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ABSTRACT. Recently, Corvaja and Zannier [2, Theorem 3| proved an
extension of the Subspace Theorem with polynomials of arbitrary degree
instead of linear forms. Their result states that the set of solutions in
P™(K) (K number field) of the inequality being considered is not Zariski
dense.

In this paper we prove, by a different method, a generalization of
their result, in which the solutions are taken from an arbitrary projective
variety X instead of P". Further we give a quantitative version, which
states in a precise form that the solutions with large height lie in a finite
number of proper subvarieties of X, with explicit upper bounds for the
number and for the degrees of these subvarieties (Theorem 1.3 below).

We deduce our generalization from a general result on twisted heights
on projective varieties (Theorem 2.1 in Section 2). Our main tools are
the quantitative version of the Absolute Parametric Subspace Theorem
by Evertse and Schlickewei [5, Theorem 1.2], as well as a lower bound by
Evertse and Ferretti [4, Theorem 4.1] for the normalized Chow weight

of a projective variety in terms of its m-th normalized Hilbert weight.

1. INTRODUCTION

1.1. The Subspace Theorem can be stated as follows. Let K be a number
field (assumed to be contained in some given algebraic closure Q of Q), n a
positive integer, 0 < 6 < 1 and S a finite set of places of K. For v € S, let

L(()v)7 e LY be linearly independent linear forms in Q[xzy,...,,]. Then
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the set of solutions x € P"(K) of

n (v)
(1.1) log (HHM> < —(n+1+0)h(x)

wesico Xl

is contained in the union of finitely many proper linear subspaces of P".
Here, h(-) denotes the absolute logarithmic height on P*(Q), | - |s, || - |+
(v € §) denote normalized absolute values on K and normalized norms on
K™+ and each |- |, has been extended to Q (see §1.4 below). The Subspace
Theorem was first proved by Schmidt [14],[15] for the case that S consists
of the archimedean places of K, and then later extended by Schlickewei [13]

to the general case.

1.2. We state a generalization of the Subspace Theorem in which the linear

forms LEU)

are replaced by homogeneous polynomials of arbitrary degree,
and in which the solutions are taken from an n-dimensional projective sub-
variety of PY where N >n > 1.

By a projective subvariety of PY we mean a geometrically irreducible
Zariski-closed subset of PV. For a Zariski-closed subset X of PV and for a

field €2, we denote by X () the set of Q-rational points of X. For homoge-

neous polynomials fi,..., f, in the variables g, ..., xy we denote by
{fi=0,..., f. = 0} the Zariski-closed subset of PV given by f; =0,...,
fr=0.

Then our result reads as follows:

Theorem 1.1. Let K be a number field, S a finite set of places of K and
X a projective subvariety of P defined over K of dimension n > 1 and
degree d. Let 0 < 0 < 1. Further, forv € S let fév), . ,fy(f) be a system of
homogeneous polynomials in Q[xg, ..., xy] such that

(1.2) X@n{f"=0,...,f =0} =0 forves.

Then the set of solutions x € X (K) of the inequality

n ) (o

vES i=0 Il

1/ deg £
v

< —(n+140)h(x)
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is contained in a finite union |J;_, (X N{G; = O}), where Gy, ...,G, are
homogeneous polynomials in K[z, ...,xy] not vanishing identically on X

of degree at most

(8n +6)(n +2)*dA™'6™"  with A :=lem( deg fves 0<i< n).

It should be noted that if N = n, X = P" and fév), o £ are linear
forms, then condition (1.2) means precisely that fév), ey fT(LU) are linearly
independent.

We give an immediate consequence:

Corollary 1.2. Let fo, ..., f, be homogeneous polynomials in Q[xo, ..., z,]
such that

[xeQ"™: fox) == fulx) =0} = {0}.
Let 0 < 6 < 1. Then the set of solutions x = (xg, ..., 1,) € Z" of

" -5
[T 1£Go o < ((max o)
=0

0<isn

is contained in some finite union of hypersurfaces {G, = 0}U---U{G, = 0},
where each G; is a homogeneous polynomial in Q[zo,...,x,] of degree at
most (8n + 6)(n + 2)*A"57! with A :=lem(deg fi : 0 < i< n).

1.3. In their paper [6], Faltings and Wiistholz introduced a new method to
prove the Subspace Theorem, and gave some examples showing that their
method enables to prove extensions of the Subspace Theorem with higher
degree polynomials instead of linear forms, and with solutions from an ar-
bitrary projective variety. Ferretti [7],[8] observed the role of Mumford’s
degree of contact [10] (or the Chow weight, see §2.3 below) in the work of
Faltings and Wiistholz and worked out several other cases. Evertse and Fer-
retti [4] showed that the extensions of the Subspace Theorem as proposed
by Faltings and Wiistholz in [6] can be deduced directly from the Subspace
Theorem itself.

Recently, Corvaja and Zannier [2, Theorem 3| obtained a result similar
to our Theorem 1.1 with X = P". (More precisely, Corvaja and Zannier

gave an essentially equivalent affine formulation, in which the polynomials
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fl-(v) need not be homogeneous and in which the solutions x have S-integer
coordinates). In fact, Corvaja and Zannier showed that the set of solutions
of (1.3) is contained in a finite union of hypersurfaces in P" and gave some
further information about the structure of these hypersurfaces, on the other
hand they did not provide an explicit bound for their degrees. Corvaja and
Zannier stated their result only for the case X = P™ but with their methods
this may be extended to the case that X is a complete intersection. In

contrast, our result is valid for arbitrary projective subvarieties X of PV.

In their paper [2], Corvaja and Zannier proved also finiteness results for
several classes of Diophantine equations. It is likely, that similar results can
be deduced by means of our approach, but we have not gone into this.

1.4. Below we state a quantitative version of Theorem 1.1. We first intro-
duce the necessary notation. All number fields considered in this paper are
contained in a given algebraic closure Q of Q. Let K be a number field and
denote by G the Galois group of Q over K. For x = (zg,...,zy) € @NH,
o € Gk we write 0(x) = (0(xg),...,0(xn)). Denote by My the set of places
of K. For v € Mk, choose an absolute value |.|, normalized such that the
restriction of |.|, to Q is |.|K=®/IK:Q if 4 is archimedean and ||} @/
if v lies above the prime number p. Here |.| is the ordinary absolute value,
and |.|, is the p-adic absolute value with |p|, = p~'. These absolute values
satisfy the product formula [] ¢, |2}, =1 for z € K*.

Given x = (z9,...,zy) € KV we put ||x]], := max(|zgly, - - ., |zN]|,) for
v € Mg. Then the absolute logarithmic height of x is defined by h(x) =
log (HveMK HX”U> By the product formula, h(Ax) = h(x) for A € K*.
Moreover, h(x) depends only on x and not on the choice of the particular
number field K containing xg, ..., xxy. Thus, this function h gives rise to a
height on PV (Q).

Given a system fo, ..., fn of polynomials with coefficients in Q we define
h(fo,---, fm) := h(a), where a is a vector consisting of the non-zero coef-
ficients of fy, ..., fm. Further by K(fo,..., fm) we denote the extension of
K generated by the coefficients of fy,..., f,n. The height of a projective
subvariety X of PV defined over Q is defined by h(X) := h(Fx), where Fy
is the Chow form of X (see §2.3 below).
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For every v € My we choose an extension of | - |, to Q (this amounts to
extending |-|, to the algebraic closure K, of K, and choosing an embedding
of Q into K,). Further for v € Mg, x = (z¢,...,7y5) € @NH we put

x|l := max(|zolv, - - | TN ]0)-

1.5. Schmidt [16] was the first to obtain a quantitative version of the Sub-
space Theorem, giving an explicit upper bound for the number of subspaces
containing all solutions with ‘large’ height. Since then his basic result has
been improved and generalized in various directions. Evertse and Schlick-
ewei [5, Theorem 3.1] deduced a quantitative version of the Absolute Sub-

space Theorem, dealing with solutions in P"(Q) of some absolute extension
of (1.1). Their result can be stated as follows.

Let again K be a number field, and S a finite set of places of K of cardinality
s. Let n >1,0<6d<1. Forves, let Lgu), e ,Lx}) be linearly indepen-
dent linear forms in Q[zo, ..., x,]. Put D =[], 4| det(LY”, ..., L), and
assume that [K(Lgv)) : K] < Cforve S, i=0,...,n Then the set of

x € P"(Q) with

n (v)
log (D‘l H H max w) <—(n+14+0)h(x),

veS i=0
h(x) = 9(n +1)d 'log(n + 1) + max (h(Lgv)) tveS 0<i<n)
is contained in the union of not more than

(3n + 3) D8t 5=(ntD)s=n =5 164 (4C1) log log (4C)

proper linear subspaces of P"(Q) which are all defined over K.

Typically, the lower bound for h(x) depends on the linear forms L) while

)

the upper bound for the number of subspaces does not depend on the Lgv).

1.6. We now state an analogue for inequalities with higher degree polyno-
mials instead of linear forms. We first list some notation:

0 is areal with 0 < 9 < 1, K is a number field, S is a finite set of places of K

of cardinality s, X is a projective subvariety of PV defined over K of dimen-

sion n > 1 and degree d, fév), ceey ) (v € S) are systems of homogeneous
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polynomials in Q[zo, ..., zy],

(1.4) C::max([K(fi(U)):K]:UES,izO,...,n),
‘ A:=lem(deg f s ve S, i=0,...,n),

(A, = (20nd~ 1)+ s . exp (212”+16n4”5_2”d2”+2A"(2”+2))'
-log(4C) log log(4C),
(1.5) { A= (8n+6)(n+2)°dA"15 1,

Az = exp (26’”2%2”*35*"*1d”+2A"(”+2) 10g(203)>,

| H :=10g(2N) + h(X) + max (h(l,fi(v)) tveS, 0<i<n).

Theorem 1.3. Assume that

(1.2) X(@)ﬂ{fév)zo,...,f#):@}:(Z) forves.
Then there are homogeneous polynomials Gy, ..., G, € Klzo,...,xy] with

u< A, degG; <Ay fori=1,...,u

which do not vanish identically on X, such that the set of x € X(Q) with

n ) /degf.(v>
A GIEY)
< —
(1.7) h(x) > A3 - H

is contained in |J;_, (X N{G; = 0})

Clearly, the bounds in Theorem 1.3 are much worse than those in the
result of Evertse and Schlickewei. It would be very interesting if one could
replace Aj, A3 by quantities which are at most exponential in (some power
of) m and which are polynomial in 6~!,d, A. Further, we do not know
whether the dependence of Ay on § is needed.

1.7. Our starting point is a result for twisted heights on P" (a quantitative
version of the Absolute Parametric Subspace Theorem), due to Evertse and

Schlickewei [5, Theorem 2.1] (see also Proposition 3.1 in Section 3 below).
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From this, we deduce an analogous result for twisted heights on arbitrary
projective varieties; the statement of this result is in Section 2 (Theorem 2.1)
and its proof in Section 3. The proof involves some arguments from Ev-
ertse and Ferretti [4], in particular an explicit lower bound of the normalized
Chow weight of a projective variety in terms of the m-th normalized Hilbert
weight of that variety. In Section 4 we give some height estimates; here we
use heavily Rémond’s exposé [12]. Then in Section 5 we deduce Theo-
rem 1.3. Using that PV (K) has only finitely many points with height below
any given bound, Theorem 1.1 follows at once from Theorem 1.3.

2. TWISTED HEIGHTS

2.1. The quantitative version of the Absolute Parametric Subspace The-
orem of Evertse and Schlickewei mentioned in the previous section deals
with a class of twisted heights defined on P"(Q) parametrized by a real
@ > 1. Roughly speaking, this result states that there are a finite number
of proper linear subspaces of P" such that for every sufficiently large @,
the set of points in P*(Q) with small Q-height is contained in one of these
subspaces. Theorem 2.1 stated below is an analogue in which the points are
taken from an arbitrary projective variety instead of P". Loosely speaking,
Theorem 1.3 stated in the previous section is proved by defining a suitable
finite morphism ¢ from X to a projective variety Y C P¥ and a finite num-
ber of classes of twisted heights on Y as above, and applying Theorem 2.1

to each of these classes.

2.2. Let K be a number field. For finite extensions of K we define normal-
ized absolute values similarly as for K. Thus, if L is a finite extension of
K, wis a place of L, and v is the place of K lying below w, then

L,: K,
(2.1) 2] = || for 2 € K, with d(w|v) := ﬁ,
where K, L,, denote the completions at v, w, respectively.
We denote points on P2 by y = (yo,...,yr). For v € Mg, let c, =
(Cops - - -, CRry) be a tuple of reals such that cq, = -+ = cg, = 0 for all but

finitely many places v € Mg and put ¢ = (¢, : v € Mg). Further, let @ be
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a real > 1. We define a twisted height on P?(Q) as follows. First put

Hpely) == Jnax, (\yz-!vQC”) for y = (yo,...,yr) € PR(K);
UEMK A

by the product formula, this is well-defined on PE(K). For any finite ex-
tension L of K we put

(2.2) Ciw = Ciyy - d(w|v)  for w € My,

where M7, is the set of places of L and v the place of K lying below w. Then
for y € PE(Q), we define

(2.3) Hooly) = ] max (@)
’LUGML

where L is any finite extension of K such that y € Pf(L). In view of (2.1)
this definition does not depend on L.

2.3. Let Y be a (by definition irreducible) projective subvariety of P# of

dimension n and degree D, defined over K. We recall that up to a constant

factor there is a unique polynomial Fy(u®,... u™) with coefficients in
K in blocks of variables u(® = (uéo), . ,ugg)), co,um = (u((]n), . ,ugf)),

called the Chow form of Y, with the following properties:
Fy is irreducible over Q; Fy is homogeneous in each block u® (h =
0,...,n); and Fy(u®, ..., u™) = 0 if and only if Y and the hyperplanes
Zf:o ul(-h)yi =0 (h=0,...,n) have a Q-rational point in common.
It is well-known that the degree of Fy in each block u™ is D.

Let ¢ = (cg,...,cr) be a tuple of reals. Introduce an auxiliary variable ¢

and substitute tciugh) for " in Fy for h=0,...,n,7=0,..., R. Thus we

%

obtain an expression

(2.4) Fy(tcouéo), o ,tcRug); o ;tcou(()n), . ,tCRug))
= t°Go(u?,... u™) + ... G, .. u™),
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with Go,...,G, € K[u®,... , u™] and ey > €; > --- > e,. Now we define
the Chow weight of Y with respect to ¢ ! by

(2.5) ey (c) := ep.

2.4. We formulate our main result for twisted heights. Below, Y is a pro-

jective subvariety of P® of dimension n > 1 and degree D, defined over K,

and ¢, = (Cop, - - -, Cro) (v € M) are tuples of reals such that
(2.6) Cip =20 forve Mg, i=0,...,R;
(2.7) Cop = +++ = Cry, = 0 for all but finitely many v € M;
(2.8) Z max(Coy, - - -, Cry) < 1.
veEMg
Put
2.9 By(e) = s [ 3 erfed
: c)i = —— ey(c,) | .
Y (n+1)D Y
UEMK

Further, let 0 < 0 < 1, and put

By = exp (210n+45—2np2n+2) ‘log(4R) log log(4R),
(2.10) By = (4n + 3)Ds~ !,
Bs := exp (25”+45*"*1D”+2 log(4R)).

Theorem 2.1. There are homogeneous polynomials F, ..., F; €
K[y07 B ayR] with

thl, dengng fOTizl,...7t,

which do not vanish identically on Y, such that for every real number @)
with

log@ > Bs - (h(Y) +1)

IThe Chow weight was introduced in [4], and named such because of its relation to the
Chow form. It is an adaptation of the degree of contact earlier introduced by Mumford
[10], so perhaps the naming "Mumford weight’ would have been a happier choice. Roughly
speaking, the degree of contact of Y with respect to c is defined for integer tuples ¢ and
it is equal to e, instead of e.



10 J.-H. EVERTSE AND R. G. FERRETTI
there is I, € {Fy,..., F;} with

(2.11) {y €Y (Q): Hgely) < Q¥ cYn{F =0}.

3. PROOF OF THEOREM 2.1

3.1. We first recall the quantitative version of the Absolute Parametric
Subspace Theorem of Evertse and Schlickewei. As before, K is an alge-
braic number field and R,n are integers with R > n > 1. We denote
the coordinates on P" by (xz,...,z,). Given an index set I = {ig,...,i,}
with 49 < .-+ < 4, and linear forms L; = Y " ja;z; (j € I) we write

Let Ly, ..., Lg be linear forms in K|xo,...,x,| with rank{ Lo, ..., Lg} =
n+1. Further, let I, (v € Mk) be subsets of {0,..., R} of cardinality n+1
such that

(3.1) rank{L;: i€ I,} =n+1 forve Mg.
Define

@2)7&:]11%mma@ﬂzenn,zx:]I|@uu:ze@m;

’UEMK UEMK
here the maximum is taken over all subsets I of {0,..., R} of cardinality
n + 1. According to [4, Lemma 7.2] we have

R+1)

(3.3) D >H (i

Let d, = (d;,, : © € 1)) (v € M) be tuples of reals such that

(3.4) d;, = 0 for i € I, and for all but finitely many v € M,
(3.5) D di =0,

vEME i€l
(3.6) Z max(dy, : i € 1,) <1

vEME

and write d = (d, : v € Mk).
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We define a twisted height on P"(Q) as follows. For any real number
@ > 1 we first put

Hpa(x) = H (ieé}f ]Li(x)\vQ_d"”) for x € P"(K).
vEME

More generally, if L is any finite extension of K, put

(3.7) di = d(w|v)diy, I, :=1,

where v is the place of K lying below w. Then for x € P*(Q) we define
(3.8) Hp q(x) = H (max |LZ~(X)|vQ_d"“’>

iel
'LUEML v

where L is any finite extension of K such that x € P"(L). This is indepen-
dent of the choice of L.

Now the result of Evertse and Schlickewei [5, Theorem 2.1] is as follows:

Proposition 3.1. Let I, (v € Mg), d = (d, : v € Mg), satisfy (3.1),
(3.4), respectively, and let 0 < e < 1.
There are proper linear subspaces T, ..., Ty of P, defined over K, with

(3.9) t < 4975 160(3R) log log(3R),
such that for every real number Q) with

(3.10) Q > max (Hl/ G (n + 1)2/6)

there is T; € {Th,...,T;} with

(3.11) {x € P'(Q) : Hyalx) < DVIQ=} C T;.

3.2. We recall some results from [4]. As in Section 2, we denote the coor-
dinates on P® by (yo,...,yr). Let Y be a projective variety of P defined
over K of dimension n and degree D. Let Iy be the prime ideal of Y, i.e.
the ideal of polynomials from Q[yo, ..., yr| vanishing identically on Y. For
m € N, denote by Q[yo, . .., ¥r}m the vector space of homogeneous polyno-
mials in Q[yo, ..., yr] of degree m, and put (Iy), :=Q[yo, ..., yrlm N Iy.
Then the Hilbert function of Y is defined by

Hy(m) i= dimg (Qlyo. - yrl/ () )
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The scalar product of a = (ag, . ..,ar), b = (by,...,br) € RE*! is given by
a-b:=agby+ -+ arbr. For a= (ag,...,ar) € (Z>o)®", denote by y*
the monomial yy° - - - y5*. Then the m-th Hilbert weight of ¥ with respect
to a tuple ¢ = (cg, ..., cr) € RE is defined by

Hy (m)
(3.12) sy (m,c) := max Z a-c|,
i=1
where the maximum is taken over all sets of monomials {y®!, ... y*#y(m}
whose residue classes modulo (Iy),, form a basis of Q[yo, .. ., ¥&)m/(Iy)m.

We recall Evertse and Ferretti [4, Theorem 4.1]:

Proposition 3.2. Let ¢ = (¢, ..., cr) be a tuple of non-negative reals. Let
m > D be an integer. Then

1 e (C) o (Qn;i-nl)D

(3.13) m - sy (m,c) > DD €Y -max(cg,...,CR) -

Let m be a positive integer. Put

N = Hy(m) —1, R, = (R+m) -1,

and let y2°,...,y?&m be the monomials of degree m in yq,...,yg, in some
order. Denote by ¢, the Veronese map of degree m, y — (y2°,...,y?fm).

Lastly, denote by Y, the smallest linear subspace of P containing ¢,,(Y).

Lemma 3.3. (i) Y,, is defined over K;
(i) dim Y,, = ny, < D(™M);
(iii) A(Y;) < Dm (™) (D—1h<Y) + (30 + 4) log(R + 1)) .

Proof. (i),(iii) [4, Lemma 8.3]; (ii) Chardin [1, Théoreme 1]. O

3.3. Let ¢, € R® (v € Mg) be tuples with (2.6) and (2.8). For a suitable
value of m, we link the twisted height Hg . from Theorem 2.1 to a twisted
height on P"" to which Proposition 3.1 is applicable. Put

(3.14) m = [(4n +3)D5].
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Then by Proposition 3.2 and (2.6) we have

1 1 )
(3.15) m (Z SY(macv)) > m (Z GY(Cv)> ~ 5

'UEMK 'L)GMK

Denote as before the coordinates on P® by y = (yo,...,yr), those on
Prm = PHY (=1 by x = (x,...,x,, ), and those on Pf» = p("n")-1 by
z = (20,...,2p,). Since Y,, is an n,,-dimensional linear subspace of P%m
defined over K, there are linear forms Ly,...,Lg, € Klxg,...,z,, | such
that the map

Um + X+ (Lo(X),...,Lg, (X))
is a linear isomorphism from P" to Y,,. Thus, ¥, ¢, is an injective map
from Y into P"m.

For v € My there is a subset [, of {0,..., R,,} of cardinality n,, + 1 =
Hy (m) such that {y® : i € I,} is a basis of Q[yo, . . ., Yr]m/(Iy)m and

(3.16) sy(m,c,) =Y a;-c,.

i€l,

Now define the tuples d, = (d;, ,i € I,) (v € Mk) by
1 1

(3.17) diy = ——-a;,-Cy+—— a; - ¢,
m m(n, + 1) =

b sy, c,)
= ——.a;-¢C, m,c,),

m Hy(m)

and put d = (d, : v € Mk). Similarly to (3.2) we define

= H mlax|det(Li: i€, D:= H |det(L; : i € L)y,

UEMK UEMK

where the maximum is taken over all subsets I of {0, ..., R,,} of cardinality
Ny + 1. Then by, e.g., [4, page 1300] we have

(3.18) logH = h(Yy) .
We define in a usual manner a twisted height on P (Q) by putting

Hp q(x H max ]L i)

wGML
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for x € P"(Q), where L is any finite extension of K such that x € P"" (L),
@ > 11is a real number, and d;,, = d(w|v)d;y, I, = I, with v the place of K
below w. It follows at once from (2.7) that d;, = 0 for all but finitely many
v and for ¢ € [,. Therefore this height is well-defined.

Lemma 3.4. Assume that

(3.19) Q > pb/omnm+l)

Lety € Y(Q) be such that

(3.20) Hoely) < Q™97

where Ey(c) = m (X venr, ev(cy)). Let x = ¢, om(y). Then
(3.21) Hm g(x) < DYt D(Qm) =003,

Proof. Put s, := mﬁ/(m, Cy)s 8= D enr, Sv- We first show that

(3.22) Hm a(x) < Q7™ (Hoe(y))"

Take a finite extension L of K such that y € Y(L). We have x € P""(L)
and L;(x) = y* for i = 0,...,R,,. So for w € M we have (putting
Sy = d(w|v)s,, with v the place of K below w),

max (|(x) o (Q™) ™) = max (|y* |, Q")

1€ly 1€ly

o) < (@0 max (™))

,,,,,

< 2

By taking the product over all w € M, (3.22) follows.
Now a successive application of (3.19), (3.22), (3.20), (3.15) gives

Ham,d(x> < Dl/(nm+1)Qm6/6 . Q—mSQmEy(c)—m5 < Dl/(nm+1) (Qm)—5/3 '
O]
3.4. To complete the proof of Theorem 2.1 we apply Proposition 3.1 to

(3.21); that is, we apply Proposition 3.1 with n = n,,, R = R,,, € = 0/3,
and with Q™ in place of (). For the moment we assume

(3.23) log @ > (R + 1) (A(Yn) + 1)

(N + 1)mo
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In view of (3.18), this is precisely (3.10) with R = R,,,n = ny,, e = §/3 and
with @™ in place of Q).

We have to verify that (3.1), (3.4), (3.5), (3.6) are satisfied with n,,, R,
in place of n, R. First, (3.1) follows at once from the definition of I, and
the fact that v, is a linear isomorphism. Secondly, (3.4) follows from (2.7)
and (3.17). Thirdly, (3.5) follows from (3.17), (3.16). Finally, (3.6) is conse-
quence of (2.6), (2.8) and the fact that m - sy(m, ¢,) can be expressed
as a maximum of linear forms in c¢g,, ..., Cg,, Whose coefficients are non-

negative and have sum equal to 1.

Thus, there are proper linear subspaces 11, ..., T; of P"™, defined over K,
with
(3.24) t < 40mt9%(3/5)"m 5 10g(3R,,) log log(3R.m)

such that for every @ with (3.23) there is T; € {11, ...,T;} with
fx € P (@) : Hignalx) < DV D(QM) 5 C T,

For each space T; there is a linear form L; € K|z,...,zg, ] vanishing
identically on ,,(7;) but not on Y,,. Since by definition, Y,, is the smallest
linear subvariety of Pfm containing ,,(Y), the linear form L; does not
vanish identically on ¢,,(Y’). Replacing in L, the coordinate z; by y* for
j=0,...,R,, we obtain a homogeneous polynomial F; € Klyo, ..., yg] of
degree m not vanishing identically on Y such that if x = ¢ 1, (y) € T},
then Fi(y) = 0.

It is easily seen that assumption (3.23), together with (3.18) and (3.3),
implies (3.19); hence Lemma 3.4 is applicable. Thus, we infer that there
are homogeneous polynomials Fy, ..., Fy € K[yo, ..., yr| of degree m, with ¢
satisfying (3.24), such that for every @ with (3.23) thereis F; € {F\, ..., Fi}
with

{y €Y(@Q: Hoely) QPO cY N {F=0}.

By (3.14) we have m < (4n+3)D§~!, which is the quantity By from (2.10).
So to complete the proof of Theorem 2.1, it suffices to show that the right-
hand side of (3.24) is at most By and that the right-hand side of (3.23) is
at most Bs - (h(Y) + 1), where By, Bs are given by (2.10).
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Using m > 7 and the inequality

(3.25) (f’f +y) ety (1+2) (142) < (c1+ 5))’

) rryY ) Y
for positive integers z,y, we infer
R+m R\\™
— ~1< ) < m
(3.26) R ( N > 1< <e(1—|—m)> < (4R)
So by (3.14),
log(3R,,)loglog(3R,,) < 2m*log(4R)loglog(4R)
< 2(8n+6)2D*0 ?log(4R) log log(4R) .

Further, by Lemma 3.3, (ii),

(3.27) Ny < D<m:n) < De(1+ %))n

< D(e(1+7D5h)" <26 "D
Hence the right-hand side of (3.24) is at most
4(25”6—”D”+1+9)2(3571)25”6—"D”+1+5 %
x2(8n + 6)?D?*§ *log(4R) loglog(4R)
< exp (210”+45_2”D2”+2> -log(4R)loglog(4R) = By,
while by Lemma 3.3, (3.14), (3.26), (3.27), the right-hand side of (3.23) is
at most

6

- ((4ry™ + 1)“’"+1 x

x (1 + Dm (m: ”) (D'h(Y) + (3n +4) log(R + 1))

257L67nDn+1+1
) x

< 571<(4R>(4n+3)D5_1 1
275" D" (3 + 1) log(R + 1) - (h(Y) + 1)
< exp (25"+46‘”‘1D”+2 1og(4R)) C(A(Y)+1) = By - (h(Y) +1).

This completes the proof of Theorem 2.1. O
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4. HEIGHT ESTIMATES

4.1. In this section we deduce some height estimates, using results from
Rémond’s paper [12].

Let K be a number field. Denote as before the set of places of K by
My, and denote the sets of archimedean and non-archimedean places of
K by Mg and Mj., respectively. We use the normalized absolute values
| - |, introduced in §1.4. Recall that for each of these absolute values we
have chosen an extension to Q. In particular, for each v € M§® there is an
isomorphic embedding o, : Q — C such that |z|, = |o,(z)|KR/IKQ for
z e Q.

We represent polynomials as f = M, c;(m)m, where the symbol m
denotes a monomial, My is a finite set of monomials, and ¢;(m) (m € M)
are the coefficients. For any map o on the field of definition of f we put

o(f) = Cmens, ocs(m))m.
We define norms for polynomials f; = Zmer_ cp(mm (i =1,...,7)

with complex coefficients:

1froe s foll = ma g, (m)] < 1< i < rmee M),

Wi £l =32 3 fep(m

=1 merl.
and for polynomials fi, ..., f, with coefficients in Q:
I f1, - follo == max (Jeg, (m)], : 1 <i<r,me M) (ve Mg),

A1) N freeees follon = low(f)s o (f) TS (0 € M),
Hfh"'?fTHUJ = Hflv--'7fr‘Hv (U € M?()

Lastly, for polynomials fi, ..., f, with coefficients in K we define heights

h(fr,.... f) =1log ( 11 ||f1,...,fr||v) ,

UGMK

h(fr,. .., fr) = log ( 1T \|f1,...,fr||v71> .

veEMg
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More generally, for polynomials fi, ..., f, with coefficients in Q we define
h(f1,..-s f), hi(f1,..., fr) by choosing a number field K containing the
coefficients of f1,..., f, and using the above definitions; this is independent

of the choice of K.

We state without proof some easy inequalities. First, for x € @Hl and
f € Q[zo, ..., z,] homogeneous of degree D we have
(4.2) 1 G < 1 loallx]l? for v e My.

Secondly, for x € PN(Q) and fy, ..., fr € Q[zo,...,zx] homogeneous of
degree D we have

(4.3) h(y) < Dh(x) + hi(fo, -, fr),

where y = (fo(x), ..., fr(x)).

Thirdly, if f € Q[wo, ..., x,] is homogeneous of degree D, and if gq, . . . , g €
Qlxo, ..., 7] are homogeneous of equal degree, then for the polynomial
f(g0,---,9n), obtained by substituting the polynomial g;(x, ..., xz,,) for x;

in f for i =0,...,n, we have

(4.4) hi(f(go-- - 9n)) < hi(f) + Dhi(go,-- -+ gn) -

Finally, for fi,..., f, € Q[x1,...,x,] we have

(45) h(fl, .. ';fr) < hl(fh .. .,fT) < h(fl, . 7fr> +10gM,

where M is the number of non-zero coefficients in fi,..., f,.

4.2. We define another height for multihomogeneous polynomials. Given
a field © and tuples of non-negative integers 1 = (o, ..., 1), we write Q[l]
for the set of polynomials with coefficients in € in blocks of variables z(®) =
0. zl((?)), oz = (L ’Zl(yT)) which are homogeneous in block
z" for h =0,...,m. For f € Q[l] we denote by deg,, f the degree of f in
block z™.

Let

ey

SU+1):={(z0,...,2) €CT |z + -+ |z =1},
SM):=Sly+1)x--- xS, +1).
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Denote by 41 the unique U(l + 1, C)-invariant measure on S(I + 1) nor-
malized such that p;.1(S(1+ 1)) = 1, and let = o1 X -+ X py,,+1 be
the product measure on S(1). Then for f € C[l] we set

ln

(46) m(f) = / RN IRTES Zdegh (Z;)-

J=1
Given a number field K, we define for f € K[l],

an  own=3Y BB 3 el

veMp? [K : Q] vEMY,

Again, this does not depend on the choice of the number field K containing
the coefficients of f, so it defines a height on Q[l]. It is not difficult to verify
that

(4.8) W (fre- fr) =Y _B(fi) for fi,.... f € Q.
i=1
Lemma 4.1. Let 1 = (ly,...,l,) be a tuple of non-negative integers, and

feQl, f#0. Then

\W*(f) < (deg,, f)log(ly +1).
h=0

Proof. Put A := [[j—,(ln + 1)%°&» /. According to the definitions of h*
and hy, it suffices to prove that for f € C[l],

(4.9) Im(f) —log [l f[l1] < log A.
Using |f(z©,...,20™)| < ||f]l1 for (z9,...,2(™) € S(1) we obtain at once

ln

m(f) <logllflh + 5 Zdeghf<z 1]> log || f||1 +log A.

7j=1

To prove the inequality in the other direction, write f = Y M, c(m)m,

: : . I h)\ay,
where the sum is over a finite number of monomials m = [T, [}~ O(zj(. ))“hf

with Zé'h:o ap; = degy, f for h =0, ..., m. For each such monomial we put

a(m) — H (degh f)‘

- anol - ang,!



20 J.-H. EVERTSE AND R. G. FERRETTI

Then by an argument on [12, pp. 111,112],
1/2

Y am)em)P | < AV exp(m(f)).

mEMf

On combining this with the Cauchy-Schwarz inequality and ) a(m) < A,

we obtain
1/2 1/2
Ifh = > lem) < > am)] - > a(m)|c(m)?
mEMf mEMf mer
< Aexp(m(f)).
This proves log || f||1 < m(f) + log A, hence (4.9). O

Lemma 4.2. Let fi,...,f. € Q] and f =[], fi;- Then

hi(f) < Zhl(fi) <ha(f)+2) (degy, f)log(ln +1).

Proof. The first inequality is straightforward while the second follows
from Lemma 4.1 and (4.8). O

4.3. In this subsection, X is a projective subvariety of PV of dimension

n > 1 and degree d defined over Q.

Let A be a positive integer. Denote by Ma the collection of all monomials

of degree A in the variables zg,...,zy. Let u® = (u(mh) :m € M)
(h = 0,...,n) be blocks of variables. Up to a constant factor there is a
unique, irreducible polynomial Fy a € Qu(®, ... u], called the A-Chow

form of X, having the following property (see [11]):

Fxa(u® ... ;u™) = 0 if and only if there is a Q-rational point in the
intersection of X and the hypersurfaces ) Ma wPm =0 (h=0,...,n).

Notice that F'x; is none other than the Chow form Fx of X. The form
Fx A corresponds to the Chow form Fj,, (x) of the image of X under the
Veronese embedding ¢a of degree A. It is known that F'x A is homogeneous
of degree A"d in u™ for h=0,...,n.
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For a monomial m = x° - - - 23 of degree A, put f(m) = Al/ag!---an!.

Then the modified Chow form Gy a(ul®, ..., u™) is obtained by substitut-
ing B(m)/2ull) for the variable u(f in the polynomial Fy(u©, ... u®).

Notice that Gx 1 = Fx1 = Fx. Further, using the estimates |5(m)| < Al
|f(m)|, > |Al|, for each prime number p, one easily obtains

1
(4.10) |hi(Fxa) —hi(Gxa)| < §(n + 1)dA™ log(A!)

1
< 5(71 +1)dA™ 1 log A

The following is a special case of a fundamental result of Rémond [12, Thm.

2, pp. 99,100:

Lemma 4.3. h*(Gxa) = A" (Gx 1) = A" (Fy).

From this we deduce:

Lemma 4.4. hy(Fxa) < A" h(Fx) +5(n + 1)dA™ ! log(N + A).

Proof. Recall that Fx A and Gx a are homogeneous of degree A"d in
each block of variables u® (h = 0,...,n) and that each of these blocks

has (" ZA) < (N + A)2 variables (that is, the number of coefficients of a

homogeneous polynomial of degree A in N + 1 variables). So by (4.10) and

Lemma 4.1,
1
hi(Fxa) < hi(Gxa)+ §(n +1)dA™ M log A
1
<R (Gxa) + E(n +1)dA™ ! log A + (n + 1)dA™ log (NZA)
< B (Gxa) + gm +1)dA™  Tog(N + A).
Then using Lemma 4.3, again Lemma 4.1 and inequality (4.5) we obtain
n+1yg* 3 n+1
hi(Fxa) <A R (Fx)+ E(n + 1)dA" " log(N + A)

< A" h (Fx) + g(n +1)dA™  log(N + A)

(S8

< A"R(Fyx) + =(n+ 1)dA™ log(N + A) + A" log M,

\V)
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where M is the number of non-zero coefficients of Fx. Since F'x is a poly-
nomial in n + 1 blocks of N + 1 variables, and homogeneous of degree d in

each block, we have, using (3.25)

N +d

n+1
d ) < (6<N+ 1>)(n+l)d

woo<

< exp (g(n +1)dlog(N + A)> |

By inserting this into the last inequality, our lemma follows. [

We arrive at the following:

Proposition 4.5. Let gg,...,gr be homogeneous polynomials of degree A
in Q[zo, ..., zn] such that

LetY = @(X), where ¢ is the morphism on X given by x — (go(X), - .., gr(x)).
Then

+5(n + 1)dA" ! log(N + A) + 3(n + 1)dA" log(R + 1) .

Proof. For j =0,..., R write y; for g;(x) and denote by g; the vector of
coefficients of g;, i.e., gj = > cpr, Co;(M)m and g; = (¢g;(m) : m € Ma).
Introduce blocks of variables v(*) = (U(()h), ce v%)) (h=0,...,n) and define
the polynomial

R
GO, .. vy .= FxA<ZU gj,...,z ](-")gj) .

=0
Then G(v(®, ... v(") = 0if and only if X and the hypersurfaces E] 0 )gj
=0(h=0,. ) have a Q rational point in common, if and only if Y and
the hyperplanes A =0 ] y] =0 (h=0,...,n) have a Q-rational point in
common, if and only if Fy(v(®, ... v(® )) = O, where Fy is the Chow form
of Y. Therefore, G is up to a constant factor equal to a power of Fy.

Put A := (n + 1)dA" ' log(N + A), B := (n + 1)dA"log(R + 1). No-

tice that G has degree dA™ in each block v(®. Further, by (4.4) we have
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hi(G) < hi(Fxa)+(n+1)dA"hy(go, - - ., gr)+B. Together with Lemma 4.2,

Lemma 4.1, this implies

hY) = h(Fy) < hi(Fy) < ha(G) +2B
< h1<FXA) (n—i—l)dA hl(gg,...,gR)+3B
< A"MR(X) + (n+ 1)dA"h(go, - - -, gr) + 5A + 3B,

proving our Proposition. [

5. PROOF OF THEOREM 1.3.

5.1. We start with some auxiliary results. We denote the coordinates of P?
byy = (y07"'ayR)-

Lemma 5.1. Let Y be a projective subvariety of P* of dimension n > 1
and degree D, defined over Q. Let ¢ = (co,...,cr) be a tuple of reals. Let
{io,...,in} be a subset of {0,..., R} such that

(51) Y(@)m{ym:o?>yzn:0} =0.
Then
(52) €y(C) 2 D(Cio 4+ 4 Cin)-

Proof. For a subset I = {ko,...,k,} of {0,... R} with kg < k1 <--- <
k,, define the bracket

1) = (1, u®) = det ()

where again u® denotes the block of variables (u(()h), . ,u%)). Let I1,...,Ig
with § = (R+1) be all subsets of {0, ..., R} of cardinality n 4+ 1. Then the
Chow form Fy of Y can be written as a homogeneous polynomial of degree
Din [L],...,[Is] :

(5:3) Fy =3 Cla)h]™ - [Is]".
acA
where A is the set of tuples of non-negative integers a = (aq, ..., as) with

a; + -+ +as = D and where C(a) € Q for a € A [9, p. 41, Theorem IV].
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For each bracket [I] we have

[I](tcou(()o), o ,tcRug); . ;tcou(()n), . ,tCRug)) = tXier 1],

therefore,
(5.4) Fy(toul ... ,tcRug); toudm ,tCRu%))
5 o
=3 Clayt e e g
acA

Put ey := (1,0,...,0), e; := (0,1,...,0), ..., eg := (0,0,...,1). Write
{io,...,in} = I;. By (5.1) we have Fy(e;,,...,e;, ) # 0. Further,

[Il](e,;o, c. ,ein) = ]., [I](eio, c. ,ein) =0 for I 7& Il.

Hence in expression (5.3) there is a term C - [[}]” with C € Q" and if we
substitute u¥) =e;, (j =0,...,n) in (5.4) we obtain C-¢P(¢o*F¢n)  That
is, one of the numbers e; in (2.4) is equal to D (¢;, + - -+ + ¢;, ). This implies
(5.2) at once. O

In addition, we need the following combinatorial lemma, which is a con-
sequence of [3, Lemma 4].

Lemma 5.2. Let 0 be a real with 0 < 0 < % and let q be a positive integer.
Then there exists a set W of cardinality at most (e/0)971, consisting of tuples
(c1,...,¢q) of non-negative reals with ¢, + --- 4+ ¢, = 1, with the following
property:

for every set of reals Ay,..., Ay and A with A; < 0 for j =1,...,q and

?:1 A; < —A, there exists a tuple (c1,...,c,) € W such that

A; < —ci(1=0)A forj=1,...,q.

5.2. In what follows, K is a number field, S a finite set of places of K, and
X, N,n,d,s, C, fl-(v) (velS,i=0,...,n), C, A, A, Ay, A3, H are as in
Theorem 1.3. We denote the coordinates on PV by x = (z,...,7y).

Let fo,..., fr be the distinct polynomials among a(f](v)) (ves, j=
0,...,n, 0 € Gg). Then by (1.4),

(5.5) R<Cn+1)s—1.
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Let K’ be the extension of K generated by the coefficients of fy,..., fr.
Put g; = fiA/degfi for© = 0,...,R. Thus, go,...,gr are homogenenous
polynomials in K'[zg, ..., zy] of degree A. Define

v:x (go(X),...,9r(X)), Y :=p(X).

By assumption (1.2), ¢ is a finite morphism on X, and Y is a projective
subvariety of P® defined over K’. We have

(5.6) dimY =n, degY =: D < dA".

We denote places on K’ by v" and define normalized absolute values |- |,
on K’ similarly to §1.4. Further, for every v € My we choose an extension
of | - |» to Q. Since K'/K is a normal extension, for every v € My there
is 7, € Gk such that

(5.7) 2]y = |7 ()| for z € Q

where v € Mk is the place below v and g(v) is the number of places of
K' lying above v. For each v € Mp5 there is an isomorphic embedding
oy : K' < C such that |z|, = |0 (2)|ER/IEQ for x € Q. We define
norms || -+ ||v, || - |]or1 for polynomials similarly as in (4.1), with K’,v’, o,/ in

place of K, v, o,.

5.3. For later purposes we estimate from above hy(1, go, ..., gr) and h(Y).
By a straightforward computation we have for v € M5,

11,00 (g0); - - - 0w (gr)Ih

R R

A/ deg f;

=1+ owlg)lh <1+ [low ()l 48!
=0 1=0

R d "+ N A/ deg f;
<t (B ot
=0

< (R+2)(N + )21 0u(fo), - 0w (fr)1

<(R+2)(N+ AT I o (£~

=0
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So for v' € M5 we have

[UR]

R
1,90, s grllora < ((R+2)(N +2)2) T - [T, £ill)-
1=0

n an easier manner one obtains for v )
I bt f "e M?{ ,

R
1190, grllva < TTIL A5
i=0

So by taking the product over v € M, substituting (5.5), and using that
polynomials with conjugate sets of coefficients have the same height,

h(1, 90, ..., 9r) < A(Zh(l,fi)) + Alog (R+2)(N +A)%)

C( Z Zn: h(1, f]@))) + Alog(N + A) + log(3Cns) ,

veS j=0

and by inserting this estimate into Proposition 4.5 we infer

hY) < A" R(X) + (n+1) A”HCZZMf

veS j=0

+6(n + 1)dA™ M log(N + A) + 4(n + 1)dA™ log(3Cns) .
A straightforward computation gives the more tractable estimates

(5.8) hi(go, - .-,9r) < 6A%*Cns - H ,
(5.9) h(Y) < 25n*dA™2Cs - H

where H is defined by (1.5).

5.4. We reduce (1.6) to a finite number of systems of inequalities, and then
show that each such system leads to an inequality involving a twisted height.

Let x € X(Q) be a solution of (1.6). For v € S, let I, be the subset
of {0,..., R} such that {f” : j =0,...,n} = {fi: i € L,}. Put G, :=
11,90, --,9r|v1 for v € S. Then

> ) log (nelgii %) < —(n+1+0)Ah(x).

veS iel,
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By (4.2), the terms in the sum are < 0. We apply Lemma 5.2 with ¢ =

(n+1)s and 0 = m =1- %ﬁf. We infer that there is a set W
with
9 219§ (n+1)s—1

consisting of tuples of non-negative reals (¢;, : v € S, i € I,) with

(5.11) ZZC =1,

veES i€,

such that for every solution x € X(Q) of (1.6) there is a tuple (c;, : v €
S, i€ 1l,) € W with

s e (e 2OO0EY ¢ e (w145 i

(veS,iel,).

Denote by S’ the set of places of K’ lying above the places in S. Notice
that each element of G acts as a permutation on go,...,gg. Let v € S".
Write v for the place of K lying below v’ and let 7,, € G be given by (5.7).
Then we define I, C {0,..., R}, ¢; (i € Iy) by

{g;:ielyy={r"(g;): j€l,} forv €9,
Ciw 1= Cj/g(v) forv €8 i€ Ly,

where j € I, is the index such that g; = 7,'(g;). Further, we put
Gy = ”17g0, ... 7gRHv’,1 for v € M.

Then in view of (5.7), we can rewrite system (5.12) as

519 1o (e 20O <o (2 i

vccix Gy - o213
(e iely).

Invoking (5.10), (5.11) we obtain the following:
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Lemma 5.3. There is a set W' of cardinality at most (17né=1)m+bs=1

consisting of tuples of non-negative reals (¢;v = v' € S’ i € Ly) with

(5.14) Z Z i =1,

veS' i€l

with the property that for every x € X (Q) with (1.6) there is a tuple in W’
such that x satisfies (5.13).

We consider the solutions of a fixed system (5.13). Put

(5.15) o =0 forv eSS ie{0,...,R}\Iy
and v' € Mg \S",1=0,...,R

and put ¢, := (Cours...,Cpy) for v € Mg, ¢ :== (cy : v/ € Mgs). De-
note by y = (yo, - - .,yr) the coordinates of P%. We define Hy(y), Fy(c)
similarly as (2.3), (2.9), respectively, but with K’ in place of K.

Lemma 5.4. Let x € X(Q) be a solution of (5.13) satisfying (1.7) and let
o€ Gg. Put

y = p(c(x)), Q:=exp <(n +1+ 5/2)Ah(x)).
Then

)

(5.16) Hoely) < Q™ 227

Proof. We first estimate from below Ey(c). Let v' € S and write I, =
{ig, ..., i, }. From assumption (1.2), and from the fact that X is defined over
K and that g,,, ..., g, are conjugate over K to powers of fév), cee fév) where
v € S is the place below v/, it follows that X(@)ﬂ{gio =0,...,9;, = 0} = 0.

Since Y = ¢(X), for y € Y(Q) there is x € X(Q) with y; = ¢;(x) for
1=20,...,R. Hence

Y(@)m{yw:o?vyln:o} =0.

Now Lemma 5.1 implies

1 1 1
N o) 2 10,0’ in,0' ) = : v’
(n+1)D ev(ev) 2 o (G + oot Ci) = 2y ZZEI %,

v
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This holds for v € S’. For v/ ¢ S” we have ey(c,) = 0 by (5.15). By
summing over v’ € S’ and using (5.14), we arrive at

1

(5.17) By(e) > ——.

Now let x € X(Q) be a solution of (5.13) with (1.7) and let 0 € Gx.
Then o(x) is also a solution of (5.13). In fact, by (5.15), o(x) satisfies
(5.13) for v € Mg, 1 =0,...,R. Write y = ¢(o(x)) so that y; = ¢;(0(x))
for i =0,...,R. Let L be a finite normal extension of K’ such that o(x) €
X(L). Pick w € Mp, and let v be the place of K’ below w. Then there is
7w € Gal(Q/K’) such that |z|, = |7,(2)[ W) for € L, where d(w|v') =
Ly, : K|,]/[L : K']. Hence for i = 0,..., R, with the usual notation ¢;, =

d(w|v') i,
Wilw@ = 1g:(0 ()@ = (g (700 (x)) Q") 1)
< (Gullro )™ = G o)1
By taking the product over w € My, and using h(o(x)) = h(x) we obtain
Ho(y) < exp(h(L go.-..gr)) - Q77

Now (5.16) follows by observing that by (5.17), assumption (1.7), and (5.8),

J 1
(EY(C) C2(n+22 n+1+ 5/2) log @

A 1 og O

“\n+1 2n+2)? n+1+6§/2 &

_ S(4n+6—5(n+1)) AR > SA
A(n+ 1)(n + 2)2

= 6AQCHSH = hl(LgO; R 79R) .

O

5.5. We finish the proof of Theorem 1.3. We apply Theorem 2.1 with K’,
(nimg in place of K, ¢ and, in view of (5.5) and (5.6), with D < dA™
and R = C(n+ 1)s — 1. Notice that by (5.14),(5.15), the conditions (2.6),
(2.7), (2.8) (with K’ in place of K) are satisﬁed Denote by B}, Bj, Bj

the quantities obtained by substltutlng s for 0, C(n+1)s — 1 for R,
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and dA™ for D in the quantities By, By, Bs, respectively, defined by (2.10).
Recall that if x satisfies (1.7) then Lemma 5.4 is applicable. Moreover,

4]
logQ@ = (n +1+ 5) Ah(x) > AsH
= exp (26n+20n2n+35—n—1dn+2An(n+2) 10g(208)) CH

> exp (277 (2(n 4 2)%6 ") (dA™)" P log(4C (n + 1)s)) -
-(26n2dA”+205) -H

= Bj- (26n°dA™Cs) - H > By(h(Y) + 1),

where the last inequality follows from (5.9). Hence Theorem 2.1 is applica-

ble.

Now Theorem 2.1 and Lemma 5.4 imply that there are homogeneous
polynomials Fi, ..., F; € K'[yo,...,yg] not vanishing identically on Y, with
t < By and deg F; < B) for i = 1,...,t, with the property that for every
solution x € X(Q) of (5.13) with (1.7), there is F; € {F}, ..., F;} such that
Fi(¢(o(x))) = 0 for every 0 € Gk. (In fact, taking @ = exp ((n + 1 +
6/2)Ah(x)) it follows from Theorem 2.1 that there is F; with F;(y) = 0 for
every y € Y(Q) with Ho(y) < QPY(©-9/2("+2 "and then by Lemma 5.4
this holds in particular for all points y = ¢(0(x)), 0 € Gg.)

This means that Fj(o(x)) = 0 for ¢ € Gk, where F} is the polynomial
obtained by substituting g; for y; in F; for j = 0,..., R. Notice that
F; € K'[zg, ..., zy], deg F; < B4YA, and that F; does not vanish identically
on X. Write F, = chw:l wipFye where wy, ..., wy is a K-basis of K’, and
the Flk are polynomials with coefficients in K. We can choose G; € {Ek :

k=1,..., M} which does not vanish identically on X. Now o(F;)(x) = 0
for 0 € Gg. Since the polynomials F,, are linear combinations of the
polynomials o(F}) (0 € G) it follows that Fj,(x) =0 for k =1,..., M, so
in particular G;(x) = 0.

It follows that there are homogeneous polynomials Gy, ...,G; €
Klxg,...,zy| with t < B and deg G; < BYA for i = 1,... ¢, not vanishing

identically on X, such that the set of x € X(Q) with (5.13) and with (1.7)
is contained in |J!_, (X N{G; = O})
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According to Lemma 5.3, there are at most 7' := (17n5*1)(n+1)5_1 dif-

ferent systems (5.13), such that every solution x € X (Q) of (1.6) satisfies
one of these systems. Consequently, there are homogeneous polynomials
Gi,...,G, € K[xg,...,xy] not vanishing identically on X, with u < B{T

and with deg G; < B4A fori = 1,. .., u, such that the set of x € X (Q) with
(1.6), (1.7) is contained in [J™, (X N{G; = 0}).

Now the proof of Theorem 1.3 is completed by observing that in view of
(2.10),

ByA = (4n + 3)(dA")(2(n +2)%67)A = (8n + 6)(n + 2)°dA™ 167 = A,
and
BT < exp (2'(2(n 4 2)%)?"672"(dA™)*"*?) .
log(4(n + 1)Cs) log log(4(n + 1)Cs) - (17n61) "7

< exp (212n+16n4n6—2nd2n+2An(2n+2)) X

(20m6 1)+ Ds L 1og(4C) log log(4C)

= Al‘ D
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