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Abstract

The combined conjecture of Lang-Bogomolov for tori gives an accurate description of the
set of those points x of a given subvariety X of GY Q) = (@*)N , that with respect to the
height are “very close” to a given subgroup I" of finite rank of G (Q). Thanks to work of
Laurent, Poonen and Bogomolov, this conjecture has been proved in a more precise form.

In this paper we prove, for certain special classes of varieties &, effective versions of the
Lang-Bogomolov conjecture, giving explicit upper bounds for the heights and degrees of the
points x under consideration. The main feature of our results is that the points we consider
do not have to lie in a prescribed number field. Our main tools are Baker-type logarithmic
forms estimates and Bogomolov-type estimates for the number of points on the variety X
with very small height.

1. Introduction

Choose an algebraic closure Q of Q. Recall that the group of Q-rational points of the
N-dimensional torus is

GV@ =@ ={x=(x1,....xy) : 5; € Q fori =1,..., N}
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with coordinatewise multiplication, i.e., if x=(x{,...,xy), Y=(1, ..., yy) then xy =
(X1Y1, ..., xyyy). Denote by h(x) the absolute logarithmic Weil height of x € Q.
Define the height and degree of x=(x,...,xy) € (@*)N by h(x) := ZlN:l h(x;), and
[Q(xy, ..., xy) : Q], respectively. Let X be an algebraic subvariety of (@*)N (i.e., the set
of common zeros in (@*)N of a set of polynomials in Q[Xy,...,Xy]), and T a finitely
generated subgroup of (@M. We want to study the intersection of X with any of the sets

T:={xe(@)":3ImeZ,ywithx" €T} (the division group of I'),
T.:={xe (@*)N :dy,ze (@*)N withx =yz, y e T, h(z) < ¢},
CT,e):={xe@)":3y,ze @)

withx =yz, y € T, h(z) <e(l + h(y))},

where ¢ > 0.

Recall that by an algebraic subgroup of (@*)N we mean an algebraic subvariety that is a
subgroup of (@*)N , and by a translate of an algebraic subgroup a coset xXH = {x-y : y € H},
where H is an algebraic subgroup of (Q)" and x € (Q")".

It follows from work of Poonen [12] that there is ¢ > 0 depending only on N and the
degree of X, such that YN T, is contained in a finite union of translates

X1H1 U-"UXTHT (11)

where x; € T, H, is an algebraic subgroup of (@*)N andx;H; C Xfori =1,...,T. This
encompasses earlier work of Liardet [9] and Laurent [8] (who considered X'/ T) and Zhang
[17] (who considered X {x € (@*)N T h(x) < g}).

Bombieri and Zannier [4] and Schmidt [15] proved precise quantitative versions for
Zhang’s result with an explicit positive value for ¢ and an explicit upper bound for the
number 7 of translates, both depending only on N and the degree of X and their result
was further improved by various authors. Later, Rémond [13] proved a quantitative version
of Poonen’s result with an explicit positive value for ¢ depending on N and the degree of
X and an explicit upper bound for T depending only on N, the degree of X and the rank
of T.

Define A** to be the set of x € X with the property that there exists an algebraic subgroup
H of (@*)N of dimension > 0 such that x4 C X, and let A° := X\ A®°. The second
author stated in the survey paper [7] that there exists ¢ > 0 depending on N, X and I
such that X’ N C(T, ¢) is finite. This was proved in a more general form by Rémond [13].
In the case that X is a curve, Rémond gave, for some explicit value of ¢ depending on N,
the rank of I" and the height and degree of X, an explicit upper bound for the cardinality
of XY N C (T, ¢); his result was recently improved by the fourth author [11] for curves in
(@*)2. For higher dimensional varieties, such a quantitative version has as yet not been
established.

The purpose of this paper is to derive, for certain special classes of varieties X, effective
versions of the results mentioned above. As for the intersection X' Fg, this means that we
give an explicit value for ¢ and effectively computable upper bounds for the heights and
degrees of the points Xy, ..., X7 in (1-1). As for X’ N C(T, ), this means that we give an
explicit value for ¢ and effectively computable upper bounds for the heights and degrees of
the points in this intersection. We mention that to obtain fully effective results it is necessary
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to give effective upper bounds for the degrees as well since the points we are considering do
not have their coordinates in a prescribed algebraic number field.

The classes of varieties we consider are such that they allow an application of logar-
ithmic forms estimates. Two cases are worked out in detail. Firstly, we consider curves
C: f(x,y)=0in (@*)2 where [ € @[X , Y] is not a binomial. Here we generalize a result
of Bombieri and Gubler [3, p. 147, theorem 5-4-5] and the first three authors [1, theorems 2-1,
2-3 and 2-5] by giving explicit bounds for the heights of the points x contained both in C and
inT, T, or C(T, &), respectively. Our proofs are based on a new Diophantine approximation
theorem obtained in [1] (see Lemma 4-1 in Section 4 below). Secondly, we consider vari-
eties in (@*)N given by equations fj(x) = 0, ..., f,,(X) = 0 where each polynomial f; is
a binomial or trinomial. Here we apply effective results on linear equations ax + by = 1
established in [1].

In our proofs, the logarithmic forms estimates provide effective upper bounds for the
heights; to obtain effective upper bounds for the degrees we need estimates for the number
of points of small height in a variety. From these two basic cases one may deduce effective
results for other classes of varieties; at the end of Section 2 we mention some possibilities.
An important ingredient of our arguments (see Section 7 below) is an effective result of the
following shape. Let x, € (@*)N , and H a proper algebraic subgroup of (@*)N dfxogHNT
or xoH N T, is non-empty, then it contains a point with height and degree below some
effectively computable bounds.

Our theorems are stated in Section 2. In Section 3 we introduce the necessary notation, in
Section 4 we have collected our auxiliary results, and in the remaining sections we give the
proofs.

2. Results

In the statements of our results the following notation is used.

Let K be an algebraic number field. The ring of integers of K is denoted by Ok and the
set of places of K by Mk.

For every place v € M we choose an absolute value | - |, in such a way that for x € Q
we have

|[KRYIKQ) . |E)sz@p1/[1<:@1

x|, = |x if v is infinite, |x|, if v is finite,

where p is the prime below v. The absolute values |- |, (v € M) satisfy the Product formula
[T,em, Xlo = 1forx € K*.

For any finite set of places S of K, containing all infinite places, we define the ring of
S-integers and group of S-units by

Os={xeK: |x|, <lforve Mg\ S},
O¢={xeK: |x|,=1forve Mg\ S}
respectively.

The (absolute logarithmic Weil) height of x € Q is defined by picking any number field
K such that x € K and putting

h(x) = Z max (0, log |x/[,);

veEMk
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this does not depend on the choice of K. We then define the height of x = (x, ..., xy) €

@)" by
h(x) = Zh(xi).
i=1

For a number field L and for x = (xy,...,xy) € (@*)N we define the extension L(X) :=
L(xy,...,xy).Forapolynomial f € @[Xl, ..., Xy], we define deg f to be its total degree,
and deg f = ZINZ | degx, f, where degy, is the degree of f* with respect to X;. Further, if
ai, ..., ag are the non-zero coefficients of f and K = @(al, ...,ag), we define h(f) :=

> vem 102 Max <i<Rial, -
We write log"* x := max(1, logx) for x > 0 and log*0 := 1.

If G is a finitely generated abelian group, we say that &, ..., & generate G modulo G s
if &, ..., & € G and if the reductions modulo G of these elements generate G/ G,s. We
call {£,, ..., &} abasis of G modulo G if &1, ..., & € G and the reductions of &1, ..., &,

modulo G, form a basis of G/ G .

Let I be a finitely generated subgroup of (@*)N , where N > 2. Further, let T, T, and
C (T, €) be defined as in Section 1. Choose a basis {wy, ..., w,} of I' modulo I', and put

ho ;= max(1l, h(wy), ..., h(w,)).

Denote by K the smallest number field such that I' C (K*)", and putd := [K : Q]. Let S
be the minimal finite set of places of K containing all the infinite places of K and having
the property that I' C (O%)" and denote by s the cardinality of S. Define

N (v) := 2 if v is infinite, N (v) := #Og /p, if v is finite, 21
where p,, is the prime ideal of Ok corresponding to v, and

N := max N (v). (2-2)
ves
For the moment we assume that N = 2 and consider curves in (@*)2. Thus, I' is a finitely
generated subgroup of (@*)2; Wi, ..., W, ho, K,d, S, s, N will have the same meaning as
above. Let f(X,Y) € Q[X, Y] be an absolutely irreducible polynomial which is not of the
shape aX"Y"—boraX™ —bY" forsomea, b € @, m,n € Zxy. Let L be the field extension
of K generated by the coefficients of f. Put § :=deg, f, H := max(1, h(f)) and

252

Ci = (38743 s .
! (e ryTs logN

hy - log" (max(8dsN, 8hy)).

LetC C (@*)2 be the curve defined by f(x, y) = 0. By our assumptions on f, C is not a
translate of a proper algebraic subgroup of (Q*)z.

THEOREM 2-1. For every point x = (x,y) € C(\T we have

h(x) = h(x) +h(y) < C\H.

Notice that in this bound there is no dependence on the field L other than what is implicit
from H.
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The following results are obtained by combining the above theorem with estimates for
the number of points of small height on a curve in ((@*)2. The notation will be the same as
above.

THEOREM 2-2. Let
e = (2¥8(log8)°) . (23)
Then for every x € CN T, we have
h(x) < rho8C; +C H, [L(x):L]<25(logs)°.

THEOREM 2-3. Let
g 1= (2% (og8)°) ! - (rhosC, + C1H)™ . (2-4)
Then for every x € C\ C(T, &) we have
h(x) < 2rho8C, +2CH, [L(x): L] < 2%5(logé)°.

Remark. In the special case when f is linear, (i.e., C is a line), our above theorems have
been proved in [1] with larger ¢’s and sharper upper bounds.
Now we turn our attention to varieties of arbitrary dimension N. Let
X={xe@)": fx)=0,i=1,...,m}

be a subvariety of (@*)N , where fi, ..., f, are non-constant polynomials in @[X Leeos XN
each consisting of 2 or 3 monomials. Put

8 :=max(deg fi,...,deg f,), H :=max(1, h(f1),...,h(fn)).

Further, let L be the smallest number field containing K and the coefficients of the polyno-
mials f; (i = 1,...,m). Again, I is a finitely generated subgroup of ((@*)N andwy, ..., w,,
K,d, S, s, hy, N have the same meaning as before. The stabilizer of X' is given by

Stab() = (x € (@)" | xx € Y,
where xX' = {xy : y € A}. Stab(X) is clearly an algebraic subgroup of (@*)N , and it can be

computed effectively in terms of the defining polynomials fi, ..., f,, of X.
Put
C* = (" dPr) 3 (Shy) s - -log® max(dsN, 8hy) (2:5)
logN
and
C, = C*N(2§)N1, (2:6)
Cs == C* - 2mho(r4*! - d(log 3d)* - mshy)".

THEOREM 2-4. Let X satisfy the conditions listed above, and put H := Stab(X).
(1) Suppose that H is finite. Then for every x € X NT we have

h(x) < C,H.

(ii) Suppose that H is not finite. Then X T is contained in some finite union of translates

X]HU"'UXTH,
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with
xHCX, xel’, hx)) XCsHfori=1,...,T. 2-7)
Our results for YT, and X N C(T, ¢) are as follows.

THEOREM 2-5. Put

0.03
&= T (2-8)
(i) Assume that H := Stab(X) is finite. Then for every x € X NT, we have
h(x) < rho8C, + C,H, [L(x):L]<2mVsN, (2-9)
(i) Assume that H is not finite. Then X N\ T, is contained in a finite union of translates
xHU- - UxsH,
where fori = 1,..., T, we have x; € X T., x;H C X, and where h(x;) and [L(x;) : L]
are bounded above by effectively computable numbers depending only on ', fi, ..., fu.

Remark. It is possible in principle to give explicit expressions for the effectively comput-
able numbers in part (ii) of Theorem 2-5, but these are rather complicated.

THEOREM 2-6. Let
0.03

T 45(Cabrhg + 2C,H)
Assume that Stab(X) is finite. Then for every x € XN C(T, &) we have
h(X) < 27”]’105C2+2C2H, [L(X) : L] < 2m+N8N‘

(2-10)

Remark. If H := Stab(X) is not finite, then in general XN C (T, ¢) need not be contained
in a finite union of translates x, % U ... Ux;H. Indeed, suppose that dim X > dim #, and
that # N I contains points of infinite order. Pick any xo € &X. Choose a pointu € H N T of
infinite order. Thus A (u) > 0. Then for any sufficiently large integer n,

h(xo) < &(1 + nh(u) — h(xo)) < &(1 + h(xou")).

Hence x := xou" € xoH N C(T, ¢). That is, every translate xoH with X, € X contains
elements from C (T, ¢). If YNC (T, ¢) were contained in a finite union of translates Ule X;'H,
then so were X, which is impossible.

Possible extensions. We discuss some other cases, where one may get effective results similar
to those discussed above.

(1) First let C be an irreducible curve in (@*)N where N > 2. Assume that C is not
contained in a translate X+ where H is a proper algebraic subgroup of @HV. Viewing
the variables X1, ..., Xy as functions on C, at least one of them, X, say, is transcendental
over Q, while the others are algebraically dependent on X;. Hence there are polynomials
fo,.o o fn € Q(X, Y), which can be determined effectively from the data describing C,
such that for each point (x, ..., xy) € C we have f;(x;,x;) = 0fori = 2,..., N. None
of the polynomials f5, ..., fy can be a binomial since otherwise C would be contained in
a translate of an algebraic group. Let (xi, ..., xy) be in the intersection of C with ", T, or
C(T, &). Then we obtain upper bounds for the heights and degrees of xi, . .., xy by applying
Theorems 2-1,2-2,2-3to f;(x1,x;)) =0@G =2,...,N).
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(2) Recall that a homomorphism of algebraic groups from (@*)N to (@*)M is given by

N N
apj amj
(xl,...,xN)—><l_[xj ,...,||xj )
Jj=1 Jj=1

where the exponents a;; are integers. Now our Theorems 2.4, 2-5, 2.6 can be extended to

varieties X' = ﬂ?;l (pi_l(Ci), where fori = 1,...,m, C; is a curve in (@*)2 and ¢; a homo-
morphism of algebraic groups from (Q )" to (Q")2. _ .
We define the rank of a polynomial f = Y. ,a()X} --- Xy (where i = (i1, ..., iy),

I is a finite set, and a(i) € @* for i € I) to be the rank of the Z-module generated by
i—jforalli,j € I. Then a variety X as above can be given by polynomial equations

fix) =0,..., fu(x) = 0 where fi,..., f,, are polynomials in @[Xl, ..., Xn] of rank
< 2.
3. Heights
By the Product formula we have for any number field K and any x € K* that
1
h(x) = max (0, log |x|,) = 5 |log [x[y]. (3-1)

Recall that we have defined

h(x) =Y h(x)
i=1
for x = (x1,...,xy) € (@*)N. Further, for £ € Q we define X! = (xf, .. .,va). The
point x¢ is determined only up to multiplication with (@fm)z\/ where @fom ={peqQ
dm € Z.o with p™ = 1}. But h(x%) is well defined. It now follows easily that

h(xy) < h(X) + h(y), h(x*) = [&|h(x) forx,y € @), & € Q,

and h(x) = 0if and only if x € (Q,)".

We define several heights for polynomials. Let f be a non-zero polynomial with coeffi-
cients in @ and let ay, ..., ag be its non-zero coefficients. Choose a number field K such
that a;,...,ag € K. Recall that for every infinite place v of K there is an embedding
o0, : K — Csuchthat|-|, = |o,(-)|®, where ¢, := [K, : R]/[K : Q]. Forv € Mg we
put || f1l, := max,<;<r |a;|,. Further, for every infinite place v of K and every [ > 1 we put
£l = R 10w (@) )?/!. We have already defined

h(f) =Y log| £l
veEMg
In addition, we define the heights
hi(f) = logll fllvs+ > log | fl, forl > 1,
v|oco VYoo
and the Gauss—Mahler height
hou(f) ==Y e, logM(f7) + Y logl| fll,

v[oo vfoo
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where f“ is the polynomial obtained by applying o to the coefficients of f and M (-) de-
notes the Mahler measure of a polynomial with complex coefficients. None of these heights
depends on the choice of K. We have

hou(f) < hi(f),  h(f) <hi(f) <h(f) +1ogR, (3-2)

where R is the number of non-zero coefficients of f. Further, for any non-zero polynomial
P € Q[X] and any root ¢ of P we have

h(§) < hou(P) < hy(P). (3-3)

We use also exponential heights H (x) = exp(h (_x)) for x € @, and likewise H (f), H,(f),
Hgy (f) for polynomials f with coefficients in Q.

4. Main tools

In this section we have collected the tools needed in the sequel.

We start with some results from [1] that have been derived from lower bounds for linear
forms in logarithms. Let K be an algebraic number field of degree d, Mg the set of places
on K, and G a finitely generated multiplicative subgroup of K* of rank ¢+ > 0. We fix a set
of (not necessarily multiplicatively independent) generators {&;, ..., &.} of G modulo G
and put

Q := [ [max(1, h(&)). (41)
i=1
Let N(v) (v € M) be given by (2-1), i.e., N(v) := 2 if v is infinite and N (v) := #Og /p,
if v is finite, where p, is the prime ideal of Ok corresponding to v.
Lastly, let

c(r. d) := 20(16ed)>"+? (f) .
e

LEMMA 4-1. Let « € K* with max(h(«), 1) < H, v € Mg, and 0 < k < 1. Then for
every & € G witho& + 1 and

log |1 — aél, < —«h(§) (4-2)
we have h(§) < C4(x) - H, where
Calk) = @uwm>N“)Q
gN(v)

-max{log(c(r, d)N (v) /), log* O}.
Proof. This is [1, theorem 4-2], with instead of c(#, d) a constant ¢ depending also on the
rank ¢ of G. However, using ¢t < r an easy computation proves the estimate of our lemma.

We keep the notation from above. In addition, let S be a finite set of places of K containing
all infinite places such that G C O%. Put s := #S and define N by (2-2), that is N :=
max,cs N (v). Consider the equation

ax+pBy=1inx € G, y € O, 4-3)
where «, B € K* with max(h(a), h(8),1) < H
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LEMMA 4-2. For every solution x € G,y € O of (4-3) we have
max (h(x), h(y)) < CsH, 4-4)
where

Cs:=c(r,d) - %Q -max{log(c(r, d)sN), log* 0}.

Proof. This is [1, theorem 2-2], again with a constant ¢ depending on the rank ¢ of G
which we bounded above using ¢ < r.

Below we have collected some results on heights of algebraic points.

LEMMA 4-3. Suppose that « is a non-zero algebraic number of degree d, which is not a
root of unity. Then

h(a) = c(d)™
where
d(log3d)* .

1
)= —— d)y=——"""ifd 2 2.
c() log2’ c(d) > i

Proof. This is the main result of Voutier [16].

LEMMA 4-4.
() Leta, B € Q* Then there are at most two points X = (x,y) € (Q*)2 such that

ax + By =1, h(x) <0.03.
(i) Let f(X,Y) € @[X , Y] be an irreducible polynomial which is not a binomial. Then the

number of points X = (x,y) € (@*)2 with
. y) =0, h(x) < (2" deg, f(logdeg, /)*)"
is at most

2% deg, f(logdeg, f)°.

Proof. (i) Beukers and Zagier [2, corollary 2-4] proved that if there are three
points (xy, y1), (X2, y2), (x3, y3) € (@*)2 satisfying ax; + By, =1 for i =1,2,3, then
S h(x;, yi) > log p, where p denotes the real root of p~¢ + 3p~2=1 which is larger
than 1. We have log p > 0.09.

(ii) This is proved by the fourth author in [10, proposition 5-1] (see also [11, propo-
sition 3-3]).

Our last height result is an effective version of a special case of Bézout’s Theorem.

LEMMA 4-5. Let f, g € Q[X, Y] be two coprime polynomials. Then for every common
zerox = (x, y) of f and g we have

h(x) < deg, g - hgu(f) +deg, f - hi(g).

Proof. See [11, lemma 3-7].
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5. Proof of Theorem 2-1

We follow the proof of Bombieri and Gubler [3, theorem 5-4-5, pp. 147-148].

We denote the partial degrees of f with respect to X, Y by &y, oy, respectively, and put
8 :=deg, f = dx + dy. From our assumptions it follows that f is irreducible over Q, that
f has at least three non-zero terms, and hence that §y > 1, §y > 1.

We assume that one of the coefficients of f is 1 which is no loss of generality since the
height of a polynomial is invariant under multiplication by a scalar.

Recall that we allow that f has its coefficients in Q; this will be needed in the proofs of
Theorems 2-2, 2-3. But in fact there is no loss of generality to assume that f € K[X, Y]. To
see this, suppose that f ¢ K[X, Y]. Then there is ¢ € Gal(Q/K) such that the polynomial
f° obtained by applying o to the coefficients of f is distinct from f. Since one of the
coefficients of f is 1, £ cannot be proportional to f, and since f is irreducible over Q, f°
has to be coprime to f. Now if x € I' is a zero of f then it is also a zero of f?. Thus, by
Lemma 4.5, (3-2), noting that deg, f = deg, f = 4, it follows that

h(x) < 8(heu(f7) + hi(f)) < 28(H +2logé)

and this is much sharper than the bound from Theorem 2-1.
Write

fX.Y) = )" ayX'Y/ witha; € K* for (i, j) € F, (5-1)
G.pheF
where Fis a subset of {0, ..., 8x} x {0, ..., dy}. Thus,
#F < (8x + DSy +1) < 82

The height H(f) remains unaltered under multiplication by a;; ! for any (i, j) € F, so we
have for any place v € Mg and any two pairs (7, j), (p, q) € F,

lapg/aijly < max law/aijly < H(f)
and by interchanging the role of a,,, a;j,
H() ™" <lapg/aj'ly < H). (52)
Put s := #S. Take a point x = (x, y) € C T with
Hx) > (H ()™ (5-3)

Notice that the logarithm of the right-hand side is much smaller than the upper bound C, H
from our Theorem. By the product formula we have

Hx)? = (Hx)H ()" = [ [ max (lx,, lx|;") max Iy, [y1,")

veS

< TTmax (el bl 1 Iy

ves

Thus, there exists v € S such that
max ([x[o, 1x[;" [Ylo 1¥1,1) = H®'Y > 0 H ()™

Replacing x by x=!, y*! and correspondingly f by a polynomial f with f(x=!, y£!) = 0
(which has the same partial degrees and height as f), we see that there is no loss of generality
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to assume that min(|x|,, |y|,) = 1 and moreover,
max(|x|,. |yl,) = HX)' > 6 H ()™ (5-4)
Now let us order the pairs in F according to
IxX?yaly Z X"y e = - -

Recall that f is not a binomial. Hence F contains pairs other than (p, g), (r, s). Further,
8x,8y = 1 so F contains pairs (i, j) with i > 0 and pairs with j > 0. Using also
min(|x|,, |y|,) = 1, it follows that |x?y?|, > max(|x|,, |y|,). Now (5-4) gives

Xy, > Hx): > (PH())™" (-5

We compare |x”y?|,, |x"y*|,. Using that f(x,y) = 0 and also (5-1), (5-2) and the fact
that #7 < 82, we obtain

Xyl < 8max |aijlolapgl, ' 1x'y/ [y < 2 H(f)Ix"y' o
(l.j)G}—
Hence
1< |xP7y!7' ), < SPH(S). (5-6)

We claim that (p, g) and (7, s) are linearly independent. Indeed, assume there exists
u € Q\ {1} such that (up, ug) = (r, s). We deduce from (5-6)

Py < SPH(S).
We note that from p, g < § — 1 it follows |u — 1| > 1/(6 — 1), thus
IxPye], < (8*H(f)*!

which contradicts (5-5).
Hence for all (i, j) € Fthere are A;;, B;; € Q with

i =A;jp+ Byr, j=A;q+ Bys.
Let (i, j) € F. Then using

X'yl = (P y )Nt B (x Py B (57)
and (5-6), we get
Aij+Bij| r—p . s—q|Bi
Sy

> [Py (SPH ()

IxPyaly =[xyl ], = [xPye|

Put D = |ps —qr|. Then D, D - A;; =is — jrand D - B;; = pj — qi € Z and moreover,
ID| < (8 — )%, |DA;;| < (8§ — 1)%,|DB;j| < (8 — 1)%. Therefore,
P y? PP AIHBD) > ($2 ()"0
v = .
Since [x?y9], > (8>H(f))?~D’ (by (5-5)) the integer D — D(A;; + B;;) is non-negative, in
other words A;; + B;; = l or A;; + B;; < 1 — 1/D. Now define 7 to be the set of (i, j) € F
such that A;; + B;; = 1. The set Z contains at least the pairs (p, g) and (r, s). Choose a Dth
root z!/P of 7 := x"~Py*~%. Then by (5-7) we have
0= f(x,y) =x"y'RE"") + Q(x, y) (5-8)

with R(Z) := Z ai; ZP%, Q(X,Y) := Z ai; XY
(. per . )err
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Letm := —min{DB;; : (i, j) € I} and put R*(Z) := Z"™ R(Z). Thus R*(Z) is a polynomial
with R*(0) # 0. Since 7 contains at least two pairs, the polynomial R* is non-constant.
Choose an extension of | - |, to Q. We proceed to estimate from above |R*(z!/?)],.

Let (i, j) € F\Z. Thenby (5-7), A;; + B;; <1 — %, |Bijl < (8 — 1)*/D, (5-6) we have
By

v

-1 12
< |xPyt|, 7 - GPH(H)HCVP,

Iyl = PPy ey

Hence
10(x, Y|, < [xPyd] VP (52H(f))1+(8—1)2/0‘
Using this estimate together with (5-6), (5-5), we obtain

IR*(z"P)|, = zI7PIREP), = 1211 Q (x, ¥,
< SPH ()Pl yt| VP (SPH(f)) He-D/P
S @HPPHE TP,

1/D

It is useful to observe here that in the above argument the Dth root 7'/~ was chosen arbit-

rarily. Thus, we have

< PH(H)) HE) ™ (5-9)

1_[ R*(IOZI/D)
o

v

where the product is taken over all Dth roots of unity.

Notice that the constant term of R* is a coefficient of f, say a,, ;. By dividing f by a;, j,
as we may since it does not affect the above estimates, we get that the constant term of R*
is 1. Thus we have

R(z)y=[]a-¢"2)
¢
where the product is taken over all zeros of R*. So
[TR (=" =T]a - ¢ "2,
P ¢

Choose some ¢ for which |1 — ¢~Pz|, is minimal. Using (5-9), (5-5) and also that R* has
degree at most 282 and that H (z) < H(x)? we arrive at

1= ¢ 7Pzl S{EH) H™Pyeel
< (HE ™)™ < H @
The number ¢ ~” may lie outside K. Let K’ = K (¢?). Then [K’ : K] < 252 and there is
a place v' of K’ lying above v such that |y|, = |y|5K”’:K”]/[K " for y € K' where | - |, is
normalized with respect to K'. Thus we finally obtain
log |1 — ¢ Pz, < ! h(z) (5-10)
g v X 6555 Z).

Now we apply Lemma 4-1 to (5-10) with @ = ¢~ 2, k = (6s8°)~!, K’ instead of K, v/
instead of v and we take for G the group {x"~?y*~¢ : (x,y) € I'}. Notice that by (3-3),
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(3-2),

h(¢P) < Dhy(R*) < 8°hy(f) < 8°(H + 2log$),

[K': Q] <26%d, N(w') < Nw)™.
So in the bound C,(k)H from Lemma 4-1 we have to replace H by 8?(H + 21log$), k by
(6855)~1, d by 252d and N(v) by N(v') < N(v)* < N?'. Further, if {w; = (w1, wy;) :
i = 1,...,r}is a basis of I' modulo ', the group G is generated modulo G, by the
numbers & = w; w5, ? (i =1, ..., r) and so for the quantity Q defined by (4-1) we have

Q = [ [ max(1, h(&)) < (5ho)".

i=1
A straightforward computation shows that with these replacements for H, «, N(v) and the

upper bound for Q, the constant c(r, d) becomes ¢’ := 20(32¢8%d)*> T¢(32%¢*r)", and C4(k)
can be estimated from above by
S 262
" 685« ——— - (8hg)" -
OSSN O
-max(log(¢'N*" . 68%5), log*((8ho)")).
Using that the maximum is at most 10078 log*(max(8dsN, 8hg)), we obtain for C4(x) the
upper bound
N252
C = e®("r) 8" d  oshy - —— - r*log* (max(8dsN, Sh)).
logN
Thus, if z + ¢ we get
h(z) < Cmax(1, h(¢™?)) < C8*(H + 2log$),

while if z = ¢? we get h(z) < 8*(H + 2log§) which is much smaller.
We proved that x = (x, y) verifies an equation x"~?y*~¢ = p for some u € K with

h(w) < C-8*(H +2log$).

Since f is irreducible and not a binomial, we can apply Lemma 4-5 and obtain, using
hou(XY* — uX?PY?) = h(w), h(f) < H + 2logd, the upper bound
h(x) < 8(hi (f) +h(1)) < 8(8°C + 1) - (H +2log 8)
<38'CH < C,H.

Our Theorem follows.

6. Proofs of Theorems 2-2 and 2-3
Theorems 2-2 and 2-3 are proved in the same manner. We prove only Theorem 2-3 and
then indicate the necessary modifications to obtain a proof of Theorem 2-2.

Proof of Theorem 2-3. Letx € C N C(T, &) with the value of & given by (2-4). We may
write X = yzwithy e "and z € (Q*)2 with h(z) < (1 4+ h(y)). We may further split up y
as

y=vw WithVEF,WZHW?, 6-1)
i=1
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where y; € Q, |y;| < 1/2. Here w is determined only up to a factor from (@*)tzOrs but this
will not cause problems.

Define now a new polynomial f*(V) := f(wz - V). Notice that f*(v) = 0. First observe
that deg, f* = deg, f which we write again as §. Further, h(f*) < h(f) + dh(wz) <
h(f)+ 8(h(w) + h(z)). By applying Theorem 2-1 to f* we obtain

h(v) < CiH + Ci5(h(w) + h(z))
< CiH 4+ Ci§ - (e(1 4+ h(vw)) + h(w)) (6-2)
< Ciéeh(v) + Ci6(e + (1 4+ e)h(w)) + C 1 H.

Here it is essential that the bound of Theorem 2-1 does not depend on the field generated by
the coefficients of f*. Further,

h(x) < h(vw) 4+ ¢ - (1 + h(vw))
e+ +¢) - (h(v) + h(w) (6-3)
<e+ A +e)h(w) + A+ e)h(v).

By our choice of & we have (1 4 ¢)(1 — C;8)~! < 2. Further,

: 1
hw) <Y Iyl - hws) < Srho.
i=1

By inserting this bound as well as the upper bound for % (v) resulting from (6-2) into (6-3),
we obtain
h(x) < (e + (1 +&)h(w)) - (1 +2Ci8) +2CH
<(e+ A 4+8e)rhy/2)- (1 4+2C8) +2CH (6-4)
< 2rh03C1 + 2C1H

This is the upper bound for 4 (x) in Theorem 2-3.

We now estimate from above [L(x) : L] where L is the number field generated by I and
the coefficients of f. This degree is equal to the number of distinct points among o (x) where
o € Gal(Q/L). So we have to estimate from above the latter. y, v, w will be as above.

Pick o € Gal(Q/L). Define g(X) := f(x - X). Notice that deg, g = deg, f = 4. Since
some integer power of y belongs to I’ € L? and o is a L-isomorphism, we infer that o (y)y ™'
is a root of unity. It follows that

h(o(x)x™") = h(o(2)z"") < 2h(2).
The point o (x)x~! belongs to the curve defined by g. So, under the assumption
2h(z) < (2Y78(log8))~! (6-5)
we deduce from Lemma 4-4,(ii) that the number of distinct points o (x) is at most
2°95%(log 8)°

and this is precisely the upper bound from Theorem 2-3.
It remains to prove (6-5). We have h(z) < € - (1 4+ h(w) 4+ h(v)) so as in (6-2) we obtain

h(z) <e-(1+h(w)+ CH+Cié- (h(w) + h(z)))

implying
(1 —-eCidh(m) <e-((1+Cid)-h(w)+1+CH).
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Then inserting 2 (w) < rhy/2 and using (2-4) we get
h(z) < e-(Ciérhy+2CH). (6-6)
Now our choice of ¢ in (2-4) implies indeed (6-5).

Proof of Theorem 2-2. The proof is very similar to that of Theorem 2-3. We indicate only
the necessary changes.

Soletx € C(@) NT, with & given by (2-3). Then x = yz withy € T, and h(z) < &. Write
againy = vwwithve Fandw = [[_, w/ withy; € Q, || < 1/2.

Now using /(z) < & we obtain instead of (6-2),

h(v) < Ci8(h(w) +¢) + C H.

Further,
h(x) < h(v) +h(w) + h(z) < (1 +8C)h(W) +e+ C1H

and by inserting £(w) < rhy/2, we obtain
h(x) < rhodCy + C1H

which is the bound from Theorem 2-2.
We now estimate from above [L(X)_: L] and for this we have to estimate the number of
distinct points among o (x), o € Gal(QQ/L). As above we have

hc(x)x™") = h(o()z™") < 2e.

Thanks to our choice of ¢ in (2-3) we have (6-5), and our upper bound for [L(x) : L] follows
in the same manner as above.

7. Points in translates of algebraic groups

In the present section we prove effective results on the intersection of I' or ', with a
translate xoH, where I is a finitely generated subgroup of (@*)N ,e >0,xy € (@*)N is fixed
and H is a proper algebraic subgroup of (@*)N . In fact we show that if xoH contains a point
from I" or T, then it contains such a point with height and degree below some effectively
computable constants. Thus, it can be decided effectively whether or not xoH contains points
from I or T,.

Forx = (x{,...,xy) € (@*)N and an N x M-matrix A = (a;;)1<i<m,1<j<n> Witha;; € Z
we define x4 € (Q)M by

ani arm aNnm

XM= (et X))

Thus, (x*)? = xA2 whenever the product of the matrices A, B is defined. It is well-known
that for every (N — M)-dimensional algebraic subgroup H of (@*)N there is an integer
N x M-matrix A of rank M such that H is the set of points x € (Q)Y withx* = 1 =
(1,...,1) (M times) (see for instance [3, theorem 3-2-19]). Moreover, every translate of
H can be described as the set of solutions of x* = ¢ for some fixed ¢ € (@*)M . (See for
instance again [3].)

As before, we choose a basis {wy,...,w,} of I' modulo I',,. Let K be the smallest
number field such that I’ C (K*)" and let S be the smallest set of places of K that contains
all infinite places and such that I' C (O%)". Put

ho := max{1l, h(wy), ..., h(w,)}, d . =[K :Q], s :=#S.
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Notice that by the product formula we have for x = (xy, ..., xy) € T,
1 N
h(x)=§;§|log|xi|v|. (7:1)

Let A = (a;;)1<i<n, 1<j<m be an integer N x M-matrix, where we do not require that A has
rank M. Further, let ¢ be a fixed point of (@*)M ,and §, H reals such that

max |a;;| <8, max(l,h(c)) < H.
LJ

Let c(d) be the constant from Lemma 4-3.
Our first result is as follows.

PROPOSITION 7-1. Assume that
x*=cinxeTl (7-2)
is solvable. Then (7-2) has a solution Xy € T such that
h(xg) < hy - (rd" c(d)Mdho)" - H.

In the proof we need some results on lattice points. We start with recalling a result of
Schlickewei [14, proposition 4-2].

LEMMA 7-2. Let A be a discrete subgroup of rank r in R™ and || - || a norm on R™. Then
there exists a basis ay, . .., a, of A such that for any xy, ..., x, € Z we have

lxiay + -+ xa.] =47 max{lx[[lal, ..., [xlla}. (7-3)

Proof. Schlickewei proved this only for Z" instead of arbitrary lattices A, but using a
suitable linear transformation the above more general result follows in a straightforward
way.

In the sequel let ||-||; denote the usual /-norm defined by ||x[|; = (3, |x:|)"/"if 1 <1 < o0

and [[X[loc = max |x;].
L

LEMMA 7-3. Let U be an r x k integer matrix of rank k and m € Z*. Further, let R, V
be reals such that the coordinates of m have absolute values at most R and the entries of U
have absolute values at most V. Suppose that the equation

xU=m inxeZ (7-4)
has a solution. Then equation (7-4) has a solution Xy € 7" such that

[Xo0lloo < K2V max(V, R).

Proof. According to a result of Borosh, Flahive, Rubin and Treybig [5], (7-4) has a solu-
tion X with ||Xg|lcoc < W, where W is the maximum of the absolute values of the minors of
the augmented matrix with U on the first » rows and m on the last row. Now our Lemma
follows easily by applying Hadamard’s inequality.

Proof of Proposition 7-1. Put s := #S. For any positive integer ¢, we denote by ¢, the
group homomorphism from (O%)’ to R*, given by

¢ X (loglx;l,:veS,i=1,...,1),
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where we have written X = (xy, ..., x;). Further, denote by || - || the 1-norm on R"* and by
|l - |I* the 1-norm on RM,

The kernel of ¢ := @y|r is [, and the image A of ¢ in RV is a discrete subgroup of
rank r. Equation (7-2) can be written in the form

yB=b in y € A, (7-5)

where b := ¢,,(c) and

is an integer Ns x Ms-matrix. Notice that ¢, (W) = @y (W)B forw € (O% )N. By assump-
tion, equation (7-5) is solvable, and in view of (7-1), we need to find a solution y, of (7-5)
such that ||yo|| is at most two times the upper bound from Proposition 7-1.

Put B(A) := {yB : y € A}. Clearly, B(A) is a discrete subgroup in R”*. Let vy, ..., v,
be the images of the chosen basis wy, ..., w, of I' modulo I'y,;s under ¢. Then vy, ..., v,
form a basis of A,

Ivill <2hgfori =1, (7-6)
and v{ B, ..., v, B form a system of generators for B(A). Suppose that the rank of B(A) is
k. By Lemma 7-2 there exists a basis ay, ..., a; of B(A), such that for every x = nja; +

-+ nia; € B(A) withny, ..., n, € Z we have
IxI1* = 47  max(|ny[llall*, ..., [nelllagl®). (7:7)
Since b € B(A), there exist my, ..., my € Z, such thatb = ma; + - - - + mya,. Using

Ib|l* = 2h(c) < 2H (in view of (7-1)), [la;||* > 2c(d)~! (by Lemma 4-3, (7-1) and the fact
that a; € @y ((O%)™) and (7-7) we have
b *
m,| < 4+ 1PI” bl
lla; [I*

Further, since v;B € B(A) we can write v,B = Y * yuijaj fori = 1,...,r. Using
lv;B||* = 2h(wA) 2Méhg and again ||a;[|* > 2¢(d)™ 7 , (7-7) we get

<4%cd)-H fori=1,..., k. (7-8)

lu;;] < 4 c(d)M8hy fori =1, rj=1,...k. (7-9)
Let y be a solution of (7-5). Theny € A and so we have y = Zle wiv; with u; € Z for
i =1,...,r.Using that on the one hand b = ma; + - - - + m;a; and on the other hand
r k r
b=yB = ZMf(ViB) ZM: Zuijaj = Z (Z Mij,ui) aj,
i=1 j=1 j=1 =
we obtain
> uyui=mj forj=1,....k (7-10)

i=1

Further we have (7-9) and (7-8) to bound the coefficients and the right-hand side of
the system of linear equations (7-10). On applying Lemma 7-3 with V = 4*c(d)MShy,
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R = 4*c(d)H, we see that the system (7-10) has a solution p € Z" with

> Il < rkPVE max(V, R) < (r - 4 c(d)MSho)” - H.

i=1
Now in view of (7-6), the vector y, = Z;zl J;V; is a solution to (7-5) such that
Iyoll < 2ho - (r4 c(d)M3ho)" - H

and this is indeed twice the bound of our Proposition.

As before, I' is a finitely generated subgroup of (@*)N of rank r, A an integer N x M-
matrix and ¢ a point in (Q )™. The set I', (¢ > 0) is defined as in the Introduction. We
assume that A has rank N — P.

PROPOSITION 7-4. Let ¢ > 0. There exist effectively computable constants Cg, C7 de-
pending only on T, A, ¢, &, such that if

x*=cinxeT, (7-11)
is solvable, then there exists Xy € T, with

xg =¢ h(x) < Ce [Qx0): Q< Cy. (7-12)

We deduce Proposition 7-4 from Proposition 7-5 below.

PROPOSITION 7-5. Let ¢y € (@*)N, B an integer P x N matrix of rank P and ¢ > 0.
There exist eﬁ‘eitively computable constants Cg, Cy depending only on T", B, ¢y, &, such that
ifthereist € (Q ) with

cot? e T, (7-13)
then there exists ty € (@*)P such that

ooty € Te, h(ty) < Cs, [Q(ty) : Q] < Co. (7-14)

Proposition 7-5 = Proposition 7-4. Let A, c, € be as in Proposition 7-4. Let x € FS with
x* = c¢. There are matrices U; € GLy(Z), U, € GLj;(Z) such that

D 0
U AU, = (0 0)

where D is a non-singular integer (N — P) x (N — P)-matrix. Let x* := x!Ui". Write
X* = (s,t) where s € (Q)V=?,t € (Q)F. We can decompose x* as (s, 1) - (1, t), where
in the first component 1 stands for P ones and in the second component for N — P ones.
Notice that s = ¢/, where ¢ consists of the first N — P coordinates of ¢%> and hence
§8 = ¢/AD™ , where A = det D. This shows that s belongs to a finite, effectively determinable
set depending only on A, c.

Put ¢y := (s, DYr 1, and let B be the matrix consisting of the last P rows of U;. Then B is
a P x N-matrix of rank P. Notice that c{)‘ =c¢,BA=0andcot? =x e T,.

By Proposition 7-5, there is ty € (Q) with cot? € Ty, h(cy) < G, [Q(ep) : Q] < Co,
where Cg, Cy are effectively computable in terms of B, ¢, I, €.

Now put xo := ¢otZ. Then xy € T, xi! = ¢t84 = c and h(xp) < Cs, [Q(x0) : Q1 < C4
with Cg, C; effectively computable in terms of B, ¢y, I', €. Since ¢y = (s, DY 1 belongs to
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a finite set effectively computable in terms of ¢, A and since B is effectively computable in
terms of A, we may choose Cg, C7 to be effectively computable in terms of A, ¢, I', . This
proves Proposition 7-4.

We proceed to prove Proposition 7-5. Let K’ be the number field generated by the co-
ordinates of ¢y and by the coordinates of a system of generators for I'.

LEMMA 7-6. Assume there exists t € (Q)F with (7-13). Then there exists t € (Q )* such
that

cot? €., Im € Z.y with t" € (K'™)". (7-15)

Proof. First observe that if u € T,ando € Gal(@/ K'), then o (u) € T',. Indeed, write
u = wu, withu, € T, h(u,) < &. There is k € Z-, such that o (u;)* = u’f € I', implying
that o (u;) € T. Further, 4(o (1)) < €. So o (u) € T,.

Now let oy, . .., 0,, be the distinct K’-isomorphic embeddings of K'(t) into Q. Take

m 1/m
t = (]_[ o (t)) .
i=1

This is determined only up to a factor in (@;rs)P , but this is not causing any problem. Write
CotB =uu withu; € T', h(uy) < €. Then

m 1/m m 1/m
= (H o; (“1)) (l_[ o (Uz)) ,
i=1 i=1

which belongs to T',. Clearly, t" € (K'*)”. This proves Lemma 7.6.

Let S’ be the smallest set of places of K’, containing all infinite places and such that
¢ € (05N, T C (O5)N. Put s’ ;= #S'.

LEMMA 7-7. Assume there exists t € (@*)P with (7-13). Then there exists t with
cot? €T, te (0", (7-16)
where O% = {x € Q : 3m € Zq withx" € O%}.

Proof. Lett € (Q)? be as in (7-15), i.e., t" € (K")? for some m € Z.,. Write

cot? = yz with y € T, h(z) <e. (7-17)
Letn € Z.( be such that y" € I'" and let k be any positive multiple of lem(m, n). Thus
7 =Py e (K')P. (7-18)
Write t = (¢, ...,tp). By the Dirichlet—-Chevalley—Weil S-unit theorem, there are
€1, ..., &p € O such that
log |&;], — log (—{leﬁaw}”“) <C fori=1,...,P,ve s,

where C is an effectively computable constant depending only on K’, §’, and independent
of k. Now define

t = (3{/", ...,a,l;/k), 7= co(t")y ™,

7-19
772(771’---,77N)1=(8h---a8P)B ( )



88 A.BERCZES, J.—H. EVERTSE, K. GYORY AND C. PONTREAU

(with a suitable choice of the k-th roots). Write z := (z1,...,2p), 2" := (2}, ..., 2p),
vi= (v, ...,vy) = t& (cy )" := (@1, ..., ap). Then since oy, ..., ap € Of (by our
choice of k and S’) we have fori =1,..., N,v e §,

log|z’<k| — log L
Y (Mes 24,1
o],
log |a;n;|, — log {1_[ ) oc-v{‘| }1/5,
wes’ Y0 lw

Og r)i v Og s/ )
(Mes v}/

where C’ is an effectively computable constant depending only on K’, S’ and B, but which
is independent of k. Together with the product formula this implies

1
|tog 3], — toglet], = 5 D tog [<f], | < €
weS’
forve §S,i=1,..., N. Now we get
N
h@*y = Z Zmax (0, log \z;k|v)
i—=1 ves'
al 1
< Q- max | 0.C +log|g|, + < D loglel],
i=1 veS§ wéS’

N N
<NS'C'+ > “max (0, log |z/*] ) + > > max (0, log |z],)

i=1 ves i=1 ves

N
= Ns'C'+ ) " h(zf) = Ns'C' + h(z").
i=1
Consequently,
Ns'C’
() < h(z) + Sk .

By assumption, 4(z) < e. We had chosen & to be any positive multiple of lcm(m, n). By
choosing k large en(ggh, we can achieve that 4(z') < ¢. Now from our choice of t’ in (7-19)
it follows that t' € (O%)” and cot’? = yz' € I',. This proves Lemma 7-7.

The proof of Proposition 7-5 rests upon linear programming.
Define the group

G:={yt?! : yeT, te (O,)"}).

This is a group of finite rank ¢g. Choose a maximal multiplicatively independent subset

t;, ..., t; of (O%)F. Then u; := t¥, ... u; := t& are multiplicatively independent since
rank B = P. Choose Uy, ..., u, € I' such that {uy, ..., u,} form a maximal multiplicat-
ively independent subset of G. After a suitable choice of roots of uy, . . ., u,, we may express
G as

G={pu1‘...u§” :pEe (@?MS)N,&‘I,...,Sq e Q}.
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We are searching for t € (O_S/*)P such that
cotB =yz, yE€ T, h(z) < e.

For such t we have z = ¢oy~'t? € ¢yG. So we are searching for z € ¢,G with h(z) < &.
We give an expression for the height of an element z € ¢;G. Such an element can be
expressed as

Z= copufl ...uf]” with p € (@fors)N,él, 8 Q.
Write § := (&1, ..., &,). Let k be a positive integer such that p* = 1, k§ € Z9. Further, write
u = (I/til,...,bl,'N) (l = 1,...,?’),(3()2 (cm,...,CON).Then
1 1 d
h(z) = %h(z") = Z > “max | 0, klog |coil, + stj log [u;1,
i=1 ves' j=1
N q
= ZZmax 0, loglco,-lu—i—ZSj log [u;jl, (7-20)
i=1 ves' j=1

=: f(&),

N q
= % Z Z ‘ log |coilv + Zf;“j log |u;jl,
j=1

i=1 ves

where we have used ) o loglcoil, = 0, Y, .5 loglu;;l, = 0 for all i, j. The function f
can be extended to R?. We prove some properties of this function.

LEMMA 7-8. (i) For every R > 0, the set {§ € R? : f(&) < R} is compact with respect
to the topology in RY.
(ii) There is an effectively computable constant C > 0 such that |f(§;) — f(&)] <

Cllé: — &l forall §,, 8, € R.

Proof. (i) We can express f (&) as ||« ()| where || - || is a norm on R"* and « an injective
affine map from R? to R". So our set under consideration is homeomorphic to a closed
subset of a compact set, hence compact.

(i1) Obvious.

LEMMA 7-9. The function f assumes a minimum on R and it is possible to determine
effectively

o :=min{f(§) : § € R}
and &y with f (&) = .
Proof. 1t clearly suffices to prove that f assumes a minimum on
D:={§ R’ : f(§) < f(0)}

and to determine the minimum of f on D and a point in D where this minimum is assumed.
By Lemma 7-8(i) the set D is compact, so f does indeed assume its minimum on D.
We can rewrite f as

f(&) =max(Li(§) + Bi,..., L&) + Ba),

where Ly, ..., L, are linear forms with real coefficients and B;,...,84 € R. Fori =
1,...,A,let

Di:={eD: L& +B =L +p for j=1,... A, j=*i).
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The set D; is a closed subset of D, hence compact. Thus D; is a compact polytope. Notice
that f(&§) = L;(§) + B; for & € D;. From the theory of linear programming it follows
that f assumes its minimum on D; in a vertex of D;. The vertices of D; can be determined
effectively. So we can effectively determine &; := min{L;(§) + 8; : & € D;} and &, € D;
with f (&) = &;.

Now gy = min(ey, ..., €4), and f(§y) = &y, where &, is a point &§; among &, ...,&,
such that g; = g.

Proof of Proposition 7-5. Assume that there exists t € (O%)” such that ¢ot? € T',. Write
cot? = yzwithy € T, h(z) < &. Then z = ¢y~ 't# = ¢opu’’ - -u’ with p € (Q,,,)" and
&1,...,6, € Q. So h(z) = f(§) < € and therefore, ¢ > gy. Let C be the constant from
Lemma 7-8,(ii) and define the integer k by

k::[ 2€ }+1. (7-21)

E— &

Let & be as in Lemma 7-9 and write £y = (&1, ..., &,). Define integers n, ..., n, by
|k&y —nil <1 (i=1,...,9)

and let

_ n/k J/]( _ n/k ng/k
to=¢t""...t =cou;"" ...ouy’ .

By Lemma 7-8 (ii) and (7-21),

h(zog) = f (% . ’;(—q) f&p+C maxq7 ‘50,
C(e — &)
— L <¢

2C

C
<+ — <&+
k
Further,

B __ ~s+1/k *”q/k ™
Coly =uy i ol €L,

1y €

q
<Y (Il + )h(t:) <
i=1

h(ty) < Z

i=1

and tk € (K'™)?, implying [Q(ty) : Q] < Cy. The quantities C, g, as well as ty, ..., t, are
effectively computable in terms of I', B, ¢y, while k is effectively computable in terms of
these parameters and also €. Hence the constants Cg, Cy are indeed effectively computable
in terms of I', B, ¢y, €, but they have been defined only for ¢ > g,. For completeness, we
define Cg := 1, Cy := 1 if & < g;. Then clearly, Proposition 7-5 holds with these Cg, Cy.

8. Proof of Theorem 2-4
We write x* := x|" - - xy forx = (x1,...,xy) € @HN,a=(ay,...,ay) € ZV.
By assumption

=xe@)" : AR =0,..., fu(x) =0},

where each polynomial f; belongs to @[X 1, ..., Xy] and has at most three non-zero terms.
Further, deg f; < § and max(1, 2(f;)) < H fori = 1,..., m. Without loss of generality
we assume that f; (i = 1,...,n) are trinomials and f; (i = n 4+ 1, ..., m) are binomials,
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where 0 < n < m. Thus, by dividing each f; by one of its terms we see that X' is given by
equations

o X +apx® =1 ((=1,...,n), aox*=1(>G(=n+1,...,m), 8-1)

where o;; € @*, a; € ZN for (i,j) € I := {(1,1),...,(m,1),(1,2),...,(n,2)}. We
observe here that since each polynomial f; has total degree at most 4, we have estimates for
the maximum norm and the sum norm,

laijllo <6, llaglli <28 for @, j) € 1. (8-2)
Clearly the stabilizer of X'is given by
H := Stab(X) = {x € Q) |x¥ =1fori=1,....,m, j=1,2}

. (8-3)
={xe@)" Ix'=1),

where A is the N x (2m — n) matrix with columns a;; ((i, j) € I).
Leti € {1,...,n}. Let x € XN T. Denote by G be the subgroup of K* generated by
& = W‘f“, ..., & = wi" Then for the quantity Q defined by (4-1), we have

0= Hmax (L h(w}")) < (8ho)".

Jj=1

We apply Lemma 4-2 to the equation o;;x + ajpy = 1 in x € G, y € Oj. Notice that
max(1, h(o;1), h(az)) < H. Replacing Q by (8ho)" in the expression for Cs, we obtain a
constant bounded above by C*. In fact, this can be shown by a straightforward computation,
using that the term with the maximum in Cs is bounded above by 4672 log* max(dsN, §hy).
It follows that

h(x*) < C*Hfori=1,...,n, j=1,2. (8-4)

We clearly also have h(x*') = h(ai_ll) < Hfori =n+1,...,m. So we have (8-4) for
(i, j) € 1. This implies

x* =c¢, (8-5)
where A is the N x (2m — n)-matrix from above and where ¢ € (K*)>"~" with
hic) < 2m —n)C*H < 2mC*H. (8-6)

Further, the entries of A have absolute values at most §, and of each column of A the sum of
its absolute values is at most 26.

We first assume that the stabilizer H is finite. Then A has rank N. Suppose for convenience
that the first N columns, ay, ..., ay, say, of A form an invertible matrix D, with determinant
A. Let ¢ consist of the first N coordinates of ¢. Then x® = ¢/2”"
and (8-2), the entries of A D~! have absolute value at most

max [ lla,ll. < 29" (87)

1<i<N
SN

. By Hadamard’s inequality

Further, h(¢') < NC*H. So h(x) < N(28)V~'C*H = C,H. This proves part (i).
We now assume that 7 is infinite. Notice that we have to consider finitely many systems
(8-5) as ¢ runs through a finite set. If such a system has a solution x with x € X, then each
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element of the translate X is also a solution of this system. On the other hand xXH C A&.
Thus we have proved that X T is contained in some finite union of translates

XlHU”'UXTH

withx,H C Xfori=1,...,T.

Fix any of these translates, which means that we have fixed one of the systems from
(8-5). By assumption this system has a solution in x € I". Now by Proposition 7-1 (with
M = 2m —n < 2m) and (8-6), this fixed system of type (8:5) has a solution x € I" such that

h(x) < ho(2rd" c(d)m8hy)" - 2mC*H < CsH.

This proves Theorem 2-4.

9. Proofs of Theorems 2-5 and 2-6

Proof of Theorem 2-6. Letx € X(Q) N C(T, &), with the value of & given in (2-10).

As before, we write X = yz with y € Tandz € (@*)2 with h(z) < (1 + h(y)) and we
may further splitupy asy = vw withv € ', w = [[_, w/', where y; € Q, |y;| < 1/2.
Define new polynomials f*(V) := fi(wz-V) (i =1, ..., m) and let X* be the variety given
by f¥=0fori =1,...,m,ie., X* := (wz) ' X. Then v € X*NT. Notice that deg f* < 4,
and max(1, h(f*)) < H + 6h(wz) < H +6(h(w) + h(z)) fori =1, ..., m.

We observe that X and X* have the same stabilizer H, and this stabilizer is assumed to be
finite.

We obtain the upper bound for /(x) by applying Theorem 2-4 to A* and then following
the proof of Theorem 2.3, replacing everywhere C; by Cj.

Now we estimate [L(x) : L]. To this end, it suffices to estimate the number of distinct
points among ¢ (X), 0 € Gal(@/L).

Let o € Gal(@/L). Write again X = yz such that y € T, h(z) < (1 + h(y)). Put
u, := o (x)x"'. Since o (y)y~! is a torsion point, we have

h(u,) = h(c(X)x") = h(o(@z") < 2h(z).

Completely similarly as (6-6) we obtain

h(z) < e-(Cydrhy +2C,H). o1
Hence
h(u,) < 2¢ - (Cadrhg +2CH) =: 1.
We assume again that f; is a trinomial for i = 1,...,n and a binomial for i =
n+1, ..., m. Then (8-1) holds for certain integer vectors a;; and we obtain
apuit +apudr =1fori=1,...,n,
apuit =1fori=n+1,...,m.
Leti € {1, ..., n}. By our choice of ¢ in (2-10) we have

h(ud', u2?) < 28n = 0.03.

o

Thus by Lemma 4-4 (i) we see that there are at most 2 possibilities for each pair (u!, u?).
These facts imply that u? = ¢, where ¢, runs through a set of cardinality at most 2" if o
runs through Gal(Q/L). Fix ¢y and then o, with ug‘o = ¢g. Then for every o € Gal(Q/L)
with u;‘ = ¢o we have (u, /u,,)* = 1. This shows that for fixed ¢, we have at most ¢ := #H
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possibilities for u,, where H := Stab(&X) = {x € (Q)" | x4 = 1}. Hence for u, we have
altogether at most 2"t possibilities, implying [L(x) : L] < 2™t.

It remains to estimate + = #H. By assumption, H is finite hence is zero-dimensional,
therefore the matrix A has rank N. Suppose for instance that the first N columns of A form
an invertible matrix D. Then H is contained in H' = {x € (Q )" : x? = 1}. There are
matrices U, € GLy(Z), U, € GLy(Z) such that U DU, = D, is a diagonal matrix with

positive integers d, ..., dy on the diagonal. Now x > xUr 1 maps H' isomorphically to
the algebraic group given by xf‘ =1,..., xj{,” = 1 and the latter clearly has cardinality

di---dy.
By an estimate similar to (8-7), using (8-2), we have d; - - - dy = | det D| < (28)". Hence
t < (28)N. This leads to [L(x) : L] < 2™t < 2"*N§V,

Proof of Theorem 2-5. First suppose that Stab(X) is finite. Let x € XN T,. We write
x = yz withy € T, h(z) < ¢ and then as usual y = vw with v € T" and w = [T, w/,
where y; € Q, |y;| < 1/2. Like in the proof of Theorem 2-6, we define the polynomials
[ (V) = fi(wz-V) (i =1, ..., m)andlet X" be the variety givenby f* =00 =1, ..., m).

Then again, v € X* (1 T". Recall that deg f* < 8, and that

max(1, h(f*) < H + 8h(wz) < H + §(h(w) + h(z)) < H +§ (% +g>

fori =1,...,m. Now applying part (i) of Theorem 2.4 to X* = (wz)~' X, we obtain
rh()
h(v) < C, H+87+8

and together with h(x) < h(v) + h(w) + h(z) < h(V) + rho/2 + ¢ this leads to the upper
bound for 4(x) in (2-9).
As for the estimation of [L(x) : L], instead of (9-1) we have h(z) < &, then our assump-

tion ¢ = 0.03/44 leads to the same conclusion 2 (u2', u3?) < 0.03 fori =1, ..., n, and the
proof is concluded in the same way as that of Theorem 2-6.
We now assume that H := Stab(X) is infinite. We define z, v, w as above and keep

the notation from the proof of Theorem 2-4. Thus we obtain, completely similarly as
in (8-4),

h
h(v¥i) < C* <H + 6%0 + 5e> for (i, j) €1,

and together with h(w) < rhy/2, h(z) < ¢, this leads to
h(x*/) < C*(H 4+ érhy) for (i, j) € I.
Then, similarly as (8-6) we obtain,
xA = ¢ with h(c) < 2mC*(H + 8rhy). (9-2)

Let o € Gal(Q/L), and put u, := o (x) - X', ¢, := o(c) - ¢~'. Thus, u? = c,. Following
the argument in the proof of Theorem 2-6, using our choice ¢ = 0.03/4§ for ¢, we infer
again that 2(u3", u3?) < 0.03 fori =1, ..., n, and subsequently, that ¢, runs through a set

of cardinality at most 2" if o runs through Gal(Q/L). This implies that we have at most 2"
possibilities for o (c¢). Hence

[L(c): L] <2m. 9-3)
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Now from (9-2), (9-3) we infer that for every x € X/ T, there is ¢ from a finite, effectively
determinable set depending only on I" and fi, ..., f,., such that x* = ¢. We conclude by
applying Proposition 7-4 to each of the equations x4 = c.
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