)PM(f) forj=1,....t+1;
(6.9) [ det(NF, ..., N7yp)| = 27 FDM(f) 72D

Proof. We prove (6.7). Fix j € {1,...,t + 1}. The coefficients of L} are t x t-
determinants, whose elements are coefficients of the linear forms L;, (k =1,...,t+1,
k # j). Hence the coefficients of L} belong to the field generated by the numbers a;,
(k # j). Now N7 is a scalar multiple of either L} or L} j:L:-, where the coefficients of
L; are the complex conjugates of the coefficients of L}. The coefficients of f; belong
to the field generated by the complex conjugates of the numbers «;, (k # j), which
are also zeros of f. Therefore, N7 is proportional to a linear form with coefficients

from a field which is generated by at most 2t zeros of f. This implies (6.7).
We prove (6.8). Recall that M(f) = | fo| []/—, max(1, |a;]). We will use

(6.10) Hmax(1,|ozi|) T T mex(1, |asl,) < M(f).

p =1

Indeed, by Gauss’ lemma and since f € Z[X] we have for every prime number p,
[folp [ [ max(1, |al,) < 1
i=1

and together with the product formula (Hp \folp)_l = | fo| this implies (6.10).
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Fix again j € {1,...,t 4+ 1}. Let K be a finite normal extension of Q containing
ai,...,ap, v/—1 and the coefficients of Ny,..., N/ ;. Let o be an automorphism of
K. First notice that

. 1/2 ne -
(2 ~ P 1 — g ooyl
| L:]| < (t+ 1) max(1,|a,|)" fori=1 r

Together with Hadamard’s inequality and the fact that o permutes aq, ..., a, this

implies
t+1 t+1

611) oIl < I le@ll < @+0" [ max(1, |o(a,)))
k=1,k+j k=1,k#j

< (t+ 1) ][ max(L, |as).

=1

Recall that N} is a scalar multiple of N * where N 7 is either L} or L} + f;. Note
that ||o(L )H is bounded above by the rlght hand 81de of (6.11) since O'(L ) =1(L})
for some automorphlsm 7 of K. So in either case, by the triangle inequality,

(6.12) lo(ND)II < 2- (t+ 1) ] [ max(1, as])".
=1

Now let p be a prime number. Then for ¢ = 1,...,r we have
1Lill, < max(L, fal,)".

By precisely the same reasoning as above, but using the ultrametric inequality in-
stead of Hadamard’s inequality and the triangle inequality, one obtains

t+1 t+1

lo (L)l < T o)l < JT max(,lo(as,)l,)! Hmaxl Juil)"

k=1,k#] k=1,k#j

(6.13) o (NI, < Hmaxl ||,
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Now by combining (6.12), (6.13), (6.10) we obtain

) 1K)
H(Nj) = H(N}) = H{HU HIIU IIp}

o

T

< 2 (417 TT (max(L,fouf) [ mas(1. o))’

=1 p
< 2-(t+1)2M(f)!
where in the products ¢ runs through the isomorphic embeddings of K into Q and
p through the prime numbers. This proves (6.8).

Lastly, (6.9) is proved by observing that
| det (M7, .. Mt*-s-l)’
M| -- || l

| det(NY, ..., Nyl =

and then proceeding as in the proof of (6.6). O

Lemma 6.3. Let hi,... hy , be the vectors defined by (5.1). Then we have
(6.14) INF ()| < 22" M(H)* - (Ig(ai)| - M) for gk =1,...,t+1.
Proof. Fix j,k € {1,...,t+1}. Since M; (hj) is either the real or imaginary part of
Li(hg) we have | M7 (hy)| < |L}(h;)|. Together with Lemma 5.1, (6.6) this implies
INF(BR)| = M7 MG ()| < (1M L5 (B
< 2TMF)P A 2R M(D - (Jgles)] - M)

and since r > 2t + 1 this implies (6.14). O

7. DAVENPORT’S LEMMA

We start with a variation on Davenport’s lemma.



28 J.-H. EVERTSE

Lemma 7.1. Let Ly,...,L, be linearly independent linear forms in n wvariables
with coefficients in R, let hy, ... h, be linearly independent vectors from R™ and let

W1y - -y pn be Teals with 0 < py < po < -+ < . Suppose that

(7.1) |Lj(hy)| < pe forg,k=1,...,n.
Then there are a permutation r of {1,...,n} and vectors
7—1
k=1

with&r €Z forj=1,...,nandk=1,...,5—1, such that

(73) |LJ(V’€)| < 22n mln(ﬂﬁ(])?ﬂk) fO’I" J?k = 17' <5 N
Proof. cf. [1, p. 40, Lemma 3.3.5]. O
We keep the notation from the previous sections so that in particular g is a poly-

nomial in Z[X] with (2.6), (2.7), (4.1) and Ny,..., N}, are the linear forms defined
by (6.3). Then we have:

Lemma 7.2. There are a permutation k of {1,...,t+ 1} and linearly independent
vectors Vi, ..., Vi, € Z' with the following properties:

* (K r3 r? — : — —
(7.4) N < 2 M) gl )| - min(3 ) A )

forg k=1,...,t+1;

(7.5) up to sign, g is determined by the span of vy, ..., v ;.

Proof. We apply Lemma 7.1 with n =t + 1 and with
* r3 72y — *
L; = |g(ait+27j)| ) Nt+2—j7 Hi = 2° M(f)z )‘t+127ja h; = ht+2—j

for j =1,...,t+ 1. Lemma 6.3 implies that condition (7.1) is satisfied. It follows

that there are a permutation x of {1,...,#+1} and vectors v = h} + Z',;:H &rhy
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with {p € Zfor j=1,...,t+1and k=j+1,...,t+ 1, such that
* (o r3 r2 : — —
lglas)l - IN;(VDL < 2272 A0(f)P° iAok A7)

7"3 ,’,,2 . _ —
< 2PTM(f)P- mln()\ﬁ(lj), Ak D)

for j,k=1,...,t+ 1 where we have used that r» > 2¢ + 1. This proves (7.4). Using

*

t+1
we obtain (7.5). Lastly, vi,..., v}, are linearly independent since they have the

5.2) and the fact that the span of v},..., v}, is equal to the span of h},... . h
2 t+1 2

same span as hy, ..., hy ; and since the latter vectors are linearly independent. [J

8. CONSTRUCTION OF A PARALLELEPIPED

We keep the notation from the previous sections. In particular, g is a polynomial in
Z[X] of degree t satistying (2.6), (2.7), (4.1).

We wish to construct a parallelepiped IT C R which contains the vectors vi, . . .,
vy,; from Lemma 7.2 but which does not contain any vector from Z'*' which is
linearly independent of v3, ..., v}, ;. Thus the vector space V' generated by [INZH s
equal to the span of v3,..., v} ; and by (7.5) this means that V' uniquely determines

+g. A possible candidate is

I:={xeR"™: [N}(x)|<A; forj=1,....t+1}

where
A = 23T3M<f)2r2(‘g(aij)| . )\ﬂ(j))fl (J=1,...,t+1; 7% jo),
1) Ay = 27 M (glas,)| - Ae)
= 27 MD (lglos,)l - X))

with k(jo) = 1.
Indeed, from (7.4) it follows at once that II contains v3, ..., vy, ;. Suppose Il contains

also a vector vi € Z! (not necessarily the same vector as in Lemma 7.2) which is
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linearly independent of v3,..., vy ;. Then by Lemma 4.2, Lemma 4.3, (4.3),

I < |det(vy,...,vig)| < vol(Il) € Ay -+ Appy

t+1

< H (|g(aij)| ) )‘F»(j))_l “(Ar/A2) < A/ A

j=1
< M(g)—15§/16t < M(g)—155/16t

where the constants implied by < depend only on f. For M(g) sufficiently large

this gives a contradiction, i.e., such a vector vi cannot exist.

However, for our method of proof to work, we need instead of II a parallelepiped
of the shape {x € R'*' : |N*(x)| < M(g)"* for j =1,...,t+ 1} where each p; is
independent of g. To construct such a parallelepiped we need the following combi-

natorial lemma.

Lemma 8.1. There is a set P C R independent of g of cardinality at most
(8.2) (6t(t + 1)20~ 1)1

with the following property: if Ay, ..., Awy1 are the reals given by (8.1), then there
is a tuple (p1,...,pir1) € P such that

(8.3) M(g)(pj_—Qt(t1+1))f < A_j < M(g)pj5 (j =1,...,t+ 1)’
(8.5) p1+- A+ pn < — 3

Proof. First observe that for j =1,...,t+1

A

J

N

25 M(£)*"|g(i,)| ™" by Lemma 4.3 (i)

3

2 M(f)* - 2 V|R(f, g)| T M ()M (g)" ! by (3.12)

N

23r3+t(r—1)M(f)2r2+tM(g)2t—1+§ by (42)

2t—1

(M(g)$)"5 5 by (4.3), (4.1), 7 > 2t +1 > 3,

/N
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and

\ gz ot
45 = 2 M T (l9(ea)l- )+ T Jotew)
k=1 k=1, k+#j

by Lemma 4.3 (i)
> M M) -3 O R(, )| - M) M(g)
by Lemma 4.2, (3.12)

> M(g) ™"t > (M(g)) 5" by (42), (4.3),

(8.6) (M(g)f) 571 < A; < (M(g)%) ™ *5 forj=1,...t+1.

For j =1,...,t+1, let f; be the integer given by

&\fi—1 2t(t+1) &\ J;
(8.7) (M(g)*)o ™ < A7 < (M(g))
and put
L
Pi: 20t +1)

Notice that by (8.6), (8.7) we have for j =1,...,t+1,
(8.8) —(5+1) 2+ ) < f <1 (B E) 2+ 1),

It is clear that (8.3) is satisfied. By (8.8) we have

S 2=1 | 37 1 2+1
PisS T T T an S o
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which implies (8.4). Further,

(M(g)eyprtto

<A A - (M(g)9)Y* by (8.3)

t

t+1 1

(190 - Aeiy) - M/ A2) - (M(9)5)* by (8.1)

1

+

< <237‘3M(f>27‘2)

J
< (2 M(ry) My (M) (M ()
by Lemma 4.2, Lemma 4.3
<2 M(F)P (M(g)6) 710 < (M (g)¢) a0 < (M(g)*) "1™
by r>2t+1 >3, (4.3), (4.1)
which implies (8.5).

Lastly, from (8.8) we infer that each integer f; can be chosen from a set indepen-
dent of g of cardinality at most

Dok (B4 )20+ 1) <6t + 1)%7

Hence, each number p; can be chosen from a set of cardinality at most 6¢(¢ +1)%6~*

which is independent of g and therefore, the tuple (p1, ..., pr1) can be chosen from
a set of cardinality at most (6t(t + 1)2(5*1)Frl which is independent of g. This com-
pletes the proof of Lemma 8.1. 0

Lemma 8.2. Let (p1,...,pir1) be the tuple from Lemma 8.1 and define the paral-
lelepiped

H(g) = {x € R - [N7GOl < (M(g)) forj=1,....t+1}.
Then vy, ..., vy, € Il(g)NZ"™*t. Moreover, I1(g) NZ" does not contain any vector
which is linearly independent of v3, ..., vy .
Proof. By (7.4), (8.1), (8.3) we have for j =1,....t+1land k=2,...,t+ 1,
INF(vi)l < A4; < (M(g)")
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Hence vi € II(g) NZ* for k=2,... t + 1.

Assume that TI(g) N Z**! contains a vector v; which is linearly independent of

V3, ..., Vi ;. Then
NEDIT - [ et (N (Vi) j=r.s |

2r2(t+1)M(f)2r(t+1) (D (M(g)5)Pr T by (6.9)

*

1 < |det(vi,...,vi)| =]|det(NT,..

N

< 27EDM(HZEHD (4 1)1 M(g) 7 <1 by (8.5), (4.3), (4.1).

Thus the assumption that II(g) N Z!™ contains a vector which is linearly indepen-

dent of v3,..., vy, leads to a contradiction. 0J

In the proposition below we have collected the facts from Sections 4-8 which are
needed in the proof of Theorem 2.1:

Proposition 8.3. For every polynomial g € Z[X] of degree t with (2.6), (2.7), (4.1)
there exists a parallelepiped

(89)  I(g) = {x e B : [N} < (M(9f) (j=1L.....t+1)}
with the following properties:
(1) NY, ..., N/, are linearly independent linear forms with algebraic coefficients sat-
1sfying
(8.10) [QN;) = Q <™, H(N;) <2-(t+1)2M(f), N =1
forg=1,...,t+ 1.
(i) pi, ..., prs1 are real numbers satisfying
2t +1 .

(tii) The tuple (NT, ..., Nf 15 p1,..., pee1) belongs to a set independent of g of car-
dinality at most

(8.12) (:) - (6t(t +1)%07 )"
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() Let V(g) be the R-vector space generated by I1(g) N Z*t. Then

(8.13) dimV(g) = t;

(8.14) up to sign, g is uniquely determined by V' (g).

Proof. (8.10) follows immediately from (6.7), (6.8), (6.3) and (8.11) from (8.4), (8.5).
This proves (i) and (ii).

In Section 6 we constructed Ny,..., N, from the linear forms L, ..., L; .
Therefore, Nf,..., N/, depend only on the set of indices {41,...,%1} defined by
(4.4). Hence for the tuple of linear forms (N7,..., Ny ;) we have at most (}) possi-
bilities. By multiplying this with the upper bound (8.2) for the number of posibilities

of (p1,...,per1) wWe obtain (iii).

Lastly, Lemma 8.2 implies that V' (g) is the span of v3,...,v}, ;. Since these
vectors are linearly independent this implies (8.13). Statement (8.14) follows from
(7.5). This proves (iv). O

9. THE LARGE SOLUTIONS

We will estimate the number of polynomials g of degree ¢ with (2.6), (2.7) having
large Mahler measure. Apart from Proposition 8.3 we need a result from [2] which
we recall below.

Let 0 <e < 1,t > 1, let Ni,..., N,y be linearly independent linear forms in
Q[Xo, ..., X;] and let ¢y, ..., c.q1 be reals such that

(9.1) Q(N;): Q] <D, H(N;)<H, |[|Njl||=1 forj=1,...,t+1,

(9.2) <1l (j=1,...,t+1), ca+-Fo < —e

Then for every real () > 1 we define the parallelepiped

93) Q) = I({N;} {6}, Q) = {x € RF: [Ny(x)| Q% (j=1,...,t+ 1)}
and we denote by V(Q) the real vector space generated by II(Q) N Z!.
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Lemma 9.1. There is a collection {Vi,...,V,,} of t-dimensional linear subspaces
of R of cardinality

(9.4) m < C =2+ 1)%*log4Dloglog 4D
such that for every @ with

(9.5) dimV(Q) =t,

(9.6) Q> (2H)*

we have V(Q) € {V1,...,Viu}.

Proof. This is a special case of Theorem C of [2], cf. pp. 260-261. O

We now show:

Proposition 9.2. The number of polynomials g € Z[X] of degree t satisfying (2.6),
(2.7) and

(9.7) log M (g) > exp(2°°t'86~*log 4r log log 47) log(2M (f))
15 at most
(9.8) QTSI 5175yt |og 41 Jog log 4r .

Proof. Inequality (9.7) implies (4.1). Therefore, for each polynomial g € Z[X] of
degree t with (2.6), (2.7), (9.7) there is a parallelepiped II(g) with the properties
specified in Proposition 8.3. For the moment we consider only polynomials g €
Z[X] of degree t satisfying (2.6), (2.7), (9.7) which correspond to a fixed tuple
(NY, ... Ni15:p15- -, peg1). Thus let g be such a polynomial and put

(9.9) Q = (M(g))®*VP,
\ 0 ,

Then the parallelepiped II(g) defined by (8.9) is equal to
Q) = {x e R [N/(x)| <QY (j=1,....t+1)}
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while V(g) is equal to the space V(Q) spanned by II(Q) N Z*. So by (8.13),
dim V(Q) = t. Further, by (8.11) we have

J

9.11 <1 (j=1,...,t+1), I IR QR —

J

We apply Lemma 9.1 with Nj = N5, ¢; =c; (j=1,...,t+1). Thus (8.10) implies
(9.1) with

D=r? H=2t+1"M(f).
Further, (9.11) implies (9.2) with

o

STt 1)

By substituting these values for D, e into the quantity C' defined by (9.4) we get
(9.12) C = 2%+ 1)%(3t(2t + 1)) log(4r*) log log (4r?")
< 22185 *1og 4rloglog 4r ,

where in the last inequality we have used ¢ + 1 < 2t, 2t + 1 < 3t and
log(4r%!) log log(4r?) < 6t%log4rloglogdr for t > 1, r > 2t + 1. Further, by (9.9),
(4.3), (9.7) we have

M<g)2t+1 > <2M(f))(2t+1) exp(25°t185 4 1log 4r log log 4r)

Q

WV

> (A(t+ 1) M(f))eE e osdriog log dr)
> (2H)"

with the value of H chosen above. Thus, @ satisfies (9.5), (9.6).

Now Lemma 9.1 implies that the space V(Q) belongs to a collection of cardinality
at most C' which is independent of g. Hence the space V' (g) belongs to this collection.
But by (8.14), the space V(g) uniquely determines g up to sign. It follows that there
are at most 2C polynomials g € Z[X] of degree ¢ satistying (2.6), (2.7), (9.7) which
correspond to a fixed tuple (N7, ..., N} 1;p1,. .., pi1), where C is given by (9.12).

Thus, the total number of polynomials g € Z[X] of degree ¢ with (2.6), (2.7),
(9.7) is at most 2C' times the upper bound (8.12) for the number of possibilities for
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(NY, ..., Ni1ip1s- -, pey), that is,

2C - (:) (61t +1)%61)

< 2186 *log 4r log log 4r - (er/t)" - (24t35’1)t+1

L QTHBNAUA2L 5=1=5 60 4y log log 4r

where we have used that ef-24!"t < 274 for ¢+ > 1. This proves Proposition 9.2. [

10. A GAP PRINCIPLE

We derive a gap principle to estimate the number of polynomials g with (2.6)-(2.8)
which do not satisfy (9.7). We need the following combinatorial lemma.

Lemma 10.1. Let 6 be a real with 0 < 60 < 1 and let t be an integer > 1. There

erists a set P C R of cardinality at most

(10.1) a(e(a =)

consisting of tuples (p1,...,p;) with

t

(10.2) pZpz=2p 20, 1-0<) p<l,
1=1

such that for every tuple of reals (Fi, ..., F;, A) with
(10.3) O<Fi<Fkh<---<F<L1, F---F,<A

there is a tuple (p1,...,p1) € P such that F; < AP fori=1,...,t.

Proof. cf. [3, p. 79, Lemma 14]. O

Let f be the polynomial and § the real number from Theorem 2.1. Thus, f =
JoIT—, (X —ay) with fo # 0 and with «ay, . .., a, distinct. If ¢ is an algebraic number
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of degree ¢ then we order the conjugates ¢V, ... ¢® of ¢ in such a way that
(10.4) min

If g € Z[X] is an irreducible polynomial of degree ¢, let (..., ¢® be the zeros of
g, ordered according to (10.4). We first prove the following result.

Lemma 10.2. There exists a set S of cardinality at most

(10.5) 7rt(6397 1)1

consisting of tuples (i1,... i ¢1,...,01) where iy,...,4 € {1,...,r} and where
V1, ..., are non-negative reals satisfying

(10.6) pr+ o =2+ 6)2,

such that for every polynomial g € Z[X| with (2.6)-(2.8) there is a tuple
(11,0, P15 -, p1) €S for which

|&ij B C(j)|
2 max(L, [, ) max(L, [COT])

(10.7) < M(g)™ % forj=1,...,t.

Proof. Let g € Z]X] be a polynomial of degree ¢ with (2.6)-(2.8). Choose indices
i1,...,1 € {1,...,7r} such that

) )
(10.8) B P [ el s I S
max(1,[ag|)  i=l..r max(1, |a;)

By formula (7.3) on [3, p. 81] we have

R(f, 9)| o7 o, — ¢9)|
T Nt N = O 2 7
ipartgr > C U st o e icon)

t
with C' = (21+T(T—1)/2M( f)”—l) .
Together with (2.6), (2.8) this implies
. .
o, — ¢V
10. L ,
(109 5 o it )

< M(g)—2t—36/4‘
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We apply Lemma 10.1 with

b 2 =1 t) A= M(g)~—/1
J 2maX(1,|Cvij|)max(17|g(j))| s 1), |

2t+6/2 4]
T 2t+35/4 8t+35
Then clearly, 0 < # < 1. Further, (10.4), (10.8), (10.9) imply (10.3). Hence the
conditions of Lemma 10.1 are satisfied. Let P be the set from Lemma 10.1, let
(p1,...,pt) € P be the tuple for which F; < A? for j = 1,...,t and put ¢; =
pj(2t + 36/4). Then clearly, (10.7) holds. Further, (10.2) and our choices of 6, A
and ¢; (j =1,...,t) imply (10.6).

o

Lastly, with our choice of € the set P of Lemma 10.1 has cardinality at most
t—1 t—1
(i) <a(e(3+i+3))

a1, 8\ 1\ —1\t-1
<a(e(s+3)) (1+%) <7(E5)7
Since for each index i; we have r possibilities and since ; is determined by p;, we

have at most 7r!(636~1)"! possibilities for the tuple (i1, ..., @1,...,¢:). This
proves Lemma 10.2. O

We recall the following gap principle for Wirsing systems.

Lemma 10.3. Lett > 0, 0 < € < 1, let aq,...,q; be algebraic numbers and let
V1,--.,0r be non-negative reals with 23':1 w; = 2t + <. Further, let A, B be reals
with

(10.10) B> A >4ttt/

Choose for every algebraic number ¢ of degree t an ordering of its conjugates
¢W ¢,
Then the number of algebraic numbers  of degree t satisfying

o — (V]
2max(1, |a;]) max(1, [(U])

(10.11) SMQO)™ forj=1,...,t,
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(10.12) A< M) <B
15 at most

log(2log B/ log A)
(10.13) t- <1+ gL 11 ) .

Proof. cf. [3, p. 60, Lemma 2 (i)]. O

We finally arrive at the following gap principle for the resultant inequality:

Proposition 10.4. Let A, B be reals with

(10.14) B>A> (227’2M( f)4*—4)t/5.
Then the number of polynomials g € Z[X] of degree t with (2.6)-(2.8) and with
A< M(g)<B
15 at most
log(2log B/ log A
(10.15) 14¢(635~ 1)1 - (1 + glf)g(li g/;) )>

Proof. Instead of primitive, irreducible polynomials g € Z[X] of degree ¢ we may
count algebraic numbers ( of degree t. For each algebraic number ( of degree t there
are precisely two primitive irreducible polynomials g € Z[X]| with g(¢) = 0 (taking
into consideration the sign) and for these we have M (g) = M (().

By Lemma 10.2, each polynomial g € Z[X] of degree t with (2.6)-(2.8) satisfies
one of at most Ny := 7r!(635~ 1)1 systems of inequalities of the shape (10.7). To
each of these systems we can apply Lemma 10.3 with ¢ = §/2. For this choice of
g, (10.14) implies (10.10). It follows that the number of polynomials g € Z[X] of
degree t with (2.6)-(2.8) and with A < M(g) < B is at most 2N; Ny, where N is
the quantity from (10.13) with ¢/2 in place of e. This proves Proposition 10.4. O
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11. PROOF OF THEOREM 2.1

Put
C* = 2°t185 % log 4r log log 4r .
Let Ry denote the set of polynomials g € Z[X] of degree t with (2.6),(2.7) and

*

(2 M) < M(g) < @M ()

and let Ry denote the set of polynomials g € Z[X]| of degree t with (2.6),(2.7) and

*
eC

M(g) = (2M(f)

Thus, Ry U Ry is the set of all polynomials g € Z[X] of degree t with (2.6), (2.7),
(2.8).
We estimate the cardinality of R;. We apply Proposition 10.4 with

/5

A= (27mn)" B= M)

Note that with this choice of A and B we have B2 < A" . Further, log(1+40/2t) >
d/4t. By inserting this into (10.15) we obtain that Ry has cardinality at most

14t - ' (63671 (1 + 467 1C™)
< 26055420574yt og 47 log log 47 .
By Proposition 9.2, the cardinality of Ry is bounded above by the quantity in

(9.8). Thus we obtain that the total number of polynomials g € Z[X]| of degree ¢
with (2.6)-(2.8) is at most
260554205714 1t Jog dr log log dr + 275%HF2L 5715 1t 1o 4y log log 4r
< 976020421 5—t—5

-r'log 47 log log 4r .

This completes the proof of Theorem 2.1. 0
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12. PROOF OF COROLLARY 2.2

Let (£,m) € (O\{0})? be a pair satisfying (2.15)-(2.17). Let g be the minimal
polynomial of ¢ := £/n. Thus,

(12.1) H(¢m) = MY = M(g)'".

Put f := F(X,1). Let s := [Q(£,n) : Q]. Denote by (69, n@) (i = 1,...,5)
the images of (£,7) under the isomorphic embeddings of Q(¢,n) into Q. Write
g = qo H;Zl(X —¢U)) where ¢, ..., ¢® are the conjugates of (. Then for each
conjugate V) of ¢ there are precisely s/t indices i such that £® /n@ = ¢ Thus,

S S

H(n(i)X — ) = (H’?(i)) : (H(X - C(j))>5/t = dog(X)*",

i=1 Jj=1

where
do = ([T n?) 90"
=1

is an integer since the polynomial on the left-hand side has its coefficients in Z and
since ¢ is primitive. Now (2.3) implies

s 1/s s t
(122) [[F(&n)l = (H\F(f(i),ﬁ(i)ﬂ) = [T]r" - I T] )M
i=1 =1

j=1

t

= |do|"* - lgol"* - | TT F(CDIME = Ido|"*|R(f, )"

j=1
> |R(f. )"

From (12.1), (12.2) we infer that if (£,7) € (O\{0})? is a pair with (2.15)-(2.17),
then the minimal polynomial g of £/n has degree ¢ and satisfies (2.6)-(2.8). Further,
since each such polynomial g has t zeros, there are up to proportionality at most
t pairs (£,7n) giving rise to the same polynomial g. It follows that the number of
pairs (£,7) € (O\{0})? with (2.15)-(2.17) is up to proportionality at most ¢ times
the upper bound (2.9) in Theorem 2.1, which in turn is equal to the upper bound
(2.14) in Corollary 2.2. This completes our proof. O
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13. PrROOF OF COROLLARY 2.3

Let f € Z[X] be the polynomial of degree r > 2t 4+ 1 from Corollary 2.3 such
that the numbers «; (i € I) are zeros of f. Write f = fo[[_,(X — ;) where
B, ..., B are distinct. Thus a; = §;, € {f1,...,5,} for i € I. Let ¢ be an algebraic
number of degree t satisfying (2.23) and let g € Z[X] be the minimal polynomial
of (. Write g = gOH (X = ¢9). Then using (2.3), (2.21) and |3 — (V| <
2max(1, |3i]) - max(1,|¢)]) we obtain

(13.1) |R(f,9) = gl [TT115 -

i=1 j=1
r t
< fogl H 1Bi; — U HH (2 max(1, |3]) - max(1, ]C(J)D)

N

M(g)~ et - 2" M(f)' M (g)"

< QTtM(fyM(g)ertfé )

Now let W be the set of algebraic numbers ( of degree ¢ satisfying (2.23) and

(13.2) max (M(f>,4t(t+1)/6> < M(C) < <247’2M(f)8r8>t/5

and let W5 be the set of algebraic numbers ¢ of degree ¢ satisfying (2.23) and

(13.3) Q) > (27 M),

Thus Wy U Ws is the set of algebraic numbers of degree t with (2.23), (2.24).

To estimate the cardinality of W; we apply Lemma 10.3 with

A = max <M( f), 4t<t+1>/5>, B= <24’"2M( f)ST—8>t/5, )

(observe that if ¢ satisfies (2.23) then ¢ also satisfies (10.11) with «a;, ¢; the same
asin (2.23) for j € I, and a; =0, p; =0 for j € {1,...,t}\I).
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Thus, using that B2 < 43279y > 2¢ + 1 > 3 we infer that T, has cardinality at
most

2451
(13.4) t (1 | los(32r70~)

log(1 + 6/1)

<t4+4t3071 35 ogdr < 13636 log 4r .

) <t (1+4t67" - log(32r%t6"))

To estimate the cardinality of W5 we will apply Theorem 2.1 with §/2 in place of
J.

Let ¢ € W5 and let g be the minimal polynomial of (. We first observe that f
and g do not have a common zero. For assume the contrary. Then g is a divisor of
f since g is irreducible. But then M (¢) = M(g) < M(f) by (3.6) which contradicts
(13.3). Now from our observation, (13.3), (13.1) and M(¢) = M(g) it follows that

0 < |R(f,9)| < M(g) >

which is (2.6) with §/2 replacing 0. It is clear that g satisfies (2.7). Further, from
(13.3) and M(g) = M(() it follows that g satisfies (2.8) with §/2 replacing 0.

So by applying Theorem 2.1 (with 6/2 in place of ¢) we infer that if ¢ runs through
W5 then its minimal polynomial g runs through a set of cardinality at most

QTIHO042L2L (95~ 1) Jog Ay log log dr = 230521215715 160 4y log log 47 .

Since each such polynomial g has ¢ zeros we must multiply this with ¢ to obtain an
upper bound for the cardinality of W, i.e. we must replace t#+2! by #2422,

By combining this with the upper bound for the cardinality of W; obtained in
(13.4) we infer that the total number of algebraic numbers ¢ of degree ¢ with (2.23),
(2.24) is at most

BIFT66420422 5715 160 41 log log 47" .

Since this is the upper bound (2.22) in Corollary 2.3 we are done. O
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