EFFECTIVE RESULTS FOR DIOPHANTINE EQUATIONS
OVER FINITELY GENERATED DOMAINS: A SURVEY

JAN-HENDRIK EVERTSE AND KALMAN GYORY

ABSTRACT. We give a survey of our recent effective results on unit equa-
tions in two unknowns and, obtained jointly with A. Bérczes, on Thue
equations and superelliptic equations over an arbitrary domain that is
finitely generated over Z. Further, we outline the method of proof.

1. INTRODUCTION

We give a survey of recent effective results for Diophantine equations with
unknowns taken from domains finitely generated over Z. Here, by a domain
finitely generated over Z we mean an integral domain of characteristic 0 that
is finitely generated as a Z-algebra, i.e., of the shape Z|z1, ..., 2| where the
generators z; may be algebraic or transcendental over Z.

Lang [14] was the first to prove finiteness results for Diophantine equa-
tions over domains finitely generated over Z. Let A be such a domain.
Generalizing work of Siegel [22], Mahler [15] and Parry [17], Lang proved
that if a, b, c are non-zero elements of A, then the equation ax + by = ¢,
called unit equation, has only finitely many solutions in units x,y of A.
Further, Lang extended Siegel’s theorem [23] on integral points on curves,
i.e., he proved that if f € A[X,Y] is a polynomial such that f(x,y) =0 de-
fines a curve C' of genus at least 1, then there are only finitely many points
(x,y) € Ax Aon C. The results of Siegel, Mahler, Parry and Lang were
ineffective, i.e., with their methods of proof it is not possible to determine
in principle the solutions of the equations under consideration.
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A major breakthrough in the effective theory of Diophantine equations
was established by A. Baker in the 1960’s. Using his own estimates for linear
forms in logarithms of algebraic numbers, he obtained effective bounds for
the solutions of Thue equations [2] and hyper- and superelliptic equations
[3] over Z. Schinzel and Tijdeman [19] were the first to consider superelliptic
equations f(z) = 0y™ over Z where also the exponent m was taken as an
unknown and gave an effective upper bound for m. Gyéry [9], [10] showed,
in the case that A is the ring of S-integers in a number field, that the
solutions of unit equations can be determined effectively in principle. Their
proofs also depend on Baker’s linear forms estimates.

The effective results of Baker and of Schinzel and Tijdeman were extended
to equations where the solutions z, y are taken from the ring of S-integers of
an algebraic number field; we mention here Coates [7], Sprindzuk and Kotov
[25] (Thue equations), and Trelina [26], Brindza [5] (hyper- and superelliptic
equations).

In the 1980’s Gydry [11], [12] developed a method, which enabled him to
obtain effective finiteness results for certain classes of Diophantine equations
over a restricted class of finitely generated domains. The core of the method
is to reduce the Diophantine equations under consideration to equations over
number fields and over function fields by means of an effective specialization
method, and then to apply Baker type logarithmic form estimates to the
obtained equations over number fields, and results of, e.g., Mason, to the
equations over function fields. Gyory applied his method among others
to Thue equations, and later Brindza [6] and Végs6 [27] to hyper- and
superelliptic equations and the Schinzel-Tijdeman equation.

Recently, the two authors managed to extend Gyéry’s method to arbi-
trary finitely generated domains. By means of this extended method the
two authors [8] obtained an effective finiteness result for the unit equation
ar+by = cin x,y € A*, where A is an arbitrary domain that is finitely gen-
erated over Z, and A* denotes the unit group of A. By applying the same
method, the authors together with Bérczes [4] obtained effective versions
of certain special cases of Siegel’s theorem over A. Namely, they obtained
effective finiteness results for Thue equations F(x,y) = § in xz,y € A and
hyper /superelliptic equations F'(z) = dy™ in x,y € A, where § is a non-zero
element of A, F'is a binary form, respectively polynomial with coefficients
in A, and m is an integer > 2. All these equations have a great number of
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applications. We note that the approach of the authors can be applied to
various other classes of Diophantine equations as well.

In Section 2 we give an overview of our recent results. In Section 3 we
give a brief outline of the method of proof.

2. RECENT RESULTS

2.1. Notation. Let again A D Z be an integral domain which is finitely
generated over Z, say A =Z[z,...,z]. Put

R:=7Z[Xy,...,X,], I '={f€eR: f(z,...,2,) =0}
Then [ is an ideal of R, which is necessarily finitely generated. Hence

A= R/I, T=(f1,....f)

for some finite set of polynomials { f1, ..., fi} C R. We may view { f1,..., fi}
as a representation for A. For instance using Aschenbrenner [1, Prop. 4.10,
Cor. 3.5], it can be checked effectively whether A is a domain containing Z,
that is to say, whether [ is a prime ideal of R with I NZ = (0).

Denote by K the quotient field of A. For a € A, we call f a representative
for «, or say that f represents a if f € R and o = f(z1,...,2,). Further,
for a € K, we call (f,qg) a pair of representatives for a or say that (f,g)
represents « if f,g € R, g ¢ I and o = f(z1,...,2)/9(z1,...,2). We
say that « € A (resp. a € K) is given if a representative (resp. pair of
representatives) for a is given.

To do explicit computations in A and K, one needs an ideal membership
algorithm for R, that is an algorithm that decides for any given polynomial
and ideal of R whether the polynomial belongs to the ideal. Among the var-
ious algorithms of this sort in the literature we mention only those implied
by work of Simmons [24] and Aschenbrenner [1]. The work of Aschenbren-
ner plays a vital role in our proofs. One can perform arithmetic operations
on A and K by using representatives. Further, one can decide effectively
whether two polynomials f;, fo € R represent the same element of A, i.e.,
fi — fo € I, or whether two pairs of polynomials (f1,91), (f2,92) € R X R
represent the same element of K, i.e., figo — fog1 € I, by using one of the
ideal membership algorithms mentioned above.
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Given f € R, we denote by deg f its total degree, and by h(f) its loga-
rithmic height, i.e., the logarithm of the maximum of the absolute values of
its coefficients. The size of f is defined by

S(f) = max(1, deg f, h(f)).
Clearly, there are only finitely many polynomials in R of size below a given
bound, and these can be determined effectively.

We use the notation O(r) to denote any expression of the type ‘absolute
constant times r’, where at each occurrence of O(r) the constant may be
different.

2.2. Thue equations. We consider the Thue equation over A,
(2.1) F(z,y) =9 inzyeA,

where

F(X,Y)=aoX" +a; X" 'Y + - +a,Y" € A[X,Y]
is a binary form of degree n > 3 with discriminant Dy # 0, and 6 € A\ {0}.
We represent (2.1) by a set of representatives

o, 1, .- a0, 0 € Z[X1, ..., X,]

for ag,ay,...,a,,0, respectively, such that 5¢ I,Dz ¢ I where Dz is the

discriminant of F' := 7" ;a@; X" 7Y7. These last two conditions can be

checked by means of the ideal membership algorithm mentioned above. Let
max(deg f1,...,deg f;,degag, degay, ..., degay,, degg) <d,

max(h(f1), .., h(f2), h(@), h(@), ..., h(@), h(®)) < b,
where d > 1,h > 1.

Theorem 2.1 (Bérczes, Evertse, Gy6ry [4]). Every solution z,y of equation
(2.1) has representatives T,y such that

(2.2) s(T),s(y) < exp (n!(nd)EXpO(’")(h +1)).

This result implies that equation (2.1) is effectively solvable in the sense
that one can compute in principle a finite list, consisting of one pair of
representatives for each solution (x,y) of (2.1). Indeed, let fi,...,fi € R
be given such that A is a domain, and let representatives ag, a, . . ., @, 5 of
ao, - - ., Gn, 0 be given such that Dz, 5 ¢ I. Let C be the upper bound from
(2.2). Then one simply has to check, for each pair of polynomials =,y €
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Z[X1, ..., X,] of size at most C' whether }N?(i, v) — 5 €1 and subsequently,
to check for all pairs z,y passing this test whether they are equal modulo
I, and to keep a maximal subset of pairs that are different modulo 1.

2.3. Hyper- and superelliptic equations. We now consider the equation
(2.3) F(x) =0y™ inz,yeA,

where

F(X)=aX"+a, X" '+ +a, € A[X]
is a polynomial degree n with discriminant Dp # 0, and where § € A\ {0}.
We assume that either m =2 and n > 3, or m > 3 and n > 2. For m = 2,
equation (2.3) is called a hyperelliptic equation, while for m > 3 it is called
a superelliptic equation. Similarly as for the Thue equation, we represent
(2.3) by means of a tuple of representatives

aA(/)a(’zvla"'yd;%’gEZ[le"'aXr]

for ag,aq,...,a,,0, respectively, such that § and the discriminant of F :=
> i@ X" do not belong to I. Let

max(deg f1,...,deg f;,degag,degay, ..., dega,,degd) < d

max(h(f1), -, h(f), h(d@0), (@), -, h(dn), h(3)) < h,
where d > 1,h > 1.

Theorem 2.2 (Bérczes, Evertse, Gyéry [4]). Every solution z,y of equation
(2.3) has representatives T,y such that

s(7), s(7) < exp (m3(nd)™P ") (h + 1))

Completely similarly as for Thue equations, one can determine effectively
a finite list, consisting of one pair of representatives for each solution (z,y)

of (2.3).

Our next result deals with the Schinzel- Tijdeman equation, which is (2.3)
but with three unknowns z,y € A and m € Z>,.

Theorem 2.3 (Bérczes, Evertse, Gyéry [4]). Assume that in (2.3), F' has
non-zero discriminant and n > 2. Let x,y € A,m € Z>y be a solution of
(2.3). Then

m < exp ((nd)e"po(’")(h +1))
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ify € Q,y#0, y is not a root of unity,

and

m < (nd)**%")if y ¢ Q.

2.4. Unit equations. Finally, consider the unit equation
(2.4) ar+by=c inz,ye A"

where A* denotes the unit group of A, and a, b, ¢ are non-zero elements of

A.

Theorem 2.4 (Evertse and Gy6ry [8]). Assume that r > 1. Let 6,3,5 be
representatives for a, b, c, respectively. Assume that fq,..., f; and a, E,E all
have degree at most d and logarithmic height at most h, whered > 1, h > 1.
Then for each solution (x,y) of (2.4), there are representatives T, T, y,y of
x,x Yy, y~t, respectively, such that

$(2), 5(@), 5(7), s(7) < exp ()OO (h+1)).

Again, similarly as for Thue equation, one can determine effectively a
finite list, consisting of one pair of representatives for each solution (z,y) of
(2.4).

By a theorem of Roquette [18], the unit group of an integral domain
finitely generated over Z is finitely generated. In the case that A = Og is
the ring of S-integers of a number field it is possible to determine effectively
a system of generators for A*, and this was used by Gyory in his effective
finiteness proof for (2.4) with A = Og. However, no general algorithm is
known to determine a system of generators for the unit group of an arbitrary
finitely generated domain A. In our proof of Theorem 2.4, we did not need
any information on the generators of A*.

Let 74, ..., 7 be multiplicatively independent elements of K*. There exist
algorithms to check effectively the multiplicative independence of elements
of a finitely generated field of characteristic 0; see for instance Lemma 7.2
of [8]. Let again a, b, ¢ be non-zero elements of A and consider the equation

(2.5) ayyt oyl bt s =c¢ inwy, .., U, WL, W € Z.

Theorem 2.5 (Evertse and Gy6ry [8]). Let a,b,¢ be representatives for
a,b,c and fori =1,...,s, let (g, gi2) be a pair of representatives for ;.



DIOPHANTINE EQUATIONS OVER FINITELY GENERATED INTEGRAL DOMAINS7

Suppose that fi,..., f;, E,E, ¢, and gn, gz (1 = 1,...,8) all have degree at
most d and logarithmic height at most h, where d > 1, h > 1. Then for
each solution (v, ..., ws) of (2.5) we have

max ([vr,. . [val, [wil,.. ., |ws]) < exp ((2d)m0<”+s><h + 1)).

An immediate consequence of Theorem 2.5 is that for given fi,..., f;, a,b, ¢
and 71, . . ., s, the solutions of (2.5) can be determined effectively. Theorem
2.5 is a consequence of Theorem 2.4.

3. A SKETCH OF THE METHOD

Let A =Z[z,...,2:] D Z be a domain that is finitely generated over Z.
Let K be the quotient field of A. As usual we write R := Z[X,..., X,],
and take f1,..., f; € Rsuch that fi,..., f; generate the ideal of f € R with

f(zl7"'7zr):O'

The general idea is to reduce our given Diophantine equation over A
to Diophantine equations over function fields and over number fields by
means of a specialization method. We first recall the lemmas which together
constitute our specialization method, and then give a brief explanation how
this can be used to prove the results mentioned in the previous section.

If K is algebraic over Q then no specialization argument is needed. We
assume throughout that K has transcendence degree g > 0 over Q. We as-
sume without loss of generality that z,. .., 2z, are algebraically independent
over Q. Put

AU = Z[Zl, .. '7Zq]7 KO = Q(Zl, Ce ,Zq).

Thus, A = Ao[zg+1,---, 2]y K = Ko(zg41,-..,2-) and K is algebraic over
Ky. Given a € Ay we let dega, h(a) be the total degree and logarithmic
height of a viewed as polynomial in the variables 21, ..., z,.

Let c/l\o be an integer > 1 and EO areal > 1. Assume that
degfzggl\()a h(fl)SEO forz::[v?t
Lemma 3.1. There are w, f withw € A, f € Ay \ {0} such that

ACB:= Ao[w, f_1]>
deg f < (2do)™ M) h(f) < (2d)*P O (ho + 1),
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and such that w has minimal polynomial XP + F, XP~1 + ... 4+ Fp over K,
of degree D < dy~ ¢ with

Fi€ Ay, degF; < (2do)™®°"), h(F) < (2do)™® ") (hg + 1)
foro=1,...,D.

Proof. This is a combination of Corollary 3.4 and Lemma 3.6 of [§]. O

Since Ay is a unique factorization domain with unit group {£1}, for every

non-zero a € K there is an up to sign unique tuple P, o, ..., Py p-1,Qa € Ao
such that
D—1
(3.1) a=Q." Z P, juw’.
=0
We define

deg a := max(deg P, . ..,deg Py p_1,deg Q,),
h(a) := max(h(Payp),. ... M(Pap_1),h(Qa)).
We observe here that o € B if and only if @), divides a power of f.

Lemma 3.2. Let o € A\ {0}.
(i) Let & € R be a representative for o. Put dy := max(dy,dega), hy =
max(hg, h(a)). Then

(3.2) dega < (2d,)"°0) | h(a) < (2d;)7PO0) (hy + 1).

(i) Put dy := max(dy, deg ), hy := max(/f\zo,ﬁ(oz)). Then o has a represen-
tative o € R such that

(33) deg& < (2&\2)exp0(rlog* T)(}\lQ‘i_l)’ h(&) < (2&\2)exp0(rlog* r)(52+1)T+1.

Proof. This is a combination of Lemmas 3.5 and 3.7 of [8]. The proof is
based on effective commutative linear algebra for polynomial rings over
fields (Seidenberg, [21]) and over Z (Aschenbrenner, [1]). O

The next lemma relates deg o to certain function field heights. We use
the notation from Lemma 3.1. Let a + o (i = 1,..., D) denote the K-
isomorphic embeddings of K in the algebraic closure of Ky. Fori=1,...,q,
let k; be the algebraic closure of Q(z1,...,2i-1,2i+1,...,24), and M; =
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k;(z;, wd, ... w®P)). Thus, K may be viewed as a subfield of M, ..., M,.
Given a € K, define the height of a with respect to M;/k;,

HMi/ki(a) = Z maX(O, —U(Oé)),
UEVM@'/ki
where Vi, jk, is the set of normalized discrete valuations of M; that are
trivial on k;. Put A; := [M; : k;(2)].

Lemma 3.3. Let o« € K*. Then

q D
(3.4) dega < gD - (2do)™P%") + > AT T Hygpe, (@),
i=1 j=1
and
(3.5) max A7 Hyg, i, (o)) < 2Ddeg a + (2d)* O,
1,7

Proof. The first assertion is Lemma 4.4 of [8], where we have estimated from
above the quantity d; from that lemma by the upper bound (230)‘3’@0(7") for
deg f and deg F; from Lemma 3.1 of the present paper. The second assertion
is Lemma 4.4 of [4]. O

We define ring homomorphisms B — Q, where B D A. Let aq,..., a4 €
K*. Fori=1,...,k, choose a pair of representatives (a;, b;) € R x R for o
and put

dy == max(c/i\g,deg ay,degby, ..., degay, degby),
hs := max(ho, h(ar), h(by), ..., hay), h(by)).
Let g := Hle(QaiQaa) and define the ring B := Aglw, (fg)~!]. Then by
Lemma 3.1 and (3.1),
(3.6) ACB, ai,...,a € B
Define
H:=Ar -Fp- fg,

where Az is the discriminant of F. Clearly, H € Ay and by Lemmas 3.1,
3.2, the additivity of the total degree and the ’almost additivity’ of the
logarithmic height for products of polynomials, we have

(3.7) degH < (k+1)(2d3)™°",  h(H) < (k+ 1)(2d5)™P ) (hs + 1).
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Any u = (uq,...,u,) € Z? gives rise to a ring homomorphism ¢, : Ag —
Z by substituting u; for z;, for i =1,..., ¢, and we write a(u) := py(a) for
a € Ayp. We extend ¢, to B. Choose u € Z4 such that

H(u) # 0.

Let Fy := XP + Fi(u)XP~1 4+ ... + Fp(u). By our choice of u, the
polynomial F, has non-zero discriminant, hence it has D distinct roots,
wW(u),...,wP)(u) € Q, which are all non-zero, since also Fp(u) # 0.
Further, f(u)g(u) # 0. Hence the substitutions

21 UL, Zg Y Ug, w—wW) (j=1,...,D)

define ring homomorphisms %’ : B — Q. We write al(u) = oY )(oz) for
a€ B,j=1,...,D. Notice that by (3.6) we have

(3.8) aP(a)#£0fori=1,....k j=1,...,D.

The image ¢!’ (B) is contained in the algebraic number field K 9= Q(w")(u))
and [KY) : Q<D <d

In the Lemma below, we denote by h2"*(¢) the absolute logarithmic Weil
height of ¢ € Q. For u = (uy, ..., u,) € Z we write |u| := max(|ui], ..., [ugy]).

Lemma 3.4. Let o € B\ {0}.
(i) Let u € 77 with H(u) # 0 and j € {1,...,D}. Then

(3.9) = (aV)(w)) < Ci(deg o, h(a), u),
where C1(deg a, h(a), u) :=
(2(70)6’@0(” (/fzo + 1) + h(a) + <(2(70)e"p0(r) + gdeg a) log max(1, |ul).
(ii) There existu € Z9, j € {1,..., D} such that
{ [u| < max (deg v, (2d3)°POM), H(u) £ 0,
M) < Ca(deg o, h**(al?) (u)))
where Cy(deg v, h** (o) (u))) :=

(2d5)™ ) ((k + 1)°(hs + 1)2(deg @) + (k + 1) (b + D™ (@ (w))).

(3.10)

Proof. This is a combination of Lemmas 5.6 and 5.7 from [8]. Observe
that the quantities D, dy occurring in Lemmas 5.6 and 5.7 of [8], can be
estimated from above by the upper bounds for D and deg F; (i = 1,..., D)
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from Lemma 3.1 of the present paper, i.e., by Jg‘q and (230)‘3"1)0(’"). The
polynomial f from [8] corresponds to fg in the present paper. In [8], the
degree and the logarithmic height of f are estimated from above by dy, h;.
We have to replace these by the upper bounds for deg fg, h(fg) implied
by (3.7) of the present paper. As a consequence, the lower bound for N
in Lemma 5.7 of [8] is replaced by the upper bound for |u| in (3.10) of
the present paper, while the upper bound for A(a) in Lemma 5.7 of [8] is
replaced by C5 in the present paper. [

We now sketch briefly, how to obtain an upper bound for the sizes of rep-
resentatives for solutions x,y € A of the Thue equation F(z,y) = §, where

F' is a binary form in A[X,Y] of degree n > 3 with non-zero discriminant
and where § € A\ {0}.

Let x,y € A be a solution. Using Lemma 3.2 one obtains upper bounds
for the deg-values and h-values of the coefficients of F' and of §. Next, by
means of Lemma 3.3 one obtains upper bounds for the H )y, /x,-values of the
coefficients of F' and of ¢ and their conjugates over K. Using for instance
effective results of Mason [16, Chapter 2] or Schmidt [20, Theorem 1, (ii)] for
Thue equations over function fields, one can derive effective upper bounds
for Hyy, jx; () and Hyg, i, (y\9) for all 4, j and subsequently, upper bounds
for degz, degy from our Lemma 3.3.

Next, let {a, ..., ax} consist of the discriminant of ' and of §. Choose
u € Z%, j € {1,...,D} such that [u] < max (d, (283)6’“’0(’”)), H(u) # 0,
and subject to these conditions, H := max (h**(zV)(u)), h**(z)(u))) is
maximal; here d is the maximum of the deg-values of z,y, the coefficients
of F and 9. Let Fl(lj ) be the binary form obtained by applying goglj ) to the
coefficients of F'. By (3.8) and our choice of {a, ..., ax}, this binary form
is of non-zero discriminant, and also §()(u) # 0.

Clearly, FY (a:(j)(u),y(j)(u)) = 6U)(u). Now we can apply an existing
effective result for Thue equations over number fields (e.g, from Gy6ry and
Yu [13]) to obtain an effective upper bound for H. Inequality (3.10) then
implies an effective upper bound for h(z), h(y). Finally, Lemma 3.2 gives
effective upper bounds for the sizes of certain representatives for x,y.
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Obviously, the same procedure applies to equations F'(x) = oy™. As for
unit equations ax 4+ by = ¢, one may apply the above procedure to systems
of equations ax +by =c, x-2' =1, y-y =1inz,y, 2,y € A.

[1]

[10]
[11]

[12]

[13]
[14]

[15]

REFERENCES

M. ASCHENBRENNER, Ideal membership in polynomial rings over the integers, J.
Amer. Math. Soc. 17 (2004), 407-442.

A. BAKER, Contributions to the theory of Diophantine equations, Philos. Trans.
Roy. Soc. London, Ser. A 263, 173-208.

A. BAKER, Bounds for the solutions of the hyperelliptic equation, Proc. Cambridge
Philos. Soc., 65 (1969), 439-444.

A. BErczEs, J.-H. EVERTSE and K. GYORY, Effective results for Diophantine
equations over finitely generated domains, submitted.

B. BRINDZA, On S-integral solutions of the equation y™ = f(x), Acta Math. Hun-
gar., 44 (1984), 133-139.

B. BRrINDZA, On the equation f(x) = y™ over finitely generated domains, Acta
Math. Hungar., 53 (1989), 377-383.

J. CoATES, An effective p-adic analogue of a theorem of Thue, Acta Arith. 15
(1968/69), 279-305.

J.-H. EVERTSE and K. GYORY, Effective results for unit equations over finitely
generated integral domains, Math. Proc. Camb. Phil. Soc., 154 (2013), 351-380.
K. GYORY, Sur les polynémes a coefficients entiers et de discriminant donné 11,
Publ. Math. Debrecen 21 (1974), 125-144.

K. GYORY, On the number of solutions of linear equations in units of an algebraic
number field, Comment. Math. Helv. 54 (1979), 583-600.

K. GYORY, Bounds for the solutions of norm form, discriminant form and index
form equations in finitely generated domains, Acta Math. Hung. 42 (1983), 45-80.
K. GYORY, Effective finiteness theorems for polynomials with given discriminant
and integral elements with given discriminant over finitely generated domains, J.
reine angew. Math. 346, 54-100.

K. GYOry, KUNRUI YU, Bounds for the solutions of S-unit equations and decom-
posable form equations, Acta Arith. 123 (2006), 9-41.

S. LANG, Integral points on curves, Inst. Hautes Etudes Sci. Publ. Math. 6 (1960),
27-43.

K. MAHLER, Zur Approzimation algebraischer Zahlen, I. (Uber den grafsten
Primteiler bindrer Formen), Math. Ann. 107 (1933), 691-730.

R. C. MasoN, Diophantine equations over function fields, Cambridge University
Press, 1984.

C.J. PARRY, The p-adic generalisation of the Thue-Siegel theorem, Acta Math. 83
(1950), 1-100.

P. ROQUETTE, FEinheiten und Divisorenklassen in endlich erzeugbaren Korpern,
Jber. Deutsch. Math. Verein 60 (1958), 1-21.



DIOPHANTINE EQUATIONS OVER FINITELY GENERATED INTEGRAL DOMAIN$3

[19]
20]
[21]
22]
23]
[24]

[25]

[26]

[27]

A. ScHINZEL and R. TDEMAN, On the equation y™ = P(x), Acta Arith., 31
(1976), 199-204.

W.M. ScuMIDT, Thue’s equation over function fields, J. Austral. Math. Soc. Ser.
A 25 (1978), 385-422.

A. SEIDENBERG, Constructions in algebra, Trans. Amer. Math. Soc. 197 (1974),
273-313.

C.L. SIEGEL, Approzimation algebraischer Zahlen, Math. Zeitschrift 10 (1921), 173
213.

C. L. SiEcGEL, Uber einige Anwendungen diophantischer Approximationen, Preuss.
Akad. Wiss., Phys.-math. Kl., 1 (1929), 70 pages.

H. StMMONS, The solution of a decision problem for several classes of rings, Pacific
J. Math. 34 (1970), 547-557.

V. G. SPRINDZUK and S. V. Kotov, An effective analysis of the Thue-Mahler
equation in relative fields (Russian), Dokl. Akad. Nauk. BSSR, 17 (1973), 393-395,
477.

L. A. TRELINA, S-integral solutions of Diophantine equations of hyperbolic type
(in Russian), Dokl. Akad. Nauk. BSSR, 22 (1978), 881-884; 955.

J. VEGs6, On superelliptic equations, Publ. Math. Debrecen, 44 (1994), 183-187.

J.-H. EVERTSE
LEIDEN UNIVERSITY, MATHEMATICAL INSTITUTE,
P.O. Box 9512, 2300 RA LEIDEN, THE NETHERLANDS

E-mail address: evertse@math.leidenuniv.nl

K. GYORY

INSTITUTE OF MATHEMATICS, UNIVERSITY OF DEBRECEN

NUMBER THEORY RESEARCH GROUP, HUNGARIAN ACADEMY OF SCIENCES AND
UNIVERSITY OF DEBRECEN

H-4010 DEBRECEN, P.O. Box 12, HUNGARY

E-mail address: gyory@science.unideb.hu



