DIOPHANTINE PROBLEMS RELATED TO
DISCRIMINANTS AND RESULTANTS
OF BINARY FORMS

ATTILA BERCZES, JAN-HENDRIK EVERTSE, AND KALMAN GYORY

1. INTRODUCTION.

In this paper we give a survey of recent results obtained by the authors on
discriminant and resultant equations.

The discriminant of a binary form F' = ZZO a; XY =
[T, (ax X — 5Y) is defined by

D(F) = H (Oékﬁz - Oélﬂk)Q-

1<k<i<m
As is well known, D(F) is a homogeneous polynomial in Zlay, ..., a,] of
degree 2m — 2. Further, for any scalar A and any 2 x 2-matrix U = (Z Z)
we have
(1.1) D(\Fy) = A 2(det U)™ ™~V D(F),

where Fyy(X,Y) := F(aX +bY,cX +dY).

The resultant of two binary forms

F = i a; XY = ﬁ(akX — BeY),
=0 k=1

n

G = i b X" YT =T [(nX — &)
=0

=1
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is given by
= [T 1] (6 = Bin)-
k=11=1
Using the well-known determinantal expression for the resultant (see [29,
§34]), one shows that R(F,G) is a polynomial in Z[ag, ..., amn;bo, .., by

which is homogeneous of degree n in aq, ..., a,, and homogeneous of degree
m in by, ...,b,. Further, for any scalars A\, and any 2 x 2-matrix U one
has

(1.2) R(\Fy, nGy) = N"u™(det U)™R(F, G).

We note that the discriminant and resultant of monic binary forms F, G,
ie. with F(1,0) = 1, G(1,0) = 1 coincide with those of the polynomials
F(X,1), G(X,1).

Let S = {p1,...,p:} be a finite, possibly empty set of primes. The ring of
S-integers is defined by Zg = Z[(py - -p;) '] if S # 0 and Zg = Z if S = .
The unit group of Zg is Zg* = {£ Hl 0w, € Z) if S # (0 and {£1} if

S = (). We consider the discriminant equation
D(F) € cZs"
to be solved in binary forms F' € Zg[X, Y], and the resultant equation
R(F,G) € cZs”

to be solved in pairs of binary forms F, G € Zg[X, Y], where ¢ is a positive
integer. The solutions of these equations can be divided in a natural way
into equivalence classes. In the monic case the earlier results concerning
these equations were stated and proved in terms of polynomials. In this
paper, we give a survey on recent results obtained by us concerning the
number of equivalence classes. In Section 2 we present some results from
[2] on the discriminant equation, while Section 3 is devoted to some new
results on the resultant equation which will appear in [3].

The focus of this paper will be on estimates for the number of equivalence
classes, and so we will not discuss algorithmic results. In the literature
there are finiteness results for much more general equations and inequalities,

such as 'inhomogeneous versions’, inequalities involving discriminants or
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resultants, or discriminant and resultant equations for binary forms with
coefficients in an arbitrary finitely generated domain of characteristic 0,
etc. Again, we refrain from a discussion of those. For simplicity we restrict
ourselves to results on binary forms with coefficients in Zg, but we note
that some of our results in [2] have been established for binary forms with

coefficients in the ring of S-integers of an arbitrary algebraic number field.

2. DISCRIMINANT EQUATIONS.

For a domain € we denote by Q* the unit group of €2, by NSy(£2) the
set of non-singular 2 x 2-matrices with entries in €, and by GLy(2) the
group of matrices in NS3(€2) with determinant in Q*. Two binary forms
F,G € Q[X,Y] are called Q-equivalent if there are ¢ € Q* and U € GLy(Q2)
such that G = ¢Fy. ' For monic binary forms F, we define a stronger
notion of equivalence as follows: two monic binary forms F, G € Q[X,Y]
are called strongly Q-equivalent if there are ¢ € 0* and a € 2 such that
G(X,Y) = F(X+aY,eY). It is immediate from (1.1) that if F, G € Q[X,Y]
are (l-equivalent, then D(G) = eD(F) for some ¢ € Q*.

From classical results of Lagrange and Gauss it follows that for any non-
zero integer ¢, the binary quadratic forms F' € Z[X, Y] with discriminant
D(F) = clie in only finitely many Z-equivalence classes. Hermite proved the
analogous result for binary cubic forms in Z[X,Y]. The proofs of Lagrange,
Gauss and Hermite are effective in that they give an effective procedure to
determine a full system of representatives for the equivalence classes.

In 1972, Birch and Merriman [6] extended the finiteness results of La-
grange, Gauss and Hermite as follows. Let Og be the ring of S-integers in
some number field K, where S is a finite set of places of K. Let ¢ € Og,
¢ # 0. Then for any integer m > 2, the binary forms F' € Og[X,Y] of
degree m with

(2.1) D(F) € cO%

'In 2], two binary forms F,G € Q[X,Y] such that G = eFy for some ¢ € QF,
U € GL2(Q) are called weakly Q-equivalent, while the notion of Q-equivalence is used
for binary forms F, G such that G = Fy for some U € GL3(€2). This latter notion of
Q-equivalence is not used in the present paper.
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lie in only finitely many Og-equivalence classes. The proof of Birch and

Merriman is ineffective.

In the 1970’s, GYORY [19] proved in a quantitative form that every monic
binary form F € Og|X,Y] of degree m satisfying (2.1) is strongly Og-
equivalent to a monic binary form with height bounded above by an effec-
tively computable number depending only on K, S and ¢. For monic binary
forms, this is a more precise and effective version of the result of Birch and
Merriman. Gyory’s results made it possible to find in principle all power
integral bases of a given number field, and also to find in principle all solu-
tions of an index form equation. Gyory’s proof depends on lower bounds for
linear forms in logarithms of algebraic numbers, both in the archimedean
and the p-adic case.

In 1991, EVERTSE and GYORY [12] proved an effective analogue of the
result of Birch and Merriman in full generality, i.e., they proved that every
binary form F' € Og[X, Y] with (2.1) is Og-equivalent to a binary form with
height effectively bounded above in terms of K, S and c. Again, the proof
depends on lower bounds for linear forms in logarithms.

Below we discuss some recent results by the authors [2], giving explicit
upper bounds for the number of equivalence classes of binary forms with
(2.1). In [2] we proved results valid for binary forms having their coefficients
in the ring of S-integers of an arbitrary number field. For simplicity we state
here our results only over the ring of S-integers Zg = Z[(py -+ - p;) '] in Q,
where S = {p1,...,p:} is a finite, possibly empty set of primes.

We first deal with irreducible binary forms. Let F(X,Y) =Y ¢, X™'Y"
=ao [, (X —0DY) be a binary form in Zg[X, Y] which is irreducible over
Q, where 8, ... 8™ are the conjugates of some algebraic number 6§ and
let K = Q(A). We define the invariant order Op associated with F' to be
the Zg-module generated by

(22) wy =1, wy = apl, w3 = agh*+a10,...,wy = aod™ '+ 4 ap_ob.

As it turns out (see [25] or [28]), Op is a Zg-order in K, i.e., an overring of
Zs which is finitely generated as a Zg-module and has quotient field K. Fur-
ther, the discriminant of the basis given by (2.2), i.e., Dg/g(wi, ... ,wn) =
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det(Trg/g(wiw;)), is precisely the discriminant of F'. NAKAGAWA [25] and
SIMON [28] showed that if F,G € Zg[X,Y] are two Zg-equivalent binary
forms, then their associated orders Op, Og are isomorphic as Zg-algebras.
Using an argument of DELONE and FADDEEV [7, II, §15], one can show
that there is a one-to-one correspondence between Zg-equivalence classes
of irreducible binary cubic forms in Zg[X,Y] and isomorphism classes of
Zg-orders in cubic number fields. On the other hand, SIMON [28] gave ex-
amples of number fields of degree 4 and higher, having orders not coming
from a binary form. From the result of Birch and Merriman mentioned
above it follows that there are only finitely many Zg-equivalence classes of
binary forms whose associated order is isomorphic to a given order. The
quantitative version below is the special case k = Q of BERCZES, EVERTSE
and GYORY [2, Theorem 2.1].

Theorem 2.1. (2| Let K be a number field of degree m > 4. Let S =
{p1,...,p:e} be a finite, possibly empty set of primes. Let O be a Zg-order
in K. Then the irreducible binary forms F € Zg|X,Y| with

(2.3) Or =20 as Zg-algebras

lie in the union of at most 224™° (1) Z_equivalence classes.

An irreducible binary form F' € Q[X,Y] is said to be associated with a
number field K if there is 0 with K = Q(#) such that F'(,1) = 0. We agree
that the binary forms cY (¢ € Q*) are associated with Q. A binary form
F € Q[X,Y] is said to be associated with the number fields Ky, ..., K,
if it can be factored as [[,_, F;, where F; is an irreducible binary form
in Q[X,Y] associated with K; for ¢ = 0,...,r. It is easy to check that
deg F' = Y. [K; : Q]. The discriminant of a number field K is denoted
by Dk . If F € Zg[X,Y] is an irreducible binary form associated with K,

then with wy, ..., w,, given by (2.2), we have
(2.4) D(F) = Dgg(wi, . ..,wm) € (*Dg ) - Z%,
where c is the index of Op in the integral closure of Zg in K.

More generally, let F' € Zg[X,Y] be a binary form associated with the
number fields Ky,..., K,. Then F can be factored as ngo F; where F; is
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an irreducible binary form in Zg[X, Y| associated with K; fori =0,...,r.
From (1.1), (1.2) it follows easily that

(2:5) o) =]1pE) - I BEE?,

0<i<j<r

and in combination with (2.4) this gives that there is ¢ € Zg \ {0} with
(2.6) D(F) € (][ Pr.ja) - Z5.
=0

The following result is the special case k = Q of [2, Theorem 2.3]. For a
positive integer d we denote by w(d) the number of distinct primes dividing
d. Further, for a € N, we put

(27) r(d) = H <ordp(d) + a))

«Q
pld

where the product is taken over all primes dividing d, and where ord,(d) is
the exponent of p in the prime factorization of d.

Theorem 2.2. [2] Let Ky, ..., K, be number fields with [Ky : Q] > 3. Put
m =Y [K;:Q|. Let S = {pi1,...,pt} be a possibly empty set of primes,
and ¢ a positive integer coprime with py---py if t > 0. Then the set of
binary forms F € Zg[X,Y] which are associated with Ky, ..., K, and which
satisfy (2.6) lie in the union of at most

M) (@)Y d)
dm(m—l)/2|C

Zs-equivalence classes, where the sum is taken over all positive integers d
such that d™™=1/2 divides c.

This may be compared with [10, Theorem 1], which deals with the special
case that the binary forms F' under consideration are monic. In this result,
the splitting field of F' is fixed and not the fields Ky,..., K,. Further, in
[19, Part II] and [10] explicit upper bounds are given for the degree of F.

The upper bound in Theorem 2.2 is of the shape O(chz*l)M) as ¢ — 00

for every 0 > 0. One can show as follows that this cannot be improved to
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O(c*) as ¢ — oo for any k < 2/m(m—1). Pick a binary form F € Zg[X,Y]

of non-zero discriminant associated with Ky, ..., K;. Then
D(F) € ([ Prijo) - Z5
i=0

for some non-zero ¢y € Z coprime with p; - - - p;. Consider the binary forms
F = (Fy)4 for all matrices A € NSy(Z) with determinant equal to A, say,
where A is coprime with p; - - - p;. By (1.1), each such binary form F' satisfies
(2.6) with ¢ = cgA™™~1/2, Further, by an argument in [2, §9] these binary
forms lie in at least O(A) = O(c2/™m=V) Zg-equivalence classes.

To obstruct the above construction we impose an additional condition on
our binary forms. A binary form F' € Zg[X, Y] is called Zg-minimal if it can
not be expressed as F' = G4 with G € Zg[X,Y] and A € NSy(Zg)\GLa(Zs).
The following result is not contained in [2].

Theorem 2.3. Let Ky,...,K,, m, S, ¢ be as in Theorem 2.2. Then the
set of Zg-minimal binary forms F € Zg[X,Y] which are associated with
Ko, ..., K, and which satisfy (2.6), lie in the union of at most

224m3(t+w(c)+1) . Tm(mfl)/Q(CQ)

Zs-equivalence classes.

It should be noted that the bound in Theorem 2.3 is O(c?) as ¢ — oo for
every 0 > 0.

We mention that Theorems 2.1 and 2.2 have been established in [2] in a
more general form, for binary forms having their coefficients in the ring of
S-integers in an arbitrary number field instead of Q. However, we have not
been able to carry over Theorem 2.3 to number fields.

We sketch the proofs of the results mentioned above. For a field K, we
endow (K*)" with coordinatewise multiplication (z1,...,2,)(Y1,-.-,Yn) =
(x1Y1, - -+, TnYy). Our main tool is the following result:

Theorem (BEUKERS, SCHLICKEWEI [5]). Let K be a field of characteristic
0 and T a subgroup of (K*)? of finite rank p. Further, let a,b € K*. Then
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the equation
(2.8) ar+by=11n (z,y) €T

has at most 28116 solutions.

We first sketch the proof of Theorem 2.1. The first step of the proof is to
estimate the number of Q-equivalence classes of binary forms with (2.3), and
the second step to estimate how many Zg-equivalence classes are contained
in a Q-equivalence class. Recall that according to the definition from the

beginning of this section, two binary forms F, G are called Q-equivalent if
G = Ay for some A € Q* and U € GLy(Q).

Let F' € Zs[X,Y] be a binary form with (2.3). Then F' can be factored

as
F(X,Y) =a [J(X -6y,
k=1

with Q(fr) = K. The cross ratios associated with F' are defined by
(6 — 6) (0 — 65)
(0 — 02)(6) — 0)
(1 <i4,5,k,l < m). We denote by A(F') the tuple consisting of all these
cross ratios. Let Ky = @(9}9, (9%), 0}’“), 9;5)).

Ay (F) =

By an elementary argument (see [2, Lemma 5.1 and p. 390]) one shows
that Ayjk(F) = aijiijr, where a;jp depends only on the given order O,
and where z;;;; belongs to the unit group U,y of the integral closure of Zg in
Kjp. By inserting this into the well-known relation A (F)+ A (F) = 1,

one obtains
ikl Tijkl + Qitkj Tk = 1.

Using the Dirichlet-Chevalley-Weil S-unit theorem, one can estimate from
above the ranks of the groups Ui in terms of m and t. Then an application
of the result of Beukers and Schlickewei gives an explicit upper bound for
the number of possibilities for the tuple of cross ratios A(F'), as F runs
through all binary forms with (2.3).
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Now if F', G are two binary forms in Zg[X, Y] with (2.3) and with A(F) =

A(G), then by elementary projective geometry there exists a unique pro-

jective transformation mapping the roots 9}”, e ,Q%m) of F' to the roots
H(Gl ), e ,H(Gm) of GG. This transformation is defined over Q since it is invari-

ant under the action of the Galois group of the normal closure of K over Q.
Then by an elementary manipulation one shows that F, G are Q-equivalent.
Thus, one obtains an explicit upper bound for the number of Q-equivalence
classes of binary forms F' € Zg[X, Y] satisfying (2.3).

By making the above argument more precise, one derives an upper bound
924(m*=m?)(t+1) " Using an elementary argument (see [2, Lemma 3.3 and
§5]) one shows that each Q-equivalence class is contained in at most m!*!
Zgs-equivalence classes. By multiplying the two bounds one obtains Theo-
rem 2.1. 0J

We now sketch the proofs of Theorems 2.2 and 2.3. We first assume that
¢ = 1, and restrict ourselves to irreducible binary forms F' associated with a
number field K. For such forms, the order O is equal to the integral closure
of Zs in K. So by Theorem 2.1, the binary forms F' under consideration lie
in at most 224m°(+1) 7 ._equivalence classes.

We keep our assumption ¢ = 1, but now consider reducible binary forms
in Zs[X, Y] associated with a sequence of number fields Ky, ..., K,. Such
forms can be factored as F' = [[;_, F;, where F; € Zg[X,Y] is irreducible
and associated with K;. Then by (2.4), (2.5), (2.6) we have D(F;) €
Dy, 0% for i = 0,...,7 and R(F;, Fj) € Zg for 0 <7 < j < r. Using
the already established result for irreducible binary forms one may estimate
the number of Zg-equivalence classes for Fj, and given Fj one may estimate
the number of possibilities for Fi, ..., F,, using a result for a special case
of the resultant equation discussed in the next chapter. Thus, one proves

Theorems 2.2 and 2.3 in the special case ¢ = 1.

We now consider binary forms F' satisfying (2.6) for arbitrary c¢. Let T :=

SU{p:p|c}. Then by what already has been established, the binary forms

. . .. 3 .
under consideration lie in at most 224™" (t+@(9)+1) 7._equivalence classes. One
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obtains Theorem 2.2 by using the elementary [2, Proposition 4.7], which
implies that a Zp-equivalence class is contained in the union of at most

Tm(m—1)/2(62) ( de<m_1>/z|0 d) Zs-equivalence classes.

To prove Theorem 2.3 we have to make some modifications in the proof

of [2, Proposition 4.7], which we discuss below.

For a prime number p, let Z, denote the localization of Z at p; thus
Ls = NpgsZy,. A binary form F' € Z,[X, Y] is called Z,-minimal, if there are
no binary form G € Z,[X,Y] and A € NSy(Z,)\ GL2(Z,) such that F' = G 4.
Assume that F' is not Z,-minimal for some p ¢ S, i.e., that F' = G4 for
some binary form G € Z,[X,Y] and some A € NSy(Z,) \ GLs(Z,). We
may express A as A = UB, where U € GLy(Z,) and B € NSy(Zg) with
det B = p” for some positive integer 3. Thus, F = Hp, where H = Gy.
We have H € Z,[X,Y]. Further, for every prime ¢ ¢ S U {p} we have
B € GLy(Z,), hence H € Z,[X,Y]. This implies H € Zg[X,Y]. So F is not
Zs-minimal. That is, if we assume that the binary form F' is Zg-minimal,

then it is also Z,-minimal for every prime p ¢ S.

Let C be a set of binary forms F' € Zg[X,Y] which are Zg-minimal,
are associated with Ky, ..., K,, satisfy (2.6), and are Zp-equivalent to one
another. Let p be a prime outside S. By combining Lemmata 4.3 and
4.5 of [2], we infer the following: there is a collection D of binary forms
Fy € Z,] X, Y] of cardinality at most

- <2 ord,(c) + sm(m — 1))

such that for every F' € C there are [y, € D and A € NSy(Z,) with
F = (Fy)a. By the remarks above, the binary forms in C are Z,-minimal.
Therefore, the binary forms in C lie in at most 7, Z,-equivalence classes.
Now basically this means that C is contained in the union of at most
[Lozs 7 = Tinem-1) /2(c?) S-equivalence classes. (In fact one has to work with
"augmented forms’ as introduced in [2, §2] and use [2, Lemma 3.2]). Multi-
plying the latter bound with our estimate for the number of T-equivalence
classes, we obtain Theorem 2.6. O
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3. RESULTANT EQUATIONS.

We introduce some terminology in addition to what has been introduced in
the previous section. Let {2 be a domain. Two pairs of binary forms (F;, G1),
(Fy,Gy) in Q[X,Y] are called Q-equivalent if Fy = e(F)y, Ga = n(Gy)y
for some e,7 € Q* and U € GLy(€2). Two pairs of monic binary forms
(F1,Gh), (Fy,G2) in Q[X,Y] are called strongly Q-equivalent if Fy(X,Y) =
Fi(X +aY,eY), Go(X,Y) = G1(X + aY,eY) for some a € 2, € € Q.

Let again S = {p1,...,p:} be a finite, possibly empty set of primes, and ¢
a positive integer coprime with py - - - p; if £ > 0. We deal with the resultant
equation

(3.1) R(F,G) € cZj

to be solved in binary forms F, G € Zg[X,Y].

At present, there are two types of finiteness results for (3.1). The first
deals with the case that one of the binary forms, G, say, is fixed, and F' is
allowed to vary. Then from results of SCHMIDT [27], FuJIwARA [18], RU
and WONG [26], and GYORY [21] it follows that if G € Zg[X, Y] is a binary
form of degree n > 3 with non-zero discriminant then up to multiplication
by a factor from Z%, there are only finitely many binary forms F' € Zg[X,Y]
of degree m < mn/2 that satisfy (3.1). Further, in [23] (see also [4]) the upper
bound

(234n2)m3(t+w(6)+1)

was given for the number of these binary forms F. By restricting to linear
binary forms F' = yX —zY’, Eq. (3.1) reduces to the Thue-Mahler equation
G(z,y) € cZ§ and we deduce the well-known finiteness result for the latter.

More generally, if one views the coefficients of F' as variables xg, ..., 2,
one can express (3.1) as a decomposable form equation H(xg,...,T,) €
cZs in xy,...,T, € Lg, where H is a decomposable form, i.e., a product

of linear forms with algebraic coefficients. GYORy [21], [23] obtained the
finiteness results for (3.1) by applying general theory for decomposable form
equations, see [8], [15].
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In the second type of finiteness result, both F, G are allowed to vary, but
one has to fix a number field L such that both F,G factor into linear forms
in L[X,Y]. By (1.2), if (F,G) is a solution of (3.1) then so is any pair
Zs-equivalent to (F, G). So if we allow both F, G to vary, we can prove only
finiteness results up to Zg-equivalence. The first result of this type was
proved by GYORY [20]. He showed that if m,n are integers with m > 2,
n > 2and m+n > 5, and L is a given number field, then there are only
finitely many strong Zg-equivalence classes of pairs of monic binary forms
F,G € Zg[X,Y] satisfying (3.1) such that deg F' = m, degG = n, F, G
have non-zero discriminant and F, G factor into linear forms in L[X,Y].
Further, in [20] explicit upper bounds are given for the number of such Zg-
equivalence classes and for deg F' 4+ deg G. Then EVERTSE and GYORY [14]
proved an analogue for not necessarily monic binary forms, stating that if
m > 3, n > 3, then up to (not necessarily strong) Zg-equivalence, there are
only finitely many pairs of binary forms F,G € Zg[X,Y] satisfying (3.1)
such that deg F' = m, deg G = n, F', G have non-zero discriminant and F,
G factor into linear factors in L[X,Y]. One can show in both the monic and
non-monic case that the conditions on m,n cannot be relaxed. We mention
that both types of finiteness results depend on the Subspace Theorem and
are therefore ineffective.

Below, we give a survey of some new quantitative results concerning the
second type of finiteness result for (3.1), which will appear in [3]. In what
follows, S = {p1,...,p:} is a finite, possibly empty set of primes and ¢ a
positive integer, assumed to be coprime with p;---p; if S # (). Further,
Ky,...,K,, L1,..., L, are number fields. Put

T S

m = Z[KZ :Q], n:= Z[LZ : Q.

i=1 i=1
We will deal with pairs of binary forms (F, G) such that F is associated with
Ky,...,K, and G with Ly,..., Ls. Our first result concerns monic binary

forms.

Theorem 3.1. [3] Assume that m > 2, n > 2, m+n > 5. Then the set of
pairs of monic binary forms F,G € Zg|X,Y] with deg FF = m, degG = n
and



DISCRIMINANTS AND RESULTANTS OF BINARY FORMS 13

(3.1) R(F,G) € cZj
for which
F is associated with K., ..., K,, G is associated with Ly, ..., L,

F, G have non-zero discriminants,

1s contained in the union of at most

el?(m—i—n—i— 101 Yymn(t+w(c)+1)

strong Zg-equivalence classes.

This may be compared with the upper bound of [20, Theorem 2al, where
the fields K; and L; are not fixed, but F' and G split into linear factors over
a given number field.

We now deal with binary forms which are not necessarily monic. Un-
fortunately, in this case we are able to give an explicit estimate only for
the number of Zg-equivalence classes of those pairs of binary forms F,G
such that at least one of F, G is Zg-minimal. Without this requirement, the
number of Zg-equivalence classes remains finite, but we are no longer able
to give an explicit upper bound for their number.

We mention that every pair of binary forms F,G € Zg[X,Y]| satisfying
(3.1) can be derived from a pair (Fp, Gp) of binary forms in Zg[X, Y] satis-
fying (3.1) of which Fj is Zg-minimal. Indeed, suppose that F, G are binary
forms in Zg[X, Y] satisfying (3.1) and that F' is not Zg-minimal. Then F' =
(F1)a,, where Fy is a binary form in Zg[X, Y] and A; € NSy(Zg)\ GL2(Zsg).
If F} is not Zg-minimal we have Fy = (Fy)a,, where Fy € Zg[X,Y] and
Ay € NSy(Zs) \ GLa(Zg), etc. In each step of this process, we obtain a
binary form whose discriminant is a proper divisor of the discriminant of
its predecessor. So after finitely many steps we find a Zg-minimal form,
Fy € Zs[ X, Y], say, such that F' = (Fp) 4 for some A € NSy(Zs) \ GLa(Zs).
Now take Gy := G(getaya-1- Then Fy, Gy € Zg[X,Y], Iy is Zg-minimal,
and by (1.2), R(Fy, Go) = R(F,G) € cZ5.

Theorem 3.2 below gives an explicit upper bound for the number of Zg-

equivalence classes of pairs (Fp, Gg). In order to estimate explicitly the

number of Zg-equivalence classes of pairs (F, G), we would need more precise
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information about the matrix A, but this is not provided by our method of
proof.

The arithmetic function 7,(d) is defined by (2.7). Now our quantitative
result, with the requirement that F' be Zg-minimal, reads as follows:

Theorem 3.2. [3] Assume that m > 3, n > 3. Then the set of pairs of
binary forms F,G € Zs[X,Y] such that

(3.1) R(F,G) € c¢Zj
for which
F is associated with K+, ..., K,, G is associated with L1, ..., L,

F, G have non-zero discriminants,

F is Zg-minimal,
1s contained in the union of at most

O mnlmEn)(t+1) gw(@r o (c)

Zs-equivalence classes.

If we drop the requirement that I’ be Zg-minimal, we can only prove a
"semi-effective’ upper bound for the number of Zg-equivalence classes.

Theorem 3.3. [3] Let m > 3, n > 3. Then the number of Zs-equivalence
classes of pairs of binary forms (F,G) € Zg|X,Y]| satisfying all conditions
of Theorem 3.2 except for the Zs-minimality of F', is at most

O(cﬁﬂs) as ¢ — 00

for every & > 0, where the implied constant depends on S, Ki,..., K,,
Ly,....,Ls and 0 and cannot be computed effectively from our method of

Proof.

The following example shows that the upper bound in Theorem 3.3 cannot
be improved to O(¢*) as ¢ — oo for any k < ——. Fix two binary forms
F,G € Z[X, Y] of degrees m,n, respectively, such that F'; G have non-zero
discriminant and R(F,G) =: r # 0. Let p be a large prime number. Then

the pairs of binary forms (F},, Gy) given by F(X,Y) = F(pX — bY,Y),
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Gy(X,Y)=G(pX —=bY,Y) (b=0,...,p— 1) are pairwise Z-inequivalent.
By (1.2), the resultant of Fy, Gy is 7p™". Hence, letting p — oo and putting
¢ = |r|p™", we have an infinite sequence of integers ¢, such that pairs of
binary forms (F,G) satisfying the conditions of Theorem 3.3 lie in > cmn
Z-equivalence classes.

We deduce a consequence for Thue-Mahler equations
(3.2) F(z,y) € cZi inx,y € Zg with ged(z,y) = 1.

Two solutions (z1,y1), (x2,y2) of (3.2) are called proportional if (xq,ys) =
e(x1,y1) for some ¢ € Z%. EVERTSE and GYORY [11] proved that for every
number field L there are only finitely many Zgs-equivalence classes of binary
forms F' € Zg[X,Y] such that F splits into linear factors over L and (3.2)
has at least three pairwise non-proportional solutions. We have the following
quantitative result:

Corollary 3.4. [3] Let Ki,...,K, be a sequence of number fields with
S K - Q] =:m >3 and ¢ a positive integer coprime with the primes in
S. Then the set of binary forms F € Zg[X,Y]| such that

F'is associated with K, ..., K,, F' has non-zero discriminant,

F is Zs-minimal,
and such that (3.2) has at least three pairwise non-proportional solutions,
1s contained in the union of at most

P10 mmAB)(HH) | gul@) o (08)

Zs-equivalence classes.

This can be deduced from Theorem 3.2 as follows. Let F' € Zg[X,Y]
be a binary form satisfying the conditions of Corollary 3.4. Then (3.2) has
three pairwise non-proportional solutions, (z;,vy;) (7 = 1,2,3), say. Define

the binary form

G(X,Y) = ][ X - z,Y).

j=1
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Then
R(F,G) =[] F(zj.y) € s .
j=1
Now Corollary 3.4 follows at once by applying Theorem 3.2 with n = 3,
(Ly,..., L) = (Q,Q,Q) and with ¢? instead of c. O

At present, we have finiteness results for (3.1) only in the case that one of
the binary forms F), G is fixed, or in the case that F, G are both allowed to
vary, but both F, G split into linear factors over a prescribed number field.
An intermediate case is, when both F, G are allowed to vary but only one of
them is assumed to split over a given number field. Consider binary forms
F,G € Zg[X,Y] satisfying (3.1) of degrees m, n, respectively, where n > m.
The identity R(F,G + HF) = R(F,G) for any binary form H € Zg[X,Y]
of degree n — m shows that we cannot prove finiteness for the number of
Zs-equivalence classes if we do not fix a splitting field for the binary form
with the larger degree. On the other hand, it is an open problem whether
or not the number of Zg-equivalence classes is finite if we fix a splitting field
for the binary form with the larger degree, but not for the form with the

smaller degree.

More precisely, we suggest the following.

Problem. Does there exist a function ¢(m) depending only on m for which
the following holds? Let L be a number field and m,n integers with m > 3
and n = c¢(m). Then there are only finitely many Zs-equivalence classes of
pairs of binary forms F,G € Zgs|X,Y] satisfying (3.1) such that deg F' = m,
deg G = n, F,G have non-zero discriminants, G factors into linear forms

in LIX,Y] and no further condition is imposed on F.

If the answer to this problem is affirmative, then by a similar argument
as in the proof of Corollary 3.4 it will follow that up to Zg-equivalence
there are only finitely many binary forms F' € Zg[X,Y] of degree m > 3
and non-zero discriminant such that Eq. (3.2) has more than ¢(m) pairwise
non-proportional solutions. The latter has been proved in the special case
S = 0 with ¢(m) = 29m for m < 400 [24] and ¢(m) = 6m for m > 400 [13],
but for S # () it is still open; it can be compared with Conjecture 1 in [11].
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We briefly sketch the proofs of Theorems 3.1, 3.2 and 3.3.
We start with Theorem 3.1. The basic tool in the proof is the following

result.

Theorem 3.5. [3| Let K be a field of characteristic 0 and let m,n be integers
withm =22, n>22 m+n=5 Fori=1,....m,5=1,...,n, letI';; be
a subgroup of K* of rank at most p. If (x1,..., Tm, Y1, - -, Yn) TUNS through
the tuples in K™t for which

ri—y; €0y forT<i<m, 1<j<n,
Ty ey Ty Y1y - - -5 Yn are patrwise distinct,

then the set of mn-tuples (w ci=1,....m,j=1,... ,n) runs through

T1—Y1
a set of cardinality at most

3 x 224(p+1)(m+n—4)6189(4p+1).

The proof of Theorem 3.6 uses the following result of EVERTSE, SCHLICK-
EWEI and SCHMIDT [17]: if N > 3 and if T is a subgroup of (K*)" of finite
rank p, then the equation

(3.3) r1+--+azy=1 in(z1,...,2y) €T

has at most e®¥)*"(Vr+1) non-degenerate solutions, i.e, with >, ; # 0 for
each non-empty subset I of {1,..., N}. We prove Theorem 3.5 by applying

this result to the identities

fl?z‘—y1_93i—yj+951—yj
Tr—Y1 T1—Y1 T1— U

=1.

OJ

Denote by 01, ..., 0;m,, the isomorphic embeddings of K; into C for ¢ =

1,...,rand by 7j1,...,7j,, the isomorphic embeddings of L; into C for j
1,...,s. Let Ky,...,K,, be the fields o (K;) (i =1,...,r, k=1,...,m;
in some order, and L, ..., L, the fields 7;;(L;) (j =1,...,s, [ =1,...,n;

~— —

in some order.
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Let F,G € Zg[X, Y] be two monic binary forms satisfying the conditions

of Theorem 3.1. Then we can express F, G as

m n

POLY) =X =8Y), Gy) =[x -av).

i=1 Jj=1

with §; € K; integral over Zg for i = 1,...,m, and ¢; € L; integral over Zg

for j =1,...,n. With these expressions, (3.1) becomes
(3.4 T11L6 - 5) € ez
i=1 j=1

Let T be the set consisting of the primes in S and of the primes dividing c.
Then 6;—3; € I'y;,
the compositum K;L;. This group I';; has rank at most mn(t+w(c)+1)—1.
Now applying Theorem 3.5 to the tuples (fi,...,0m, 61,...,0,), Theo-
rem 3.1 follows. O

where I';; is the unit group of the integral closure of Zr in

The proof of Theorem 3.2 is rather different. Our main tool is the follow-
ing result.

Theorem 3.6. [3] Let K be a field of characteristic 0. For i,j = 1,2, let
I';; be a subgroup of K* of rank p. Then the equation

1 1 1
(3.5) 1 211 212 | =0 inaxy €y fori,g=1,2
I o1 x99

has at most €304+ solutions such that each 2 x 2-subdeterminant of the

left-hand side of (3.5) is # 0.

The proof of Theorem 3.6 uses the result of EVERTSE, SCHLICKEWET and
SCHMIDT concerning equation (3.3). Following EVERTSE, GYORY, STEW-
ART and TIJDEMAN [16], one expands the determinant, considers all par-
titions of this expansion into minimal vanishing subsums, and applies the

result on (3.3) to each of the subsums, see also [1] for a similar computation.

The proof of Theorem 3.2 has a similar structure as that of the results
on discriminants in Section 2. Let F,G € Zg[X,Y] be two binary forms
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satisfying the conditions of Theorem 3.2. We may assume without loss of
generality that F'(1,0) and G(1,0) are distinct from 0. We can express F, G
as
F(X,Y)=a [[(X —aY), GX,Y)=0b [[(X - 5Y).
k=1 =1

Define the quantities

(ai = Bi)(a; — B)
(a; = Bi) (e — Br)
and let ©(F, G) be the tuple consisting of all O, (i,j =1,...,m, k| =
1,...,n). Now for any triples (i,j,g) from {1,...,m} and (k,[,h) from

O (F,G) = (1<i,j<m, 1<k1<n)

{1,...,n} one has

1 1
Gijkl(Fa G) @ijhl(Fa G) = O
1 @gjkl(Fa G) @gjhl(Fa G)

1
1

and moreover, each 2 x 2-subdeterminant of the left-hand side is non-zero.
Using (3.1) one shows that each O, (F, G) belongs to a finitely generated
multiplicative group independent of F', G with rank bounded above in terms
of m,n,t,w(c). So by applying Theorem 3.6 one obtains that if F,G runs
through all pairs of binary forms in Zg[X, Y] satisfying the conditions of
Theorem 3.2, then O(F, G) runs through a finite set of cardinality bounded
above in terms of m,n,t and w(c).

Now one can show that any two pairs (F1, Gh), (F2, Ge) in Zg[X, Y] sat-
isfying the conditions of Theorem 3.2 and for which ©(Fy, G) = O(Fz, Ga),
are Q-equivalent, i.e., Fy = A(F})y, G2 = p(Gy)y for some A\, u € Q* and
U € GLy(Q). Thus, one obtains an upper bound for the number of Q-
equivalence classes. By means of an elementary argument one estimates
the number of Zg-equivalence classes contained in a Q-equivalence class. In
this way the proof of Theorem 3.2 is completed. OJ

We now sketch the proof of Theorem 3.3. We use that every non-zero
a € Zs can be expressed uniquely as a = €-|a|g, where € is a rational number

composed of primes in S, and |a|s a positive integer composed of primes
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outside S. Given a binary form F(X,Y) = >"" a;X™'Y" € Zg[X,Y] we
define [Flg :=gcd(|agls, - - -, |am|s)-

Recall that for every pair of binary forms (F,G) in Zg[X,Y] satisfy-
ing (3.1) there is a pair of binary forms (Fy, Go) in Zg[X,Y] such that
R(Fy,Go) € cZg, Fy is Zg-minimal and F' = (Fy)a, Go = G(gep aya— for
some matrix A € NSy(Zg). By Theorem 3.2, the pairs (Fy, Go) lie in at
most O(c®) Zg-equivalence classes for any § > 0. By an elementary argu-
ment one can show that for any given binary form Gy € Zg[X,Y], the set
of binary forms G € Zg[X, Y] for which there exists A € NSy(Zg) such that
Go = G(aeta)a— is contained in the union of at most O([Go]g/n|D(G0)|5S)
Zg-equivalence classes for any 6 > 0. By (1.2), [Go]¥ is a divisor of ¢. Fur-
ther, |D(Gy)|s can be estimated from above using the following inequality
by EVERTSE and GYORY [14]:

R Go)ls > (ID(R)E T DG
for every 6 > 0, where the constant implied by > depends on S, K, ..., K,,
Ly,..., L, 6, and is not effectively computable from the method of proof.
This implies that |D(Gg)|s < c'™/™ if we take ¢ sufficiently small. By

combining this with the other facts mentioned above, Theorem 3.3 easily

follows. O

Remark. As a common generalization of the discriminant equation (2.1)
and the resultant equation (3.1), GYORY [20], [22] studied the so-called
semi-resultant equation. He obtained some finiteness results for this equa-
tion, partly in quantitative form. We note that with the arguments sketched
in the present paper it is possible to obtain quantitative finiteness results
for semi-resultant equations extending those of Gyory.
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