A FURTHER IMPROVEMENT OF THE QUANTITATIVE
SUBSPACE THEOREM
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ABSTRACT. In 2002, Evertse and Schlickewei [11] obtained a quanti-
tative version of the so-called Absolute Parametric Subspace Theorem.
This result deals with a parametrized class of twisted heights. One of
the consequences of this result is a quantitative version of the Absolute
Subspace Theorem, giving an explicit upper bound for the number of
subspaces containing the solutions of the Diophantine inequality under
consideration.

In the present paper, we further improve Evertse’s and Schlickewei’s
quantitative version of the Absolute Parametric Subspace Theorem, and
deduce an improved quantitative version of the Absolute Subspace Theo-
rem. We combine ideas from the proof of Evertse and Schlickewei (which
is basically a substantial refinement of Schmidt’s proof of his Subspace
Theorem from 1972 [22]), with ideas from Faltings’ and Wiistholz’ proof
of the Subspace Theorem [14]. A new feature is an “interval result,”
which gives more precise information on the distribution of the heights
of the solutions of the system of inequalities considered in the Subspace

Theorem.

1. INTRODUCTION

1.1. Let K be an algebraic number field. Denote by M its set of places
and by || - ||» (v € M) its normalized absolute values, i.e., if v lies above

p € Mg := {oo} U {prime numbers}, then the restriction of || - ||, to Q is

|- |F @l Q Define the norms and absolute height of x = (x1,. .., z,) €

K" by [|x]|, := maxi<;<p ||zi]|» for v € Mg and H(x) :=]] %] -
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Next, let S be a finite subset of My, n an integer > 2, and {L{", ..., L}
(v € S) linearly independent systems of linear forms from K[Xq,..., X,].
The Subspace Theorem asserts that for every € > 0, the set of solutions of

(1.1) 1111 % <HX)™F inxe K"
lies in a finite union 77 U- - -UT}, of proper linear subspaces of K. Schmidt
[23] proved the Subspace Theorem in the case that S consists of the archi-
medean places of K and Schlickewei [17] extended this to the general case.
Much work on the p-adization of the Subspace Theorem was done indepen-
dently by Dubois and Rhin [§].

By an elementary combinatorial argument originating from Mahler (see
[11, §21]), inequality (1.1) can be reduced to a finite number of systems of

inequalities

L),
(1.2) H ZHX(HX)” H(x)% (ve S, i=1,...,n) inxe K",
where

Z idw < —n.

veS i=1

Thus, an equivalent formulation of the Subspace Theorem is, that the set
of solutions of (1.2) is contained in a finite union 77 U --- U T}, of proper
linear subspaces of K". Making more precise earlier work of Vojta [31]
and Schmidt [26], Faltings and Wiistholz [14, Theorem 9.1] obtained the
following refinement: There exists a single, effectively computable proper
linear subspace T of K™ such that (1.2) has only finitely many solutions
outside T'.

(1.2) can be translated into a single twisted height inequality. Put

0= —1—%(Zidw), Cip 1= dw—%idﬂ (ve S, i=1,...,n).
j=1

veS =1

Thus,

n

0 >0, chzoforveS.

=1
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For @ > 1, x € K" define the twisted height

(1.3) Ho(x) =TT (max £ ()1.Q ) - TT Il

1<i<
vES vegS

(to our knowledge, this type of twisted height was used for the first time,
but in a function field setting, by Dubois [7]).

Let x € K™ be a solution to (1.2) and take @) := H(x). Then
(1.4 Ho(x) < Q.

It is very useful to consider (1.4) with arbitrary reals ¢;,, not just those

arising from system (1.2), and with arbitrary reals @ not necessarily equal
to H(x). As will be explained in Section 2, the definition of Hg can be
extended to @" (where it is assumed that @ D K) hence (1.4) can be con-
sidered for points x € Q". This leads to the following Absolute Parametric
Subspace Theorem:
Let ¢y (v €S, i=1,...,n) be any reals with Y, ¢;, = 0 for v € S, and
let & > 0. Then there are a real Qo > 1 and a finite number of proper linear
subspaces Ty, ..., T, of Q", defined over K, such that for every QQ = Qo
there is T; € {T1, ..., Ty, } with

{xeQ': Hox) <Q’}C T

Recall that a subspace of Q" is defined over K if it has a basis from K.
In this general form, this result was first stated and proved in [11]. The
non-absolute version of the Parametric Subspace Theorem, with solutions
x € K" instead of x € Q", was proved implicitly along with the Subspace
Theorem.

1.2. In 1989, Schmidt was the first to obtain a quantitative version of the
Subspace Theorem. In [25] he obtained, in the case K = Q, S = {c0}, an
explicit upper bound for the number ¢; of subspaces containing the solu-
tions of (1.1). This was generalized to arbitrary K, S by Schlickewei [1§]
and improved by Evertse [9]. Schlickewei observed that a good quantitative
version of the Parametric Subspace Theorem, that is, with explicit upper
bounds for )y and t3, would be more useful for applications than the exist-

ing quantitative versions of the basic Subspace Theorem concerning (1.1),
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and in 1996 he proved a special case of such a result. Then in 2002, Ev-
ertse and Schlickewei [11] proved a stronger, and fully general, quantitative
version of the Absolute Parametric Subspace Theorem. This led to uniform
upper bounds for the number of solutions of linear equations in unknowns
from a multiplicative group of finite rank [12] and for the zero multiplicity
of linear recurrence sequences [27], and more recently to results on the com-
plexity of b-ary expansions of algebraic numbers [6], [3], to improvements
and generalizations of the Cugiani-Mahler theorem [2], and approximation
to algebraic numbers by algebraic numbers [4]. For an overview of recent
applications of the Quantitative Subspace Theorem we refer to Bugeaud’s

survey paper [5].

1.3. In the present paper, we obtain an improvement of the quantitative
version of Evertse and Schlickewei on the Absolute Parametric Subspace
Theorem, with a substantially sharper bound for ¢3. Our general result is
stated in Section 2. In Section 3 we give some applications to (1.2) and
(1.1).

To give a flavour, in this introduction we state special cases of our results.
Let K, S be as above, and let ¢;, (v € S, i =1,...,n) be reals with

(1.5) ch =0 forv e S, Zmax(clv, ceyCny) <1
i=1

vES

the last condition is a convenient normalization. Further, let Lgv) (v e
S,i=1,...,n) be linear forms such that for v € S,

(1.6) { (LY, LYY C{Xy o Xy Xo o+ X

{Lg”), o L,(f)} is linearly independent,

and let Hg be the twisted height defined by (1.3) and then extended to Q.
Finally, let 0 < § < 1. Evertse and Schlickewei proved in [11] that in this

case, the above stated Absolute Parametric Subspace Theorem holds with
QO — 712/6, ts < 4(n+9)25—n—4‘

This special case is the basic tool in the work of [12], [27] quoted above. We

obtain the following improvement.
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Theorem 1.1. Assume (1.5), (1.6) and let 0 < § < 1. Then there are
proper linear subspaces 11, ..., T;, of Q", all defined over K, with

fs < 1009701953 (log(6n6 ™)),
such that for every Q with Q > n'/? there is T; € {Ty, ..., Ty, } with
{xeQ": Ho(x) <Q°} C T

A new feature of our paper is the following interval result.

Theorem 1.2. Assume again (1.5), (1.6), 0 <6 < 1. Put
m = [10°2*"n'%*log(6nd~")], w:=¢""'log6bn.

Then there are an effectively computable proper linear subspace T of Q",
defined over K, and reals Q1, ..., Qm withn'/? < Qi < -+ < Qun, such that
for every Q > 1 with

(xeQ": Ho(x)<Q Y ¢ T

we have

Qe [1,n?) U[Q1,QY) U---U[Qm Q) -

The reals @Qq,...,Q,, cannot be determined effectively from our proof.
Theorem 1.1 is deduced from Theorem 1.2 and a gap principle. The precise
definition of 7' is given in Section 2. We show that in the case considered
here, i.e., with (1.6), the space T is the set of x = (21, ...,2,) € Q" with

(1.7) d wj=0fori=1,...,p,

J€L;
where I1,...,1, (p = n —dim7T) are certain pairwise disjoint subsets of
{1,...,n} which can be determined effectively.

As an application, we give a refinement of the Theorem of Faltings and

Wiistholz on (1.2) mentioned above, again under assumption (1.6).

Corollary 1.3. Let K, S be as above, let LZ(-U) (vesS,i=1,...,n) be linear
forms with (1.6) and let d;,, (v € S, i=1,...,n) be reals with

diy <O forve S i=1,....n, Y > dy=-n—cwith0<e<L

veS i=1
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Put
m' = [10°2*"n"?e?log(6ne™")], W' :=2ne"'log6n.

Then there are an effectively computable linear subspace T' of K™, and reals
Hy, ..., H, withn's < H < Hy < --- < H,y such that for every solution
x € K" of (1.2) we have

xeT or Hx) € [1,n"/5) U [Hth/) U---u [HmUHﬁz/’)-

Corollary 1.3 follows by applying Theorem 1.2 with

1 n
Cw::nj—g(dw_ﬁ E djv) (UGS,izl,...,n),
j=1
3
= = H(x)'*/m.
Q= M)

The exceptional subspace T” is the set of x € K™ with (1.7) for certain
pairwise disjoint subsets Iy, ..., I, of {1,...,n}.

It is an open problem to estimate from above the number of solutions of
(1.2) outside 7".

1.4. In Sections 2, 3 we formulate our generalizations of the above stated
results to arbitrary linear forms. In particular, in Theorem 2.1 we give our
general quantitative version of the Absolute Parametric Subspace Theorem,
which improves the result of Evertse and Schlickewei from [11], and in The-
orem 2.3 we give our general interval result, dealing with points x € Q"
outside an exceptional subspace T'. Further, in Theorem 2.2 we give an
“addendum” to Theorem 2.1 where we consider (1.4) for small values of Q.
In Section 3 we give some applications to the Absolute Subspace Theorem,
i.e., we consider absolute generalizations of (1.2), (1.1), with solutions x
taken from Q" instead of K. Our central result is Theorem 2.3 from which
the other results are deduced.

1.5. We briefly discuss the proof of Theorem 2.3. Recall that Schmidt’s
proof of his 1972 version of the Subspace Theorem [22], [24] is based on ge-
ometry of numbers and “Roth machinery,” i.e., the construction of an aux-

iliary multi-homogeneous polynomial and an application of Roth’s Lemma.
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The proofs of the quantitative versions of the Subspace Theorem and Para-
metric Subspace Theorem published since, including that of Evertse and
Schlickewei, essentially follow the same lines. In 1994, Faltings and Wiistholz
[14] came with a very different proof of the Subspace Theorem. Their proof
is an inductive argument which involves constructions of auxiliary global line
bundle sections on products of projective varieties of very large degrees, and
an application of Faltings’” Product Theorem. Ferretti observed that with
their method, it is possible to prove quantitative results like ours, but with
much larger bounds, due to the highly non-linear projective varieties that

occur in the course of the argument.

In our proof of Theorem 2.3 we use ideas from both Schmidt and Faltings
and Wiistholz. In fact, similarly to Schmidt, we pass from Q" to an exterior
power APQ" by means of techniques from the geometry of numbers, and
apply the Roth machinery to the exterior power. But there, we replace
Schmidt’s construction of an auxiliary polynomial by that of Faltings and
Wiistholz.

A price we have to pay is, that our Roth machinery works only in the so-
called semistable case (terminology from [14]) where the exceptional space T'
in Theorem 2.3 is equal to {0}. Thus, we need an involved additional argu-
ment to reduce the general case where 1" can be arbitrary to the semistable

case.

In this reduction we obtain, as a by-product of some independent interest,
a result on the limit behaviour of the successive infima A\ (Q), ..., A\, (Q) of
Hg as Q — 00, see Theorem 16.1. Here, \;(Q) is the infimum of all A > 0,
such that the set of x € Q" with Hq(x) < A contains at least i linearly
independent points. Our limit result may be viewed as the “algebraic”
analogue of recent work of Schmidt and Summerer [29].

1.6. Our paper is organized as follows. In Sections 2, 3 we state our results.
In Sections 4, 5 we deduce from Theorem 2.3 the other theorems stated in
Sections 2, 3. In Sections 6, 7 we have collected some notation and simple
facts used throughout the paper. In Section 8 we state the semistable case
of Theorem 2.3. This is proved in Sections 9-14. Here we follow [11], except

that we use the auxiliary polynomial of Faltings and Wiistholz instead of
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Schmidt’s. In Sections 15-18 we deduce the general case of Theorem 2.3

from the semistable case.

2. RESULTS FOR TWISTED HEIGHTS

2.1. All number fields considered in this paper are contained in a given
algebraic closure Q of Q. Given a field F, we denote by F[Xi,..., X,]"
the F-vector space of linear forms a1 X; + - - - + a,, X,, with a4, ...,qa, € F.

Let K C Q be an algebraic number field. Recall that the normalized

absolute values || - ||, (v € M) introduced in Section 1 satisfy the Product
Formula
(2.1) H |z||, =1 for z € K™.

vEME

Further, if F is any finite extension of K and we define normalized absolute
values || - |l» (w € Mg) in the same manner as those for K, we have for
every place v € Mg and each place w € Mg lying above v,

[E, : K,]

(2.2) 2|l = [|2]| %) for # € K, where d(w|v) := B K]

and K,, F, denote the completions of K at v, E at w, respectively. Notice
that

(2.3) > d(wlv) =1,

wlv

where "w|v” indicates that w is running through all places of E that lie above

V.

2.2. We list the definitions and technical assumptions needed in the state-

ments of our theorems. In particular, we define our twisted heights.

Let again K C Q be an algebraic number field. Further, let n be an

integer, £ = (LZ(-U) v € Mg,i=1,...,n) a tuple of linear forms, and
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c=(Cp:v€EMg,i=1,...,n) a tuple of reals satisfying

24) nz2 L[YeK[X,. . . XJ]®™forveMg, i=1,....,n,

(2.5) (L', LY} is linearly independent for v € My,
(2.6) U (.. LY} = {Ly,... L} is finite,
vEME
(2.7) Cly =+ = Cpp = 0 for all but finitely many v € Mg,
(2.8) ZC“’ =0 for v € Mg,
i=1

(2.9) Z max(Cry, .., Cny) < 1.

veEMK

In addition, let §, R be reals with

(2.10) 0<d<1, R>r:#<U{L§“>,...,L§;)}>,

vEME
and put
(2.11) Ag = I Ildet(L{,.... L)L,
vEMK
(2.12) He =[] o max fdet(Liy, . Liy)lo,
vEME
where the maxima are taken over all n-element subsets of {1,...,7}.

For (Q > 1 we define the twisted height Hy .o : K™ — R by

(2.13) Hpco(x) = max <||L£v)(X)Hv . Q_C“’>.
vEME o

In case that x = 0 we have H . g(x) = 0. If x # 0, it follows from (2.4)-
(2.7) that all factors in the product are non-zero and equal to 1 for all but
finitely many v; hence the twisted height is well-defined and non-zero.

Now let x € Q". Then there is a finite extension E of K such that
x € B". Forw € Mg,i=1,...,n, define

(2.14) L") = LEU), Ciw = Cip - d(w|v)
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if v is the place of K lying below w, and put

(2.15) Heeo(x) = T max (1L 60w Q).
weEMEg o

It follows from (2.14), (2.2), (2.3) that this is independent of the choice of
E. Further, by (2.1), we have Hp o o(ax) = Hy o o(x) for x € Q", a € Q.
To define H ¢, we needed only (2.4)—(2.7); properties (2.8), (2.9) are

merely convenient normalizations.

2.3. Under the above hypotheses, Evertse and Schlickewei [11, Theorem
2.1] obtained the following quantitative version of the Absolute Parametric

Subspace Theorem:

There is a collection {71, ..., T}, } of proper linear subspaces of Q" all de-
fined over K, with

to < AU’ 57 74 0g(2R) log log(2R)

such that for every real @ > maX(HE/R, n?/%) there is T; € {T,..., T} for
which

(2.16) [x€Q": Heeox) <AY"Q%Y C T
We improve this as follows.

Theorem 2.1. Letn, L, c,d, R satisfy (2.4)—(2.10), and let Az, H. be given
by (2.11), (2.12).

Then there are proper linear subspaces Th, . .., T}, of Q", all defined over K,
with

(2.17) to < 10°22"n'%5 3 10og(30 ' R) log(6 ' log 3R),

such that for every real Q) with

(2.18) Q > Cy := max (H}:/R,nl/‘s)

there is T; € {T1, ..., T, } with (2.16).

Notice that in terms of n, d, our upper bound for tg improves that of Evertse

and Schlickewei from 6" to ¢4 3(logd~")?, while it has the same

dependence on R.
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The lower bound Cj in (2.18) still has an exponential dependence on
d~1. We do not know of a method how to reduce it in our general absolute

setting. If we restrict to solutions x in K", the following can be proved.

Theorem 2.2. Let again n, L, c,0, R satisfy (2.4)—(2.10). Assume in addi-
tion that K has degree d.
Then there are proper linear subspaces Uy, ..., U, of K™, with

t; < 071 ((90n)" + 3loglog 3H,'")

such that for every Q with 1 < @ < Cy = maX(Hz/R,nl/‘s), there is U; €
{Ub ce Utl} with

{X e K" HE7C7Q(X) < Az/nQia} c U,.

We mention that in various special cases, by an ad-hoc approach the
upper bound for ¢; can be reduced. Recent work of Schmidt [28] on the
number of “small solutions” in Roth’s Theorem (essentially the case n = 2
in our setting) suggests that there should be an upper bound for ¢; with a
polynomial instead of exponential dependence on d.

2.4. We now formulate our general interval result for twisted heights. We
first define an exceptional vector space. We may view a linear form L €
Q[X1, ..., X,]"™ as a linear function on Q". Then its restriction to a linear
subspace U of @n is denoted by L|y.

Let n,L,c,6, R satisfy (2.4)-(2.10). Let U be a k-dimensional linear
subspace of Q. For v € My we define w,(U) = wgc,(U) := 0 if k = 0 and

(2.19)  w,(U) = wgcp(U) :==min {cil,v + i
LEI’) s ng) |y are linearly independent}

if £ > 0, where the minimum is taken over all k-tuples i1, ...,1%, such that
Lgf) o, .. ,LZ(-:)|U are linearly independent. Then the weight of U with re-
spect to (L, c) is defined by

(2.20) w(lU) = wee(U) = Y w,(U).
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This is well-defined since by (2.7) at most finitely many of the quantities

w,(U) are non-zero.

By theory from, e.g., [14] (for a proof see Lemma 15.2 below) there is a
unique, proper linear subspace T'= T'(L, ¢) of Q" such that
w(T) _ w(®)

n—dim7 = n—dimU .
(2.21) for every proper linear subspace U of Q ;

subject to this condition, dim 7" is minimal.
Moreover, this space T is defined over K.

In Proposition 17.5 below, we prove that

4’VL
Hy(T) < (max H2(L§U))>

with “Euclidean” heights H, for subspaces and linear forms defined in Sec-
tion 6 below. Thus, T is effectively computable and it belongs to a finite
collection depending only on £. In Lemma 15.3 below, we prove that in the
special case considered in Section 1, i.e.,

{Lgv)a,LS})} - {Xh"'aXna X1++Xn} fOI‘UGMK

we have
T:{Xe@n: ijzoforjzl,...,p}
JeL;
for certain pairwise disjoint subsets Iy,...,I, of {1,...,n}.

Now our interval result is as follows.

Theorem 2.3. Letn, L, c,0, R satisfy (2.4)—(2.10), and let the vector space
T be given by (2.21). Put

(2.22) mg = [10°22"n'%6"2log(30 ' R)|, wp:= 40 'log3R.
Then there are reals Q, ..., Qm, with

(2.23) Co = max(HY " n'/?) < Q1 < -+ < Qg

such that for every Q > 1 for which

(2.24) {(xeQ": Hpeo(x) <AY"Q°} ¢ T
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we have

(2.25) Q€ [1,Co) U[Q1, Q1)U -+ U [Qmg, @y)-

3. APPLICATIONS TO DIOPHANTINE INEQUALITIES

3.1. We state some results for “absolute” generalizations of (1.2), (1.1). We
fix some notation. The absolute Galois group Gal(Q/K) of a number field
K C Q is denoted by Gg. The absolute height H(x) of x € Q" is defined
by choosing a number field K such that x € K" and taking H(x) :=
HveMK |x||,- The inhomogeneous height of L = a1 Xy + -+ + a,X,, €
Q[X1,..., X, is given by H*(L) := H(a), where a = (1,a,...,ay).
Further, for a number field K, we define the field K(L) := K(ay, ..., ).

We fix an algebraic number field X C Q. Further, for every place
v € Mg we choose and then fix an extension of || - ||, to Q. For x =
(z1,...,2,) € Q", 0 € Gk, v € My, we put o(x) := (o(z1),...,0(z,)),

1l := maxacicn [l

3.2. We list some technical assumptions and then state our results. Let n be
an integer > 2, R a real, S a finite subset of My, LZ(U) (ve S, i=1,...,n)

linear forms from Q[X1,..., X,]", and d;, (v € S, i =1,...,n) reals, such
that
(3.1) {Lﬁ“), . ,L%v)} is linearly independent for v € S,

32) H L)< H*, [KIL"):K]<DforveS,i=1,...,n,

(3.3) # (U{Lﬁ”% . .,L£f>}) <R,

veES

n

(3.4) >N diy=-n—ewith0<e<1,
veS =1
(3.5) diw <OforvesS i=1,...,n.

Further, put

(3.6) Ay = || det(L{, ... LOY|Y™ for v e S.
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3.3. We consider the system of inequalities

1L (0 ()], . | —
(3.7) max ————>— < AH(x)" (ve S,i=1,...,n) nxeQ .
oeGx o)l
According to [11, Theorem 20.1], the set of solutions x € Q" of (3.7) with

H(x) > max(H*,n?"/) is contained in a union of at most
(3.8) 231+9)* c=n—4109(4RD) log log (4R D)

proper linear subspaces of Q" which are defined over K. We improve this

as follows.

Theorem 3.1. Assume (3.1)-(3.6). Then the set of solutions x € Q" of
system (3.7) with

(3.9) H(x) > Cy := max((H*)'/3RP  nn/e)

s contained in a union of at most

(3.10) 10%2*"n"*e " log (3¢ "' RD) log (¢~ ' log 3RD)
proper linear subspaces of Q" which are all defined over K.

! in terms of € our upper bound has the same

Apart from a factor loge™
order of magnitude as the best known bound for the number of “large”
approximants to a given algebraic number in Roth’s Theorem (see, e.g.,
[28]).

Although for applications this seems to be of lesser importance now, for
the sake of completeness we give without proof a quantitative version of
an absolute generalization of (1.1). We keep the notation and assumptions

from (3.1)—(3.6). In addition, we put
si=#S, A= ]]lldet(L{”,... L),
veS
Consider
n (v)
(311) H max M < AH(X)*H*EI

ves il 0eGk ||O'(X>H1,
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Corollary 3.2. The set of solutions x € Q" of (3.11) with H(x) > Hy is

contained in a union of at most
(9n25_1)n5 - 101922573 Jog (35_1D) log (5_1 log 3D)
proper linear subspaces of Q" which are all defined over K.

Evertse and Schlickewei [11, Theorem 3.1] obtained a similar result, with
an upper bound for the number of subspaces which is about (9n25’1)n8
times the quantity in (3.8). So in terms of n, their bound is of the order ¢’
whereas ours is of the order ¢*°¢™. Our Corollary 3.2 can be deduced by
following the arguments of [11, Section 21|, except that instead of Theorem
20.1 of that paper, one has to use our Theorem 3.1.

We now state our interval result, making more precise the result of Falt-
ings and Wiistholz on (1.2).
Theorem 3.3. Assume again (3.1)—(3.6). Put

my = [10822”71148’2 log (35’1RD)} ,
wy := 3ne tlog 3RD.

There are a proper linear subspace T of Q" defined over K which is ef-
fectively computable and belongs to a finite collection depending only on
{Lgv) cve S i=1,...,n}, as well as reals Hy, ..., H,, with

Cy = max((H*)'*RP p"¢) < Hy < -+ < Hp,,,
such that for every solution x € Q" of (3.7) we have

xeT or H(x)e[l,C\)U[H, H")U---U[Hpy,, H;).

Our interval result implies that the solutions x € Q" of (3.7) outside T
have bounded height. In particular, (1.2) has only finitely many solutions
x € K™ outside T
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4. PROOFS OF THEOREMS 2.1 AND 2.2

We deduce Theorem 2.1 from Theorem 2.3, and prove Theorem 2.2. For
this purpose, we need some gap principles. We use the notation introduced
in Section 2. In particular, K is a number field, n > 2, £ = (L : v €
Mg, i=1,...,n) a tuple from K[Xi,...,X,]"™ and ¢ = (¢p : v € My :

(w)

i=1,...,n) a tuple of reals. The linear forms L;"’ and reals ¢;,,, where w

is a place on some finite extension E of K, are given by (2.14).

We start with a simple lemma.

Lemma 4.1. Suppose that L, c satisfy (2.4)—~(2.7). Let x € Q", 0 € Gk,
Q>1. Then Hpcq(o(x)) = Hre0(x).

Proof. Let E be a finite Galois extension of K such that x € E". For
any place v of K and any place w of E lying above v, there is a unique
place w, of E lying above v such that || - [|,, = ||o(-)|lw. By (2.14) and
[Ey, : K| = [E, : K,] we have ng”) = ng), Ciw, = Ciw for @ =1,... n.
Thus,

Heealo) =TT TT (oo 1607 060l

vEMp wlv

. (we) —Ciwg _

- 11 H<1H<11a<x 1237 ()@ )—Hc,c,dx%
vEMK wlv

O

We assume henceforth that n, £, c,d, R satisfy (2.4)—(2.10). Let A, H,
be given by (2.11), (2.12). Notice that (2.2), (2.3), (2.14) imply that (2.4)-
(2.9) remain valid if we replace K by E and the index v € Mg by the index
w € Mpg. Likewise, in the definitions of A,, H; we may replace K by F
and v € Mg by w € Mg. This will be used frequently in the sequel.

We start with our first gap principle. For a = (aq,...,a,) € C" we put
|al| := max(|ai|, ..., |as]).
Proposition 4.2. Let

(4.1) A= ntl

WV
S
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Then there is a single proper linear subspace Ty of Q", defined over K, such
that for every Q) with

A < Q < A1+5/2

we have {x € Q" : Hreo(x) < A‘l,:/nQ_é} C Tp.

Proof. Let Q € [A, A™9/2) and let x € Q" with x # 0 and Hyco(x) <
Az/"Q_‘s. Take a finite extension E of K such that x € E". For w € Mg,
put

0, = max Cj,.
1<i<n

By (2.14), (2.8), (2.9) we have

n

(4.2) Y ciw=0forwe Mg, > 6, <1

i=1 wEME

Let w € Mg with 6, > 0. Using A < Q < A'/2 we have

max || L\ (x) ]|, @ > (max 1L (%) o A_cm) L A0u8/2

1<i<n 1<i<

If we Mg with 6, = 0 then ¢;,, = 0 for i = 1,...,n and so we trivially
have an equality instead of a strict inequality. By taking the product over
w and using (4.2), we obtain

Hreg(x) > Hrea(x)A™2 if 0, > 0 for some w € Mg,

Hreo(X) = Hrea(x) > Hrea(x)A™? otherwise.
Hence
(4.3) Hpea(x) < Alﬁ/nA_(s/Q.

This is clearly true for x = 0 as well.

Let Ty be the Q-vector space spanned by the vectors x € Q" with (4.3).
By Lemma 4.1, if x satisfies (4.3) then so does o(x) for every o € Gk.
Hence Ty is defined over K. Our Proposition follows once we have shown
that Ty # Q", and for this, it suffices to show that det(xy,...,x,) = 0 for
any xi,...,X, € Q" with (4.3).
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So take xy,...,x, € Q" with (4.3). Let E be a finite extension of K with
X1,...,X, € E". We estimate from above | det(xy,...,X,)|l. for w € Mg.

For w e Mg, 5 =1,...,n, put

Ay = det(LY", oo L)y Hyu = max |1 () [ A

XX

First, let w be an infinite place of E. Put s(w) := [E,, : R|/[E : Q|. Then
there is an embedding o, : E < C such that || - ||, = |ow(-)]*™). Put

(44) gy i= (A Wy (L), o AT 0, (100 (x;))

for j =1,...,n. Then Hj, = ||aj,|**). So by Hadamard’s inequality and
(4.2),

)

_ A;lACIw'i‘“"i_c"w‘ det(alw7 cee 7anw)|S(W)

< A;lnns(w)/Qle . Hnw-

(4.5) [[det(xr,.. %)l = Al det (L (%)), lu

Next, let w be a finite place of E. Then by the ultrametric inequality and
(4.2),

(4.6) [|det(x1, ... xa)llw = AL det (L (x))), Il

<A max Lo ()l - 1 ptm (%) [
< AJTACw T e
= AJ'Hyy - Hy,

where the maximum is taken over all permutations p of 1,..., n.

We take the product over w € Mp. Then using HweME A, = Az (by
(2.2), (2.14), (2.11)), 3" S(w) = 1 (sum of local degrees is global degree),
(4.2), (4.3), and lastly our assumption A > n'/% we obtain

H | det(xy, ..., %0) |l < Ag 02 HHLC’A(X]') <n"PAT2 L,

wEMg j=1

Now the product formula implies that det(xy,...,x,) = 0, as required. [

For our second gap principle we need the following lemma.
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Lemma 4.3. Let M > 1. Then C" is a union of at most (20n)"M? subsets,

such that for any y1,...,yn, in the same subset,
(4.7) [det(yr,- .., ya)l < M7yl llyall-
Proof. [10, Lemma 4.3]. O

Proposition 4.4. Let d .= [K : Q] and A > 1. Then there are proper
linear subspaces Ty, ...,T; of K™, with

t < (80n)™
such that for every @ with
A< Q< 24102
there is T; € {Th,...,T;} with

{(x € K": Hroo(x) < AY"Q Y C T3
Proof. We use the notation from the proof of Proposition 4.2. Temporarily,
we index places of K also by w. Similarly as in the proof of Proposition 4.2

we infer that if x € K™ is such that there exists Q with Q € [A, 24'+9/2)
and Hg ¢ o(x) < Alﬁ/nQ*‘S, then

(4.8) Hpea(x) < 201" A7

Put M := 2". Let wy,...,w, be the infinite places of K, and for i =
1,...,r take an embedding o,, : K < C such that || - ||lu, = 0w, (-)]*™.

For x € K™ with (4.8) and w € {wy,...,w,} put
au(x) = (A—Clw/s<w>aw(L§w> (x)), ..., A-emo/s@) g ([ () (x))) .
By Lemma 4.3, the set of vectors x € K™ with (4.8) is a union of at most
((20m)"M?)" < (80n)™

classes, such that for any n vectors xi, ..., X, in the same class,

(4.9) | det(ay(x1), ..., a,(x,))| < M~ for w = wy, ..., w,.
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We prove that the vectors x € K™ with (4.8) belonging to the same class
lie in a single proper linear subspace of K", i.e., that any n such vectors

have zero determinant. This clearly suffices.

Let x1,...,x, be vectors from K" that satisfy (4.8) and lie in the same
class. Let w be an infinite place of K. Then using (4.9) instead of Hadamard’s
inequality, we obtain, instead of (4.5),

| det(xy, ..., %Xn)|lw < AZTM @ H,, - H,,.

For the finite places w of K we still have (4.6). Then by taking the product
over w € My, we obtain, with a similar computation as in the proof of
Proposition 4.2, employing our choice M = 2",

[T ldetxr, .. xn)llw < M7H2AT)" < 1.

weEMp

Hence det(zy,...,x,) = 0. This completes our proof. O]

In the proofs of Theorems 2.1 and 2.3 we keep the assumptions (2.4)-
(2.10).

Deduction of Theorem 2.1 from Theorem 2.3. Define
Sq={x€Q": Heeox) <A/"Q7}.
Theorem 2.3 implies that if @) is a real such that
Q> Cy=max(H/ " n'?), Sq¢ T

then
Oe G O [Q§11+5/2)k_1,6221+5/2)k> 7
h=1k=1
where s is the integer with (1 + §/2)*"! < wy < (1 + §/2)*. Notice that we
have a union of at most
log wy
log(1 +4/2)

intervals. By Proposition 4.2, for each of these intervals I, the set UQE 150

mos < myo (1 + ) < 307 'mo(1 + log wy)

lies in a proper linear subspace of Q", which is defined over K. Taking
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into consideration also the exceptional subspace T, it follows that for the

number ¢y of subspaces in Theorem 2.1 we have
to < 1+ 35_1m0(1 + IngO)
< 109220963 1og (36 R) log(6 ' log 3R).

This proves Theorem 2.1. O

Proof of Theorem 2.2. We distinguish between Q € [n'/°, Cy) and Q €
[1,n1/9).

Completely similarly as above, we have

S1

', Co) € (JIn /278, n30 08y (=1, ),

j=1
where n(+0/2771/8 0 < pH9/D7/8 o

log(dlog Cy/ logn) 1 1/R
4.10 =1 <2+30 " loglog3H, ™.
(4.10) nma { log(1+0/2) o0 loslosly

By Proposition 4.2, for each of the s; intervals I on the right-hand side, the
set (UQe I SQ> N K™ lies in a proper linear subspace of K.

Next consider @ with 1 < Q < n'/?. Define vy := 0, v := 14+7—1(1+6/2)
fork=1,2,... ie.,

(1+4/2)F -1
= for k=0,1,2,....
Yk 5/2 or ) Ly 4y

Then

[1,n'%) C U [27k-1, 27%)

k=1

where (1 +§/2)%71 < 25200 < (146/2)%, e,

log (log(2n'/?)/log 2
(4.11) sg =1+ 8 (log(2n%)/ log 2 < 46~ loglog 4n*/?.

log(1+0/2)

Applying Proposition 4.4 with A = 271 (k = 1,...,5s,), we see that for
each of the sy intervals I on the right-hand side, there is a collection of at
most (80n)"™ proper linear subspaces of K™, such that for every @ € I, the

set Sg M K™ is contained in one of these subspaces.
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Taking into consideration (4.10), (4.11), it follows that for the number of

subspaces t; in Theorem 2.2 we have

t1 < 51+ (80n)"sy < 24 36 loglog 3]—12/R + (80n)™ - 46! loglog 4nl/?
< 57((90n)™ + 3loglog BHZ/R).

This proves Theorem 2.2. O

5. PROOFS OF THEOREMS 3.1 AND 3.3

5.1. We use the notation introduced in Section 3 and keep the assumptions
(3.1)~(3.6). Further, for L =", o, X; € Q[X1, ..., X,,]" and ¢ € G, we
put o(L) :=>""  o(a;)X;.

Fix a finite Galois extension K’ C Q of K such that all linear forms Lgv)
(v e S, i=1,...,n) have their coefficients in K’. Recall that for every
v € Mg we have chosen a continuation of || - ||, to Q. Thus, for every
v € My there is 7, € Gal(K'/K) such that ||ally = |7y ()& for
a € K’ where v is the place of K lying below v'. Put

(5.1) L'V =X, dy:=0forve Mg\ S,i=1,...,n
and then,
(52) L =MW, e o= d ) —— (diy — lid-v
7 v 7 ’ ) nte n s J
forv' € Mg, i=1,...,n,
(5.3) L= (LZ(U/): v e Mg, i=1,...,n),
' c:=(cp: VvV E€Mg,i=1,...,n),
and finally,
5
5.4 0= .
( ) n-+e¢
Clearly,
Clp =+ = Cp = 0 for all but finitely many v € Mg,

n
ZC]"U/ =0 for v e Mg

j=1
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Moreover, by (5.1), (5.2), (3.5), (3.4),
(5.5) ( Z lrglzagicm/) <1

By (5.1), (3.2) we have

(5.6) # |J L, LYY <RD +n.

v’ €M per
These considerations show that (2.4)-(2.10) are satisfied with K’ in place
of K, with the choices of L, ¢, from (5.1)—(5.4), and with RD + n in place
of R. Further,

5.7) Ac= [ ldet(Z, ...l = [T I det(ZS”, ... LI,

v' €My vesS

(5.8) H, = H L max | det(Liy, .-, Li,) o,
v'EMper

where UU,eMK,{LY”), o LS}’)} =:{Ly,...,L.}.

By (3.2) and the fact that conjugate linear forms have the same inhomo-
geneous height, we have

(5.9) max H*(L;) = H".

1<i<r

For v € Mg, 1 < iy < --- < i, < r we have, by Hadamard’s inequality if
v" is infinite and the ultrametric inequality if v is finite, that

” det<Li17 s 7Lin)||v’ < Dy Hmax(l, HLZHU’)
i=1
where D, := n"FRI2EQ if 4/ is infinite and D, := 1 if v/ is finite. Taking
the product over v' € Mg/, noting that by (5.1), (5.9), the set {L4,..., L.}
contains X, ..., X, which have inhomogeneous height 1, and at most DR

other linear forms of inhomogeneous height < H*, we obtain

(5.10) He <n"?H*(Ly)--- H*(L,) < n"/*(H*)PE.

The next lemma links system (3.7) to a twisted height inequality.
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Lemma 5.1. Let x € Q" be a solution of (3.7). Then with L, ¢, § as
defined by (5.1)—(5.4) and with

Q = H(x)*e/m
we have

Heeqlo(x)) < Alﬁ/nQ_‘s for o € Gg.

Proof. Let 0 € Gg. Put A, := 1 for v € Mg \ S. Pick a finite Galois
extension F of K containing K’ and the coordinates of o(x). Let w € Mg
lie above v/ € Mg+ and the latter in turn above v € M. In accordance with
(2.14) we define Lz(-w) = Lgv/), Ciw = d(w|v')c; for i =1,...,n. Further,
we put dy, := d(w|v)d;,, Ay, = A1) and we choose 7, € Gal(Q/K) such
that 7,|x = 7, and

(5.11) a]lw = [|70()]| 2 for a € E.
Then (5.1), (5.2) imply fori =1,...,n,

1 n
5.12 LW =79 LY), = — (di— = dju | -
( ) ) Tw ( 7 )7 c n Z J
If v € S, then from (3.7) it follows that

13 LD _ (LE“(w(x)h)dW) < A H(x)%,

lo () ITwo ()]l

while if v € S, we have A, = 1 and ng) =X;,dyw =0fori=1,...,n, and
so the inequality is trivially true. Finally, (3.5), (3.6), (5.7) imply
(5.14) SN diw=-n—c J[ Au=2a7"
wEME i=1 wEME
By our choice of @ and by (5.12), (5.13), we have
w —Ciw — w —Qw L o jw
1L @GN @ = L (060) ()=t B
< Ao (o)l H (x) i b,

By taking the product over w, using H(o(x)) = H(x), (5.14) and again our

choice of () we arrive at

Heeo(o(x)) < AY"H(x)m = AY"Q 0.
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In addition we need the following easy observation which is stated as a

lemma for convenient reference.

Lemma 5.2. Let m,m’ be integers and Ay, By, w,w' reals with By > Ay > 1,
W>Zw>1andm' >m >0, and let Ay, ..., A, be reals with Ay < A1 <
--- < A,,. Then there are reals By,..., B, with By < By < -+ < B, such

that
1, Ag) U (0 [Ah,A‘g)> C [1,Bo) U (O [Bh,B;;’>> .

h=1 h=1

Proof. Let S :=J;—, [An, A¥) U [A%, 00). It is easy to see that the lemma
is satisfied with B; the smallest real in S with B; > B, and B; the smallest
real in S outside 2;11 [Bh, B,“;/) forj=2,...,m. O

Proof of Theorem 3.1. We apply Theorem 2.1 with K’ instead of K, and
with £, ¢, d asin (5.1)—(5.4); according to (5.6) we could have taken n+ DR,
but instead we take 6(DR)? instead of R. Then by (5.10) the quantity Cj
in Theorem 2.1 becomes

Cl = max(Hé/(i(RD)Q,nl/‘;) < max <(nn/2(H*)RD)1/6(RD)2’ n1/5>
< (maX((H*)l/BRD7 nn/e))1+s/n _ HéJrs/n
and the upper bound for the number of subspaces ty in Theorem 2.1 becomes
1092201 + ne™1)? x
x log (18(1 4+ ne™")(RD)?) log ((1 + ne~ ') log(18(RD)?))
< 10922"nMe 3 log (35_1RD) log (5_1 log 3RD))

which is precisely the upper bound for the number of subspaces in Theorem
3.1.

Let x € Q" be a solution to (3.7) with H(x) > H, and put Q :=
H(x)*¢/*. Then Q > Cj. Moreover, by Lemma 5.1 and Theorem 2.1

we have

{0(x): 0 € G} C{y €Q": Hreoly) <AY"Q} C T,
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for some T; € {T1,...,T,,}. But then we have in fact, that x € T/ :=
Nyea, 0(Ti), which is a proper linear subspace of Q" defined over K. We
infer that the solutions x € Q" of (3.7) with H(x) > Hy lie in a union
T{U- - -UT}  of proper linear subspaces of Q", defined over K. This completes
our proof. O

Proof of Theorem 3.3. We apply Theorem 2.3 with K’ instead of K, with
L,c,dasin (5.1)-(5.4) and with 6(DR)? instead of R. An easy computation
shows that with these choices, the expressions for mg, wy in Theorem 2.3, are
bounded above by the quantities mi, w; from the statement of Theorem 3.3.
Further, Cy becomes a quantity bounded above by C’l1 T/m Now according
to Theorem 2.3 and Lemmas 5.1, 5.2, there are reals J1,...,Q,,, with
C’lHE/" < Qy <--- < Qpm, such that if x € Q" is a solution to (3.7) outside
the subspace T'= T'(L, c¢) from Theorem 2.3, then

m1

Q — H(X)1+€/n c |:17011+E/TL) U U [Q}” f;::l) )

h=1

So with H; := QEHE/")_I (i=1,...,my), we have
H(x) € [1,C) U ) [Hy H;") .
h=1

In fact, H(x) belongs to the above union of intervals if o(x) ¢ T for any
o € Gk, so in fact already if x & T" := ﬂaeGK
Q-linear subspace of Q" defined over K and T” is effectively determinable

o(T). Now T" is a proper

in terms of T. The space T in turn is effectively determinable and belongs
to a finite collection depending only on {LEU) c v € My, i =1,...,n},
so ultimately only on {LZ(-U) v €S, i=1,...,n}. Hence the same must

apply to T”. This completes our proof. O

6. NOTATION AND SIMPLE FACTS

We have collected some notation and simple facts for later reference. We
fix an algebraic number field K C Q and use v to index places on K. We
have to deal with varying finite extensions £ C Q of K and sometimes with
varying towers K C F C E C Q; then places on E are indexed by w and
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places on F' by u. Completions are denoted by K,, F,, F,, etc. We use
notation w|u, ulv to indicate that w lies above u, u above v. If w|v we put

d(wlv) :=[E, : K,]/|E : K].

6.1. Norms and heights. Let E be any algebraic number field. If w
is an infinite place of F, there is an embedding o, : E — C such that
| lw = |ow(-)|FeRI/IEQLTf 4 is a finite place of E lying above the prime

p, then || - ||, is an extension of | - |E“’ QB B

To handle infinite and finite places simultaneously, we introduce

(6.1) s(w) = [5;@] if w is infinite, s(w) := 0 if w is finite.

Thus, for z1,...,2, € E, ay,...,a, € Z, w € Mg we have

(62)  lawws + -+ ap@alw < Z’@z maX(Hfﬂlea-"aHanw)'
Let x = (1,...,x,) € E". Put
x|l == max(||z1||w, - - - |€n]|w) for w € Mg,

s = (S Jo ()])
i=1
w2 = (D o () [2) 2

i=1

for w € Mg, w infinite,

1xllw1 = [|1X||lw2 == [|X]|w for w e Mg, w finite.

Now for x € Q" we define
= I Ixlhes #1609 = [T Ixlhwts Ha(x):= ] [l
wEME wEMEg weMpg
where E' is any number field such that x € E". This is independent of the
choice of E. Then
(6.3)  n T Hy(x) <n Y2Hy(x) < H(x) < Hy(x) < Hy(x) for x € Q"

The standard inner product of x = (z1,...,2,), ¥y = (Y1,...,Yn) € Q" is
defined by x-y = > | z;3;. Let again E be an arbitrary number field and
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w € Mpg. Then by the Cauchy-Schwarz inequality for the infinite places

and the ultrametric inequality for the finite places,

(6.4) 1% Yllw < [Xllwz - |¥ w2 forxy e £ we Mp.

If P is a polynomial with coefficients in a number field £ or in Q, we de-
fine ||P|lws [Pllwis |P|lwe2, H(P), Hi(P), Hy(P) by applying the above
definitions to the vector x of coefficients of P. Then for P,...,P. €
E[Xy,...,X,], w € Mg we have

(65) “PI + -+ Pr”w,l < Ts(w) maX(HPIHw,lv ey HPTH’LU,1)7
le e Per,l < ”Pluw,l T HPTHw,l'

6.2. Exterior products. Let n be an integer > 2 and p an integer with
1 <p<mn PutN:= (Z) Denote by C(n,p) the sequence of p-element
subsets of {1,...,n}, ordered lexicographically, i.e., C(n,p) = (I1,...,Iy),

where
L={1,....p}, L={1,....p—1,p+1},...,
Ingy={n—pn—p+2,....n}, In={n—p+1,...,n}.
We use short-hand notation I = {i; < --- < i,} for a set I = {iy,...,3,}
with 4; < --- <.

We denote by det(a;;); =1,., the p X p-determinant with a;; on the i-
th row and j-th column. The exterior product of x; = (z11,...,%1),-- -,
Xp = (Tp1, ..., Tpn) € Q" is given by

X1 /\"'/\Xp = (Al,...,AN),
where
Ay = det(wiy, )ij—1,...p,
with {iy < --- < i,} = I, the [-th set in the sequence C(n,p), for | =
1,....N.

Let x4, ...,x, be linearly independent vectors from Q" Forl=1,...,N,
define x; := x;; A -+ AX;,, where I; = {i; < --- < ip} is the [-th set in
C(n,p). Then

(6.6) det(®r,. .. %) = £ (det(xr, .. %)) G=2)
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Given a number field E such that x;,...,x, € £ we have, by Hadamard’s
inequality for the infinite places and the ultrametric inequality for the finite
places,

(6.7) X1 A AXpllwe < Xallwz - [1%pllw2 for w e Mp.
Hence

(6.8) Hy(xy A+ Axp) < Ho(x1) - - - Ha(x,) for x1,...,%, € Q"

The above definitions and inequalities are carried over to linear forms by
identifying a linear form L = " a;X; = a- X € Q[Xy,..., X,]'"" with

j=1
its coefficient vector a = (aq,...,a,), e.g., || L||w := ||allw, H(L) := H(a).
The exterior product of L; = 2?21 a; X; = a;- X € Q[X1,..., X" (i =
1,...,p) is defined by

Ll/\"'/\LpZ:A1X1+“‘+ANXN,

where (A;,...,Ay) = a; A--- A a,. Analogously to (6.8) we have for any
linear forms Ly, ..., L, € Q[Xy,..., X,]"™ (1 < p < n),

(6.9) Hy(Ly N+ ANLy) < Ho(Ly) - - - Ho(Ly).
Finally, for any Ly,..., L, € Q[X1,..., X", x1,...,%, € Q", we have
(6.10) (L Ao A Lp)(x1 A Axp) = det(Li(x)))1<i,j<p-

6.3. Heights of subspaces. Let T be a linear subspace of Q". The height
H,y(T) of T is given by Hy(T) :=1if T = {0} or Q" and

HQ(T) = HQ(Xl VANRRIVAY Xp>
if 7" has dimension p with 0 < p < n and {xy,...,x,} is any basis of 7. This

is independent of the choice of the basis. Thus, by (6.8), if {xy,...,x,} is
any basis of T',

(6.11) Ho(T) < Ho(x1) - - Ha(x,).

By a result of Struppeck and Vaaler [30] we have for any two linear subspaces
T17 T2 of @na
(612) max (H2<T1 N TQ), HQ(Tl + TQ)) HQ(Tl N TQ)HQ(Tl + TQ)

<
< Hy(Th)Ho(Th).
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Given a linear subspace V of Q[X1,..., X,,]", we define Hy(V) := 1 if
V = {0} or Q[Xy,..., X, )™ and Hy(V) := Hy(Ly A --+ A L,) otherwise,
where {Ly,...,L,} is any basis of V.

Let T be a linear subspace of Q. Denote by T the Q-vector space of
linear forms L € Q[X1, ..., X,,]™ such that L(x) = 0 for all x € 7. Then
(120, p. 433)

(6.13) Hy(T+) = Hy(T).
We finish with the following lemma.

Lemma 6.1. Let T be a k-dimensional linear subspace of Q". Putp :=
n—k. Let {g1,....gn} be a basis of Q" such that {g:,..., gk} is a basis of
T.

Forj=1,...,N, putg; :=gi, N---Ng;,, where {i; <--- <ip} = I; is the
j-th set in the sequence C(n,p). Let T be the linear subspace of@N spanned
by g1,...,8n_1. Then

A~

HQ(T) = HQ(T>'

Proof. Let Li,...,L, € Q[Xi,...,X,]™ such that for i,j = 1,...,n we
have L;(g;) = 1 if i = j and 0 otherwise. Then {Lj11,..., L, } is a basis of
T+. Moreover, by (6.10), we have

(L1 Ao A Ly)(8y) =0

for j =1,...,N —1. Hence Lp.1 A--- A L, spans TL. Now a repeated
application of (6.13) gives

Hy(T) = Hy(T) = Hy(Lysr A+ A Ly) = Hy(T) = Ho(T).

7. SIMPLE PROPERTIES OF TWISTED HEIGHTS

We fix tuples £ = (Lg”) v EMg,i=1,....,n),c=(¢p: v E Mg,i=
1,...,n) satisfying the minimal requirements needed to define the twisted
height Hy ¢, that is, (2.4)-(2.7). Further, Az, H. are defined by (2.11),
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(2.12), respectively. Write UUGMK{L?’), e LS’)} = {Ly,..., L}, and let

dy,...,d; be the non-zero numbers among
Then
(7.2) [T max(ldilo, .- lldillv) = He.
vEMK
Clearly,
. ”dldtHv
min(|[dyfo; - .., [|dells) = -
1;[[ t 1} (max([dillor - [di]lo))"
and so, invoking the product formula and ¢ < (;),
. (7
(73 IT winlidsller . i) > e .

veEMp

Consequently, for the quantity A, given by (2.15) we have

(7.4) oW <AL < He

—n

Lemma 7.1. Put 0 := Y\, max(cry,...,Cn). Let @ > 1, x € Q'
x # 0. Then

T

Hll,c,Q<X> 2 nleg(n) Qfe.

Proof. Let E be a finite extension of K with x € E™. Assume without loss
of generality that Ly,..., L, (from {L4,..., L.} defined above) are linearly
independent, and put 6, := det(ng), e L,(f”)) for w € Mpg. Note that also
Y e M, MaX; iy = 0. We may write
L; = Z’yiijéw) forwe Mg,1=1,...,n,
j=1

with 7,j,, € K. By Cramer’s rule, we have v;j,, = 0;juw /0w, Where d;j,, is the
determinant obtained from ¢, by replacing ng) by L;. So d;;,, belongs to
the set of numbers in (7.1). Further, [T, cas, [[0wllw = Az. Now (7.4) gives

max [yl < A7 He < HYY,
1<,5<n
weEME
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Put y := (Li(x),..., Ly(x)). Then, noting that y # 0,

< Hy) <ol TT max 17
weEMEg
0 —Ciw () 0
< nliQ [ max )L (0l.@ nH " Q' Heco(x).
IUEME
This proves our lemma. |

Lemma 7.2. let 0, (v € Mg ) be reals, at most finitely many of which are
non-zero. Put © := 3 \  0,. Defined = (dj, : ve€ Mg, i=1,...,n) by
diy == Cpy — 0, forve Mg, 1=1,....,n

(i) Let x € Q", Q > 1. Then

Heaq(x) = Q°Hreq(X).
(ii) Let U be a linear subspace of Q. Then
wea(U) =we(U) —O©dim U.
(i) T(L,d) =T(L,c).

Proof. (i) Choose a finite extension E of K with x € E™. In accordance with
our conventions, we put 6, := d(w|v)0, if w € Mg lies above v € M; thus,
> werty Ow = Dvenry Ov- The lemma now follows trivially by considering
the factors of the twisted heights for w € Mg and taking the product.

(ii) is obvious, and (iii) is an immediate consequence of (ii). O

For L € Q[X1,...,X,]"™ and a linear map
Q @m —)@n : (.Tl,...,.l’m) —> (Zaljxj,...,Zanjxj)
j=1 j=1
we define Lo p € Q[X1,..., X,,J" by

Log:=L() a;Xj,....,> anX
j=1 j=1

If L € K[Xy,...,X,)"™ and ¢ is defined over K, i.e., a;; € K for all 4, j, we
have Loy € K[Xy,...,X,,]'"™. More generally, for a system of linear forms
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ﬁ:(LE”); veE Mg,i=1,...,n) weput Lo := (Ll(-v)ogpz veE Mg, i=
1,...,n).

Lemma 7.3. Let (L, c) be a pair satisfying (2.4)~(2.7), and ¢ : Q"' =-Q"

an invertible linear map defined over K.

(i) Let x €Q", Q = 1. Then Hropeo(X) = Hreop(x)).

(i) Let U be a proper linear subspace of Q. Then weop.e(U) = we.o(p(U)).
(i11) Let T(Lop,c) be the subspace defined by (2.21), but with Lo ¢ instead
of o. Then T(L o p,c) = YT(L,c)).

() Aoy = Az, Hpop = Hy.

Proof. (i), (ii) are trivial. (iii) is a consequence of (ii). As for (iv), we have
by the product formula that

Ao =TT (Idette)lo- ldet(LE,. L)L) = Ac

vEME

and likewise, Hpo, = H. O

Remark. A consequence of this lemma is, that in order to prove Theorem
2.3, it suffices to prove it for £ o ¢ instead of £ where ¢ is any linear
transformation of Q" defined over K. For instance, pick any vy € My and
choose ¢ such that LE”O) op = X, fori=1,...,n. Thus, we see that in
the proof of Theorem 2.3 we may assume without loss of generality that
LEUD) =X, fori=1,...,n. It will be convenient to choose vy such that v

is non-archimedean, and ¢; ,, =0 for i =1,...,n.

8. AN INTERVAL RESULT IN THE SEMISTABLE CASE

We formulate an interval result like Theorem 2.3, but under some addi-

tional constraints.

We keep the notation and assumptions from Section 2. Thus K is an
algebraic number field, and n, £ = (Lg”) v € Mg,i=1,...,n), c =
(Cip: v € Mg,i=1,...,n), d, R satisfy (2.4)—(2.10). Further, we add the

condition as discussed in the above remark.
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The weight w(U) = w, ¢(U) of a Q-linear subspace U of Q" is defined by
(2.20). In addition to the above, we assume that the pair (£, c) is semistable,
that is, the exceptional space T' = T'(L, ¢) defined by (2.21) is equal to {0}.

For reference purposes, we have listed all our conditions below. Thus,
K is an algebraic number field, n is a positive integer, d, R are reals, £ =

(LE”) v € Mg,i=1,...,n) is a tuple of linear forms and ¢ = (¢;, : v €
Mg, i=1,...,n) is a tuple of reals satisfying the following conditions:
(8.1) R>n>2 0<6<1,
(8.2) Cly =+ = Cpy = 0 for all but finitely many v € M,
(8.3) ch =0 for v € M,
i=1
(8.4) Z max(Cry, -+, Cpy) < 1,
UEMK
(8.5) L e K[Xy,..., X, ™ forve Mg,i=1,...,n,
. ,...,Lpn ;18 linearly independent for v € My,
(8.6) (L', ..., LY} is linearly independent f M
(8.7) # U Ly <R
veEMK

there is a non-archimedean place vg € M such that

8.8
(8.8) CmO:O,LEUO):Xiforizl,...,n,

(8.9) w(U) < 0 for every proper linear subspace U of Q"

Notice that (8.9) is equivalent to the assumption that the space T' defined
by (2.21) is {0}.
Theorem 8.1. Assume (8.1)~(8.9). Put

my = [61n°22"6 2 log(22n?2"R/J)],
(8.10) { Wy = mg/z7 Oy = (2H£)m§m2.

Then there are reals Q1, ..., Qm, with

Cy < Q1< <Qmy
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such that for every Q > 1 with
(8.11) {x€Q": Heeo(x) <Q°} # {0}
we have Q € [1,Cs) U2, [Qn, Q52).

The factor Alc/ " occurring in (2.24) has been absorbed into Cy. Theorem
8.1 may be viewed as an extension and refinement of a result of Schmidt on
general Roth systems [21, Theorem 2].

Theorem 8.1 is proved in Sections 9-14. In Sections 15-18 we deduce
Theorem 2.3.

We outline how Theorem 2.3 is deduced from Theorem 8.1. Let again T' =
T(L,c) be the exceptional subspace for (£,c). Put k := dim 7. With the
notation used in Sections 15-18, we construct a surjective homomorphism
¢ Q" — @n_k defined over K with kernel T, a tuple £ := (LEU)” LV E
Mg,i=1,....,n—k)in K[X1,..., X, x]"™ and a tuple of reals d = (d;, :
v € Mg,i=1,...,n—k) such that (L",d) satisfies conditions analogous
to (8.1)—(8.9) and

Henao(¢" (X)) <€ Heeo(x) forx €@, Q > O,

where ' = Q™. Then Theorem 8.1 is applied with £” and d.

An important ingredient in the deduction of Theorem 2.3 is an upper
bound for the height Hy(T') of T'. In fact, in Sections 15,16 we prove a limit
result for the sucessive infima for H.g (Theorem 16.1) where we need
Theorem 8.1. We use this limit result in Section 17 to compute an upper
bound for Hy(T'). In Section 18 we complete the proof of Theorem 2.3.

9. GEOMETRY OF NUMBERS FOR TWISTED HEIGHTS

We start with some generalities on twisted heights. Let K be a number
field and n > 2. Let (£, c) be a pair for which for the moment we require
only (2.4)-(2.7).

For A € Ry define T(Q,\) = T(L,c,Q,\) to be the Q-vector space
generated by

{x€Q": Heegq(x) <AL
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We define the successive infima \;(Q) = X\i(L,¢,Q) (i=1,....,n) of Heco
by

Ai(Q) == 1inf{\ € Ry : dimT(Q, \) > i}.

Since we are working over (Q, the successive infima need not be minima. For

1=1,...,n, we define
T(Q) =Ti(L,c,Q) = [ T(QN).
A>0(Q)

We insert the following simple lemma.

Lemma 9.1. Let (£, c) be any pair with (2.4)~(2.7), and let Q > 1.

(i) The spaces T1(Q), ..., T,(Q) are defined over K.

(i) Let k € {1,...,n — 1} and suppose that \e(Q) < Ap41(Q). Then
dim T, (Q) =k and T(Q, \) = Ti(Q) for all X with A\,(Q) < A < Ap41(Q).-

Proof. (i) Lemma 4.1 implies that for any A € R.g and any 0 € Gi we
have o(T(Q,\)) = T'(Q, A). Hence T'(Q, A) is defined over K. This implies

(i) at once.

(ii) From the definition of the successive infima it follows at once that
dimT'(Q, ) = k for all A with A\¢(Q) < A < Ap41(Q). Since also T'(Q, \) C
T(Q,N) if A < X this implies (ii). O

The quantity A, is defined by (2.11). We recall the following analogue
of Minkowski’s Theorem.

Proposition 9.2. Let again (L, c) be any pair with (2.4)~(2.7). Put

o= 3 Y e

vEME 1=1

Then for (Q > 1 we have
(9.1) nTPALQTY S M(Q) - A(Q) < 27 EALQT
In particular, if o« =0, then

(9:2) nPAL < A(Q) - A(Q) <27 TVPAL



IMPROVEMENT OF THE QUANTITATIVE SUBSPACE THEOREM 37

Proof. This is a reformulation of [11, Corollary 7.2]. In fact, this result
is an easy consequence of an analogue over Q of Minkowski’s Theorem on
successive minima, due to Roy and Thunder [16]. Using instead an Arakelov
type result of S. Zhang [32], it is possible to improve 2""~1/2 to (cn)" for
some absolute constant ¢, but such a strengthening would not have any

effect on our final result. O

From now on, we assume that n, §, R, £, ¢ satisfy (8.1)—(8.9). We consider
reals ) with

where Cj is given by (8.10), and with (8.11), i.e.,
(9.4) M(Q) <Q™°

Our assumptions imply a = 0, and so (9.2) holds. We deduce some conse-

quences.

Lemma 9.3. Suppose n,0, R, L, c satisfy (8.1)~(8.9) and Q satisfies (9.3),
(9.4). Let iy,..., 1, be distinct indices from {1,...,n}. Then

Q7 3 <A (Q) A (Q) < QU3

Proof. Write \; for A\;(@). Lemma 7.1 and the conditions (8.7) (i.e., r < R),
(8.4) and (9.3) imply

_(R
)\1 2 n*lHﬁ (n)Q*l 2 Q*lfl/(&n).

This implies at once the lower bound for A;, ---\;,. Further, by (9.2), the
upper bound for A, in (9.4) and again (9.3),

1
Aiy o Ay, < 2"(n71)/2A[;)\’1’7n < 2”("71)/2[15)\71’7" < QP e,
0J

Lemma 9.4. Suppose again that n, R, 6, L,c satisfy (8.1)—(8.9), and that
Q satisfies (9.3), (9.4). Then there is k € {1,...,n — 1} such that

(@) < Qia/(nfl))\kﬂ(Q)-
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Proof. Fix @ with (9.3),(9.4). Write \; for A\;(Q), for i = 1,...,n. Then by
(9.2), the lower bound for A, in (7.4) and (9.4), (9.3),

R 1/(n-1)

)\n > (n—n/2Aﬁ/\1—1)1/(n_1) 2 (n_n/QHz( )Qé) 2 1.

Take k € {1,...,n — 1} such that \g/A\¢;; is minimal. Then

1/(n-1)
M ( A ) < A/ ¢ s/,
>\k+1 >\n

10. A LOWER BOUND FOR THE HEIGHT OF THE k-TH INFIMUM
SUBSPACE

Our aim is to deduce a useful lower bound for the height of the vector
space Ti(Q), where k is the index from Lemma 9.4. It is only at this point

where we have to use our semistability assumption (8.9).

We need some lemmas, which are used also elsewhere. We write in the
usual manner
U {Lgv)’ LWy =ALy, ... L}
veEMK

The quantity H, is given by (2.12).

Lemma 10.1. Assume that L contains X1, ..., X,. Let{dy,...,dy} be the
set consisting of 1, all determinants det(L;,,...,L;) (1 <i3 < -+ <1y, <
r), and all subdeterminants of order < n of these determinants. Then

[T max(idillo. .- Idmllo) = He.

vEM g

Proof. Pick indices 1 < i1 < --- < 1, < r. Each of the subdeterminants

of det(L;,,...,L;,) can be expressed as a determinant of n linear forms
from L;,,..., L;,, Xq,...,X,. Since Xy,...,X,, € {Ly,...,L,}, these sub-
determinants are up to sign in the set of determinants det(L;,...,L;,)

(1<id; <---<i,<r). Now the lemma is clear from (2.12). O
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Lemma 10.2. Let L, c satisfy (2.4)~(2.7), and suppose in addition that
L contains Xq,...,X,. Let T be a k-dimensional linear subspace of Q"
and {g1,...,8k} a basis of T. Let E be a finite extension of K such that
g, € E" fori=1,... k.

Let 0y, ...,0, be the distinct non-zero numbers among

det(L;,(85))ij=1,.x (1 <ip < -+ <ip <7).

Then

1/2
n
00.1)  IT max(lOul o) < () He - (D)

weME
1/2 1-(;)
(10.2) H min(||61[|w, - - -5 |Oullw) = ((n) H - HQ(T)> .
) Y k'

weME

Proof. For w € Mg, put
Gw = Hgl ARRA gk”w,27 Hw = HlaX(Hlew, ) Hdew)v

where {dy,...,d,} is the set from Lemma 10.1. Thus,

(10.3) I[ Go=H(1). ][] Ho=He

weME weME

Let {L;,,...,L; } be a k-element subset of {Ly,...,L,}. Then the co-
efficients of L;, A --- A L; (being subdeterminants of order k) belong to

{di,...,dn}.
Now (6.10), (6.4) imply for w € Mg,

| det (Li, (&) 1<y jap llw = [I(Liy A= ALy ) - (@A Agi)lw
< Ly A AL w2 - [|[80 A A grllw,2
s(w)/2
n
< (1) e
By taking the maximum over all tuples i1, ..., 7; and then the product over

w € Mg, and using (10.3), inequality (10.1) follows.
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By the product formula,

i 161 - - - Oullw
min([|01]lw, .- [0ullw) =
1 1 wgl@ max ([0, - [[Gufl)

weMEg
1—u
= ( H maX(||01||wa7”0U||w))

IUEME

and together with (10.1), v < (}) this implies (10.2). O
We now deduce our lower bound for the height of the vector space Tj(Q).

Lemma 10.3. Let n, R, 0, L, c satisfy (8.1)~(8.9) and let Q) satisfy (9.3),
(9.4). Further, let k be the index from Lemma 9.4. Then

Hy(T(Q)) = Q.

Proof. Put T :=T}(Q) and \; := \(Q) for i =1,... n.

Let v € Mg. Choose {i1(v),...,ix(v)} C {1,...,n} such that the linear
forms LE?ZU), . ,LE:gv) are linearly independent on 7" and

k
wy(T) = Z Ciy(v)0-
1=1

Then by assumption (8.9),

k
Z Zcz’l(v),v = ’lU(T) < 0.

’UEMK =1
Given any finite extension E of K and w € Mg, define i;(w) := 4 (v) for
Il =1,...,k, where v is the place of K below w. Then by (2.3), (2.14) we
have

k
(10.4) > ) i <0.
weMp I=1
Choose ¢ such that
(10.5) 0<e<l, (14 e) M < Agia-
Then there are linearly independent vectors g1,...,gx € T such that
(10.6) Hreo(gj) < (L4+¢e)\; forj=1,... k.
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Let E be a finite extension of K such that g; € E" for j =1,..., k. Put
Hy = mix |87 (g),Q ™ for w € My, j = 1,... .
Thus,

(10.7) 1L (g))lw < HjwQ for w € Mp, i=1,....n, j=1,....k.

For w € Mg, put

-—_ (w)
0, := det (Lil(w)<gj)>1<l,j<k'

We estimate from above and below [ ], ¢/, [0 (|- We start with the upper
bound. Let w € Mg. First, by (10.7), the triangle inequality if w is infinite
and the ultrametric inequality if w is finite,

||9w||w g (k!)S(w)le T kaQZle Ciy(w)w
By taking the product over w € Mg and inserting (10.6), (10.4),

k .
(108) T] 10ulle < KHeco(g) - Heoo(ge)@Evers X it

weMEg

< k(T4 A A < 28RN - g
By Lemma 9.4 and (10.5) we have

(A -+ )\k)k/n(Q—a/(n_1)>\k+1)k(n—k)/n

< Q—k(n—k)é/n(n—1)<)\1 . )\n)k/n

Applying (9.2) and using the upper bound in (7.4) for A, we obtain
A M < 2k(n71)/2AZ/"ka(nfk)é/n(nfl) < 2k(n71)/2Hz/ank(nfk)5/n(nf1)

)

and inserting the latter into (10.8) and using assumption (9.3) leads us to
the upper bound

IT 16l <@

wEMEg

From (10.2) we conclude at once

IT 16l > ((Z) UQH[;.HQ(T)) _

weME
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and a combination with the upper bound just established and again our
assumption (9.3) gives Hyo(T) = Q%/3F" | as required. O

11. INEQUALITIES IN AN EXTERIOR POWER

Letting @ be a real with (9.3), (9.4), k the index from Lemma 9.4, and
N = (Z), we construct N — 1 linearly independent vectors ﬂl(Q), o
ﬁN_l(Q) e A\vRQ" @N satisfying an appropriate system of inequalities.
The construction is similar to that of [11]; the basic tool is Davenport’s

Lemma.

In the subsequent sections, Theorem 8.1 is proved by applying the Roth
machinery to our system of inequalities. More precisely, we recall a non-
vanishing result in Section 12, and construct a suitable auxiliary polynomial
P in Section 13. Assuming Theorem 8.1 is false, we show that the non-
vanishing result is applicable to P, and with the inequalities derived in the
present section and the properties of P we derive a contradiction.

We start with recalling [11, Lemma 6.3].

Lemma 11.1. Let F' be any algebraic number field and A, (v € Mp) posi-
tive reals such that

A, =1 for all but finitely many u € Mp; H A, > 1
UEMF

Then there exist a finite extension E of F', and o € E*, such that
||| < Ay for w € Mg,

where we have written A,, ‘= Aﬁ(wM, with u the place of F below w.

We keep the notation and assumptions from sections 8,9. Thus, n > 2, K
is an algebraic number field and £, ¢, R, 0 satisfy (8.1)—(8.9). We fix a real
number ) > 1. Temporarily, we write \; for the i-th successive infimum
Xi(Q) of Heeg (i =1,...,n). For asubset S of Q", we denote by spanS
the Q-vector space generated by S.

Let vy be the place from (8.7). Given a finite extension E of K, we write
w € Mg, w|vg to indicate that we let w run through all places of E lying
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above vy, and w € Mg, w { vy to indicate that we let w run through all

places of E not lying above vy.

Choose € > 0 such that

(1+ €)%\ < Ay for each ¢ with \; < \iiq,
(11.1) 1 2 2

(I+e)"tt.n-2" < 3™,
Then choose linearly independent vectors g1, ..., g, of Q" such that
(11.2) Hreq(gi) < (1+3e)\ fori=1,.

Lemma 11.2. There exist a finite extension E of K, and scalar multiples
gl ., 8 of 81,...,8n, respectively, having their coordinates in E, such
that

(11.3) |IL" < Dl <n=@Q (1,7 =1,...,n, w € Mg, w{w),
(11.4) LM () e < (14 ;)™ ““<¢,j=1,...,n,weME,w|vo>.

Proof. Choose a finite extension F' of K such that gy,...,g, € F". For
je{l,...,n}, put

. -1
n*S(“) . (max ”L ( j)HuQ*Ciu (u S MF7 U'T'UO),

1<i<

A =14 (n(l+e (i) -1
j (¥ - Hc,c,Q<gj>) - (max e <gj>|ru)

1 + 55 1<K

(u € Mp, u | vg).

Notice that for j = 1,...,n, at most finitely many among the numbers Aj,
(u € Mp) are # 1, and [],cps,. Aju > 1. So we can apply Lemma 11.1 and
obtain that there are a finite extension E of F, and «y,...,q, € E*, such
that

ajllw < Ajy for w e Mg, j=1,...,n,
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Ad(w|u)

where we have written Aj, := A;, ", with u the place of I below w. As

is easily seen, we have for j = 1,...,n, that
-1
) (s I @)@ ) (w0 € M, )

L d(w|vo) -1
Aju = 4 (M.HL,C,Q@) '<max||L£w><gj>||w)

1+ %5 1<i<n

(w € Mp, w| vy).

Together with (11.2) this implies that g’ := a;g; (j = 1,...,n) satisfy
(11.3), (11.4). 0

Lemma 11.3 (Davenport’s Lemma). There ezist a finite extension E of K,
a permutation ™ of {1,...,n}, and vectorsh; =h;(Q) € E" (j =1,...,n),
with the following properties:

(11.5) span{hy,...,h;} =span{gi,...,g;} forj=1,...,n,

(11.6) || ()]l < n5™Q% (4,5 =1,...,n, w € Mg, w{ vp),
w n2 . d(w|v0)

(11.7) LS ()l < (37 min(, A,))

(i,7=1,...,m, w € Mg, w | vy).

Proof. The proof is the same as that of [11, Lemma 9.2], except for some

small modifications.

In fact, starting with g, ..., g,, we construct scalar multiples g}, ..., g/
as in Lemma 11.2. Then [11, (9.17),(9.18)] hold, but with the vectors
g1,...,8, being replaced by gi,...,g,, and the numbers Q%», (1 + ¢)\;
by n=*® Q%% and (1+¢)n);, respectively, for i,j = 1,...,n. We then copy
the proof of [11, Lemma 9.2]. Here we have to use (11.1) instead of [11,
(9.15)]. This yields vectors hy,..., h, satisfying (11.5), (11.6) and (11.7)
with 2°n(1 4 )"*! instead of 3"°. Together with our assumption (11.1)
this implies our Lemma 11.3.

In the proof of [11, Lemma 9.2], the tuples £ = (LEU) v € Mg,i =
1,...,n) under consideration satisfy, in addition to (8.7), (8.8), the fol-
lowing conditions: | det(L{”,... L), = 1 for v € M, and L =
D CT LY = X, for all but finitely many v € Mg. But these conditions

are not used anywhere. O
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Let @ be a real with (9.3),(9.4) and let k € {1,...,n — 1} be the index
from Lemma 9.4. That is, () satisfies

(11.8) Q>Cy M(Q)<Q,
(11.9) M(Q) < Q7 IN1(Q).

Put N := (}). Let C(n,n—k) = (I1,...,In) be the sequence of (n — k)-
elements subsets of {1, ...,n}, arranged in lexicographical order. Thus, I; =
{1,...,n—k}, L={1,...,n—k—1,n—k+1},... . Iny ={k,k+1,... ,n},
IN:{IC+1,,TL}

Let h; = h;(Q) (j = 1,...,n) be the vectors from Lemma 11.3. For
v€E Mg,j=1,...,N, define
(11.10) LY =LA ALY

(1L11)  hy=h(Q) :=h,(Q) A---Ah;_(Q),
(11.12) v =55(Q) == Ay (Q) -+ As, (Q)

Cjo *= Cigp T+ iy,

where [; = {iy < -+ < i,—%}. The permutation 7 from Lemma 11.3
induces a permutation 7 of {1,..., N}, such that if I, = {i1,... in_x},
then Iz(;) = {n(i1),...,m(in—x)}. In the usual manner, we write

T _ 7@ o~ -~
(11.13) LV =L;", G = d(wlv)e;,

for any place w of any finite extension of K, where v is the place of K below
w.

Let E be the finite extension of K from Lemma 11.3. By (6.10), (11.6),
(11.7) we have for w € Mg, i,7=1,..., N,

(11.14) L& (Bl = [[det (L7 (0g)), ) oyl

< { ((n = k)!)> =R Qe < QO if w f v,

3"3 min (Vﬁ—l(i), I/%—1(j)) if w | Vo,

where [; = {iy < -+ <ipi}, [ ={j1 < - < Jn-i}
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Our concern is about the points ﬁl,...,ﬁN_l. Define the quantities
Civn(Q) (1 =1,...,N) (so depending on @ (!)) by

(11.15) GFo(@ = { 3"2’/%-1@)(@ if #1(i) # N,
3" VN—l(Q) if %71(2) = N.

Next, define

(11.16) Ciw(Q) = d(w]v0)Ti 0 (Q)

if w is a place of some finite extension of K lying above vy.

Now (11.14) implies fori =1,...,N,57=1,...,N — 1,

{ IZ{”) ()
IZ{” ()

Q% (w € Mg, wtuv),
Qi (@) (w € Mg, w| v).

|w

[l <
(11.17)
[l <

|w

We may take the same finite extension E of K as in (11.14) but in fact,
in view of (11.13), (11.16), we may take for E any finite extension of K
that contains the coordinates of ﬂl, o ,EN_I. It is a feature of our new
approach, as opposed to [11], that it allows to handle exponents ¢;,(Q)
which vary with Q.

We have collected some properties of the exponents €y, ., (Q).

Lemma 11.4. Let Q be a real with (11.8), (11.9). Put N := (}). Then

k
N
(11.18) Z/c}v =0 forve Mg\ {v},
i=1
(11.19) [max |Civ] < (n—1) max ci forve Mg\ {vo},
(11.20) > max |G| <n -1,
’UGMK\{UQ}
N
(11.21) > Gu(@) < —6/n,
i=1
(11.22) max [¢;.,(Q)| < n.

1<i<N
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Proof. (11.18), (11.19) and (11.20) are easy consequences of (11.10), (8.2)-
(8.4) and the choice of vy: (11.18) is immediate, for (11.19) observe that

o] = max | Y i, Y e | <(n—1) 1max C,
S iglj
and for (11.20) take the sum over v and apply (8.4). We prove (11.21).
Write again \;, v; for \;(Q), v;(Q) and put N’ := (n:il) Notice that by
(1112), UnN_1 = >\k)\k+2 N ')\N, VN = /\/H-l N ')\N. Together with (1115),
(9.2), Lemma 9.4, (11.9), (11.8) this implies

N = n
QX= %@ = gnNy vn(Vn-1/VN)
- 3n3N()\1 T >\n>N/()‘k//\k+1)
< 3n3N2n(n—1)N’/2Q—5/(n—1) < Q—J/n‘

We finish with proving (11.22). let i € {1,...,N}. By (11.12), (11.15)

we have

Q0@ =37 ), ...\

ln—k
for certain disctinct indices i1, ..., i, € {1,...,n}. Together with Lemma
9.3, (11.8), this implies

3

QIEi,uO(Q)\ <3VQM 2 < QM

[N

O

Next, we prove some properties of the linear forms /[:Z(U). For v € Mk,
denote by ﬁv the matrix of which the j-th row consists of the coefficients of
Egv)7 forj =1,..., N. The inhomogeneous height of aset S = {a, ..., a5} C
Q is given by H*(S) := [[,enr, max(L, lailfw, - .-, [|as]lw) Where E is any
number field containing S. If Ay,..., A,, are matrices with elements from
Q, we denote by H*(Ay,..., A,,) the inhomogeneous height of the set of

elements of Aq,..., A,,.

Lemma 11.5. Let A\l, o ,A\s be the distinct matrices among 21, (v € Mg).
Then

~

H*(A7Y,...,A;Y) < HE".
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Proof. Write UveMK{L?), . ,L%v)} ={Ly,...,L.}; then r < R. For i =
1,...,s, let B; := (det X,)E;l For v € My, put 6, := det(Lgv), .. ,LSJ)),
and let 0y, ..., 0, be the distinct numbers among d, (v € Mk).

Thanks to assumption (8.8), we can apply Lemma 10.1. For v € Mk,
the elements of the matrix (det A,)A;! are up to sign the coefficients of
Lgf) RERWA LZ(-Z) for all k-element subsets {i; < --+ < ix} of {1,...,r}, and
so are up to sign among the set {dy,...,d,,} from Lemma 10.1. Hence

H*(Bi,...,B,) < H.

By (6.6), we have detzzl\,, = 6N for v € My, where N’ := ( ol ) Now a

n—k—1
combination of (7.3) and the inequality just established gives

HY(AT',... A7) < Hpe [] max||s ;™
veMKzézéu

HlllJrN/((n)fl) < Hgn.

This proves our lemma. O

Lemma 11.6. Suppose Q) satisfies (11.8), (11.9) and put N := (Z) Let
f(@) be the Q-vector space spanned by the vectors ﬁl(Q),...,ﬁN,l(Q).

Then
Hy(T(Q) > Q7.
Proof. Put T := Tr(Q), T .= f(@) We have seen that T is spanned by

hy(Q), ..., hg(Q). So we may apply Lemma 6.1. Now this lemma together
with Lemma 10.3 gives Ho(T) = Hy(T) > Q%/*F". O

12. A NON-VANISHING RESULT

Let N, m be integers > 2. Below, i, j will denote mN-tuples (ip; : h =
L...om,j=1,...,N), (Ju: h=1,...,m,j=1,...,N) of integers, and

i+ j their componentwise sum/difference.
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We consider polynomials P € Q[Xy,...,X,,] = Q[Xu1,...,Xmn] in m
blocks of N variables X;, = (Xp1,..., Xpy) (h=1,...,m). Such a polyno-
mial P is expressed as

m N
(12.1) P=> a(jX with X =] x%"
j h=11=1

where the sum is over a finite set of tuples j € ZZy', and where a(j) € Q.
For a polynomial P as above and for i € ZZ§ we define

Thus, if P is given by (12.1), then

(12.2) P = Z(irj>a(i+j)xj,

j

i+j TN i+
h — hl hl .
W() hHlH( N

We say that P € Q[Xj,...,X,,] is multihomogeneous of degree (ry,...,7)

if it is homogeneous of degree 7, in block X, for h = 1,...,m, i.e.,ifin (12.1)
the sum is taken over tuples j € Z;”év with Ef\il ju=rpforh=1,... m.
We write points in @mN as (X1,...,Xy), where x1,...,X,, € @N.

The height Hy(P) of P € Q[X4,...,X,,] is defined as Hy(ap), where ap
is a vector consisting of the non-zero coefficients of P.

Let T be a finite dimensional Q-vector space and B a positive integer.
By a grid of size B in T' we mean a set of the shape

d
{inal-: x; €7, |xy| <Bfori:1,...,d}
i=1

where d = dimT" and {ay,...,a,} is any basis of 7.

We recall [9, Lemma 26]. We note that this result was deduced from
a sharp version of Roth’s Lemma, and ultimately goes back to Faltings’
Product Theorem [13].
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Proposition 12.1. Let m, N be integers > 2, € a real with 0 < e < 1, and

T1,...,"m positive integers such that
2 2
(12.3) TS I =1, m— 1.
Th+1 €
Next, let P be a non-zero polynomial in Q[X,...,X,,] which is homoge-

neous of degree ry, in the block X, for h =1,...,m, and let Ty,...,T,, be
(N — 1)-dimensional linear subspaces of@N such that

(12.4) HQ(Th)Th > (er1+---+rmH2(P))(N—l)(3m2/e)m '
Finally, for h =1,...,m let 'y, be a grid in T}, of size N/e.

Then there are x;, € I'y, with x;, 20 forh=1,...,m andi € Z%V with

m N
1
) — ) <
(12.5) > - <Z zhl> 2me
h=1 =1
such that
(12.6) Pi(x1,...,Xm) # 0.

13. CONSTRUCTION OF THE AUXILIARY POLYNOMIAL

We start with recalling our main tools, which are a version of Siegel’s
Lemma due to Bombieri and Vaaler and Hoeffding’s inequality from prob-
ability theory.

For an algebraic number field K we denote by Dy the discriminant of K,

and put
Cr := |DK|1/2[K:Q].

Lemma 13.1. Let K be a number field, U,V integers with V> U > 0, and
Ly, ..., Ly non-zero linear forms from K|[X1,..., Xy, Then there exists
x € KV \ {0} such that

(13.1) Li(x)=0,...,Ly(x) =0,

(13.2) Hy(x) < VY?Ci (Hy(Ly) - - Hy(Lyy)) V™.

Proof. This is a consequence of Bombieri and Vaaler [1, Theorem 9]. 0J
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In the lemma below, all random variables under consideration are defined
on a given probability space with probability measure Prob. The expecta-
tion of a random variable X is denoted by F(X).

Lemma 13.2. Let Xy,...,X,, be mutually independent random variables
such that

Prob(X, € [an, b)) =1, E(Xp) = forh=1,...,m,

where ap, by, un € R, ap < by for h =1,....,m. Then for every ¢ > 0 we
have

(13.3) Prob (Z(Xh — pp) = me) < exp (— ZT?Z}:% ah)2> .

h=1
Proof. See W. Hoeffding [15, Theorem 2]. O
For positive integers m, N and a tuple of positive integers r = (r1,...,7.,)

define U(r) to be the set of tuples

i=0u:h=1,...,mil=1,...,N)eZ

such that
N
Zjhz:rh forh=1,...,m.
=1
Put
= Th—|—N—1
(13.4) V.—#M(r)-HH( N1 )

Using the inequality

(37) <= () () < 4D

for positive integers a, b, it follows that

(13.5) V < (eN)ttrm,

We deduce the following combinatorial lemma.
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Lemma 13.3. Let N be a positive integer, v = (ry,...,ry) a tuple of
positive integers, £, reals with0 < e < 1 and~y > 0, and ¢, = (Cp1, - .., ChN)
(h=1,...,m) tuples of reals such that

(13.6) el <v forh=1,....m, l=1,... N.

Then the number of tuples j = (jp : h =1,...,m,l =1,...,N) € U(r)
such that

m N m N
(13.7) Z L (Zjhl@d) Z % (Z ZEM) + mye
=t \im h=1 I=1

18 at most

(13.8) e 2y,

Proof. We assume without loss of generality that v = 1. We view j as a
uniformly distributed random variable on U(r), i.e., each possible value of

j is given probability 1/V. Define random variables on U(r) by

Notice that Xy, ..., X, are mutually independent and for h =1,...,m,

Prob(X, € [-1, 1]) =1, (by (13.6) and v = 1),
E(Xy) = pp = Z

Now the number of tuples j € U(r) with (13.7) is precisely

V - Prob (Z(Xh — ) = ms) ,

h=1
and by Lemma 13.2 this is at most V - e=™<"/2. 0
Let K be an algebraic number field and m, N,ry, ..., 7, integers > 2. We

keep the notation introduced in Section 12. In particular, by i we denote an
mN-tuple of non-negative integers i = (ip; : h=1,...,m, [ =1,... N),
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and similarly for j, k. Further, K[X;,...,X,,] denotes the ring of polyno-
mials with coefficients in K in the blocks of variables X, = (X1, ..., Xan)
(h=1,...,m).

We consider polynomials in this ring which are homogeneous of degree 7},
in Xy, for h =1,...,m. In analogy to (12.1), such a polynomial P can be
expressed as

(13.9) P =Y a(j)X! with ap := (a(j) : j€U(r)) € K.
JeU(r)

We prove a simple auxiliary result.

Lemma 13.4. Let P be a non-zero polynomial with (13.9). Further, let
R N
j=1
be linearly independent linear forms with coefficients in K and

ey ey

the inverse of the coefficient matrix of El, e ,EN. Lastly, put

C, = max |||, for v e Mk.
i,5=1,....N

Then for every i € Z%V we have

(13.10) P= ) di,j(aP)HHEz(Xh)j“

where dy; is a linear form with coefficients in K in V' variables satisfying

r1t-+rm

(13.11) dijlloa < ((6N2)S(”)Cv) forjeU(r), v e Mkg.
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Proof. Define new variables Y}, := El(Xh) forh=1,...,m,l=1,...,N.
Then by (12.2),

P = Z)(i;rj)a(iﬂ)xi

jeU(r,i

-y a(i+j)ﬁﬁ<<zhl+jhl>(25zg l))

jeu(r,i) h=1 1=

—_

= Z a(l—i—_])Dw(Y)

Jeu(r,i)

Let v € Mg. Then by (6.5) we have for j € U(r,i), on noting (*}J) <
92,1 (thi+in) — rittrm,

N |
HDi,ij,l < <1 _’1_‘]) (NS(U)CU)Zh,l]M < (2NC’1)>T1+"'+T‘m'

Together with (6.5), (13.5), this implies for j € U(r, i),

Jdiglloa < VO mae [ Dislos < GN2CL) 70,
kel(r

OJ

As before, let £,c,n, R, § satisfy (8.1)—(8.9). We fix k € {1,...,n — 1},
and consider all reals @ satisfying (11.8), (11.9).

Let vy be the place from (8.8), and ZEU) (v€ Mg,i=1,...,N) the linear
forms and ¢;, (v € Mg\{vo},i=1,...,N), G (Q) (i=1,...,N) the reals
from Section 11.

We want to construct a suitable non-zero polynomial P of the shape
(13.9). The next lemma is our first step. For v € My we write

(13.12) pP= Z d (ap) HHL(v yint
jeu(r) h=11=1

where dév) is a linear form with coefficients in K in V wvariables in the

coefficient vector ap of P.
Lemma 13.5. Let Sy be a subset of

S1:={v € Mg : c, = (Crypy---,Cn) # 0}
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and put sg := #.Sp.
Let € be a real with 0 < ¢ < 1, m an integer with

(13.13) m > 2e ?log(2sg + 2)

and ry, ..., T, positive integers.
Lastly, let Qq, . ..,Qun be reals with (11.8), (11.9).

Then there exists a non-zero polynomial P of the type (13.9) with the fol-
lowing properties:

(i) For every v € Sy and each j € U(r) with

m N
1 o~
(13.14) E - <ZE_1 ]thzv) = mne - (lrgfgi Cw)

h=1

we have
(13.15) di"(ap) = 0.
(ii) For each j € U(r) with

m N
Z 1 o~ mo
(13.16) E ( E Jhlcl,vo(Qh)> = _W + mne

h=1 =1

we have
(13.17) d" (ap) = 0.
(iii) For the height of P we have

(13-18) HQ(P) < Ck (23nHLn)T1+”'+T’m'

We recall here that by (8.2) the set Sy is finite and that the place vy given
by (8.8) does not belong to 5.

Proof. We prove that there exists a non-zero polynomial P of the type (13.9)
such that for every v € Sy, and each j € Z’%V with

m N N
1 Lo~ m ~
(13.19) Z ™ (lzljhl%> 2 (NZ%> + mne - (fg?é%)

h=1 =1
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we have (13.15), and such that for each j € ZZy" with

(13.20) Z% (Zjhla,vo(Qh)> > (% Z Z%J%)) + mne

h=1

we have (13.17). This suffices, since by (11.18), (11.21), the conditions
(13.14), (13.16) imply (13.19), (13.20).

We may view (13.15) with (13.19) and (13.17) with (13.20) as a system
of linear equations in the unknown vector ap € K", where V = #U(r).
By (11.19), (11.22), Lemma 13.3, and assumption (13.13), the number of
equations, i.e., the number of j with (13.19), (13.20), is

2

U< (so+)Ve ™2V

Combining Lemma 11.5 with Lemma 13.4 gives us

H2(d§v)) g (6N2H£n)7’1+"'+7‘m

j
for v € SyU{vp}, j € U(r). Now Lemma 13.1 implies that there is a non-zero
ap € KV with

Hy(ap) < C V2 (6N HE") o/ v=),

on— 1

By inserting (13.5) and N = (7 we arrive at

) <
Hy(P) = Hylap) < Ci (6e/2NS2HE)
< Ok (23”H£")T1+“'+1“m'

Our Lemma follows. O

The next proposition lists the properties of our final auxiliary polynomial.
For v € Mg, i € Z7§, we write, analogously to (13.10),

m N
(13.21) = Y d @) TTTT LX)
JEU(r,i) h=11=1

where U(r,i) = {j € ZZ) : i+ j € U(r)} and where di(;f) is a linear form in

V' variables with coefficients in K.
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Proposition 13.6. Let € be a real with 0 < e < 1, m an integer with
(13.22) m > 2ne ?log(4R/¢)
and ry, ..., T, positive integers.

Further, let Qy, ..., Q. be reals with (11.8), (11.9).

Then there exists a non-zero polynomial P of the type (13.9) with the fol-
lowing properties:

(i) For every v € Mg \ {vo}, each tuple i € ZZ with

(13.23) i% (Z zh,> < 2me

h=1

and each j € U(r,1) with

m N
1 .
(13.24) Z E (Z Cw]m) > 4dmne 11(22); Cin
h=1 =1
we have
(13.25) di) (ap) = 0.

(i) For each i with (13.23) and each j € U(r,i) with

1 md
13.26 — v - +4
( 3 ) ZT’ (; Cl v Qh)]hl) > N + dmne
we have
(13.27) di (ap) = 0.

(iii) For the height of P we have
(13.28) Hy(P) < O (2" HE)Y

(w) For all i € Z'Z' we have

6n pr2R™\ "1t A Tm
1320 ] ([ g a1 ) < Coe 22y 7
vEM[
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Proof. We construct a subset Sy of
Sl = {U c MK: Cy = (Clva---ycnv) 7&0}

and apply Lemma 13.5 with this set. The set S is obtained by dividing S
into subsets and picking one element from each subset. For v € Mg, we
put v, := maxjgi<n Civ-

First, we divide S; into ¢; subsets Sii,...,S51,, in such a way that two
places vy, v9 belong to the same subset if and only if

L =L fori=1,... n.

By (8.7), we have t; < R".

We further subdivide the subsets Sy;. Let j € {1,...,¢;}. Divide the
cube [—1,1]" into ¢, := ([2/] + 1)" small subcubes of sidelength

—2 <
2/ +1 5

Now divide S;; into ty subsets Siji,..., 514, such that two places vy, v,
belong to the same subset if the two points

(Cl,vl Cn,vl ) <Cl,v2 Cn,vg )

Yor " ) Voo " Yo

belong to the same small subcube. In this way, we have divided 57 into
subsets. Let Sy consist of one element from each of the subsets. Thus,
(1330) S .= #S() < (3R/€)n

Further, for each v € Sy, there is v; € Sy with

LEU):LEUI), Sv _ Gim <e fori=1,...,n.
Yo Yoy
This implies that for every v € S; there is v; € Sy such that
(13.31) L =T for1=1,...,N,
(13.32) W _Aulccfori=1,...,N.
Wy Wy
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We apply Lemma 13.5 with the subset Sy constructed above. Condition
(13.13) of this lemma is satisfied, in view of our assumption (13.22) on m,
and of (13.30). Let P be the non-zero polynomial from Lemma 13.5. We
show that this polynomial has all properties listed in our Proposition.

To prove (i), we first show that for every j € U(r), v € Mg \ {vo} with

m N
1
13. — Civ]
(13.33) Z ™ (Z Clu]hl) > 2mney,
h=1 =1
we have
(13.34) d\"(ap) = 0.

For v € Mg \ (S1 U {vp}) we have ¢;, = 0 for i = 1,...,n, whence v, =0
and ¢, = 0 for [ = 1,..., N, so there are no j with (13.33). For v € S
we have (13.34) for all j with (13.14), and so certainly for all j with the
weaker condition (13.33). Finally, let v € S} \ Sy and take j € U(r) with
(13.33). Take v, € Sy with (13.31), (13.32). Condition (13.31) implies that
4 (ap) = dj@l)(ap), hence it suffices to show that d}vl)(ap) = 0. Now

j
condition (13.33) together with (13.32) implies

m 1 N /C\ m 1 N /C\ m N].
l,v1 . lv . hl
— — - P — : —€ — > me.
)IEY DLV D SR DR CIET BD 9) B
h=1 =1 1 h=1 =1 h=1 I=1

Hence j, v; satisfy (13.14) and so d}vl)(ap) = 0 by Lemma 13.5. This shows
(13.34) for v € Mg \ {vo}-

We now prove (i). Let i € ZZj" be a tuple with (13.23) and let v €
Mg \ {vo}. Using expression (13.12) for P, we infer that B is a K-linear
combination of polynomials

El(Xh>jhl_khl

N
=
0
=
P
e e
N———
—=
—=
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Hence if j € U(r,i), then di(g) (ap) is a K-linear combination of terms
d}i)k(ap), over tuples k with (13.35). Now take j € U(r,i) and suppose
that j satisfies (13.24). Then for all k with (13.35) we have j + k € U(r)

and moreover, by (11.19),

m N
1 ~ .
E — ( g Cro(Jm + k’hl)) > dmmney, — 2mney, = 2mnevy,.

Th
h=1 I=1
i.e., j + k satisfies (13.33). So for all k with (13.35) we have that j + k
satisfies (13.34), i.e., d}fk(ap) = 0. This implies that di(;f)(ap) = 0. This
proves (i).
The proof of (ii) follows the same lines, using part (ii) of Lemma 13.5
instead of (13.34). (iii) is merely a copy of part (iii) of Lemma 13.5.

It remains to prove (iv). Let i satisfy (13.23) and let j € U(r,i). Then
by Lemma 13.4,

||d$3) ||U,1 < ( (GNQ)S(U)CU)T‘1+...+7.M’
and so

1 (@p)llo < 14|01 - Naplle < [lapll, - ((BNZ)*IC,)™

for v € Mg, where by Lemma 11.5 we have
I c.<HF
vEME

By taking the product over v € M, using (iii), N < 2"~! we obtain
v n n n\ 14T
mas, () (ap)ll, < Cie(2"HE - 6NHE')"

jeU (r,i
UEMKJ (

< CK (26nHan)r1+...+rm.

This proves (iv). O
14. PROOF OF THEOREM 8.1

We keep the notation and definitions from the previous sections. Assume
that Theorem 8.1 is false. Define the following parameters:

(14.1) £ : 0

= W, m = [271/572 lOg(4R/5)] + 1.
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Notice that
(14.2) nm < n+ 2-112n%22"725 2 1log(4 - 11n*2" 'R/5) < m

Hence by Lemma 9.4, there exist k € {1,...,n — 1}, and reals Q1,...,Qm,
such that

(14.3) Q1 = Oy,
(144) Qh+1 > Q‘;Q (h: 1,...,m— 1),
(14.5) A (Qn) < Q%) M(@Qn) < Q" N1 (Qn) (h=1,...,m).

Put

()

For h = 1,...,m, let hy = ﬁl(Qh>7-~7ﬁh,N—1 = ﬁN_l(Qh) be linearly
independent vectors from @N satisfying (11.17) with @ = @Qp. By the
remark following (11.17), we may take for the field £ any finite extension
of K containing the coordinates of th forh=1,....m,j=1,...,N —1.
Thus, we have for h =1 ...,m,lzl .,N,7=1,...,N —1,

{ IZE () < Q5 (w € M, wtwp),

(14.6)
N2 (B[l < Q@) (w € Mg, w | o).

For h =1,...,m, denote by Th the Q-vector space generated by ﬁhl, e ,ﬁhyN_l,
and define the grid

N
(14.7) T —{ijhh]: xj € L, |xj| < Nje for j=1,. N—l}.
j=1
Now choose a positive integer r; such that
o s Qu,
log @1
and then integers ry, ..., 7, such that
1 1
L{-’&Ql <rp <1+ Lgquforh:Z,...,m.
log Qn log Qn
Thus, r,...,r, are all positive integers with

(14.8) nL Q< QMM for h=2,....m
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Further, by choosing r; sufficiently large as we may, we can guarantee that

(14.9) 1.1 > Ck.

With our choice of m in (14.1), there exists a non-zero polynomial P
with the properties listed in Proposition 13.6. We apply our non-vanishing
result Proposition 12.1 to P. We verify the conditions of that proposition.
Condition (12.3) is satisfied since by (14.8), (14.4), (8.10), (14.2),

Tht1 > <1+6)7110th+1

Th log Qn

> (1+ 5)’1mg/2 > 2m?/e.

(12.4) follows by combining the lower bound for HQ(fh) from Lemma 11.6
with the lower bound @1 > C5 from (14.3) and the upper bound for Hy(P)
from (13.28). More precisely, we have for h =1,... ,m,

Hy(Ty)™ = Q" > Q%" by Lemma 11.6, (14.8)
> OpOBRT (o mms R 1y (14.3), (8.10)
> ((@H) s )T e (14.9)
> (e i) (NI ) (140
> (et gy (P)) YTV by (13.98), (14.9),

which is condition (12.4).

Now we conclude from Proposition 12.1 that there exist a tuple i € Z’%V
such that

m 1 N
30 (S <ame
Th
h=1 =1
and non-zero points x, € I, (h=1,...,m), such that

Pi(x1,...,xm) # 0.

We finish by showing that [],ca, [[P(X1,. .., Xm)[lw < 1. Then by the
Product Formula, Pi(x1,...,X,,) = 0 which is against what we just proved.

Thus, our assumption that Theorem 8.1 is false leads to a contradiction.
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We express P; as in (13.21) for v € M. We define in the usual manner,

where in all cases w € Mg and v is the place of K below w:
L =L" (1=1,...,N),
Clw = d(w|v)ey, (wivg, L=1,...,N),

)

= d(w|vo)Cie(@n) (wlvo, I=1,...,N),
&Y (ap) == di(ap) (j € U(r,1)),

17J
and also

= 1NaxX Cjyyp-
Yw i<i<n Tw

Then v, = d(w|v) max;<;<n ¢;r if v is the place of K below w and moreover,
by (8.4) and 3_,, d(w[v) =1 for v € My,

(14.10) > W<l
wEMEg

Now (13.21), (13.24), (13.26) imply that for w € Mg we have

m N
(14.11) P=Y"d%ap) [T ]2 (X0)™,

j€U h=1 I=1

where for w € Mg with w { vy, U,, is the set of j € U(r,1) with

(14.12) Z . (Z clehl> < dmneyy,
h

=1

and for w € Mg with w|vy, U, is the set of j € U(r, 1) with

m N
1 mo
(14.13) Z o (Z Clow Qh)]hl) < d(wlvp) <_n_N +4mn5) :
h=1 =1
Further, by (13.29), (14.9) we have
(14.14) [T Ao < (@mmz)y
weMpg

with A, = max ||d") (ap)|,, for w € Mp.
j€Uw J
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Finally, we observe that by (14.6) we have for the points x, € I', (h =
I,...,N)and for [ =1,..., N,

1L Ganlle < NIQj (w € M, w o),

1L (ol < Q) (w € Mis, w | o).
where we have used that w with w|vg is non-archimedean.

First, take w € Mg with w { vg. Then we have, in view of (14.11), (13.5),
(14.8), (11.19), (14.12),

(14.15)

|w

| Pi(x1s - X)) [ < YA, maXHHHL(“’ 1)

h=11[=1

< Aw(6N2>s(w)(r1+---+rm) H thllil Clwdiw

h=1
S (O

with
m 1 N
27 (Zawﬁw> + em max G|
h= =1
< Hyymne.

So altogether, we have for w € Mg with w { v,
(14.16) | Pi(x1, ey X)) |l < Aw(€N2)3(w)(rl+---+T’m)(an'l’l)g)'}/wn&.

In a similar fashion we find for w € Mg with w|vy, using (14.11), (14.8),
(11.22), (14.13), noting that now we don’t have a factor (e N2)s(w)(ri+-+rm)

since w is non-archimedean,

[B(X1, - Xm) [l < Au(@71)™
with
1 ~ , ~
- (Z Cm(@h)]m) + emmax [, (Qn))|

h \1=1

m
Oy <
h=1

)
< d(wlvy) (_:LH_N + 5mn5> :
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This gives for w € Mg with w|v,
(1417) ||Pi<X1, o 7Xm)||w < Aw( Trl)d(w|v0)(—(5/nN)+5na)'

Now taking the product over w € Mg, combining (14.16), (14.17), (14.14),
(14.10), 3=, d(w|vo) = 1, we obtain

H “Pi(x17 o ’Xm)”w < (€N2 . 27nHzR”)r1+~~+frm (QTm)lOna—é/nN'
weEMEg
By our choice of ¢ in (14.1), and the inequalities n > 2, N < 2"°! the
exponent on Q7" is < —§/(11n - 2" 1). Together with (14.3) this implies

[T IRGexa)lo < (27H2 - Q) <1,

weMpg

as required. This completes the proof of Theorem 8.1.

15. CONSTRUCTION OF A FILTRATION

We construct a vector space filtration which is an adaptation of the Harder-

Narasimhan filtration constructed in [14].

Let K C Q be an algebraic number field, and n an integer which we now
assume > 1 instead of > 2. Further, let £ = (LZ(-U) v €EMg,i=1,...,n)
be a tuple of linear forms and ¢ = (¢, : v € Mg, i =1,...,n) a tuple of
reals, satisfying (2.4)—(2.7).

Let w, = wreo (v € Mg) be the local weight functions on the collection
of linear subspaces of Q", defined by (2.19). Then the global weight function
is given by w = wee = Y car, W

We give some convenient expressions for the local weights w,,. Forv € Mg
we reorder the indices 1,...,n in such a way that

(15.1) Clp < -+ < ey for v e Mg.
Let U be a k-dimensional linear subspace of Q". Let v € M. Define

{]AU%z@ﬁk:Q

(15.2) L(U) == {iy(v), ..., ix(0)} if k > 0,
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where 7;(v) is the smallest index ¢ € {1,...,n} such that Ll(-v)|U # 0, and
for | = 2,...,k, /(v) is the smallest index ¢ > i;_1(v) in {1,...,n} such
that L") lor, .., Ly

iU LZ(»U)|U are linearly independent. Then

(15.3) wo(U) = Y ca.
1€l (U)

It is not difficult to show that I,(U;) C I,(Us) if U; is a linear subspace of
Us.

Define the linear subspaces of Q"

-n

UOv ::@ )
Up ={xeQ : LVx)=-=L"x)=0} (ve Mg, i=1,...,n).
Then

(15.4) w,(U) = icm(dim(U NUi—1,) — dim(U N Um>)

i=1

= Clp dim U -+ Z(Ci+1’v — Civ) dlm(U N Uw)

i=1
Lemma 15.1. For any two linear subspaces Uy, Uy of Q" we have

U)(U] N Uz) + ’LU(Ul + UQ) 2 w(Ul) + w(Ug)

Proof. Let Uy, Uy be two linear subspaces of @n It clearly suffices to show
that for any v € Mg, we have

(155) wU(Ul N U2> + wv(Ul + UQ) 2 wv(Ul) + wv(Ug).

But this follows easily by combining (15.4) with ¢;11, — ¢y = 0 for i =
1,...,n—1and

d1m(U1 N Ug) + d1m(U1 + Ug) = dim U1 + dim UQ,
UNU+U) 2(UNU) 4+ (UNUy)

for any three linear subspaces U, Uy, Uy of Q" Il
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For any two linear subspaces Uy, Uy of V' with dim U; < dim U,, we define
d(UQ, Ul) = dim U2 — dim Ul;
w(Us, Uy) = wee(Us, Uy) i= we e (Uz) — we e (Uh),

UJ(UQ, Ul)
d(Us, Uy)

(15.6)
/,I/(UQ, Ul) = :ul:,(:(U27 Ul) =

We prove the following lemma.

Lemma 15.2. Let V be a linear subspace of Q", defined over K.

(i) There exists a unique proper linear subspace T of V' such that
w(V,T) < pn(V,U) for every proper linear subspace U of V,
subject to this constraint, T has minimal dimension.

This space T s defined over K.

(i1) Let T' be as in (i) and let U be any other proper linear subspace of V.
Then w(V,UNT) < pw(V,U).

Proof. Obviously, there exists a proper linear subspace 7" of V' with (i) since
w(+,+) assumes only finitely many values. We prove first that T satisfies
(ii), and then that 7" is uniquely determined and defined over K. Put
w:=p(V,T). Then by Lemma 15.1 and since u(V, W) > u for any proper
linear subspace W of V|
wV,UNT) +wV,T) —w(V,T+U)
+ pd(V,T) — pd(V, T+ U)
d(V,U) 4+ pd(T 4+ U, T)

(V,0)
< w(V,U)d(V,U) + d(T + U,T))
(V,0)

NN

This clearly proves (ii).

Now suppose that there exists another subspace 7" with (i), i.e., u(V,T") =
wand dim 7" = dim 7. By (ii) we have u(V, TNT") < p(V,T") = u. By the
definition of p and the minimality of dim 7T we must have TNT' =T =T".

It remains to prove that 7' is defined over K. Let 0 € Gg. Since V is

defined over K and all linear forms Lgv) have their coefficients in K, we



68 J.-H. EVERTSE AND R. G. FERRETTI

have pu(V,o(T)) = w(V,T) = u, while dimo(7) = dim7. So by what we
just proved, o(7") = T. This holds for arbitrary o, hence T is defined over
K. OJ

Remark. In the situation of Section 2 we have V = Q", w(Q") = 0, and
thus, the subspace T' = T'(L, ¢) defined by (2.21) is precisely the subspace

from (i).

In a special case we can give more precise information about the subspace
T.

Lemma 15.3. Let V = Q" and let T be the subspace from Lemma 15.2 (i).
Suppose that

(15.7) U {2 LYY X, X X+ X
veEMK
Then there are non-empty, pairwise disjoint subsets Iy, ..., I, of {1,...,n}
such that
(15.8) T:{Xe@n:Z:cjzoforjzl,...,p}.
JEL;

Proof. Let k := dim T, p :=n — k. Define the Q-linear subspace of @nﬂz
H :={u=(ug,...,u,) € @nﬂ : Zquj _UOZXj c TL}.
J=1 j=1

Notice that dimH = p+1 and (1,...,1) € H. We show that H is closed
under coordinatewise multiplication, i.e., H is a sub-Q-algebra of @nﬂ,
This being done, it is not difficult to show that there are pairwise disjoint
subsets Iy, ..., I, of {0,...,n} such that H is the set of u € @nH with
u; = u; for each pair 4, j for which thereis [ € {0,...,p} with ¢, j € I;. This
casily translates into (15.8).

Fix a = (ag,...,a,) € H. Choose ¢ € Q such that b; := a; + ¢ # 0 for
i=0,...,n. Then b := (by,...,b,) € H. Define the linear transformation

Q: Q"> Q": (1, xn) = (b1, ... buxy).
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In general, 377 | §;X; € ©(T)* if and only if > bi&i X € T+. Using this
and b € H, it follows that for (ug,...,u,) € @nH we have

(159) ZUij — UOZX]' € QO(T)J_
j=1 j=1

<~ Z bjUij — Ug Z ijj S CTL
=1

=1

<~ ijUij — bOUOZXj S Tl.
j=1

i=1

This implies for any v € My and any subset {iy,...,4x} of {1,...,n}, that
Lgf) lo(1)s - LE:) | are linearly independent if and only if Lgf) 7y LE:) 7
are linearly independent. Consequently, w(¢(7")) = w(T") and thus,

~n

w(@Q", o(T)) = u(Q", T). Now Lemma 15.2 (i) implies that ¢(T) = T.

Combined with (15.9), this implies that if u € H, then b-u € H. But
then, a-u = b-u—cu € H. This shows that H is closed under coordinatewise

multiplication and proves our lemma. [

For every linear subspace U of Q", we define the point P(U) = Ppo(U) :=
(dim U, w(U)) € R?. In particular, P({0}) = (0,0). Notice that u(Us, Uy)
defined by (15.6) is precisely the slope of the line segment from P(U;) to
P(U,).

Let again V be a linear subspace of Q", defined over K. Denote by
C(V, L, ¢) the upper convex hull of the points P(U) for all linear subspaces U
of V, and by B(V, L, ¢) the upper boundary of C(V, L, c). Thus, B(V, L, c)
is the graph of a piecewise linear, convex function from [0, dim V| to R, and
C(V, L, c) is the set of points on and below B(V, L, c).

As long as it is clear which are the underlying tuples L, c, we suppress
the dependence on these tuples in our notation, i.e., we write w, u, P for

We.c) UL,c) Pﬁ,c~
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w
T P(T)
P(Ty)
P<Tr71)
PO’
P({0}) PV)

—dim
Lemma 15.4. There exists a unique filtration
(15.10) {O}ngg gTT,lgTT:V

such that P({0}), P(Ty),...,P(T,—1), P(V) are precisely the vertices of
B(V,L,c).
The spaces Ty, ..., T,._1 are defined over K.

Proof. The proof is by induction on m := dim V. The case m = 1 is trivial.
Let m > 2. There is only one candidate for the subspace in the filtration
preceding V', that is the subspace T' from Lemma 15.2 (i). This space T is
defined over K. By the induction hypothesis applied to T, there exists a
unique filtration

{O}ngg gTT,1 :T
such that P({0}), P(14), ..., P(T,_;) are precisely the vertices of B(T', L, c).
Moreover, T4, ..., T,_o are defined over K.

We have to prove that together with P(V') these points are the vertices
of B(V,L,c). We first note that since T, gTT_l, we have p(V,T,_2) >
w(V,T,._1), hence
d(‘/a Tr—?)ﬂ(‘/v Tr—?) _ d(% Tr—l)”(v7 Tr—l)

d(Tr—h TT—Q)
Therefore, P({0}), P(11),..., P(V) are the vertices of the graph of a piece-

wise linear convex function on [0, m]. Let C' be the set of points on and below

M(Tr—l’ TT—Q) = > ,u(V, TT—I)'
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this graph. To prove that this graph is B(V, L, c), we have to show that C'
contains all points P(U) with U a linear subspace of V.

If U C T,_y we have P(U) € C(T,-1,L,c) C C. Suppose that U ¢
T,—1. Then by Lemma 15.2 (ii), we have u(V,U NT,_1) < pu(V,U). Since
PUNT,—1) € C,dimU > dimUNT,_; and C is upper convex, this implies
that P(U) € C. This completes our proof. O

The filtration constructed above is called the filtration of V with respect
to (L, c).

Remark. The Harder-Narasimhan filtration introduced by Faltings and
Wiistholz in [14] is given by {0} gTLl C - gﬂom(V, Q), where for a
linear subspace T of V', we define T" as the set of linear functions from V'
to Q that vanish identically on 7.

16. THE SUCCESSIVE INFIMA OF A TWISTED HEIGHT

As before, K C Q is an algebraic number field, n an integer > 1, and
L a tuple of linear forms and c a tuple of reals satisfying (2.4)—(2.7). We
denote as usual by A(Q), ..., A, (Q) the successive infima of Hy ¢ . In this

section, we prove a limit result for these successive infima as () — oo.

Define

(16.1) Ti(Q):= () span{x€Q": Hreg(x) <A} (i=1,...,n).
A>N(Q)

Let

{0} = Tongg gTr—lgTr Z:Q
be the filtration of@n with respect to (£, c), as defined in Lemma 15.4, and
put d; :=dim7T; for [ =0,...,7.

Given any two linear subspaces U, V of Q" with dim U < dim V, we define

again u(V,U) = pige(V,U) 1= piil=ultl)

Our general result on the successive infima of H. . ¢ is as follows.
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Theorem 16.1. For every d > 0 there exists Qy, such that for every Q) = Qq
the following holds:

(16.2) QM IT-)=0 < A\ (Q) < QM IVTi-1)+9
forl=1,....r,i=d_1+1,...,d,
(16.3) Ty,(Q)="T, forl=1,...,r.

We start with some preparations and lemmas. Fix a linear subspace T
of @" of dimension k € {1,...,n — 1} which is defined over K. Choose an

injective linear map
¢:0Q = Q" withd@)=T
and a surjective linear map
" Q" — @n_k with Ker(¢") =T,

both defined over K. Recall that for every linear form L € K[X;, ..., X, |™
vanishing identically on T there is a unique linear form L” € K[X,,..., X, ;'™

such that L = L” o ¢”; we denote this L” by Lo " *.

We assume (15.1), which is no loss of generality. For v € M, let the set
I,(T) be given by (15.2), and define a tuple £’ from K[X7,..., X;]'" and a
tuple of reals ¢’ by

(16.4) L= (LY oy s ve My, i€ L(T)),
' ¢ = (cy: v€E Mg, i€ l(T)).

Let v € Mk. Since L§U)|T (j € I,(T)) form a basis of Hom(7,Q), and

since T' is defined over K, there are unique «yj;, € K such that LEU)|T =

> jely(T) aiijEv)|T fori e I,(T)°:={1,...,n}\ [,(T). By our definition of
I,(T), we have a;;,, = 0 for i € I,(T)° j € 1,(T), j > i. In other words,

there are unique linear forms

(16.5) L =10~ N aypl (ie L(T))

J€Iy(T)
1<t

with a;j, € K that vanish identically on 7T'. These linear forms are linearly
independent, so they may be viewed as a basis of Hom(@n /T, Q).
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We now define a tuple £” in K[X, ..., X,_]"™ and a tuple of reals ¢” by
{ L= (Lo ve My, ie I(T)),

)

16.6
(16.6) ¢’ = (cp:veEMg,iel,(T)°).

Let U be a linear subspace of @k of dimension u, say. Then wy o(U) =
> venr Were w(U) with in analogy to (15.3),

0if u =0,
Ci1(v)7fu + .-+ Ciu(v),v lf u > 0,

(16.7) w[/,C/’U(U) == {

where i;(v) is the smallest index ¢ € I,(T") such that Lgv) o¢|ly # 0 and
for | = 2,...,u, 4/(v) is the smallest index ¢ > 4;_1(v) in [,(7T") such that
LY oy, .. ,ngl(v) o |y, LI o ¢'|y are linearly independent.

i1 (v)

e . ' ‘ o
Likewise, if U is an u-dimensional linear subspace of Q" ', then w cren(U) =
ZUEMK wﬁ”,c”,v(U), with

0if u=0,
Ciy(v)w T "+ Ciy(v)w if u >0,

(16.8) wy/,c//ﬂ,(U) = {

where i1 (v) is the smallest index i € I,,(T")¢ such that ng) o¢" My # 0 and

for [ = 2,...,u, 4(v) is the smallest index ¢ > 4;_1(v) in I,(T")° such that
Lgf()v) o u,.. ,Lgl”_)l(v) oy, Lgv) o ¢" |y are linearly independent.

Lemma 16.2. (i) Let U be a linear subspace of@k. Then
wene (U) = wee(@'(U)).
(i) Let U be a linear subspace of @n_k. Then
wer e (U) = wee(" " (U)) = we.e(T).

Proof. (i) For U = {0} the assertion is true. Suppose U has dimension
u > 0. Let v € Mg. The set {i1(v),...,i,(v)} from (16.7) is precisely
I,(¢'(U)) since I,(¢'(U)) C L,(T). Therefore, wer e p(U) = ween(@'(U))
for v € My. Now (i) follows by summing over v.

(ii) Suppose U has dimension u > 0. Let v € M. Put W := ¢" " (U).
Recall that I,(W) = {j1(v),...,Jm(v)}, where m := dim W, j;(v) is the
smallest index j € {1,...,n} such that Lgv)|w # 0, etc. The indices
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j1(v), j2(v),... do not change if we replace Lg-”) by Z;v) for j € I,(T)°.
This implies that the set {i;(v),...,ip—x(v)} from (16.8) is I,(W) \ I,(T),
and so werer y(U) = Weew(W) — weeo(T). By summing over v we get
(ii). O

The pair (L', ¢) gives rise to a class of twisted heights Hr o ¢ : @k — Ryo
in the usual manner. That is, if x € E* for some finite extension E of K,
then

(16.9) Hp o g(x) = max HL 0 ¢ (X) ||l @
1€l (T)
weEMEg

where [,,(T) := I,(T) if w lies above v € M.
Likewise, we have twisted heights Hpr v g - @n_k — Ry, defined such

that if x € E"* for some finite extension F of K, then

(16.10) Hpnen (%) = max HL ¢ ()@

i€l (T)
weMEg

where EE W L ) if w lies above v € M.

In what follows, constants implied by <, > depend only on £, c and 7.

Lemma 16.3. (i) Forx € @k, Q > 1 we have

Hproo(x) >< Hreo(¢' (%))

(i) Forx € Q", Q > 1 we have
H,C”,C”,Q(QDH(X)) < H,C,C,Q<X)-

Proof. (i) The inequality Hp e g(x) < Hreq(¢'(x)) for x € Q Q>
is trivial. We prove the reverse inequality. Since the linear forms LE )
(i € 1,(T)°) defined in (16.5) vanish identically on 7', there exist constants
C, > 0 (v € M), all but finitely many of which are 1, such that for x € K*,
v € Mg, i€ I,(T)C,

1L (@ Dl < Co max LY ()]l

JEIy(T)
j<t
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Taking () > 1 we obtain, in view of (15.1),

1LY (¢ (x)[,Q ™ < Cy max [ LY (x)[|,Q~".
J€y(T)
1<t

This shows that for x € K*, Q > 1, v € Mg, we have

max ||L{"” (¢ (x))][,Q~* < C, max ||L\"(x)[|,Q %"
JGIU(T)

1<i<n

If instead we have x € E* for some finite extension E of K, we have the
same inequalities for w € Mg, but with constants C,, = CI™") where
v € Mk is the place below w. By taking the product over w € Mg, we get
(i).

The proof of (ii) is entirely similar. O
Lemma 16.4. Suppose that
(16.11) w(@Q",U) = u(Q",{0}) for every proper linear subspace U of Q.
Then for every d > 0 there is Qo such that for every Q = Qo,

(1612)  QHTHDT <\ (Q) < < M(Q) < QAN

Proof. We first assume that n = 1. In this case, Lﬁ”) = o, X with o, € K*
for v € My, and pu(Q, {0}) = > veny Clo- By the product formula, we have
for x = € K*,

Heegq(x) = H |la,z|l,Q " = CQ*H(@{O})
veEMp
for some non-zero constant C. This is true also for x ¢ K. So for n = 1,

our lemma is trivially true.

Next, we assume n > 2. We first make some reductions and then apply
Theorem 8.1. By Lemma 7.2 there is no loss of generality if in the proof
of our lemma, we replace ¢;, by ¢, = ¢ — %2?21 cjp for v € Mg, j =
1,...,n. This shows that there is no loss of generality to assume that
Y iy Ciw =0 for v € Mg, i.e., condition (8.3). This being the case, suppose
that Zve M MaX1<i<n Ciy < 6 with 8 > 0. Then we can make a reduction
to (8.4) by replacing Q by QY and ¢;, by ¢;,/0 for v € My, i = 1,...,n.
So we may also assume that (8.4) is satisfied. Finally, by Lemma 7.3 and
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the subsequent remark, there is no loss of generality to assume (8.8). Under
assumption (8.3), condition (16.11) translates into (8.9). So we may assume
without loss of generality that all conditions of Theorem 8.1 are satisfied.
Notice that with these assumptions,

n

p@ (0 => 3 Y =0

vEMK i=1

Let 0 < 6 < 1. Theorem 8.1 implies that the set of Q with \;(Q) < Q%"
is bounded. Together with (9.2), this implies that for every sufficiently large

Q, we have A (Q) = Q7 X,(Q) < Q°. O

Proof of Theorem 16.1. We proceed by induction on r. For » = 1 we can
apply Lemma 16.4. Assume r > 2. We fix § > 0, and then ¢’ > 0 which is
a sufficiently small function of 6. We write w for wg ¢, p for iz c.

By Lemma 16.2 (ii) with 7' = T,_;, k = d,_; = dim T, we have for any
two linear subspaces U, g U, of @nfdr*l that

erer(Ua, Ur) = p(e” ™ (U), "~ (Uh)).

¥
Thus, the property of T,_; that u(@n,Tr_l) < ,u(@n,U) for any proper
linear subspace U of Q" translates into

_n—d,,~7 —n—dT,
/’lfﬁ”,c”(Q 1’ {O}) < ,U[:”,c”((@ 1’ U)

=n—dr—1

for any proper linear subspace U of Q . So by Lemma 16.4 we have

for every sufficiently large @,

Henengly) = Q’“(@H’Tr—l)"sl fory € @n_dpl \ {0}.
Together with Lemma 16.3 (ii), this implies for every sufficiently large @,
(16.13) Heoo(x) > QH@ 102" for x e @\ T)_,.
Consequently, for every sufficiently large () we have

(16.14) QM@= Ny Q) < - < M(Q):

Fori=1,...,d,_1, denote by X;(Q) the i-th successive infimum of H ¢ ¢
restricted to T,_1, i.e., the infimum of all A > 0 such that the set of x € T,_;
with Hgco(x) < A contains at least 4 linearly independent points. By
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Lemma 16.3 (i) with 7" = T,_1, k = d,_; this is, apart from bounded
multiplicative factors independent of (), equal to the i-th successive infimum
of Hpr o1 g. Further, by Lemma 16.2 (i) with 7' = T,_;, k = d,_1, for any
two subspaces U cUs of @dr_l we have wer o (Us, Uy) = w(¢'(Ua), ¢’ (Us)).
By applying the induction hypothesis to (£’,¢’) and then carrying it over
to T,_1 by means of ¢, we infer that for every sufficiently large @), we have

(16.15) Q*N(leTlfl)*‘s/ <N(Q) < Q*P«(Tl:Tlfl)+5l

forl=1,...,r—1,i=d;_1+1,...,d; and moreover,

(16.16) ﬂ span{x € T,_1: Heeo(x) < A} =1
>N (@)

forl =1,...,r—1. Clearly, we have \;(Q) < \;(Q) fori=1,...,d,_1, and
SO

M (Q) € QAT T
for @) sufficiently large. Assuming ¢’ is sufficiently small, this is smaller than
the lower bound Q=@ Tr-0=20" in (16.13). Hence for sufficiently large Q
and sufficiently small ¢, all vectors x € Q" with Hr e q(x) < Ag,_,(Q) +
lie in 7T,_;. That is,

TdT,l (Q) = Tr_1, /\Z(Q) = )\;(Q) for i = 1, R ,dr_l.
Together with (16.16) this implies (16.3). Further, (16.15) becomes
(16.17) Q MTTi-0)=0 < A\ (Q) < QT T+

for l = 1,....,r =1, 1 = d;_1 + 1,...,d;. Using subsequently Propo-
sition 9.2, the lower bounds in (16.17), (16.14), and that the quantity
Q= ey 2izy Civ from Propostion 9.2 equals

r

w(@na {0}) = Zw(Tl;Tl—l) = Z dip(Ty, Ti—),

=1 =1

and taking ¢’ sufficiently small, we infer that for every sufficiently large @,

M(Q) < 27 TDEALQT(M(Q) - A (Q))

~X
< Q*a+2f:1 ATy, Ty 1) —p(Q" Ty 1)+2n8’ < Qw(@",TPl)M'

-1

As a consequence, (16.2) holds as well. This completes our proof. 0J
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17. A HEIGHT ESTIMATE FOR THE FILTRATION SUBSPACES

As before, K is a number field, n an integer > 2, and (L£,c) a pair
with (2.4)-(2.7). We derive an upper bound for the heights of the spaces
occurring in the filtration of (£, ¢) in terms of the heights of the linear forms

from L. We start with some auxiliary results.

Let p be an integer with 1 < p < n. Put N := (Z) Similarly as in Section
6, let C'(n,p) = (I1,...,Iy) be the lexicographically ordered sequence of p-
element subsets of {1,...,n}. For j=1,..., N, v € Mg define

(17.1) LYV =LA ALY, Gui= iyt + iy
where I; = {i; < --- <1,} is the j-th set from C(n,p), and put

{Z (L& v e My, j=1,...,N),
c

17.2
( ) (Cip:veEMg,j=1,...,N).

Then Hpz 20 Q — Ry is defined in a similar manner as H. ¢ g, i.e., if
X cEN for some finite extension F of K, then
Hpeo(X) = max || L\ (%)[l,Q

1<GEN
weEMEpg

where E§ W Z§”>, Ciw = d(w|v)¢;, if w lies above v € M.
Lemma 17.1. Let xq,...,X%, € Q",Q>1. Then
Hpgo(xi A A%y) SpPPPHeeq(x1) - Heeq(xp).

Proof. Put X :=x; A --- Ax,. Let E be a finite extension of K such that
X1,...,X, € E". Let I; = {i; < --- < i,} be one of the p-element subsets
from I;,...,Iy and let w € Mg. Then by an argument completely similar
to the proofs of (4.5),(4.6), one shows

1257 @)@ = [ det (L5 (x)) iy 0@

< “"”Hmax 18 (3¢0) [ @0

1<k<p

< w)/2 H max ||L( Xl)”wQ_Ciw'

1<i<n
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By taking the maximum over 5 = 1,...,N and then the product over

w € Mg, our Lemma follows. O

We keep the notation from above. For @ > 1, let A\ (Q),..., \(Q)
denote the successive infima of Hy . Further, let 14(Q), ..., vn(Q) be the
products A; (@) --- i, (Q) (1 <4y <--- <ip < n), ordered such that

n(Q) < - <wn(Q),

and let Xl(Q), o ,XN(Q) denote the successive infima of Hz¢ .
Lemma 17.2. For Q> 1, j=1,..., N we have
NTNu(Q) < M(Q) < p1i(Q).

Proof. Fix Q > 1 and write /\i,/):j,yj for )\i(Q),/):j(Q),Vj(Q). Let ¢ > 0.
Choose Q-linearly independent vectors g1, . .., g, € Q" such that H £.e0(8i) <
Ai(14¢) for i = 1,...,n. Then the vectors g;, A---Ag; (1 <ip <---<
i, < n) are Q-linearly independent. Let j € {1,..., N} and let 4y,...,4,
be the indices from {1,...,n} such that i; < --- <, and v; = A\;; -+ \;

Then by Lemma 17.1,
(17.3) Hpeolgin Ao Agi,) <pPP(1+e)y;.

So Xj < pP/%(1 + €)Pr;. This holds for every ¢ > 0, hence

o~

.
(17.4) ZL<pP? forj=1,...,N.
Vi
Put
N
St
vEMpK j=1
Notice that @ = N'a, where a := > .,/ >7" | ¢y, N' = (Zj) Also, by

(6.6), Az = AY'. These facts together with Proposition 9.2 imply
v N < 2n(n—l)N’/2AEQ—a'
On the other hand, Proposition 9.2 applied to E,E gives

A Ay > N_N/QAEQ_a7
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and so
Ay
H A > NfN/22fn(n71)N//2.
SV
J=1
Now our lemma follows by combining this with (17.4). 0J

Let T;(Q) (i = 1,...,n) be the spaces defined by (16.1). Further, define

the linear subspaces of Q ',
~ N R -
T3(Q = () span{Re€Q : Hz;,(R) <A} (j=1,....N).
A>1;(Q)

Lemma 17.3. Put k :=n —p. Let QQ > 1 and suppose that

(17.5) M1 (Q) > 2N (Q).
Then

X1\1—1(@) n32n )‘k(Q) —n32m
(17.6) S0 <y <
(17.7) Hy(Ty-1(Q)) = Ha(Ti(Q))-

Proof. Write again /\i,Xj, v; for /\i(Q),Xj(Q), v;(Q). Since
UN—1= Mk AN, UN = App1c o An

we have vy_1/vny = A\g/Ary1. Together with Lemma 17.2, N = (Z) <2n

and assumption (17.5) this implies (17.6).

As for (17.7), let € > 0. Put T := Ti(Q), T := Ty_1(Q). Choose Q-
linearly independent vectors gy, ..., g, such that Hz . o(g:) < (1 +¢)); for
i=1,...,n. Write g; :== g;, A---Ag;, where I; = {i; < --- <y} is the
j-th set in C'(n,p). Then by (17.3),

HE,E,Q(gj) <pPP(1+ePuy_yforj=1,...,N — 1.

Assuming ¢ is sufficiently small, {g;,...,gx} is a basis of T. Moreover, by
Lemma 17.2 and (17.6) we have p?/?(1 + &)Pvy_; < An. Hence by (17.3),
{g1,...,8n_1} is a basis of T. Now Hy(T) = H(T) follows from Lemma
6.1. 0
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We now make a first step towards estimating the heights of the subspaces
in the filtration of (£,c). As usual, n is an integer > 2, K an algebraic
number field, and (£, c) a pair satisfying (2.4)—(2.7). Put

Hy := max{Hy(L") : v € My, i=1,...,n}.

Lemma 17.4. Assume that the subspace T,_, preceding Q" in the filtration
of (L,c) has dimension n — 1. Then

Hy(T,_y) < HY,

Proof. We assume without loss of generality that ¢, < -+ < ¢, for v €
Mg. Put T := T,_;. By our choice of T, if 7" is any other (n — 1)-
dimensional linear subspace of Q", then p(Q",T) < u(@n,T "), implying
w(T") < w(T).
Take v € M. Let i(v) be the smallest index ¢ such that
U ={xcQ" : LVx)=---=L"x)=0} C T

T is given by an up to a constant factor unique linear equation, which we
may express as )., aijgv) (x) = 0 where not all a;, are 0. In fact, T
is given by Z;g ozijg.U) (x) = 0, where a;q), # 0. It follows that i(v)
is the largest index ¢ such that {LE”)\T 7€ {1,...,n}\ {¢}} is linearly
independent. Hence

(17.8) wT) =Y w(T)= > Y ¢

vEMK vEMpy j=1
J#i(v)
Moreover,
(17.9) > Ui CT.
veEMK

We prove that in (17.9) we have equality. Assume the contrary. Then
there is an (n — 1)-dimensional linear subspace 7" # T of Q" such that
Y e wy Uiwyw C T'. Then if j(v) denotes the smallest index i such that
Ui, €T we have j(v) < i(v) for v € Mg. So

wT) =" > ez w(),

vVEME =
J#3(v)
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contrary to what we observed above.

Knowing that we have equality in (17.9), there is a subset {vy, ..., v} of
My with s <n —1 such that T = Us(y)0, + - - + Uiuy) v, - By (6.13), (6.11)

we have
HQ(Ui(Ul)ﬂ)l) = HZ(UiJ(_vz),vz) < Hg_l forl=1,...,s,
and then by (6.12),

This completes our proof. [

Our final result is as follows.

Proposition 17.5. Let Ty, ..., T._1 be the subspaces of Q" in the filtration
of (L,c). Put Hy := maX{Hg(LEU)) cv € Mg,i=1,...,n}. Then

Hy(T) < Hy" fori=1,...,r—1.

Proof. Let i € {1,...,r — 1} and put T := T;, k := dimT, p :== n — k,
N = (7;) Further, let £, € be as in (17.1), (17.2). By (6.8), for the linear
X,

forms Lj ) in E we have

(17.10) Hy(L") < HY forve Mg, j=1,...,N.

Let 0 < 0 < w(Ti1,T;) — p(Tite, Tiy1). By Theorem 16.1 we have for
every sufficiently large ), that

(17.11) T.(Q) =T

and A\ (Q)/Aes1(Q) < QY. Together with Lemma 17.3 (i), this implies that
for @ sufficiently large we have XN,l(Q)/XN(Q) < QY2 with a positive
exponent #/2 independent of @, and so dim fN_l(Q) = N — 1. Again from
Theorem 16.1, but now applied with E, ¢, N instead of £, c,n, it follows
that there is a subspace T of dimension N — 1 in the filtration of (E, c),
such that

Tna(Q) =T
for every sufficiently large Q).
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Now using subsequently (17.11), Lemma 17.3 (ii), Lemma 17.4 (with
L, ¢, N instead of £, c,n), and (17.10), we obtain for @) sufficiently large,

Hy(T) = Ho(T(Q)) = Ho(Tn-1(Q)) = Ho(T) < (HY)VV* < 1y

where in the last step we have used p(N —1)? < p(Z)2 < 4™, This completes

our proof. O

18. PROOF OF THEOREM 2.3

Let n, L, c,d, R satisfy (2.4)—(2.10). Let T' = T(L,c) be the subspace
from (2.21). Recall that this space is defined over K. The hard core of our
proof is to make explicit Lemma 16.3 (ii).

Put k := dim T'. Choose a basis {g;, ..., gk} of T, contained in K™. Write
in the usual manner UveMK{Lgv), ce L%U)} = {Li,..., L.}, where r < R,
and let 61, ..., 0, be the distinct, non-zero numbers among

(18.1) (det(LZ-l(gj))lJZ1 77777 e 1< << <
For v € Mg, put
M, :=max(||01]|v, - - [|0ullo)s ™Mp :=min(||01]|v, - - ||Oul]o)-

Lemma 18.1. We have

M, .
11 < (2H )R

m
veEMK v

Proof. Let ¢ be a linear transformation of Q", defined over K. By Lemma
7.3, replacing £ by L o ¢ has the effect that T = T'(L,c) is replaced by
@ YT). Taking the basis ¢ 1(g1),..., o (gr) of o }(T), we see that the
quotients M, /m, (v € M) remain unchanged. This shows that to prove
our lemma, we may replace £ by L o . Now choose linearly independent
Ly, ..., L, from £, and then ¢ such that L;op = X, fori =1,...,n. Then
L o ¢ contains Xy, ..., X,.
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So we may assume without loss of generality that £ contains Xy,..., X,
and then apply Lemma 10.2. Thus, we conclude that

(18.2) I JZU . ((2)1/2H5.H2(T)) ()

vEME

We estimate Ho(T') from above by means of Proposition 17.5. The coetfi-
cients of Ly, ..., L, belong to the set {dy,...,d,,} from Lemma 10.1. Hence

Hy(Li) < n'? ] max(ldillo, .- ldnlls) < n'/?Hp

veEMK

for i = 1,...,r, and so Ho(T) < (n'/?H.)*". By inserting this inequality
together with (}) < R"/n! into (18.2), we infer

R™/n!

M n 1/2
v < 4”/2_H4"+1 < (2H (4R)n.
H My ((k‘) n L ( £)
vEME

In addition to (2.4)—(2.10), we assume that

(18.3) Clo < -+ < ¢y for v e Mg

which is no restriction.
By (15.3) we have

w(T) =we (T Z ch,

vEM i€l

where I, = I,(T) = {i1(v),...,i(v)} is the set defined by (15.2). Put
Ic:={1,....n}\T.

Let
(18.4) =L =3 LY (ve My, i€ )
=

be the linear forms from (16.5). Recall that these linear forms vanish iden-
tically on T'. For v € Mg, @ € I,, put LEU) = Lgv), and define the system

Z::(ZZ(-U):UGMK,Z':l,...,n).
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Clearly, for every v € My, the set {ZEU) : i =1,...,n} is linearly indepen-
dent.

Lemma 18.2. The system L has the following properties:
(185)  Hz.o(x) < (2He)®W " Heeo(x) forxeQ', Q=1

(18.6) H; < (nH)®R",
Proof. Let v € M. We find expressions for the coefficients «;j, from the
relations
@) Zam gh forie I h=1,....k
Jjel,

and Cramer’s rule. Recall that o;j,, = 0 for j > ¢ by the definition of 7,,. In

and d;;, is a similar sort of determinant, but with Lgv) replaced by LE”).
Clearly, 9, and the numbers ¢;;,, all occur among the numbers (18.1). Hence

M
(18.7) |l ijollor < - forie I, jel, v e Mg.

We now prove (18.5). Let x € Q", @ > 1, and choose a finite extension
E of K such that x E E™. For w € Mg lying above v € M, define in the
usual manner cm,L by (2.14) and similarly, LE W ng), Qijw = Qiju,
Ly =1, My = M3 my = mi™ . Thus, (18.4), (18.7) and Lemma
18.1 hold With w € Mg instead of v € M. It follows that for w € Mg we

have

—C; stw —c;
max || L8 (%) Q" < n*® =2 - max || L& (x)[|,Q .

1<i<n My 1<i<n

By taking the product over w € Mg it follows

Hpo(®) <n(2H)* " Hp o (%),
which implies (18.5).
We next prove (18.6). Let dy, ..., d; be the determinants of the n-element
subsets of UUGMK{L@, . ,LSJ)}, and dy, ..., d, the determinants of the n-

element subsets of J, . MK{ZY]), _..,L%}. Then cach d; is a lincar combi-

nation of elements from dy, ..., d; with at most n" terms, each coefficient of
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which is a product of at most n elements from «;;, (v € Mg, i € 1, j € I5).
So by (18.7),

M,\"
max ||d;], < n™® < ) -max ||d;]],
My

1<i<s 1<t

for v € Mg. By taking the product over v € Mg and using Lemma 18.1,

we obtain
Hz < n"(2H)"UP" . H,y < (2H )",

which is (18.6). O]

In the proof of Theorem 2.3 we assume

there is a non-archimedean place vy € Mg such that

18.8 ~
(188) Ci,v():(),LEUO):Xiforizl,...,n

(18.9) T={xeQ" :2y=- =1z, =0}

We show that these are no restrictions. Let ¢ be a linear transformation of
Q", defined over K. Lemma 7.3 says that T'(L o ¢,c) = ¢ 1(T). Hence,
if we construct a system of linear forms from £ o ¢ and T(L o @, c c) in the
same way as £ has been constructed from £ and T', we obtain Lo . Now
choose ¢ such that {L&“ op,..., Lo v} ={X1,...,X,}, and moreover,
{Egv) op:ielty={Xy,..., X, k}. Then L o ¢ contains X, ..., X,, and
T(Lop,c)is given by X1 =--- = X, =0. Now Lemma 7.3 implies that
in the proof of Theorem 2.3, we may replace £ by L o ¢.

So henceforth, in addition to (2.4)—(2.10) and (18.3), we assume (18.8),
(18.9).

The projection
(18.10) L O T B N €2 P
has kernel T. We now define a tuple in K[Xi, ..., X, _]",

(18.11) L= (L v e My, i€

(2

with L\ .= L 0 "' (v € Mg, i € I?)
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and a tuple of reals

(18.12) d = (dw: ve Mg, icl)

with d;, := il

(Cw — 97)), (U - MK, 7 - Ig),

where 6, := - i k(ZCﬂ’) (v e Mg).

VIS

Notice that by Lemma 16.2 (ii) and assumption (2.8) we have

)—w(T) _ w(T)
n—k n—=k

(18.13) 3 6, = w(@

veEMpK

The tuple £” is precisely that defined in (16.6), while d is a normalization
of the tuple ¢” from (16.6). Eventually, we want to apply Theorem 8.1
to (L£”,d), and to this end we have to verify that this pair satisfies the
analogues of (8.2)-(8.9) with £, ¢ replaced by £”,d; in fact, the tuple d has
been chosen to satisfy (8.3), (8.4). Further, we need an estimate for H» in
terms of H,. Finally, we have to relate the twisted height H» q ¢ (¢" (X))
to Hr.eq(x), where Q' := Q™).

We start with the verification of (8.2)—(8.9), with n — k,nR", L",d re-
placing n, R, £, c, and with indices i taken from I¢ instead of {1,... ,n},
for v € M. Tt is clear that d satisfies (8.2), (8.3), and that £ satisfies
(8.6). Further, from (18.8), (18.9) it follows easily that L£” satisfies (8.8).
In the lemma below we show that £”,d has properties (18.14), (18.15),
(18.16). which are precisely (8.4), (8.7), (8.9) with n —k,nR", L",d replac-
ing n, R, L,c. The weight wsr q and twisted heights H;» q¢ are defined
similarly as in Section 16, but with d;, in place of ¢;, in (16.8), (16.10).

Lemma 18.3. We have

(18.14) maxd;, <1,
vk i€l$
(18.15) #( U {7 ie Ig}) < nR",
vEME

(18.16) wera(U) <0 for every linear subspace U of@nfk.
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Proof. We start with (18.14). Put ¢}, := ¢ — % Y7 ¢ for v € Mk,
i=1,...,n. Then ) ' ¢, = 0forve Mg, while Y7, max;cic, ¢, <1

=1 ~iv
by (2.9).

Consequently,
n—=k , 1 ,
maxd;, = E max ¢;, — g o
ielg n i€l n—k“
vEMK vEMg Jjels
n—k Z ’ i 1 ’
= . maxc;, + —— E c:
n iele W on—k ¢ Jv
vEME jel,
n—=~k k ,
< 1+ max ¢;, < 1.
n n—k /) 1<i<n

This proves (18.14).

Next, we prove (18.15). Let v € Mg. The set {LE”)” c1o€e IS} is
determined by the linear forms LEU) given by (18.4), and the latter by the
ordered tuple (L1, ..., LY). By (2.6) there are at most R distinct tuples

Y

among these as v runs through My. This proves (18.15).

We finish with proving (18.16). Take a linear subspace U of @n_k and let
W =" (U). By (18.12), (18.13), we have

—k
wﬂ“,d(U> = r (w£//7c//(U)—dimU Z 91})

n
vEME
—k T
= n (w£/170//(U) + dim U - w( )>
n n—=~k

and then by Lemma 16.2 (ii),

n—k ) w(T
w[://’d(U) = n ('UJ(W) — 'U)(T) + dim U - n (_ ]1)
_ n—k w(T) ,
= — (w(W) — (n — dim W)> .
Since this is < 0 by (2.21), this proves (18.16). O

Lemma 18.4. We have

Hpen < (2H)BR"
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Proof. Let ci, e ,675 be the determinants of the n-element subsets of
Usern ALV, LY=: {L4,..., L.}, and let d,", ..., d,” be the determi-
nants of the (n — k)-element subsets of UUGMK{LEv)” : 4 € IS}, Pick one of
the determinants d;”. Then for some iy, ..., 4, k, by (18.10), (18.11),

di" = det(L;, 00" ... Ly 0@" ") =det(Li,, ..., Li, s Xn—ts1s-- > Xn)
and then by (18.8), +d;" € {d,, ..., d,}. Consequently,

Her = T] o "l < TT e il = Hz
vEME veEMK
Together with (18.6) this implies our lemma. O

Proposition 18.5. Let ) be a real with

(18.17) Q > (2H,)?0BR)"/
and X € @n with

(18.18) Heoq(x) < AL"Q™.
Put Q' = Q™% Then

(18.19) Hena (' (x)) < Q™.

Proof. We need the crucial observation that by (18.13), (2.21), (2.8),

(18.20) 3 6,=- ;’)(_T; <- w(;@n) = 0.

Let E be a finite extension of K with x € E™. In accordance with our
usual conventions, we put LI := L7 d;, = d(wlv)ds, IS := I¢ for

places w € Mg lying above v € My. Thus, (18.12), (18.13), (18.20) imply
iy 1= ”T_k(cl-w —0y) for w € Mg, i € IS with ZweME 0, < 0, and so

_diw
Heao(9'(x) = ] maXHL ()l @’
weEMEg
= I @™ Ig’c}} ()] Q@
wEMg
( —Ciw
< I max 20w
wEME
= HE,C,Q(X)'
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Together with (18.5), (7.4), (18.20) this implies

(2H) ™" Hp o 0(x)
(2H)ER" R A H L o(x).

Henaq(¢"(x))

NN

Now (18.19) follows easily from this last inequality and (18.17), (18.18). O

Proof of Theorem 2.3. We assume for the moment, that n — & > 2. We
intend to apply Theorem 8.1 with

99
18.21 —k " — " d
(18.21) n , nR", 1006/n’ L,

replacing n, R, d, L, c, respectively. Clearly, with these replacements (8.1)
holds, and we verified above that conditions (8.2)—(8.9) are satisfied as well.

Let m), wh be the quantities mgy, wo from Theorem 8.1, with the objects in
(18.21) replacing n, R, d, L, c, respectively. Further, let C’ be the quantity
obtained by applying the substitutions from (18.21) to Cy, but replacing
H» by the upper bound (2H)®%" from Lemma 18.4. Then Theorem 8.1
implies that there exist reals Q,..., @, with C3 < Q| <--- <@, , such
that if ' > 1 is a real with

(18.22) {ye@ " Heagly) <Q7 "} £ {0},
then
(18.23) Qelrcyul [Qﬁw 2”’) :

h=1

We proved (18.23) under the assumption n—k > 2. We now assume that
n — k = 1 and show that (18.23) is valid also in this case. The quantities
mbh, wh, C4 are defined as above, but with n — k = 1 replacing n. We have
Lﬁ”)" = a,X, di, = 0 for v € Mg, and so for y = y € K*, by the product
formula,

HeagW) = T lawyllo= TT el

veEMK veEMK
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This is valid also if y € K. Let {a, : v € Mg} = {o,...,a.}. By (18.15),
we have r < nR"™. Moreover, by Lemma 18.4,
[T mex |l = Her < (2Hz)®P".

1<i<r
veEMg

Hence if y # 0,

Henao(y) = lglig | il
vEM g SIS

g -y —(8R)2n

ve My max) <icr [|llv

Now if y satisfies (18.22), then certainly, Q' < C) and so (18.23) is satisfied.
Let @ be one of the reals being considered in Theorem 2.3, i.e., with
(x€Q": Hreo(x) <AY"Q ) ¢ T

Then by Proposition 18.5, either () does not satisfy (18.17), or @’ :=
Q™("F) gsatisfies (18.22). The first alternative implies Q < Cy/M R g
in either case,

mao’
Qe [La" ™M) u Q).
h=1

where @} = Q;l("*k)/" forh=1,...,my.

To prove Theorem 2.3, we have to cut the intervals into smaller pieces. In
general, any interval [4, A?) is contained in a union of at most [log 6/ log wo]+
1 intervals of the shape [Q*, Q**°). It follows that there are reals Q1, . .., Qm,
with Cp < Q1 < --+ < @, such that

Q€ [1,Co) U |JQn @),
h=1

1 /
w1+ [
log wq

To finish our proof, we have to show that m < my.

where

log(log Co' "™/ / log Cy)
log wy

m:=1
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We first estimate from above m),. Taking the definition of my from (8.10)
and the substitutions from (18.21), and using R > n > 2, we obtain

mhy < 61(n — k)5220=R(100n,/996)? log(22(n — k)?2"F . nR™ - 100n,/996)
< 62n°2°"6?log(23n"2"R"6 ") < 62n'°2°"6 % log ((36 ' R)*")
< 18617276 2log(30 ' R) =: m,.

Further,
|4 | los(log &M 1og Cy)
log wy
2mx
log (log (2 x (2H)BR")™ " /1og max(H /", nl/‘s))
<1+
log wy
3m, log m,
< ;
log(6—'log 3R)
and

log w) <1 5 logm, o 3log m,
logwy | 2 logwy  log(6-1log3R)’

So altogether,
6m., log m,

“log(6-tlog3R)’
Using R > n > 2, 186n%22" < 507", §2log(36'R) < (6 'log3R)3, this

leads to

m

log (186n%2%"62log(36 ' R))
log(6—tlog3R)

< Gm, (2110850 o) < 1p0nm,

log log 6

< 10727062 1og(36 ' R),

m < 6m, X

i.e., m < myg. This completes the proof of Theorem 2.3. O
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