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1. INTRODUCTION

In the present paper we give explicit upper bounds for the number of
equivalence classes of binary forms of given degree and discriminant, and
for the number of equivalence classes of irreducible binary forms with given
invariant order.

Two binary forms F, G € Z[X, Y] are called equivalent if there is a matrix
(“%) € GLy(Z) such that G(X,Y) = F(aX + bY,cX + dY). Denote by
D(F) the discriminant of a binary form F', and by O the invariant order
of an irreducible binary form F. We recall the definition of the invariant
order of F which is less familiar. Write F(X,Y) = aoX" + a; X"'Y +
-+ 4+ a,.Y" and let 0F be a zero of F(X,1). Then Op is defined to be
the Z-module with basis 1, afp, agf% + a10r, agh3 + a10% + as0p,. . .,
aOG’I}’l + aIG}’Q + -+ 4+ a,_20p; this is indeed an order, i.e., closed under
multiplication. It is well-known that two equivalent binary forms have the
same discriminant. Further, two equivalent irreducible binary forms have
the same invariant order. The discriminant D(Op) of O is equal to D(F)
(see [8], [9] for a verification of these facts). Consequently, if K = Q(0F),
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then D(F) = Dy, where Dy is the discriminant of K and ¢ = [Of : O]
is the index of O in the ring of integers Ok of K.

By classical results of Lagrange, Gauss (r = 2) and Hermite (r = 3), the
binary forms F' € Z[X, Y] of degree r < 3 with a given discriminant D # 0
lie in finitely many equivalence classes, and these classes can be effectively
determined. This finiteness theorem was generalized for the case r > 4
by Birch and Merriman [2] in an ineffective form, and later by Evertse
and Gyéry [5] in an effective form. Moreover, the theorem remains true
without fixing the degree r; see [7]. An immediate consequence is that if
O is a given order of some number field, then the irreducible binary forms
F e Z[X,Y] with Op = O lie in finitely many equivalence classes. From a
result of Delone and Faddeev [3, Chap.II, §15] it follows that for each cubic
order O there is precisely one equivalence class of irreducible binary cubic
forms F' € Z[X,Y] such that Op = O. For degree larger than 3 this is no
longer true: Simon [9] gave examples of number fields K of degree 4 and of
arbitrarily large degree whose ring of integers Ok can not be represented
as Op for any irreducible binary form F'.

In the present paper, we prove the following results:

1) Let O be an order whose quotient field has degree r > 4 over Q. Then
the irreducible binary forms F € Z[X,Y] with Op = O lie in at most 224"

equivalence classes.

2) Let K be an algebraic number field of degree » > 3 and let ¢ be a
positive integer. Then for every € > 0 the set of irreducible binary forms
F € Z|X,Y] such that K = Q(0F) for some zero 0 of F(X,1) and such
that D(F) = ¢*Dy is contained in the union of at most «f(r, e)cﬁ%
equivalence classes; here a(r,¢) depends only on r and . We show that
in this upper bound the exponent of ¢ cannot be replaced by a quantity

2
smaller than T

More generally, we prove analogues of 1) and 2) for binary forms having
their coefficients in the ring of S-integers of a number field. Further, we
prove a generalization of 2) for reducible binary forms. Our precise results
are stated in Section 2 (Theorems 2.1, 2.2 and 2.3). Our approach is similar
to that of Birch and Merriman [2], with the necessary modifications. In our
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proofs we use among other things an upper bound by Beukers and Schlick-
ewei [1, Theorem 1] for the numbers of solutions of the equation = +y = 1

in unknowns z,y from a multiplicative group of finite rank.

2. STATEMENTS OF THE RESULTS

Terminology. Before stating our results we introduce the necessary
terminology. Let F(X,Y) = aoX" + a; X" 'Y + -+ + @,Y" be a binary
form. Writing F' as

F(X.Y) = [J(xX - 8Y)
i=1

we may express the discriminant of F' as
(21) D(F) = )\QT_Q H (Oéiﬁj — Oéjﬁi)2 .

1<i<j<r
This is independent of the choice of A and of the «;, §;. It is well-known
that D(F') is a homogeneous polynomial of degree 2r — 2 in Zlay, ..., a,].
For a matrix U = (24) we define Fiy(X,Y) := F(aX +bY,cX +dY). Then
(2.1) gives

(2.2) D(Fy) = (det U)""=YD(F).

Now let R be an integral domain with quotient field of characteristic 0.
Two binary forms F,G € R[X,Y] are called R-equivalent, notation F La ,
if G = Fy for some matrix U € GLy(R), i.e., with detU € R*. (f R=7Z
we simply speak about equivalence.) It is then clear from (2.2) that for any
two binary forms F, G € R[X,Y| we have

(2.3) GEF = D(G) =eD(F) for some ¢ € R".

An important invariant of an irreducible binary form F' € R[X,Y] is its
invariant ring or invariant order Opg (see Simon [9]). By an R-order of
degree r (or just an order of degree r if R = Z) we mean an integral domain
O such that O is an overring of R, the domain O is finitely generated as an
R-module, and the quotient field of O has degree r over the quotient field
of R.
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The order Opp (or just Op if R = Z) is defined as follows. Let F' =
aoX"+a; X" 'Y+ - -+a,Y" be a binary form in R[X, Y] which is irreducible
over the quotient field of R. Let 6 be a zero of F(X,1). Then Opp is
defined to be the R-module with basis

w1 = 1, Wy = aoﬁp, W3 = aOH% + CL19F, Cey
24
( ) Wy = a0«9}}_1 + a16}_2 + -+ CLT_QQF.
We recall some facts proved by Simon [9] about Opg. First Oppg is an
R-order of degree r. Second, if G is another binary form in R[X, Y| then

(2.5) rfac = Orr = Ogr (as R-algebras).

Third

(2.6) D(wy,...,w.) = D(F).

Here D(wy,...,w,) denotes the discriminant of wy,...,w,, that is the de-

terminant det(Tr(w;w;)1<ij<r), where Tr denotes the trace map from the
quotient field of Op i to that of R.

Our results will be established for binary forms having their coefficients
in the ring of S-integers of a number field. Therefore we recall some notions
about such rings.

Let k be a number field, and {|.|, : v € My} be a maximal set of pairwise
inequivalent absolute values of k. We will refer to My as the set of places
of k. Let S be a finite subset of My containing all infinite places of k (i.e.,
the places v such that |.|, is archimedean). Then the ring of S-integers and
its unit group, the group of S-units are defined by

Os={zek:|z|,<1lforvgsS}, Oi={rek:|z|,=1forv ¢S},

respectively.

Two ideals a, b of Og are said to belong to the same ideal class of Og
if there are non-zero A, u € Og such that Aa = pb. Denote by h,,(Ogs)
the number of ideal classes 2 of Og such that A" is the class of prin-
cipal ideals of Og. For a finite extension K of k, let dg/ s denote the
relative S-discriminant, i.e., the ideal of Og generated by all discrimi-

nants Dy /x(wi, ..., w,), where wy, ..., w, runs through all k-bases of K with
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w1, ...,w, integral over Og. The absolute norm of an ideal a of Og is defined
by Ng(a) := #Og/a.

Given an irreducible binary form F € Og[X,Y] we write Opg for its
invariant order Op o, .

New results. Let k, Og be as above. From results of Birch and Mer-
riman from 1972 [2] (ineffective) and Evertse and Gyory from 1991 [5] (ef-
fective) it follows that for given r > 2 and D € Og with D # 0, the binary
forms F' € Og[X,Y] with degree r and with D(F) € DO} lie in finitely
many Og-equivalence classes. Together with (2.6) this implies that for any
given Og-order O, the binary forms F' € Og[X,Y] which are irreducible
over k and for which Op g = O lie in finitely many Og-equivalence classes.
From a result of Evertse and Gyéry [4, Thm. 11] it can be deduced that
for a given Og-order O, the monic binary forms F' € Og[X,Y] (i.e., such
that F'(1,0) = 1) with Opg = O lie in at most ¢(r)* Og-equivalence classes,
where ¢(r) depends only on r and where s = #S5. Our first result extends
this to non-monic binary forms.

Theorem 2.1. Let S C My be a finite set of cardinality s, containing all
infinite places. Let O be an Og-order of degree r > 3. Then there are only
finitely many Og-equivalence classes of binary forms F € Og|X,Y] such
that F is irreducible in k[ X, Y] and

(2.7) Orps = 0O (as Og-algebras).
The number of these classes is bounded above by
924r%s if 7 is odd,
(2.8) s
2245 hy (Og) if is even.
In Section 9 we show that the factor hy(Qg) is necessary if r is even.

In the next corollary we state the consequence for Og = Z. Recall that
in this case k = Q and #S5 = 1.

Corollary 2.1. Let O be an order of degree v > 3. Then the number of
equivalence classes of binary forms F € Z[X,Y] such that F is irreducible
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in Q[X,Y] and Op = O is at most

3
2247" )

We now state our second result. For an ideal a of Og, denote by wg(a)
the number of distinct prime ideals p of Og with p | a (or the number of
v ¢ S such that |z|, < 1 for every x € a). Further, for an ideal a of Og and
for a € N, denote by 7,(a) the number of tuples of ideals (91, ...,0,) of Og
such that their product []7, 9; divides a. In the theorems below, the ideal
of Og generated by a is denoted by [a].

Given a finite extension K of k, we denote by F(Og, K) the set of binary
forms F' such that F' € Og[X,Y], F is irreducible in k[X, Y], and there is
0 such that F(0p,1) =0 and K = k(fr). By Lemma 4.1 in Section 4, for
every F' € F(Og, K) there is an ideal ¢ of Og such that

(2.9) [D(F)] = ¢ ks

Theorem 2.2. Let S be as in Theorem 2.1, and let K be an extension of
k of degree r > 3. Then for every non-zero ideal ¢ of Og, there are at most
finitely many Og-equivalence classes of binary forms F € F(Og, K) with
(2.9). The number of these classes is at most

(2.10) 2tres@ oz (@) | D Ns(@) | - h(r, O)

227" D¢
where
h(r,Ogs) =1 ifr is odd, h(r,Og) = hao(Og) if r is even.
Here the sum is taken over all ideals 0 of Og such that 227 divides c.

We give again the consequence for Og = Z. Given a nonzero integer a,
denote by w(a) the number of distinct primes dividing a, and for o € N

denote by 7,(a) the number of tuples of positive integers (dy, ..., d,) such
that [[;_, d; divides a.

Corollary 2.2. Let K be a number field of degree r > 3, and let ¢ be a
positive integer. Then the irreducible binary forms F € Z[X,Y], for which
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Q(0r) = K for some zero Op of F(X,1), and for which
D(F) = Dk

lie in at most

224r3(1+w(c)) 'Tér(rfl)(CQ) Z d

d%r(rfl) ‘C

equivalence classes.

Theorem 2.2 will be deduced from Theorem 2.1 as follows. Let S’ consist
of the places in S and those places v € S such that |z|, < 1 for every
x € ¢. Then if F' € F(Og, K) satisfies (2.9), then D(F) - Ogr = g ,s and
so Org = Og. Now Theorem 2.1 yields an upper bound for the number
of Ogi-equivalence classes containing the binary forms F' € F(Og, K) with
(2.9) and from the arguments in Section 4 one obtains an upper bound for
the number of Og-equivalence classes containing the forms lying in a single
Og-equivalence class.

We state a generalization of Theorem 2.2 for reducible forms. Let Ky,
Ki,...,K; be (not necessarily distinct) finite extensions of k. Denote by
F(Os, Ko, ..., K;) the set of binary forms F with the following proper-
ties: there are binary forms Fy,..., F; with F = HEZOFZ-, such that F; €
Os[X, Y], F; is irreducible in k[ X, Y], and there is a 0, such that F;(0g,) = 0
and k(0r) = K; (i =0,...,t). By Lemma 4.1 in Section 4, for every binary
form F € F(Og, Ko, ..., K;) there is an ideal ¢ in Og such that

(211) [D(F)] = CQDKo/k,S-“DKt/k,S-

Theorem 2.3. Let S be as in Theorems 2.1 and 2.2, and let Ky, K1, ..., K,
be finite extensions of k. Putr; := [K; : k] (i =0,...,t) andr := ro+- - -+ry.
Assume that rq > 3. Then for every non-zero ideal ¢ of Og there are at most
finitely many Og-equivalence classes of binary forms F € F(Og, Ky, ..., K})
with (2.11). The number of these classes is at most

(2.12) 224’“3<S+WS<C>>-T%T(r,l)(&) > Ns(d) | - h(ro, Os)

D%'r(r71)|c
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where
h(ro,Os) =1 if ro is odd, h(ro, Og) = ha(Os) if o is even.
The consequence of Theorem 2.3 for Og = 7Z is as follows.

Corollary 2.3. Let Ky, ..., K; be number fields. Put r; := [K; : Q] (i =
0,...,t) and r :=ro+ -+~ + 1. Assume that ro > 3. Let ¢ be a positive
integer. Then the binary forms F for which there are irreducible binary
forms Fy, ..., Fy € Z[X,Y]| with F = HfzoFi such that K; = Q(0g,) for
some zero O, of F;(X,1), and for which

D(F) = C2DK0 Ce DKt,
lie in at most

2247"3(1+w(c)) i

equivalence classes.

Unfortunately, our method of proof of Theorem 2.3 requires that we have
to impose some unnatural technical conditions on the binary forms F' under
consideration, namely that they factor into binary forms F; with coefficients
in Og and that Fy has degree ry > 3. If Og is a principal ideal domain (for
instance when k = Q), then the first condition is no restriction. For in
that case, if a binary form F' € Og[X,Y] is reducible over k its irreducible
factors can always be chosen from Og[X,Y]. But the latter is not true if
Oy is not a principal ideal domain.

Allowing these technical conditions, we give a relatively simple proof of
Theorem 2.3 based on Theorem 2.2 and on a result on resultant equations
(see Proposition 8.1 in Section 8) which may be of some independent inter-
est. It may be possible to remove the technical conditions from Theorem
2.3 at the price of more complications.

Theorem 2.3 implies that the number of Og-equivalence classes of binary
forms F' € F(Og, Ko, ..., K;) with (2.11) is at most

(2.13) a(k, S, 70, . .., 7i,e)Ng(c) 7@+
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for every € > 0, where o depends only on the parameters between the
parentheses. In Section 9 we will show that the bound (2.13) is almost best
possible in terms of Ng(¢) in the following sense: for each tuple (K, ..., K;)
of finite extensions of k, there is a sequence of ideals ¢ of Og with Ng(c¢) —
0o, such that the number of Og-equivalence classes of binary forms F €
F(Og, Ky, ..., K;) with (2.11) is at least

/BNS(C) 'r('r2—1) ,

where (3 is a positive constant independent of c¢.

3. PRELIMINARIES

In our proofs it will be necessary to keep track not only of binary forms
but also of their zeros. To facilitate this, we introduce below so-called
augmented forms, which are tuples consisting of a binary form and of some
of their zeros.

Given a field K, we define P*(K) := KU{oo}. Every matrix A = (2}) €
GL2(K) induces a projective transformation

al +b
Tt d
(with the usual rules (a + b)/(c€ +d) = oo if ¢ # 0 and £ = —d/c;
(aco +b)/(coo +d) = a/c if ¢ # 0 and oo if ¢ = 0). Thus, two matrices
A, B € GLy(K) induce the same projective transformation if and only if
B = )\A for some \ € K*.

(A) : PYK) — PY(K) : §

Now let k be a number field which is fixed henceforth. Let K be a finite
extension of k. An augmented K-form is a pair F* = (F,0p) consisting
of a binary form F' which is irreducible in k[X, Y], and 0r € K such that
F(fp,1) =0 and k(fr) = K. We agree that k(co) = k and that for every
c € k*, (¢Y, 00) is an augmented k-form.

Let Ky,...,K; be a sequence of finite extensions of k. An augmented
(Ko, ..., K)-form is a tuple F* = (F, 0y F,...,0; r) with the property that
there are binary forms Fy,..., F;, such that ' = HE:O F;, and (F;,0; ) is
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an augmented K;-form for ¢ = 0,...,t. We define the discriminant and
degree of F* by D(F*) := D(F), deg F* := deg F', respectively. Notice that
deg F* =Y [K; : K].

For an augmented (K, ..., K;)-form F* = (F,0y p,...,0: r) and for A €
GLa(k), A € k* we define

(3.1) A = (AFa, (A) 0o p, ..., (A0 p).
Clearly, AF7} is again an augmented (K, ..., K;)-form. Notice that if G* =
AF% then F* = A71G* _y; further if G* = A\, H* = pG7; for some A, B €
GLo(k), \, pu € k* then H* = \uF .

Let R be a subring of k. Two augmented (Ko, ..., K;)-forms F* G* are
called R-equivalent, notation F™* L G*, if G* = I} for some U € GLy(R),

and weakly R-equivalent, notation F™* 2 G*, if G* = AF}; for some U €
GL2(R) and A\ € R*.

Let
M) =4 (¢ 0 cabedenr det [T 0] 20l
c d c d

R
Then for two augmented (Ko, ..., K;)-forms F* G* we write F* < G* if
G* = F for some A € My*(R).

In the Lemma below we have collected some simple facts.

Lemma 3.1. Let r:= "' [K; : k] > 3 and let R be a subring of k.

(i) Let F* be an augmented (K, ..., K)-form, U € GLy(k) and X € k*.
Then \Fj, = F* if and only if U = p({ ) with p €k* and p" = A1,

(i) Let F*,G* be two augmented (Ky,..., K;)-forms and suppose that
G* = NIy, for some Uy € GLy(k), X\o € k*. Then for any other U €
GLy(k), A € k* we have G* = AF} if and only if U = pUy with p € k* and
p"= Ao/ A.

(iii) Let F'*,G*, H* be augmented (Ko, ..., K;)-forms such that F* i G*,
G* X H*. Then F* = H".

(iv) Let F*,G* be two augmented (Ky, ..., K;)-forms. Then
Fric i — rEo
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Proof. (i) Let F* = (F,00F,...,0,5). For i =0,...,t, put r; := [K; : K|
and denote by (91(71}, o ,491(7“}) the conjugates of 0; p over k (if 6, p = o0,
then K; =k, r, = 1 and (9@(1} = 0). By assumption, (U)70, r = 6, p for
1 =0,...,t and therefore, (U>*16’§7]} = 01(]} fori=0,...,t, j=1,...,7;.
Thus, (U) has °_,[K; : k] = r > 3 fixpoints. It follows that (U) is the
identity on P', hence U = p(§{) with p € k*. Now since \NFyy = F, we
have F(X,Y) = AF(pX,pY) = M\p"F(X,Y), hence p" = A71. Conversely,
if U=p(§9) with p" = A7, then clearly, A\F}; = F*.

(ii) Let G* = AFj;. Then (AA™")Fy - = F*. Apply (i).

(iii) Obvious.

(iv) <= is clear. Assume F™* z G*, G* Z F*. Then there are A B €
M5*(R) such that G* = F, F* = G3. Thus F* = F}5. Hence by (i),
AB =p(§9) with p"=1. Now p€ Rand A~' = p7'B = p" ' B € Mp*(R).
So A € GLy(R) and ARy O

Let again S be a finite subset of M containing all infinite places. For
v &S (ile. ve M\S) define the local ring O, = {z € k : |z|, < 1}.
We need a few probably well-known local-to-global results, relating (weak)
O,-equivalence of augmented forms for v € S to Og-equivalence. We have
inserted the proofs for lack of a good reference.

Lemma 3.2. Let F*,G* be two augmented (Ko, ..., K;)-forms such that
F* G* are O,-equivalent for every v & S. Then F*,G* are Og-equivalent.

Proof. By assumption, for every v ¢ S there is U, € GlL3(O,) such that
G* = Fy; . By Lemma 3.1, (ii) for v ¢ S we have U, = p,Uy where Uy is one
of the matrices U, (v ¢ S), and p, € k¥, pj = 1. Then clearly, G* = Fp;,
and Uy € GLy(O,) for v € S, so Uy € GLy(Og). Lemma 3.2 follows. O

The following result is more involved.

Lemma 3.3. Let C* be a collection of augmented (Ko, ..., K;)-forms such
that for every pair F*,G* € C* we have that F*, G* are weakly O, -equivalent
for everyv & S. Let s :== #S. Then C* is contained in the union of at most
r® Og-equivalence classes if r is odd, and in the union of at most r*hy(Og)
Og-equivalence classes if r is even.
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Before proving Lemma 3.3 we make some preparations.

If R is a domain with quotient field K, then by a fractional R-ideal, we
mean a subset a # {0} of K such that Aa is an ideal of R for some A € K*.
For v ¢ S, denote by p, the prime ideal of Og corresponding to v, i.e.,

={z € Og : |z|, < 1}, and by ord, the discrete valuation correspondmg
to v. Thus, [z] = [],4 por @) for 2 € k.

Let F*,G* € C*. Thus, for every v ¢ S there are U, € GL3(O,), A\, € O
such that G* = A,y . Choose any U € GLa(k), A € k* such that G* =
AF};. Then by (ii) of Lemma 3.1, for each v ¢ S there is a p, € k* such that

(3'2) Uy=p,U, A= p;r)\'
Define the Og-fractional ideal

(3.3) a(F*,G*) =[] pgrv o).
vES

This is well-defined, since for all but finitely many v ¢ S we have A € O},
whence p, € O, whence ord,(p,) = 0. Let A(F*, G*) denote the ideal class
of a(F*,G*), that is, {p - a(F*,G*) : p € k*}.

The fractional ideal a(F™*, G*) depends on the particular choice of U, A,
(v &€ 8), U\, but its ideal class A(F™*, G*) does not. Indeed, for v & S,
choose U;, € GL2(0,), A, € O such that G* = A Fy, and then choose
U' € GLy(k) and X € k* such that G* = XN[}5,. By (ii) of Lemma 3.1
there are p/, € k* such that U = p U, N\ = pvfr)\’ for v ¢ S. This
gives rise to a fractional ideal a'(F”, G") =[], 4 pord @) - Again by (ii) of
Lemma 3.1, there is u € k* such that U’ = pU and X = p~"A. This implies
for v ¢ S that U, = plup;tU,, hence plup,;! € OF, and so ord,(p)) =
ord,(p,) — ord,(p). Therefore, a/(F*, G*) = p~ta(F*, G*).

Lemma 3.4. (i) Let F*,G* € C*. Then A(F*, G*)&4"2) s the principal
1deal class.

(ii) Let F*,G* € C* and suppose that A(F*,G*) is the principal ideal
class. Then F*, G* are weakly Og-equivalent.

(iii) Let F*,G*, H* € C*. Then A(F*, H*) = A(F*,G*) - A(G*, H*).
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Proof. (i) According to (3.2) we have for v ¢ S, that

ord, (p?) = ord,(det U,(det U) ™) = ord,((det U)~*,
ord, (p") = ord, (A1) = ord,()\),

and so according to (3.3), a(F*,G*)*> = [detU]™! and a(F*,G*)" = [},
where [a] denotes the Og-fractional ideal generated by a. This implies (i).
(ii) Let a(F™*,G*) be given by (3.2), (3.3). Then by our assumption,
a(F*,G*) = [p] with p € k*. This implies pp,* € OF for v ¢ S. Put
V= pU, p:= p7"U. Then G* = uFy;. Further, by (3.2), we have for
v & S, that U, = p,p~V, Ay = (ppp') ", which implies V € GLy(O,)
and pu € OF. Hence V € GLy(Os) and p € OF. Our assertion (ii) follows.
(iii) Straightforward computation. O]

Proof of Lemma 3.3. Fix F* € C*. We subdivide C* into classes such that
two augmented forms G7, G5 € C* are in the same class if and only if their
corresponding ideal classes A(F*, G7), A(F*,G35) coincide. Let FY, ..., F}
be a full system of representatives for these classes. Notice that by (i) of
Lemma 3.4, we have h < 1 if r is odd, and h < hy(Og) if 7 is even.

Fix i € {1,...,h} and take any G* from the class represented by F}".
According to (iii) of Lemma 3.4, we have that 2A(F;", G*) is the principal
ideal class. So by (ii) of Lemma 3.4, there are U € GL3(Og) and ¢ €
O% such that G* = ¢(F})y. The group Of is the direct product of s =
#S cyclic groups, with generators €1,...,e5, say. So we may write ¢ =
eyt ey, with wy, ..., w, € {0,...,7 — 1} and n € OF%. Consequently,
G" =y ed (F v

It follows that C* falls apart in at most 7*h Og-equivalence classes, each
represented by € ---e¥ F* for certain ws,...,ws € {0,...,7r — 1}, i €
{1,...,h}. Lemma 3.3 follows. O

4. FROM k-EQUIVALENCE CLASSES TO (Og-EQUIVALENCE CLASSES.

We keep the notation introduced in §§2-3. Let Kj,..., K; be a sequence
of finite extensions of k. Let C* be a set of augmented (Ko,..., K;)-

forms which are all k-equivalent to one another, and such that every F* =
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(F,00F,...,0.F) € C*satisfies F' € Og[X, Y] and (2.11). We will show that
C* is contained in finitely many Og-equivalence classes and estimate from
above the number of these classes. We first localize at a place v € S, and
estimate from above the number of O,-equivalence classes containing C*.
Then we use Lemma 3.2.

Let v € My be a finite place. Denote by O, the local ring of v and by p,
the maximal ideal of O,, i.e.,

O,={zek: |z, <1}, p,={rek: |z, <1}

Put Nv :=#(0,/p.).

Given a finite extension L of k, we denote by Oy, , the integral closure of
O, in L. The ring Oy, is a principal ideal domain with finitely many prime
ideals. Further, it is a free O,-module. The v-discriminant ideal of L/k is
given by the ideal of O,,

(41) aL/]k,v:DL/k(alv"'7aT)'OU7
where a4, ..., @, is any O,-module basis of Oy, ,. This does not depend on
the choice of aq, ..., a,.

We will often denote the fractional Oy, ,-ideal generated by ay, ..., a,, by
lai,...,ay]; from the context it will always be clear in which field L we
are working. Given a polynomial f € L[X},...,X,,], we denote by [f] the
fractional Oy, ,-ideal generated by the coefficients of f. Then according to

Gauss’ Lemma,

(4.2) [fgl = [f]lg] for f,ge€L[Xy,..., Xn]

Below we need some properties for resultants. The resultant of two binary

forms F'=a[[;_ (X —a;Y), G =b][;_,(X — 3;Y) is given by

(4.3) R(F,G)=a’t" [[]](ci — ) -

i=1 j=1

The resultant R(F,G) is a polynomial in the coefficients of F' and G with
rational integral coefficients. It is homogeneous of degree s in the coefficients

of F' and homogeneous of degree r in the coeflicients of G. For binary forms
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Fy, ..., F; we have
t
(4.4 D(F) - (H Dm)) I R
i=0 0<i<j<t
Now let Ky, ..., K; be a sequence of finite extensions of k. Denote the

normal closure over k of the compositum Ky ... K; by L. Put r; := [K; : K]
(i=0,...,t)and r :==rg+---+71. Fori=0,...,tlet & — 09 (j =
1,...,r;) denote the k-isomorphic embeddings of K; into L.

We prove some properties for augmented (Ko, ..., K;)-forms.

Lemma 4.1. (i) Let F* = (F, 0y p,...,0.r) be an augmented (Ko, ..., K;)-
form.

(1) Let v € My be a finite place and suppose F' € O,[X,Y]. Then there
s an ideal ¢, of O, such that

D(F) . Ov = czDKo/kﬂ, Ce OKt/]kﬂ, .
(ii) Suppose that F' € Og|X,Y|. Then there is an ideal ¢ of Og such that
D(F) . OS = C2DK0/11<,S .. DKt/]k,S .

Proof. (ii) follows by applying (i) for every v ¢ S. We prove (i). Since
O, is a principal ideal domain we may write F' = FyF} ... F;, where [} =
(F;,0; r) is an augmented K;-form and F; € O,[X,Y] for i = 0,...,¢. In
view of (4.4) and since R(F;, Fj) € O, for all 4, j, it suffices to show that
D(F;) -0, = cgvibm/kyv for some ideal ¢, ; of O,.

Write Fi(X,Y) = aoX"" + a1 X" 'Y + -+ + @,,Y", and put w; = 1,
wa = aobi p, ws = aOHZF—i—alGi,F, ey Wy, = aoeggl —|—a10£i1;2+. Ay, ol; .
Let {on,...,a,,} be an O,-basis of Ok, ,. Then since wy,...,w,, € Ok,
we have w; = Z;’:l &ijo; with &; € O,. Invoking (2.6) we obtain

D(E) : Ou = DKi/k(wl, e ,wri) . OU
= det(fij)zDKi/k(ozl, ce ,O{Ti) . Ov = det(@j)zb;{i/kw.

Now Lemma 4.1 follows. O

Let again F* = (F,6yp,...,0;r) be an augmented (Ko,..., K;)-form.
Henceforth we fix a finite place v € My and assume that F' € O,[X,Y]. For
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t=0,...,t, choose o r, B; r such that
Qip .
ai,Fvﬁi,F € OKi,u, F - 61F7 [az’,Fyﬁi,F] = [1] if Hi,F # 00,
(4.5) Bir

Q;p € O;,ﬁi7F =0 if 92‘717 =00

this is possible since Ok, , is a principal ideal domain. We may write

(46) —€FHH (ZJ (ZJ)Y) with €FEOU, €F7AO

=0 j=1

Indeed, a priori we know only that er € k*. But by Gauss’ Lemma we have

(4.7) [er HH zF’ (” = [er],

=0 j=1

and thus ep € O, follows.
To pass from double to single indices we define a map

e:1,...,7r = (0,1),...,(0,79),...
S, (L), (1), (8 ),

meaning that ¢ maps 1,...,7 to (0,1),...,(¢,r), respectively. We define
the ideals of Oy ,:

(4.9) O(F) = [V B0 — o) gl

for k,l =1,...,r, k <, where ¢(k) = (i1,71), ©(l) = (i2,J2). Notice that
the ideals 04(F™) are independent of the choice of «; g, 5 in (4.5). By
(4.6), (2.1), we have

(4.10) [T ou(F)y 2 D).

(4.8)

Further, if G* is an augmented (K, ..., K;)-form which is O,-equivalent to
F* then

(411) Okl(F*) = bkl(G*) for 1<k<i<nr

The latter can be seen easily by taking U € GL2(O,) such that G* = F};
and putting (gg) = U‘l(%i), ;i := (U)™'0; p for i = 0,...,t. Then
(4.5), (4.6), (4.9) hold with everywhere G, G* in place of F, F'* and we obtain
01(G*) = (det U™Y) - g (F™*) = 0y (F™) since det Ut € OF.
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Lemma 4.2. There are ideals 0y of Or,, independent of F* such that

(4.12) Dkl(F*) Coy for 1<k<li<rm,
(4.13) H Dil - 0Ky /kyw - - - 0K, Jkv-
1<k<I<r

Proof. Take i € {0,...,t} and choose an O,-basis {a;1,..., ;. } of Ok, .
Then there is a polynomial I, i € O, X7, ..., X;,] (the index form of K;/k

with respect to a; 1, ..., a;,,) such that
2
I EPOLEDTE SHERS
1<ji<je<r; \m=1

= DKZ'/]k<ai,17 e 7O[i7ri)IKi/k(X17 e ,Xn.>.

Define the ideal of Oy ,:

(4.14) b = |afi" = ol el — o).
Then by Gauss’ Lemma
(4.15) [T 9%, S Drelcin, - 0in)] = 0 i

1<j1<g2<r;

Moreover (1) — ¢(32) ¢ b, . for any ¢ € O, ,. Hence for the numbers

a; p, B r chosen in (4.9) we have

(4.16) a0 — QR e s (1< g <o <1y).

Let ¢ be the map from (4.8). Define 9y, by
(4 17) Dkl - bi,j1,j2 if Sp(k) = (le)? QD(Z) = (%]2)
. 0 = [1] if (k) = (i1, J1), p(l) = (ig, j2) with 4y # .

Then (4.12), (4.13) follow at once from (4.16), (4.17), (4.10). O]

Let ¢, = ¢,(F*) be the ideal from (1) of Lemma 4.1. Define p,(F*) € Z
by ¢, = pt*". Thus, [D(F)] = p"" TTizg 0, e
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Lemma 4.3. Let p be a non-negative integer. Then as the tuple F* =
(F,00,F,...,0uF) runs through the collection of augmented (Ko, ..., K;)-

forms with
(4.18) F e 0,X,Y]
(4.19) po(F*) < p,

the tuple (05 (F™*) : 1 < k <1 <) runs through a set of cardinality at most

. (e

depending only on Ky, ..., K, v, p.

Proof. We define an action of the Galois group Gal(L/k) on the set of sub-
scripts {1,...,r} as follows. Denote by A the set of all r-tuples (y1,...,7%)
with the property that there are & € Ky, & € Ky, ...,& € K, such that

(’717 e ”')/,r) = (5[()071)7 AR 7£607TO)7 a0 7£t(t71)7 ceey t(tﬂ't)) .

Then there is a homomorphism 7 — 7* from Gal(L/k) to the permutation
group of {1,...,7}, such that

(4.21) T(V) = Yoy for (ya,...,7m) €A, k=1,...,r

Notice that if ¢(k) = (i, 7), then p(7*(k)) = (¢, ') for some j' € {1,...,r;}
where ¢ is the map given by (4.8).
For each k,l € {1,...,r}, with & < [, we define the subfield Ly of L by

(4.22) Gal(L/Ly) = {7 € Gal(L/k) : 7*({k,1}) = {k,1}}

(ie. (k) = k,7"(l) =1, or 7*(k) = I,7"(l) = k). We partition the set
of pairs {(k,l) skl e {l,...,r},k <1} into orbits C},...,C, in such a
way that (k1,0;), (ke,l2) belong to the same orbit if and only if {ks,lr} =

7*({k1, 1 }) for some 7 € Gal(L/k). For each m = 1,...,n we choose a
representative (kp,,l,,) of Cp,. Then if (k,[) runs through C,,, the field Ly,

runs through all conjugates over k of Ly ; , and so

lm?

(4.23) #C.,, = [Li, 1, - k] for m=1,...,n.
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Now let F* = (F,0yp,...,0:r) be an augmented (K, ..., K;)-form sat-
isfying (4.18), (4.19). Define the ideals

ap(F*) = 0(F*)%0,2 (1<k<I<vr).

By Lemma 4.2 we have ay(F*) C Or,, and by (4.9), (4.14), (4.17), the
ideal ay;(F™) is generated by elements from the field Ly;. Tt is clear that the
ideals ag;(F™*) determine 04 (F™*) (1 < k < < r) uniquely.

For brevity put

Lm = Lkmlm7 am(F*) = akmlm(F*) N Lm (m = 17 e 7n)7

thus a,,(F*) is an ideal of Or,, ,. The ideals a;(F™*), ..., a,(F*) determine
0 (F*) (1 < k < I < r) uniquely. Indeed, they determine the ideals
A, (F*) (m=1,...,n) of O, since the latter are generated by elements
from L,,; and then by taking conjugates over k one obtains all ideals az;(F™*)
(1 <k <1 <r), which, as mentioned before, determine 05 (F*) (1 < k <
I <r).

Form =1,...,nlet P, ..., Py, be the prime ideals of Oy, ,. Thus,

an (F7) = B e ()

mgm

where w1 (F*), ..., W, (F*) are non-negative integers since a,,(F™) is an

ideal of Oy, ,. Now the tuple of integers
W(F*) = (Wi (F*):m=1,....,n, k=1,...,9m)

determines uniquely the ideals a,,(F*) (m = 1,...,n), hence the ideals
0. (F*) (1 <k <1 <r). Therefore it suffices to show that for w(F™) there
are at most (2p ;%(:(_951)) possibilities.

Now on the one hand we have by (4.10), (4.13), (i) of Lemma 4.1, and

assumption (4.19),

H 0 (F*) 2 D(F) @Ko/ - Ok sin) O = 201,

1<k<I<r
2
2 pvp : OL,U )
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while on the other hand,

H akl(F H H akl F* H NLm/k(am(F*)) : OL,v
m= l(kz m=1

1<k<i<r 1eCm

H NLm/k (mm mh F* OL ,U

prmhwmh OL’U
h=1

=1
Cp m=1 2_hry Wi (F OLU
where f,,;, is the residue class degree of B,,., over p,. Therefore,

(4.24) > zm: W (F*) < 2p.

m=1 h=1
Now ¢, < [Lp : k] < #C,, for m = 1,...,n in view of (4.23). Hence the
number of summands on the left-hand side is at most

Z#c = #{(k,1) : 1§k<l§r}:%r(r—1).

By elementary combinatorics, the number of tuples of non-negative integers

w(F*) with (4.24) is at most
2p+ %r(r - 1)
r(r—1) '

2
As observed above, this implies Lemma 4.3. 0

Let C* be a k-equivalence class of augmented (Kj, ..., K;)-forms. Given
an ideal ¢, of O, and a tuple of ideals {9y, : 1 < k < < r} of Op,, let
C*(cy, {0k }) denote the collection of augmented (K, ..., K;)-forms F* =

F.0yp,...,0: ) such that

(

(4.25) F* e

(4.26) F e O,J[X,Y];

(4.27) [D(F)] = ¢ gy i - - - Ok, Jics

(4.28) 0 (F*) =0y for kle{l,....r}, 1<k<l<r
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Lemma 4.4. Suppose r := ZEZO[Ki - k] > 3. Let ¢, be an ideal of O,
and {1 <k <1 <r} a collection of ideals from Oy, such that the set
C*(cy,{0ki}) is not contained in a single O,-equivalence class. Then

r(r—1)
(429) ¢, € Po 2 , 0 € vaL,v fOT 1<k<I< T,

and for every F* € C*(¢y, {0k }) there is an H* with
* Oy * * * _17"(7"_1) -1
(4.30) H* < F*, H" e€C(p,°’ Co, {0, Ona}) .

Proof. It H* = (H,6y 1, . . ., 0 i) is an augmented form with H € O,[X, Y],
then 04 (H*) (1 < k <1 < r) are all ideals of Op,, and by (i) of Lemma
4.1, there is an ideal ¢, C O, such that [D(H)] = ¢ - 0y /kw - - - Ok, k- SO
if we have shown that there exists an H* with (4.30), then (4.29) follows
automatically.

Let F* € C*(¢y, {Og:}). There is a G* € C*(cy, {0k }) which is not O,-
equivalent to F*. This means that there is a matrix A € GLqy(k) with
A ¢ GLy(O,) such that G* = F;. Since O, is a principal ideal domain,
there are matrices Uy, Uy € GLy(O,) such that

a 0
A=U U.
1(0 5) :

with
) a 0
4.31 0ek’, —eQ,, GLy(0O,).
(4.31) a - (0 5) ¢ GLy(0,)
Put [* = Fy,, G* = Gy 1. Then
(4.32) G =F;_, -
(53)

Further, F* 2 F*, G 2 G*, so by (4.11), (2.3),
(4.33) F* G € C(cy, {Ou}).

Clearly, in view of (iv) of Lemma 3.1, it follows that there is an H* with
(4.30) once we have proved that there is an H* with

Oy ~ 1o
(4.34) H* < F*, H" €C'(p,? ( 1)Cv7{p;10kl})~
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By (4.33),(4.27), (4.32), (2.2), we have

F)=c H%/k,v = [D(G)] = [ad) " V[D(F)],

and together with (4.31) this implies
(4.35) e 0, 6¢0;, abecO,.

Write F* = (F, 0o 7>+ 0, 7). Then by (4.32) we have
G = (F(%g),geo’ﬁ,...,getﬁ) .
Similarly as in (4.5), choose o; 7, B; 7 € Ok, » such that o, /3, 7 = 0,  and
[ 7 By pl = [1] i 0, p # 00, and a; p € Oy, B, 5 = 0if 0, 5 = co. Likewise,
choose ; &, 3; @ € Ok, » such that ai,é/ﬁi,é = 592.715/0( and [ai’é, ZG] = [1]
if 0,  # 00, and a; 5 € Oy, B; 5 = 0if 0, 5 = co. Then for i =0,...,¢ there
is a \; € K such that

(4.36) (ai,év ﬂz,é) = )\i(éa“}, « i,F) for i=0,...,t

Take two pairs (iy, 1), (i2, o) from {(i,7) : i =0,...,¢, 5 = 1,...,7r;}.
Let k,l € {1,...,r} be such that (k) = (i1,71), p(1) = (i, j2), where ¢ is
the map from (4.8). Then by (4.33), (4.36), (4.35) and again (4.33),

(i ]1 (i2,52) 12 j2) g(i1,51)
ak;l _[ 12 G 12 G 6 ]

_(ZJ (i2,52) (ZJ)(ZJ) i2,52) o(i1,j1)
_[)\i11 1 /\i22 2 aé(ai:pl BZ-:ﬁQ 122F2 ﬁlllpl )]

:P\(imd)] [/\(iz,h)]akl

i1 79

and so [)\xl’jl)][)\l(-f’h)] = [1]. This holds for any two distinct pairs (i1, j1),
(i9,72) from {(i,7) : i =0,...,t, j =1,...,r;}. Taking any pair (i, j) from
this set and then any two other pairs (i1, j1), (i2, j2) (which is possible since
by assumption 79 + - -+ + 7, = r > 3), we obtain

i I Vi Vi

i i1 i 19

[A(il,jl)“)\(i%h)]

11 12

AP = =[1],
0 [)\Ei’j)] =[1] fori =0,...,t, j = 1,...,7r;. Together with (4.36), this
implies

[0 B 5l = [1] fori=0,...,t
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By (4.35) we have ¢ € p,, hence oa; p € p,Ory for ¢ = 0,...,¢. This
implies that o, 7 is divisible by each prime ideal of Op ,, therefore [3; 7] =
[1] for i = 0,...,t. Since by (4.35), [o] = [67'] 2 p; " we have 3, 5 € p,OLy
fori=20,...,t. So
(4.37) B € p,Op, fori=0,....t, j=1,...7.

)

We now construct an H* with (4.34). Choose II with p, = [II] and take

H" = an,l 0) = (F(H—l 0)>H90,F7 s 7H9t,ﬁ)'

0 1

Clearly,
O, ~
(4.38) H* < F*.

Similarly as in (4.6) we may write

t [
F=c¢g HH(ﬂ(Z’?)X - agl’:f)Y) with ez € O,.

iF i,F

t
H:= F(H,l 0) = ¥ H | M8 x — oY) e Op,[X,Y].

Since also H € k[X, Y], we have
(4.39) HeO,/JX,)Y].

Moreover, by (2.2), (4.33),

—r(r— ad —%7‘ r—1

(440) (D)) = [ ID(E)] = (Ve Do - Vs
Further, we have 116, ; = o, 5/II7'0;  and [a; 3, 117'6, 5] = [1] for i =
0,...,t. The latter is true since o, z, II7'0; 5 € O, and [a; 5, 5; 5] = [1].
So by definition (4.9) and by (4.33) we have for 1 <k <[ <,

Ul ={olf T o)

(4.41) )
=[]~ 0w (F*) = p, " om,

where p(k) = (i1, 71), (1) = (42, 72).
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Now by collecting (4.38), (4.39), (4.40), (4.41) and the obvious fact that
H* is k-equivalent to F* we infer that indeed H* satisfies (4.34). This
completes the proof of Lemma 4.4. O

Lemma 4.5. Suppose 7 := 3,  [K; : k] > 3. Let ¢,, {0 : 1 <k <1<r}
be as in Lemma 4.4. Suppose that C*(¢,,{0n}) # 0. Then there is an
augmented (Ko, ..., K;)-form Fy = (Fo, 00, - - -, 0t.r,) such that

(4.42) Fy € O,[X,Y]
and
Oy
(4.43) Fy < F* for every F* € C*(¢,, {0u}).

Proof. We claim that there is a non-negative integer ¢ such that

—Lr(r—1)i

(4.44) po 2 & C, powC[l] 1<k<I<7),
(4.45) Cpo e, {pyou}) # 0,
(4.46) C*(po 2" e, {p, o))

is contained in a single O,-equivalence class.

Indeed, if there is no such integer i, then by inductively applying Lemma
4.1 it follows that there are arbitrarily large integers ¢ with (4.44), (4.45).
But there cannot be arbitrarily large ¢ with (4.44).

Let 4o be the smallest integer ¢ with (4.44), (4.45), (4.46). Pick

—Llr(r—1)i —i
F = (Fo, 0o, - 0tm) €C (1o 2 =1 Yo, {Py 00} -

Then Fy[X,Y] € O,[X,Y]. By Lemma 4.4, for every F* € C*(¢,, {0u})

there is a sequence

io jo—1 - 1

K2

—%r(r—l)i

with F* € C*(po Co, {Py 0 }) for © = 1,...,4p. By (4.46) we have
Oy Oy

Fy 2 F} and then by (iv) and (iii) of Lemma 3.1, Fy < F}, Fy < F*.

This proves Lemma 4.5. 0



BINARY FORMS OF GIVEN DEGREE AND GIVEN DISCRIMINANT 25

Lemma 4.6. Suppose r:=>_._[K; : k] > 3. Let ¢, be an ideal of O,. Let
pv be the non-negative integer given by ¢, = por. Let C* be a k-equivalence
class of augmented (Ko, ..., K;)-forms. Denote by C*(c,) the collection of
augmented (Ko, ..., K;)-forms F* = (F,0y p,...,0:r) in C* satisfying

(4.47) FeO,X,Y],
(448) [D(F)] = czDKO/k,v C. DKt/kv.

Then C*(c,) is the union of at most

) 2pu/r(r—1)]
(4.49) (2’)” Tar(r - 1)> > (No)

1
sr(r—1) —
O, -equivalence classes.

Proof. By Lemma 4.3, we can express the set C*(¢,) as a union of at most
1

(QPU%J;(EL(Z)_I)) sets C*(¢,, {0 }) where 0 (1 < k <1 <r) are ideals of Oy,

So it suffices to show that for given ideals ¢, of O, and 0 (1 <k <1 <)

of Oy, the set C*(c,, {0k }) is the union of not more than

[2p0/r(r—1)]
(4.50) > (V!
i=0
O,-equivalence classes.

According to Lemma 4.5, there is a fixed augmented (Ko, ..., K;)-form
Fy = (Fo,00.F,-..,0,Fr) with Fy € O,[X,Y] such that F§ (—9<U F* for every
F* € C*(¢y, {0k }). That is, for every F* € C*(¢cy, {0k }) there is a matrix
A € MP*(0O,) such that F* = (F{)4. By Lemma 4.1, there is an ideal ¢,
of O, such that [D(Fp)] = 20k, /kw - - - Ok /kw- Let pyo € Zsg be defined by
o = pP0. Then by (4.48), (2.2),

[D(F)] = pipvaKo/k,v o OK ko
= [det A]T(r_l)[D(FO)] = [det A}T(r_l)pzpvoaKo/k,v ce DKt/k,v-

Hence

R . o 2(pv - va)
(4.51) [det A] = p with u = o)
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Choose IT with p, = [II]. The ideals of O, are of the shape pJ* (m > 0) and
#QO,/p has cardinality (Nv)™. From these facts it can be deduced that
every matrix A € My*(0O,) with (4.51) can be expressed as

A= AU with U € GLy(0,), Ay = (H" Z 04>
Gy I
where ¢ € {0,1,...,u} and where B, ..., 5; vy is a full system of repre-
sentatives for the residue classes of O, modulo p.

Now if F* € C*(¢y,{0k}) then F* = (Fj)a for some A € My*(O,)
with (4.51), hence F* = (F)a,uv ~ (F§)a, for some i € {0,...,u},
j€{1,...,(Nv)'}. This implies that C*(c,, {04 }) is contained in the union
of

u ~ 2pu—pu0)/r(r=1)  Rey/r(r=1)] '
Sowi= S s > (v
i=0 i=0 i=0
O,-equivalence classes. This proves Lemma 4.6. O

We now arrive at the main result of this section. We have formulated it
both for augmented forms and for ordinary binary forms.
Proposition 4.7. Let ¢ be an ideal of Og. Let r:= Y 1_ [K; : k] > 3.

(i) Let C*(¢) be a k-equivalence class of augmented (Ko, ..., K;)-forms

such that any two elements of C*(¢) are k-equivalent and such that every
F*=(F,00F,...,0ur) € C*(c) satisfies

(4.52) F € 04[X,Y],
(453) D(F) . OS = CQDKO/k,S .. ‘DKt/]k7S .

Then C*(c) is contained in the union of at most

(4.54) @ | 3D Ns@)

Ogs-equivalence classes.

(ii) Let C(c) be a subset of F(Og, Ky, ..., K;) such that any two binary
forms in C(c) are k-equivalent and such that every F' € C(c) satisfies (4.53).
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Then C(c) is contained in the union of finitely many Og-equivalence classes,
the number of which is bounded above by (4.54).

Proof. (i) For v &€ S, let p, be the prime ideal of Og corresponding to v, i.e.,
p, ={z € Os : 2], < 1}. Then ¢ =[] 44 pf* with p, € Zsg. According to
Lemma 4.6, for each v € S the collection C*(¢) is contained in the union of

at most

[2p0/7(r—1)]
20, + ir(r —1 4
Av ::( P + QT(T )) 2 : (N'U)Z

%T(T - 1) par
[2pv /7 (r—1)]
2p0 + 37(r — 1)) ,
= (Nspv)l
(") 2

O,-equivalence classes. Lemma 3.2 implies that if A, is an O,-equivalence
class of augmented (Kj, ..., K;)-forms for v ¢ S, then N,gsA, is an Og-
equivalence class. This implies that C*(¢) is contained in the union of at
most

HAv = T%r(r—1)<c2) Z Ns(0)
vgS D%r(r—nlc
Og-equivalence classes. This proves (i).

(i) Fix Fy € C(c). Extend Fp to an augmented (K, ..., K;)-form Fj =
(Fo, 00,7, - - -, 0:r,). For every F' € C(c), choose A € GLy(K) such that F' =
(Fy)a and define F** := (F{)a. Clearly, the augmented forms constructed
in this manner are k-equivalent to one another. Now by applying (i) to the
collection C*(c¢) := {F* : F € C(c)}, our assertion (ii) follows at once. [

5. ORDERS

Below, k is a number field, and K is a finite extension of k of degree
r > 3. We denote by & +— &0 (i = 1,...,7) the k-isomorphic embeddings of
K into some normal closure L of K over k. As before, S is a finite subset of
My containing all infinite places. Denote by O, s the integral closure of Og
in L. Given ay,...,an, we denote by [ay,...,an] the fractional Of s-ideal
generated by ay, ..., a,. For f € L[X,...,X,,] denote by [f] the fractional
Oy, s-ideal generated by the coefficients of f. Given fractional Oy g-ideals
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a, b we write ¢ for ab~! where b~ is the inverse fractional Of, g-ideal of b.
For a finitely generated Og-module M C K with M # (0) define

(5.1) 0;;(M) =W =D e M) (1<ij<r i#))

to be the fractional Oy, g-ideal generated by all elements @) — ¢U) (1 <
i,7 <r, i# j) with £ € M and

(5.2) D(M) = [Dgp(wr, ... ,wr) s wi, ... ,wp € M|

to be the fractional Of s-ideal generated by all discriminants of all r-tuples
Wiy ..., wp € M.

Let F* = (F,0F) be an augmented K-form. Suppose that F' € R[X,Y]
where R is some subring of k. Then the invariant order Op- p of I is
defined to be the R-submodule of K with basis wy,...,w, given by (2.4).
By Simon [9], Op- g is indeed an R-order with quotient field K,

(5.3) FFLe = Op«r = Oc+r
for any two augmented K-forms F* G* (which is slightly stronger than
(2.5)), and Dgjx(w, ..., w,) = D(F*). If R = Og we write Op« g for Op-

and if R = O, (local ring) we write Op+, for Op+ g. Thus if R = Og we
have

(5.4) D(Op5) = D(F*) - Og.

Lemma 5.1. Let F* = (F,0F) be an augmented K -form with F' € Og[X,Y].
Then
0r' — 07

O = I

(1<i,j<r i#j),
and

(5.6) [T 05(0F- ) = [F) DD (Op- ).

1<i<j<r
Proof. We first prove (5.5). Let i, € {1,...,r}, 1 # j. Write F' = aqo X" +
XY+ +aY" Then F = ao[[,_,(X — Hl(f) ), and so by Gauss’
Lemma,

r

(5.7) [F] = [ao] [ ] 11 60].

k=1
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Write

(5.8) [ (x-6Y)=BoX" 2+ BIX"Y + -+ B, ,Y" 2
k=1
k#i,j

Then By = 1, and by Gauss’ Lemma and (5.7),

T

(59)  [Bo,Bi,...,Brs] = [[[1,6%] = [Flac) ' [1,6%]'[1,6%] .

k=1

Let {w,...,w,} be the basis of Op- g given by (2.4). We first show that

(5.10) w — W) = aOBm_g(Qg) — Gg)) for m=2,...,r

Write by, := ax/ao for k = 0,...,r. Then [[,_,(X — IMY) = boX" +
LX™Y 4+ bY" and aplw, = Sl blp TR for mo= 2,1
Assertion (5.10) is clear for m = 2. Let m > 3. We have (on putting
By =B_, =0)

by = By, — Bp_1(0%) + 09) + B, 20969 for k=0,...,r

and so
m—2 ' ‘
a (ol — i) = > b (0 = (o))
k=0
m—2

= > {Be = B0 +02) + Biog P00 - {0y — oy

k=0
m—2
= CkBk )
k=0
where
Conn =0 — 09
i)2 )2 i j i j
ey =0 0~ 0+ 000~ 0) =0,
and, if m > 4,
ym—k—1 Am—k—1 i ; ym—k—2 Am—k—2
= e

N ey vm—k—3
+0R05) (07" — 07
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for k = 0,...,m — 4. This implies (5.10). By combining (5.10), (5.9) we
obtain

9 — 07
[1,0[1, 0]

which is (5.5).
Now from (5.4), (2.1), (5.7), (5.5) we infer

D(Op-5)0Ls = [D(F)] = a3’ J[ (0% —06¥)?

1<i<j<r
. . 2
_ [F]2r72 H ( [9;“)_0;2)] )
1<isier \[102[1, 02
— [F]—(r_l)(r_2) H Dij(OF*,S)2,
1<i<j<r
which is (5.6). O

Lemma 5.2. Let [* = (F,0F), G* = (G,0g) be two augmented K -forms
such that

(5.11) F.G e Og[X,Y];
(5.12) Op+ 5 = Ocs;
(5.13) F*,G* are weakly k-equivalent.

Then F*,G* are weakly O,-equivalent for every v & S.

Proof. Take v ¢ S. By (5.13) there are A € GLy(k), A € k* such that
G* = AF}. Since O, is a principal ideal domain, there are matrices Uy, Uy €
GL»(0,) such that A = Uy(§9)U, with a,d € k*. Let F* = F};, G :=
G;}{l' Then

(5.14) P2 a2 e,
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hence it suffices to show that F*, G* are weakly O,-equivalent. Write F* =

(F,0z), G* = (G,05). Then G* = )‘an 0) which means that
0d
(5.15) G(X,Y) = \F(aX,dY), 0= gep.

Write F(X, Y)=0ayX"+a; X" 'Y+ -+a,Y". Then Op-, is an O,-module

with basis
i—2

Wy = 1, w; = Zaﬂf{j—l (Z = 2, e ,7").
j=0

By (5.15), G(X,Y) = Aaga” X" + Aara" "dX" 'Y +- -+ Aa,d"Y" and Og. ,
is an O,-module with basis

i~2 i—j—1
) J . ,
wy =1, W, = Z Aa;a" & (—915) ="M (i=2,...,7).
Jj=0 “
By (5.14), (5.12), (5.3) we have Op., = Og.,. Therefore, the matrix
relating {w],...,w.} to {wq,...,w,} is in GLy(O,). That is,
N lde O NP € OF,.. . ad ! € OF,

which implies d = au with u € O}. Further, \a” = v *Xa"'d € O},
Inserting this into (5.15) we obtain

G(X,Y) = F(aX,auY) = Ma"F(X,uY), 05=ubz,

which implies that £, G* are weakly O,-equivalent. This proves Lemma
5.2. O

We now arrive at our final result:

Proposition 5.3. Let C* be a collection of augmented K -forms such that
(5.16) F e O4[X,Y] forevery F* = (F,0p)€C";

(5.17) Op+g = 0Og+s  for every pair F*,G* € C*;

(5.18) the elements of C* are weakly k-equivalent to one onother.

Then if r is odd, C* is contained in the union of at most r° Og-equivalence
classes, while if v is even, C* is contained in the union of at most r°*hy(QOg)
Ogs-equivalence classes.
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Proof. Combine Lemmata 5.2 and 3.3. O

6. PROOF OF THEOREM 2.1

Let k, S be as in Section 2; thus #S = s. Let O be an Og-order of
degree r > 3 and denote by K its quotient field. Let F' € Og[X,Y] be a
binary form which is irreducible in k[.X, Y] and such that Ops = O (as Os-
algebras). Then there is a 0 such that F(0r,1) =0, K = k(fr) and such
that wy,...,w, given by (2.4) form an Og-basis of O. Thus, F* := (F,0F)
is an augmented K-form with Op- ¢ = O. Now it is obvious that in order
to prove Theorem 2.1 it suffices to prove the following:

Proposition 6.1. Let #S = s, and let K be a finite extension of k of degree
r > 3. Let O C K be an Og-order with quotient field K. Then the set of
augmented K-forms F* = (F,0r) with

(6.1) e Os[X,Y],
(6.2) Op = O

1s contained in the union of finitely many Og-equivalence classes, whose

number is bounded above by

(6.3) 224 i r s odd; 2% hy(Qg) if 1 is even.

For the moment we assume r > 4. The case r = 3 will be treated
separately. Our main tool is a result of Beukers and Schlickewei on equations
in two variables with unknowns from a multiplicative group of finite rank.
Let Q be a field of characteristic 0. We endow (Q*)? with coordinatewise
multiplication (xq,y1) * (9, Y2) = (7179, Y132); thus (2*)? becomes a group
with unit element (1,1). For (z,y) € (%)%, m € Z we write (z,y)™ :=
(@™, y™).

Lemma 6.2. Let (z1,11),. .., (T, yn) € (2*)2. Let
[={(r,y) € () ImeEN,z,...,2,EZ
with (z,y)™ = (z1,50)™ % -+ (T, Yn) ™ }-
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Then the equation

(6.4) r+y=1in (x,y) el

has at most 28("+Y) solutions.

Proof. See [1, Theorem 1]. O

Let O, K be as above. Choose a normal closure L of K over k and denote
again by & — £@ (i = 1,...,r) the k-isomorphic embeddings of K into L.
We recall that the cross ratio of oy, as, as, ay € P(L) is given by

(o1 — )3 — ay)

(6.5) {a1, a9 03,4} = (01 —s)(aa — 1)
(with the usual adaptations if one of g, ..., is 00 or if ay, ..., a4 are not
all distinct). As is well-known, cross ratios are invariant under projective
transformations.

For an augmented K-form F* = (F,0p) with (6.1), (6.2) we define the
tuple of all cross ratios of 9}1), e ,Gg),

(6.6) AF*) = ({6%,69:60% 00V 1< jkl<r; ij k1 distinct).

Lemma 6.3. If F* runs through the collection of augmented K -forms with
(6.1), (6.2), then A(F*) runs through a collection of cardinality at most

(67) 224(7“3—7‘2)5.

Proof. Let F* = (F,0r) be an augmented K-form with (6.1), (6.2). Let
i,7,k, 1 €{1,...,r} be distinct. We have

(6.8) (09,0900 001 + {09,600 09} = 1.

Write (6.8) as z +y = 1. We want to apply Lemma 6.2 to (6.8) and to
this end we have to find a suitable group I' independent of F™* such that
(x,y) € I

Fix 0y with k(6p) = K. For each two-element subset {i,j} of {1,...,r}
define the field

Kt = k(65" + 65, 05765)y .

Thus, if P(X,Y) € k[X,Y] is a symmetric polynomial, then P(¢®, W) €
KU} for every &€ € K. Further, [K") : k] < (}). Let ¢({i,j}) denote the
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rank of O} (. ;) ¢, i.e., the unit group of the integral closure of Og in K},
Then ¢({i,7}) is equal to the number of places of K} lying above the

places in .S, minus 1. That is,

(6.9) t({i, 7)) < [KU} :Kk]s —1 < <2> —1.

There are 5{ j}, cee fé{]z}]} € Oy s such that every element of O} s
can be expressed uniquely as
t({i,5})

(6.10) ¢ H glisihyw

where ¢ € K1} is a root of unity and w,, € Z for m = 1,...,t({i,7}).

Let h be the least common multiple of the following integers: the class
number of K; the class number of K{%7} for each two-element subset {i, j}
of {1,...,7}; and the number of roots of unity in K{*7} for each two-element
subset {i,7} of {1,...,r}.

We raise the identity (5.5) to the power 2h to obtain something useful.
Let 7,57 € {1,...,r}, i # j. First we have an identity of fractional Ok s-
ideals

(6.11) [1,0p)*" = [ap] with ap € K*

since 2h is a multiple of the class number of K. Further, (Qg) - 0;2))% €
K%} The ideal 0;;(Op- 5)? is generated by elements (£® — 02 (¢ ¢
Op-5) which belong to K1} By (5.6) the Og-ideal [F] generated by the
coeflicients of F' depends only on Op- g, hence by (6.2) on O. Therefore we
have an identity of fractional O Klid}, g-ideals

(6.12) ([F]04;(Op-8))" = [B;] with S € (K1),

where (3;; depends only on O. So in particular, 3;; is independent of F™.
Lastly, o'/ € K13}, Now (5.5), (6. 11) (6.12) yield an identity of frac-
tional OK{”} s-ideals 0% — 69120 = [aPal 8], that is, (8% — g9)2h =
aF aF @y% with 7;; € Ofqiy 5 We can express 7;; as in (6.10). By raising
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again to the power h, we can cancel the root of unity, and obtain
' - o o)
6.13) (0 — o) = (P B)" T] (hhyo with w,, € Z.
m=1
Taking any distinct i, j, k, 1 € {1,...,r}, and writing again (6.8) as x+y = 1,
it follows that

2 i j k l i l k j 2
(o)™ = ({03, 07,017,000}, 405 037 01, 0

i j i j 2h?
_ <<99 — 00— 0)) (0 —0) (07 - 0%“))
(65 — 0:) (0 — 61)) (6 — 02)) (07 — b))
BijBu mm)h
= ) * Y
(G5 a) <
where (11, 12) is a product of powers of

000 (1 <m<t{ig)): 300 (1 <m < (k)

(Lef™) (L <m <t({i,1); (LeP™) (1<m <u({j.k));
(R el L<m <t({i k) (5% e0) (1 <m <t({j.1})).

It is important to notice that the terms ag),ag),ag),ag) are cancelled.

Thus, in view of (6.9), (z, y)2h2 is a product of powers of

L+t({i,g}) + t({k, 13) + t({3, 1}) + t({5, k}) + t({i, k}) + t({5,1})

() o)

terms which are independent of F™*.

Now applying Lemma 6.2 to (6.8) yields that (z,y), and so in particular
T = {0%), Qg); Ol(f), Gg)}, belongs to a set independent of F* of cardinality at
most

(6.14) o8{6(5)s—5+1} _ 948(;)s—32

We claim that the tuple A(F™) of all cross ratios is determined uniquely
by the subtuple

(6.15) AF*) = ({00,626 o0y - 1=4,. . 1.

Indeed, let (T) be the unique projective transformation of P!, mapping

09,9%2),9%3) to 1, 00,0, respectively. Since (T') does not alter cross ratios,
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for { =4,...,r the image of 9;5) under (7' is {9}”, 9}2); Qg’), 9}9}. But then
it follows that {02’, Hg); 9%‘:), 0}“} is equal to the cross ratio of the i-th, j-th,
k-th, [-th point among 1, 00,0, {9}1), 9%2); 95;9’), Gg)}, o {9}1), 9}2); 0](5’), 0;1”}.

So by (6.14) the total number of possibilities for A(F*), and hence that
for A(F™) is at most

2(48(;)5—32)(r—3) < 924(r®—r?)s.

This proves Lemma 6.3. [

Lemma 6.4. Let F* = (F,0p), G* = (G,0q) be two augmented K -forms
of degree r > 3 with (6.1), (6.2).

(i) If r =3 then F*,G* are weakly k-equivalent.

(ii) If r > 4 and moreover,

(6.16) A(F™) = A(GY),
then F*, G* are weakly k-equivalent.

Proof. If v > 4 then by (6.16), {8 6%9):0% Wy = {90 99). 9% oy
for each distinct 4,7, k,1 € {1,...,r}. This implies that there is a unique
projective transformation (T) : PY(L) — PY(L) with (T)(6%) = 6% for
1 =1,...,r. If r = 3 then we simply use that there is a unique projective
transformation (T') : P' — P' defined over Q with (7T )(9;3)) = Qg) for
i=1,2,3.
In other words, both for » = 3 and r > 4 there is an up to a scalar factor
unique matrix 7' = (%) € GLy(L) such that
v ab® b
(6.17) 98):5)— for i=1,...
clp +d
We choose the first non-zero element among a, b, ¢, d equal to 1 so that T

is uniquely determined. Then for every 7 € Gal(L/k), the matrix 7(7') =

( :((‘3 :((Zg) also satisfies (6.17) since 7 permutes both sequences 9}”, e ,9;5)
and 98),...,08) in the same manner. Hence 7(7') = T for every 7 €

Gal(L/k) which implies T € GLa(k).
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Write F = ap [T_, (X —09Y), G = ag [T, (X —00Y) with ap, ag € k*.
Thus,

r —1
—acay' {H(cegﬁ + d)} F(dX —bY,—cX +aY)

=1

. -1
—agay! {H(cegf) + d)} (ad — be) Fr(X,Y) = AFp (X,Y)
i=1
with A € k*, T € GLy(k), and 0 = (T)(0p). This implies that F*, G* are
weakly k-equivalent. O

Proof of Proposition 6.1. Let r > 3. Put h(r,Og) := 1 if r is odd, and
h(r,Og) := ha(Og) if r is even. By Lemmata 6.3 and 6.4, the collection of
augmented K-forms F* = (F,0p) with (6.1), (6.2) is contained in the union
of at most 224~ weak k-equivalence classes. Together with Proposition
5.3 this implies that the collection of augmented K-forms with (6.1), (6.2)

is contained in the union of at most
224(7"3—7’2)3 . Tsh(’l“, OS) < 224T35h<7‘, OS)

Og-equivalence classes. This proves Proposition 6.1. OJ

7. PROOF OF THEOREM 2.2

We keep the notation from Section 2. Thus k is a number field and S is
a finite subset of My of cardinality s containing all infinite places. Let K
be an extension of k of degree r > 3. Let ¢ # (0) be an ideal of Og and let
S'=SU{vegsS : |z|, <1forevery z € ¢}. Notice that if FF € F(Og, K)
satisfies (2.9), then
D(F)-Og = Ok /k,s" -

So by (2.6), the Ogi-order associated with F'is Op g = Ok g (the integral
closure of Og in K). On applying Theorem 2.1 with S in place of S and
with O = Ok ¢ we infer that the set of binary forms F' € F(Og, K) with
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(2.9) is contained in finitely many Og-equivalence classes, whose number is
at most

2! — g2r(otws() if g odd,
(7.1) . s
QU HS hy(Og) < 22 Hws( ) (Og)  if r s even,
where we have used #S5” = s + wg(c) and the obvious inequality hy(Og/) <
ho(Os).

In particular, the binary forms F' € F(Og, K) with (2.9) lie in finitely
many k-equivalence classes, whose number is bounded above by (7.1). By
multiplying this quantity with the upper bound (4.54) from Proposition
(4.7), (ii) we obtain an upper bound for the number of Og-equivalence
classes of binary forms under consideration which is precisely the upper
bound from Theorem 2.2. This completes our proof. 0

8. PROOF OF THEOREM 2.3

To prove Theorem 2.3, we need a further Proposition on resultant equa-
tions which can be regarded as a quantitative version of Lemma 1 of Evertse
and Gyéry [6].

For the moment, let Ky, K7 be two (not necessarily distinct) extensions of
k of degrees rq, 1, respectively, such that rq > 3. Let L be a normal closure
over k of the compositum of Ky, K;. Below, by [a4,...,a,] we will denote
the fractional Of, s-ideal generated by as, ..., a,, and by [f] the fractional
Oy, s-ideal generated by the coefficients of a given polynomial f.

Using the notation of Theorems 2.2 and 2.3, fix a binary form F{ €
F(Og, Ky), and consider the binary forms F; € F(Og, K7).

Proposition 8.1. Up to multiplication by S-units, there are at most
2247'07"15

binary forms Fy € F(Og, K1) which satisfy

(8.1) R(Fy, Fy) € O5.

Proof. Take Fy € F(Og, K;) with (8.1). By assumption, for i = 0,1 we
have that F; € Og[X,Y], F; is irreducible over k, and there is a 6; satisfying
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F(6;,1) =0 and k(0;) = K;. We can write
FX,Y)=a[[(x-6"Y) (i=01),
k=1
where a; € k*, and where 951), e ,91(”) are the conjugates of #; in L, for

1 =0,1. By Gauss’ Lemma we have

T

(8.2) 1] 2 [F] = [ai] []11.6"] (i=0,1).

k=1
Using (8.1) and expression (4.3) for the resultant, we get

To T1

[1] = [R(Fy, F1)] = [ao)" [ar]™ T] TT 168" — 6]
k=1 1l=1
T2
-
9““ 16"

In combination with the obvious inclusions [#” — 6] C [1,6%][1,6."] this

gives
(8.3) 0% — 0] = [1,091,6] for k=1,...,r0, I=1,...,7.

Meanwhile, we have shown also that the inclusions in (8.2) are equalities,
ie.,

Ti

(8.4) F) = la [T11.6")=11] (i=0,1).

k=1

We proceed similarly as in the proof of Lemma 6.3. Define the fields
K = ]k(@ 01) = ()Kl (¢ =1,...,79). Denote by h the least common
multiple of the class numbers of Ky, K1, K1, ..., K;,1 and of the numbers
of roots of unity of Ki4,...,K,,1. By our choice of h, there are ay € K
such that [1, 600" = [a], and oy € K} such that [1,60;]" = [a;]. Then by
(8.3),

05 — 1] = [a{N[ou] for i=1,...,r,
that is
(9(()0 - 91)h = Oé((Ji)Oéﬂ?z',

where 7; € Of, ¢ (i.e., the unit group of the integral closure of Og in Kj).
Let €;1,...,¢i5, be a system of fundamental units of O}Ql,S' Then n; is a
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product of a root of unity in K;; and of powers of €;1,...,¢;, and so, by
our choice of h,

(6 —6,)" = (oot ...t

154

with Wity -, Wi, € 7.
Pick distinct subscripts i, 7,k € {1,...,79} and consider the identity
i j k j k i
O —05) (0" =00 (0 = 0") (6 —6)

: .20 + — C =1
05" = 05") (O —61) (65 - 657) (65 —6n)

This can be written as x + y = 1, where

Sk Sj Sj
(2,9)" = (a,b) % [ [(eng )" 5 [T (1 i) 5 [ [ (€0 £50) ™
q=1 q=1 q=1
with
g(i) _ 6)(j) 2 (k) e(j) _ 9(’“) h2 (@) p
wn=((G=am) G (i) )

Notice that
si < ([Kip :Kk|s) =1 <rogrys—1

and similarly for s; and s;. So, by Lemma 6.2 the number of possibilities
for (x,y) is at most
28(Si+5]'+5k+1)+8 < 2247’0T1$ ]

This gives at most 22470715 possibilities for 6;. But, by (8.4), the ideal [a,] is
uniquely determined once #; is uniquely determined and moreover, a; € k*.
So ap is uniquely determined up to a factor from Of. We infer that up
to multiplication by some factor from O%, for F} there are at most 22470r1s
possibilities. O

Proof of Theorem 2.3. Let Ky, Ky, ..., K; be (not necessarily distinct) ex-
tensions of k of degrees ro,r1,...,7, respectively, such that ro > 3. Let
F € F(Og, Ky, ..., K;) be a binary form with the property (2.11). There
are binary forms Fp, ..., F; with F' = Fyy - -+ F, and with F; € F(Og, K;) for
i=20,...,t. So in particular, F; € Og[X,Y] for i = 0,...,t. Let S’ denote
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the union of S and the places v ¢ S such that |z|, < 1 for every x € .
Then

D(F)-Og = 05y i,s0 - Ok, Ji, S -
Now by expressing D(F) as in (4.4), and using R(F;, Fj) € Og (0 < i <
j <t) and the inclusions

D(F;) - Og Cog, e (i=0,...,1)
(which follow from (ii) of Lemma 4.1), we obtain
(85) D(Fo) : OS/ - aKo/k,S’ 5
(8.6) R(Fy, F;) € Oy (1=0,...,t).

We apply now Theorem 2.2 to (8.5) with S replaced by S’; we obtain

that Fj is contained in the union of at most
(8.7) DHUBH#S (g, Ogr) < 2B+ (g O)

Og-equivalence classes. Here we have used that #5" = s 4+ wg(c)) and
h(ro, Og/) < h(rg, Og).

Fix one of these Og/-equivalence classes, and pick from this class a rep-
resentative Fy € F(Og, Ky) with (8.5). Consider all tuples (F1,..., F;) of
binary forms with F; € F(Og, K;) for i = 1,...,t and with (8.6). Proposi-
tion 8.1 gives that for given Fj there are, up to S’-unit factors, at most

924ro(r1+4re)(stws(c))

such tuples (Fi, ..., F}).

Combining this with the upper bound (8.7) for the number of Og-equiv-
alence classes of binary forms Fy € F(Og, Ky) with (8.5), we infer that up
to Og-equivalence, and up to an Og-unit factor, there are at most

2247’8(s—f—wS(c))h(ro7 S) . 2247‘0(r1+...+rt)(s+ws(c))
8.8
&9 _ gl Og)
binary forms F' = Fy--- F; € F(Og, Ko, ..., K;) with (2.11). That is, there
are binary forms Gy, ..., G, € F(Og, Ky, ..., K;), with m bounded above
by the quantity in (8.8), such that every binary form F' € F(Og, Ky, ..., K})
with (2.11) is Ogr-equivalent to €G; for some i € {1,...,m} and € € OF,.
But € can be written in the form &} - - - &5*'n", where s’ = #5' = s+ wg(c),
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€1,...,Es are generators of 0%, wy,...,wy € {0,...,r — 1} and n € OF,.

Since G; is Og-equivalent to n"G; = (Gi)<,7 0), we have in fact that every
0n
binary form F' under consideration is Og-equivalent to £} - - -52”,5’ G, with

wy, ..., Wy € {0,...,r — 1} and with 7 € {1,...,m}. Assuming as we may
in view of Theorem 2.2 that ry 4+ --- 4+ r, > 1, it follows that the binary
forms F' € F(Og, Ky, ..., K;) with (2.11) lie in at most

<7, . 224T0(r3+r1+_,,+Tt)> (s+ws(c))

h(?”o, OS)

< (- 22100 S o, O)
and so in at most
(8.9) 92 (s+ws()p (1, Og)

Og-equivalence classes.

By (ii) of Proposition 4.7, the binary forms F' € F(Og, Ko, ..., K;) with
(2.11) lie in finitely many Og-equivalence classes whose product is bounded
above by the product of (8.9) and of (4.54). Since this is precisely the bound
of Theorem 2.3, this completes our proof. (]

9. LOWER BOUNDS

We present some examples, showing that the results mentioned in Section

2 are in certain respects close to best possible.

First let K be a finite extension of k of even degree r > 4. Let S be a finite
subset of My such that S contains all infinite places. We show that there are
infinitely many Og-orders O with quotient field K, such that the collection
of augmented K-forms F* = (F,0p) with F' € Og[X,Y] and Op- g = O
cannot be contained in fewer than hy(Og) Og-equivalence classes. Since
each binary form F € F(Og, K) gives rise to at most r augmented K-
forms F* = (F,0F), it follows that the set of forms F € F(Og, K) with
Ors = O cannot be contained in fewer than r~'hy(Og) Og-equivalence
classes. This shows that the factor hy(Og) in the upper bound of Theorem

2.1 is necessary.
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Pick any augmented K-form F* = (F,0p) with F' € Og[X,Y]. Let a be
any ideal of Og such that a? is principal. The ideal a can be generated by

two elements, a = [, 3], say. Let a®> = [A]. Then there are &, € Og such
that £a? — nB? = ). Define

Fy = )F””FZQ 5)-
nB €
We first show that F = (F,,0p,) with F, € Og[X,Y], and Op: s =
Op+gs. Pick v ¢ S. Then there is p € O, such that in O, we have the
identity of ideals [«, 5] = [u]. We now get

Fo=A"2F(aX + BY,n8X +€aY) = X2 F(EX + ﬁY W gO‘Y)
[ [ It

Since [p?] = [A] in O, we have A\™"/2y" € O%. Further,
Bon) gt A
det B fa :TZTGOU'

Hence F}, F* are weakly O,-equivalent. This implies F, € O,[X,Y]. Fur-
ther by (5.3), Opz, = Op-, where Ops ,,, Op-,, are the localizations at v
of Oprs,Op«g. This holds for every v ¢ S. Hence F, € Og[X,Y] and
Oprs = Op+ s

We now show that if a;, ay are two ideals of Og such that a?, a3 are prin-
cipal and ay, ay do not belong to the same ideal class, then the augmented
K-forms Fj , F,; constructed above are not Og-equivalent. Thus, the col-
lection of augmented K-forms F such that a is an ideal of Og for which
a? is principal cannot be contained in fewer than hy(Og) Og-equivalence
classes.

For i = 1,2 let a; = [y, 3;] be an ideal of Og, suppose that a? = [\;] is
principal, and choose &, n; € Og such that &a? — ;82 = \; for i = 1,2,
Define F; := )\i?ﬂ/QFik i ) (i = 1,2). Suppose that F; = (Fj )y for
some U € GLy(Og). Tfleln&bly (ii) of Lemma 3.1, there is p € k* such that

(hs vea) = Pk crag JUs and o7 = (MAZ1)"/2. Hence [p]” = (may')’
which implies a; = pas. So ay, ay lie in the same ideal class. This proves
our assertion.
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Now let (Ky,...,K;) be a sequence of finite extensions of k such that
S o[Ki : k] =: 7 > 3. We show that there are infinitely many ideals ¢ of
Ogs such that the collection of binary forms F(Og, Ky, . .., K;) with (2.11)
cannot be contained in fewer than C' x Ng(¢)?/""~=1) Og-equivalence classes,
where C' is some positive constant.

Fix F' € F(Og, Ky, ..., K;) with D(F) # 0. Extend this to an augmented
(Ko, ..., K)-form F* = (F>90,F7 o0, 5). Let a € Og, a # 0. For § € Oy
define

Fy = ﬁzlﬁ) = (F3,00 i, -0, 5,) with F = F(X + Y, aY).

0a

1B
0 a

Fi‘l 5 )y for some matrix U € GL(Og). According to Lemma 3.1, (ii), this
0 a

Now if 8y, 3, € Og are such that £, F;, are Og-equivalent, then F’ E )~

implies (! )71((1) f2) € GLy(Og) and therefore, (31 — (2)/a € Os.

Consequently, the augmented (Ky, ..., K;)-forms FE (6 € Og) cannot
be contained in the union of fewer than #Og/[a] = Ng(a) Og-equivalence
classes.

Notice that Fj3 € F(Og, Ky, ..., K;) for 8 € Og. By (ii) of Lemma 4.1,
there is an ideal ¢y of Og such that [D(F)] = 0o /s-- Ok s Put
¢ := a2"""¢,. Then by (2.2), Fj satisfies (2.11) with this c.

Since there at most ri+! different augmented forms F 5 coming from the
same binary form Fj, it follows that for each ideal ¢ as constructed above,
the set of binary forms F' € F(Og, Ky, ..., K;) with (2.11) cannot be con-
tained in the union of fewer than

r " Ng(a) = 1~ Ng(co) 70 Ng(c) 0 =: C x Ng(c)D

Os-equivalence classes.
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