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ABSTRACT. Let f be a polynomial with coefficients in the ring Og of
S-integers of a given number field K, b a non-zero S-integer, and m
an integer > 2. Suppose that f has no multiple zeros. We consider
the equation (*) by™ = f(z) in z,y € Og. In the present paper we
give explicit upper bounds in terms of K, S, b, f,m for the heights of
the solutions of (*). Further, we give an explicit bound C in terms of
K, S,b, f such that if m > C then (*) has only solutions with y =0 or a
root of unity. Our results are more detailed versions of work of Trelina,
Brindza, and Shorey and Tijdeman. The results in the present paper are
needed in a forthcoming paper of ours on Diophantine equations over
integral domains which are finitely generated over Z.

1. INTRODUCTION

Let f € Z[X] be a polynomial of degree n without multiple roots and m
an integer > 2. Siegel proved that the equation

(1.1) y" = f(x)

has only finitely many solutions in z,y € Z if m = 2,n > 3 [24] and if
m > 3,n > 2 [25]. Siegel’s proof is ineffective. In 1969, Baker [1] gave an
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effective proof of Siegel’s result. More precisely, he showed that if (z,y) is
a solution of (1.1), then

exp exp {(Sm)lo(nw”H)”Q} iftm>3,n>2,
exp exp exp { (10" H)?} ifm=2,n>3,

max(|z], [y]) < {

where H is the maximum of the absolute values of the coefficients of f. In
1976, Schinzel and Tijdeman [21] proved that there is an effectively com-
putable number C, depending only on f, such that (1.1) has no solutions
x,y € Z with y # 0,£1 if m > C. The proofs of Baker and of Schinzel and
Tijdeman are both based on Baker’s results on linear forms in logarithms
of algebraic numbers.

First Trelina [27] and later in a more general form Brindza [5] generalized
the results of Baker to equations of the type (1.1) where the coefficients
of f belong to the ring of S-integers Og of a number field K for some
finite set of places S, and where the unknowns x,y are taken from Og.
In their proof they used Baker’s result on linear forms in logarithms, as
well as a p-adic analogue of this. In fact, Baker, Schinzel and Tijdeman,
Trelina and Brindza considered (1.1) also for polynomials f which may have
multiple roots. Brindza gave an effective bound for the solutions in the most
general situation where (1.1) has only finitely many solutions. This was later
improved by Bilu [2] and Bugeaud [6]. Shorey and Tijdeman [22, Theorem
10.2] extended the theorem of Schinzel and Tijdeman to equation (1.1) over
the S-integers of a number field. For further related results and applications
we refer to [23], [2], [6], [13] and the references given there.

In a forthcoming paper, we will prove effective analogues of the theorems
of Baker and Schinzel and Tijdeman for equations of the type (1.1) where
the unknowns z,y are taken from an arbitrary finitely generated domain
over Z. For this, we need effective finiteness results for Eq. (1.1) over the
ring of S-integers of a number field which are more precise than the results
of Trelina, Brindza, Bilu, Bugeaud and Shorey and Tijdeman mentioned
above. In the present paper, we derive such precise results. Here, we follow
improved, updated versions of standard methods. For technical convenience,
we restrict ourselves to the case that the polynomial f has no multiple roots.
We mention that recently, Gallegos-Ruiz [11] obtained an explicit bound for
the heights of the solutions of the hyperelliptic equation y* = f(z) in S-
integers x,y over Q, but his result is not adapted to our purposes.
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In Theorems 2.1 and 2.2 stated below we give for any fixed exponent m
effective upper bounds for the heights of the solutions x,y € Og of (1.1)
which are fully explicit in terms of m, the degree and height of f, the degree
and discriminant of K and the prime ideals in S. In Theorem 2.3 below
we generalize the Schinzel-Tijdeman Theorem to the effect that if (1.1) has
a solution =,y € Og with y not equal to 0 or to a root of unity, then m
is bounded above by an explicitly given bound depending only on n, the
height of f, the degree and discriminant of K and the prime ideals in S.

2. RESuLTS

We start with some notation. Let K be a number field. We denote by
d, Dg the degree and discriminant of K, by O the ring of integers of K
and by My the set of places of K. The set My consists of real infinite
places, these are the embeddings ¢ : K — R; complex infinite places, these
are the pairs of conjugate complex embeddings {0,7 : K < C}, and finite
places, these are the prime ideals of Ox. We define normalized absolute
values | - |, (v € Mk) as follows:

| ) ’v
(2.1) |- o )| if v = {0, 7} is complex infinite;
|- |, = (NKp)_Ord"(') if v = p is finite;

)| if v = o is real infinite;

o (-
o (-

here Nip = #O /p is the norm of p and ord,(z) denotes the exponent of
p in the prime ideal decomposition of =, with ord,(0) = oco.

The logarithmic height of o € K is defined by

1
(K- Q)

log H max(1, |al,).

veEMK

h(a) :=

Let S be a finite set of places of K containing all (real and complex)
infinite places. We denote by Og the ring of S integers in K, i.e.

Os={reK : |z|, <1forve Mg\ S}
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Let s := #5 and put
Ps = Qg :=1 if S consists only of infinite places,
t
Ps = max Nipi, Qs = [ [ Nxpi

i=1
if py,...,p; are the prime ideals in S.

We are now ready to state our results. In what follows,
(2.2) f(X) = aoX" + e, X" + - +a, € Os[X]

is a polynomial of degree n > 2 without multiple roots and b is a non-zero
element of Og. Put

~ 1
h = y Z log max(1, |bly, |aolv, - - - |anly)-

veME
Our first result concerns the superelliptic equation
(2.3) flz)=0by™  inx,ye Og.
with a fixed exponent m > 3.

Theorem 2.1. Assume that m > 3, n > 2. If x,y € Og is a solution to
the equation (2.3) then we have

(24) h(a’,’>’ h(y) S (6n8)14m3n35|DK|2m2n2ng2n2e8m2n3dﬁ

We now consider the hyperelliptic equation
(2.5) f(z) = by? inz,y € Os.

Theorem 2.2. Assume thatn > 3. If x,y € Og is a solution to the equation
(2.5) then we have

(2.6) h(). hly) < (4ns)?>" | D[ QY™
Our last result is an an explicit version of the Schinzel-Tijdeman theorem
over the S-integers.

Theorem 2.3. Assume that (2.3) has a solution x,y € Og where y is
neither 0 nor a root of unity. Then

(2.7) m S (10n28)40ns’DK|6nPg2€11ndﬁ.



HYPER- AND SUPERELLIPTIC EQUATIONS 5

3. NOTATION AND AUXILIARY RESULTS

We denote by d, Dk, hi, Rk the degree, discriminant, class number and
regulator, and by O the ring of integers of K. Further, we denote by P(K)
the collection of non-zero prime ideals of Ok . For a non-zero fractional ideal
a of Ok we have the unique factorization

a= H pordpa,
)

peP(K

where there are only finitely many prime ideals p € P(K) with ord, a # 0.
Given aq,...,a, € K, we denote by [a,...,a,]x the fractional ideal of
Ok generated by ai, ..., a,. For a polynomial f € K[X] we denote by [f]x
the fractional ideal generated by the coefficients of f. We denote by Nka
the absolute norm of a fractional ideal of Og. In case that a C Ox we have
Nga = #0Ok/a.

We define log” x := max(1,log z) for z > 0.

3.1. Discriminant estimates. Let L be a finite extension of K. Recall
that the relative discriminant ideal 9,/ of L/K is the ideal of O generated
by the numbers

DL/K(wl, c. ,wn) with Wi, ...Wy € OL,
where n := [L : K].

Lemma 3.1. Suppose that L = K(«) and let f € K[X]| be a square-free
polynomial of degree m with f(a) =0. Then

L DUk

Proof. We have inserted a proof for lack of a good reference. We write [-] for

(3.1) 0L/K

[]x. Let g € K[X] be the monic minimal polynomial of a. Then f = g1¢2
with go € K[X]. Let n := deg¢; and k := deg hy. Then

D(f) = D(gl)D(Q2)R(91,92)2;

where R(g1, g2) is the resultant of g; and go. Using determinantal expres-
sions for D(g1), D(g2), R(g1,92) we get

D(g1) € [¢1)*" 7, D(g2) € [92]",  R(g1.92) € [01]*[ga]",
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and by Gauss’ Lemma, [f] = [g1] - [g2]. Hence

(D] _ [D(g)] [D(g2)] [F(91,92)]

P2 (g2 g2 [91]*]g2]
Therefore, it suffices to prove

[D(g1)]
[g1]2—2

DL/K D) [91]2n72.

Note that [g;]™"' consists of all A € K with Ag; € Og[X]. Hence the ideal
[D(g1)] - [g1] 72" "2 is generated by the numbers \**~2D(g;) = D(Ag;) such
that Agy € Ok[X]. Writing h := Ag;, we see that it suffices to prove that if
h € Ok[X] is irreducible in K[X] and h(a) = 0 with L = K(«), then

D(h) € 0L/K-

To prove this, we use an argument of Birch and Merriman [3]. Let h(X) =
boX™ + bya™ t + - + by, € Og[X] with h(a) = 0. Put

wii=boa! +ba 4 b (i=0,1,...,n).

We show by induction on ¢ that w; € Op. For ¢ = 0 this is clear. Assume
that we have proved that w; € Oy, for some i > 0. By h(a) = 0 we clearly
have

w " b b, = 0.

By multiplying this expression with w? "' we see that w;a is a zero of
a monic polynomial from O [X], hence belongs to Op. Therefore, w;, 1 =

w; + bi+1 € OL.

Now on the one hand, DL/K(l,wl, ceyWpo1) € 07/, on the other hand,

DL/K(l,wl, e 70.}”71) = bgn72DL/K<1, as, ... ,Oén71>
= »? ] (@9 -a)>=D(n).
1<i<5<0
Hence D(h) € 0 /k. O

Put u(n) := lem(1,2,...,n). For the possible prime factors of the dis-
criminant 97,k we have:

Lemma 3.2. Let [L : K| =n. Then for every prime ideal p € P(K) with
ord,(0z/x) > 0 we have

ord,(0/x) < n - (1+ ordy(u(n))).
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Proof. Let © 1,k denote the different of L /K. According to J. Neukirch [19,
p. 210, Theorem 2.6], we have for every prime ideal 3 of L lying above p

ordg(Dr/x) < e(PBlp) — 1 + ordgy(e(Bp))
< e(Flp) — 1+ e(Rlp) ord,(e(Blp)),
where e(B|p), f(B|p) denote the ramification index and residue class degree
of B over p. Using 0,k = Np/x®Dr/k, NP = pf(m“’),
2 €(BIR) S (Blp) = [L - K] < n, we infer

ordy(0r/x) = ordy (N kD1 k) = Z f(Blp) ordp(Dr/x)
Flp

<D FOBIP)e(PBlp) (1 + ord, (e(Blp))
PBlp
< n(1+ ordy(u(n))).
[

Lemma 3.3. (i) Let M D L D K be a tower of finite extensions. Then we

have
On K = NL/K(DM/L)D[LJ\?}(LL
(i) Let Ly, Lo be finite extensions of K. Then for their compositum Ly - Lo

we have
LiLa:L1]~[L1Lo:L
aLlLQ/K 2 D[Lll/I? I}D[LQI/I? 2}

Proof. For (i) see Neukirch [19, p. 213, Korollar 2.10]. For (ii) apply Stark
[26, Lemma 6] and take norms. O

Lemma 3.4. Let m € Z>o, v € K* and L := K(x/y). Further, let p €
P(K) be a prime ideal with

ordy(m) =0, ordy(y) =0 (mod m).
Then L/K is unramified at p, i.e.
ordp(DL/K) =0.
Proof. Choose 7 € K* such that ord,(7) = 1. Then v = 7™¢ with t € Z
and ord,(g) = 0. We clearly have L = K( {/¢), hence
[DX™ —e)] _ [m™em ]
1, g]2m—2 o [1,g]2m—2 ’

This implies ord,(0z/x) = 0. O

Op/K 2
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3.2. S-integers. Let K be an algebraic number field and denote by M
its set of places. We keep using throughout the absolute values defined by
(2.1). Recall that these absolute values satisfy the product formula

H laf, =1 for a € K*.
veEMg
If L is a finite extension of K, and v, w places of K, L, respectively, we say
that w lies above v, notation w|v, if the restriction of |- |, to K is a power
of | - |,, and in that case we have

ol = |a| LB for o € K,

where K, L,, denote the completions of K at v, L at w, respectively. In
case that v = p, w = P are prime ideals of Ok, Oy, respectively, we have
wlv if and only if p C P.

Let S be a finite set of places of K containing all infinite places. The
non-zero fractional ideals of the ring of S-integers Og (i.e., finitely generated
Og-submodules of K) form a group under multiplication, and there is an
isomorphism from the multiplicative group of non-zero fractional ideals of
Og to the group of fractional ideals of Ok composed of prime ideals outside
S given by a +— a*, where a = a*Og. We define the S-norm of a fractional
ideal of Og by

Ng(a) ;== Nga* = absolute norm of a*.

Given ay,...,a, € K we denote by [aq, ..., a,]s the fractional ideal of Og
generated by aq,...,a,. We have
(3.2) Ns(loa, .. onls) = [ max(laals, ... lewls) ™"

vEMEK\S
Further, for a € K we define Ng(a) := Ng([as). By the product formula,
(3.3) Ns(o) =[] lals for o € K.

veS

Let L be a finite extension of K, and T the set of places of L lying above
the places in S. Then the ring of T-integers Or is the integral closure in L of
Og. Every fractional ideal 2 of Or can be expressed uniquely as 21 = A*Or
where 21" is a fractional ideal of O composed of prime ideals outside T
We put

NTﬂ = NLQI*, NT/SQ[ = (NL/KQL*)Os.
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Then

(3.4) N = Ng(Np/s),
' Nr(aOr) = Ngal“Kl for a fractional ideal a of Og.

Let pq,...,p; be the prime ideals in S and put Qg := H§:1 Nkp;. Let
B, ..., P be the prime ideals in 7" and put Qr := H:,:1 NgB;. Then for
every prime ideal p of Ok we have

HNL&p = H(NKIJ)f‘mP < H(NKp)emln‘fmlp < (Ngp) KT
Blp Blp PBlp

where the product is over all prime ideals P of O dividing p and where
e(PBlp), f(B|p) denote the ramification index and residue class degree of B
over p. Hence

(3.5) Qr < Q¥H,

3.3. Class number and regulator. Let again K be a number field.

Lemma 3.5. For the requlator Ry and class number hi of K we have the
following estimates:

(3.7) hi Ry < |Di|2(log" | D).

Proof. Statement (3.6) is a result of Friedman [10]. Inequality (3.7) follows
from Louboutin [17], see also (59) in Gyéry and Yu [14]. O

Let S be a finite set of places of K consisting of the infinite places and of
the prime ideals py,...,p;. Then the S-regulator Rg is given by

t
(3.8) Rs = hsRy | [log Nicpi,

i=1
where hg is the order of the group generated by the ideal classes of py, ..., p;
and where hg and the product are 1 if S consists only of the infinite places.
Together with Lemma 3.5 this implies

(3.9) 1n2 < Rg < |Dg|? (log" | Dk ])*" - (log Ps)’,

where the last factor has to be interpreted as 1 if ¢ = 0.
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3.4. Heights. We define the absolute logarithmic height of o € Q by

h(a) = [Kl 0 Z max(0, log |af,),

vEMK

where K is any number field with K > «. More generally, we define the
logarithmic height of a polynomial f(X) = apz™ + --- + a, € Q[X] by

M = g 3 togmax(lfuh ook

where K is any number field with f € K[X]. These heights do not depend
on the choice of K.

We will frequently use the inequalities
h(on - an) < h(or), hlon++ ) < hlay) +logn
i=1 i=1
for aq,...,a, € Q and the equality
h(a™) = |m|h(a) for a € Q", m € Z.

(see Waldschmidt [29, Chapter 3]). Further we frequently use the trivial
fact that if o belongs to a number field K and S is a finite set of places of
K containing the infinite places, then

1
h(a) > K. g log Ng(av).

We have collected some further facts.
Lemma 3.6. Let ay,...,a, €Q and f = (X —ay) - (X — ). Then
[h(f) =D hlas)| < nlog2.
i=1
Proof. See Bombieri and Gubler [4, p.28, Thm.1.6.13]. O]

Lemma 3.7. Let K be a number field and f = ag X" +a; X" 1 +---+a, €
K[X] a polynomial of degree n with discriminant D(f) # 0. Then

1) D)y < 2PV max(|agly, . . ., |an|)? "2 for v e My,
(i) A(D(f)) < (2n —1)logn + (2n = 2)h(f),

where s(v) =1 if v is real, s(v) =2 if v is complex, s(v) = 0 if v is finite.
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Proof. Inequality (ii) is an immediate consequence of (i). For finite v, in-
equality (i) follows from the ultrametric inequality, noting that D(f) is a
homogeneous polynomial of degree 2n — 2 in the coefficients of f with inte-
ger coefficients. For infinite v, inequality (i) follows from a a result of Lewis
and Mahler [16, p. 335]). O

Lemma 3.8. Let K be an algebraic number field and S a finite set of places
of K, which consists of the infinite places and of the prime ideals py, ..., P;.
Then for every a € Og\ {0} and m € N there exists an S-unit n € O% with

1 h
h(an™) < 7 log Ng(av) +m - (CRK + 7K log QS> :

where ¢ := 39d™? and Qg := [[_, Nxpi.

Proof. This is a slightly weaker version of Lemma 3 of Gyéry and Yu [14].
The result was essentially proved (with a larger constant) in [9] and [12]. O

Lemma 3.9. Let o be a non-zero algebraic number of degree d which is not
a root of unity. Then

log 2 if d=1,

Proof. See Voutier [28]. O

3.5. Baker’s method. Let K be an algebraic number field, and denote by
My the set of places of K. Let aq,...,a, be n > 2 non-zero elements of
K, and by,...,b, are rational integers, not all zero. Put

A=ab ol -1

n Y

O .= Hmax (h(@i)a m(d)),
i=1
B :=max(3, |b],,...,|bn]),

where m(d) is the lower bound from Lemma 3.9 (i.e., the maximum is h(q;)
unless «; is a root of unity). For a place v € My, we write

N(w) 2 if v is infinite
v =
Ngp if v = p is finite.
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Proposition 3.10. Suppose that A # 0. Then for v € Mg we have

N(v)
(310) 10g|A|U > —Cl(n,d)m@logB,

where ¢y(n,d) = 12(16ed)*"*2(log* d)>.

Proof. First assume that v is infinite. Without loss of generality, we assume
that K ¢ C and |- |, = |- [*™ where s(v) = 1if K C R and s(v) =
2 otherwise. Denote by log the principal natural logarithm on C (with
|Im log z| < 7 for z € C*. Let by be the rational integer such that |Im =| <
7, where

Z:=bloga; + -+ byloga, + 2bylog(—1), log(—1) = mi.
Thus,
B' :=max(|2bo|, |b1], ..., |ba]) <1+ nB.

A result of Matveev [18, Corollary 2.3] implies that
log |Z] > —s(v) " (e(n + 1))S(v)(n + 1)3/230"d?(log ed)Q log (e B'),
where

Q= H max(h(q;), ).

Assuming, as we may, that [A| < 3, we get |Z] = |log(1 + A)| < 2|A] < 1.
Further, Q < 7""'m(d)™"0. By combining this with Matveev’s lower bound
we obtain a lower bound for |A|, which is better than (3.10).

Now assume that v is finite, say v = p, where p is a prime ideal of O.
By a result of K. Yu [30] (consequence of Main Theorem on p. 190) we have

Nikp

Ordp (A) S (16ed)2"+2n3/2 log(Qnd) 10g(2d>€g . W
K

-Olog B,
where e, is the ramification index of p. Using that log |A|, = — ord,(A) log Nkp

and e, < d, we obtain a lower bound for log|A|, which is better than
(3.10). 0
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3.6. Thue equations and Pell equations. Let K be an algebraic number
field of degree d, discriminant Dy, regulator Rx and class number hg, and
denote by Og its ring of integers. Let S be a finite set of places of K
containing all infinite places. Denote by s the cardinality of S and by Og
the ring of S integers in K. Further denote by Rg the S-regulator, let
P1,...,9; be the prime ideals in S, and put

Ps := max{Ngp1,..., Ngp:}, Qs := Ng(p1---ps),

with the convention that Ps = Qg = 1 if S contains no finite places.

We state effective results on Thue equations and on systems of Pell equa-
tions which are easy consequences of a general effective result on decom-
posable form equations by Gy6ry and Yu [14]. In both results we use the
constant

1 (S, d) . 828+4278+60d28+d+2.

Proposition 3.11. Let § € K* and let F(X,Y) = Y @ @, X"'Y" €
K[X,Y] be a binary form of degree n > 3 with non-zero discriminant which
splits into linear factors over K. Suppose that

max h(a;)) < A, h(B) < B.

0<i<n

Then for the solutions of
(3.11) F(z,y)=p inx,y€ Og
we have

(3.12) max(h(zx), h(y))

log" R h
< ci(s,d)n°PsRs 1+ og* 5. <RK + L log Qs+ ndA + B).
log™ Pg d
Proof. Gyéry and Yu [14, p. 16, Corollary 3| proved this with instead of
our ¢i(s,d) a smaller bound 5d*n® - 50(n — 1)cic3, where ¢, c3 are given
respectively in [14, Theorem 1], and in [14, bottom of page 11]. O

Proposition 3.12. Let v, 79,73, P12, B13 be non-zero elements of K such
that

B2 # Bhs, \/71/72, \/71/73 € K,
h(vi) <A fori=1,2,3, h(Bi2),h(Bi3) < B.
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Then for the solutions of the system
(3.13) ’7193% - 72373 = bz, 7193% - 73$§ = i3 inx1, 22,73 € Og
we have

(3.14) max(h(xy), h(z2), h(x3))

log™ Ry hg
< . — .
< ci(s,d)PsRs (1 + o PS) (Buc+ = log Qs +dA + B)

Proof. Put a3 := 13 — P12, 8 := B12f13523 and define

Fi= (X7 = 92X (X7 — 713X3) (X5 —1X3).
Thus, every solution of (3.13) satisfies also
(3.15) F(zy,29,23) = in 21, 29,23 € Og.

By assumption, § # 0. Further, F' is a decomposable form of degree 6
with splitting field K, i.e., F = l;---lg where lq,...,ls are linear forms
with coefficients in K. We make a graph on {li,...,ls} by connecting two
linear forms [;,; if there is a third linear form [; such that [, = A; + pl;
for certain non-zero A\, € K. Then this graph is connected. Further,
rank{ly,...,ls} = 3. Hence F satisfies all the conditions of Theorem 3 of
Gyéry and Yu [14]. According to this Theorem, the solutions x1, zs, 3 of
(3.15), and so also the solutions of (3.13), satisfy (3.14) but with instead
of ¢1(s, d) the smaller number 375¢;c3, where ¢y, ¢3 are given respectively in
[14, Theorem 1], and on [14, bottom of page 11]. O

4. PROOF OF THE RESULTS IN THE CASE OF FIXED EXPONENT

Let K be an algebraic number field, put d := [K : Q|, and let Dy denote
the discriminant of K. Further, let S be a finite set of places of K containing
all infinite places.

Lemma 4.1. Let f(X) € K[X] be a polynomial of degree n and discrim-
inant D(f) # 0. Suppose that f factorizes over an extension of K as
ap(X —ay) ... (X —ay,) and let L := K(ay,...,ax). Then for the discrim-
wmant of L we have

nk
|DL| S (n-eh(f))gk d. |DK|nk.
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For the case k =1 we have the sharper estimate

|Dyp| < nn=1d | (2n=2)dh(f) |DK|[L:K}'

Proof. By Lemma 3.3 (i), we have
(4.1) |De| = Nicdic - [Die|™) < Nicop e - | Die|™
Applying Lemma 3.3 (ii) to L = K(ay) - - - K(ag) yields

k
L:K(a;
(4.2) oL/KQH sty )

Further, since «; is a root of f we have by Lemma 3.1,

VK (ai)/ K 2 [[ﬁ;{_)l
and so
(4.3) NEOK (o < Nk ([[ﬁﬁf)l) :

By Lemma 3.7 we have

Ne] =TT 1Al < TT (>t @ g

veEMg veEMg

< (2n ldH |f|2n2

veMpe

where | f|, is the maximum of the v-adic absolute values of the coefficients
of f; moreover,
N7 = I
VEMp\ M
Thus, we obtain

(4.4) Ni (_[[ﬁg_)l) < (21 a2y

Together with (4.1), (4.3) this implies the sharper upper bound for |Dy|
in the case k = 1. For arbitrary k, combining (4.2), (4.3), (4.4) and the
estimate [L: K(«;)] < (n—1)(n—2)---(n —k+ 1) gives

< pk@n=DE T kEn-2)nh () < (n- eh(f))zk”kd'

This in turn, together with (4.1) proves Lemma 4.1. O
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Let
f=aX"+u X"+ +a, € Og[X]

be a polynomial of degree n > 2 with discriminant D(f) # 0. Let b be a
non-zero element of Og, m an integer > 2 and consider the equation

(4.5) f(x) =by™ in x,y € Og.
Put
~ 1
(4.6) h:= pi Z log max(1, by, |aolv, - - - |@nlw)-
’UEMK

Let G be the splitting field of f over K. Then
f=aX —ay) (X —a,) withay,...,a, € G.

Fori=1,...,n, let L; = K(a;) and denote by T; the set of places of L;
lying above the places of S. We denote by [f1,..., 5|1, the fractional of
Or, generated by 3i,...,,. Then we have the following Lemma:

Lemma 4.2. Let z,y € Og be a solution of equation (4.5) with y # 0.

Then fori=1,...,n we have the following:
(i) There are ideals €;, A; of Or, such that
(4.7) lao(x — i)l = €A, & D [aghD(f)]F 1

(i) There are ~;, & with
«T—Oéz:%flma PYiELzaéEEOTN

4.8 _
( ) h(%’) S m(n3d)nde2ndh|DK|n . <8o(dn)dn+2 + é log QS)

Proof. 1t suffices to prove the Lemma for ¢ = 1. We suppress the index 1
and write o, T, L, v, for aq, Ty, L1,71,&. Let g : = (X —ag) ... (X — ap).
By [-] we denote fractional ideals in G with respect to the integral closure
of Or in G. Clearly,

[ —a] [z— o [ — ay]
o] " Lo =[L,alLad
for i = 2,...,n. This implies
[z — af o — oy N [ e
o oy 2 e o
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Noting that by Gauss’ Lemma we have [f] = [ao] [[}—,[1, ], we see that
the right-hand side contains

D(f)]
IIIIlaglaz T2

J=11i#j

Using also [g] = []}_,[1, a;] we obtain

[z —a]  g(=)] - [D(f)]
(4.9) i b 2R
Writing equation (4.5) as equation of ideals, we get
(1.10) el = 2= )
[La]  [g]

Note that the ideals occurring in (4.9), (4.10) are all defined over L, so we
may view them as ideals of Or. Henceforth, we use [-] to denote ideals of
Or.

Now let 8 be a prime ideal of Or not dividing agbD(f). Note that

D(f) € [f]* 2, hence P does not divide [f] either. By (4.9), the prime

ideal 3 divides at most one of the ideals [Efoil]] and [g[(;j)], and we get

[z = af
[1,a]

But [ag][1, @ is not divisible by B since it contains ag. Hence

ordy =0 (mod m).

ordg(ap(z — ) =0 (mod m).

Applying division with remainder to the exponents of the prime ideals divid-
ing apbD(f) in the factorization of ag(x — ar), we obtain that there are ideals
¢, A of O, with € dividing (bagD(f))™ ! such that [ag(z — a)] = €A™,
This proves (i).

We prove (ii). The ideal 2 of O may be written as 2 = A*Or with an
ideal 2A* of Oy composed of prime ideals outside T', and further, we may
choose non-zero & € A* with |Np,(é1)| < |Dp|Y2Nr2* (see Lang [15,
pp. 119/120]. This implies Ny (&) < |Dp|Y2N72L, ie., [&] = B2 where
9B is an ideal of Op with NyB < |Dp|"Y2. Similarly, there exists 7, € L
with [y] = D€, where ® is an ideal of Oy with Ny® < |Dy|'/2. As a
consequence, we have

M em
ap(r — ) = =&,
of ) 7251
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where v1,7v2 € Or, and
[72] = DB™.
Using (i) and the choice of B, ©, we get
(4.11) Nr(1) < Dol Np(abD(f))™ ™", Np(qa) < [Dg|" 072,

According to Lemma 3.8 we can find T-units 7y, 7, € O} such that

dr,
where dp = [L: Q], ¢ := 39d%*? and Qr := [] NoP. Putting
mmﬁilqi;c
vi=ag v (g )™, €=y ',
and invoking (4.11) we obtain x — a = v¢™, with £ € Or, v € L* and
m+ 1

h
h(yvin") < dzl log Nr(v;) +m - (CRL + L log QT) fori=1,2

(4.12) h(y) < h(ao) + df( log|Dpr| + mlog NT(abD(f))) +

+2m - (CRL + Z—i log QT>

It remains to estimate from above the right-hand side of (4.12). First, we
have by (3.4) and Lemma 3.7,

(4.13) d;'log Np(agbD(f)) = d "log Ns(aohD(f)) < h(aehD(f))
< (2n—1)logn + 2nh.
Together with Lemma 4.1 this implies
m+ 1
2
< m(4nlogn + 4nh + log | Dg|).

(4.14) h(ag) + dil( log |Dp| + mlog NT(abD(f))>

Next, by Lemma 3.5, Lemma 4.1 and d; < nd we have
(415)  max(hg, Ry) < 5|Dz|"*(log™ |DL|)™ " < (nd)"| Dy
< (n?’d)”de(Q”_z)dﬁ\DK]”.

By inserting the bounds (4.14), (4.15), together with (3.5) and the estimate
c < 39(nd)™*? into (4.12), one easily obtains the upper bound for h(vy)
given by (ii). O

Let f, b, m be as above, and let =,y € Og be a solution of (4.5) with
y#0. Let v1,...,%, &1,.-.,&, be as in Lemma 4.2.
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Lemma 4.3. (i) Let m > 3 and M = K(ay, a2, X/ /72, p), where p is a
primitive m-th root of unity. Then

(4.16) |Dy| < 10m3n2dn4m2n3d|DK‘m n? Qm n? g4m n3dh
(it) Let m = 2 and M = K (on, aa, a3, \/71/72, \/11/73). Then
(4.17) |Dy| < n40”4dQ%”3 |DK|4n3625”4d7‘.

Proof. We start with (i). Define the fields L = K(ay, an), My = L( }/71/72),
My = L(p). Then M = M;M,. By Lemma 3.3 (i) we have

(4.18) D] = Npowgn| Dy |

By Lemma 3.1, we have 0y, 2 [m]™, where [m] = mOy. Together with
Lemma 3.3 (ii), this implies

M: My [M:M: m2~m
Om/L 2 05\4 /Ll]agw /L2] 2m M, /L

Inserting this into (4.18), noting that [L : Q] < n?d, [M : L] < m?, we

obtain

(4.19) |Das| < m™ P ANL, )™ D™

We estimate N0y, /. Let B be a prime ideal of O, not dividing a prime
ideal from S and not dividing magbD(f). Then by Lemma 4.2,

ap(x — aq)

ap(x — )

ordp (117, ') = ordgy ( ) = 0 (modm),

and so by Lemma 3.4, M;/L is unramified at 3. Consequently, 05, /1, is
composed of prime ideals from U, where U is the set of prime ideals of Oy,
that divide the prime ideals from S or magbD(f). Using Lemma 3.2, it
follows that

(420) aMl/L 2 H ;Bm(1+0rdcn(u(m))

PeU
) H ;B Hmmordm m)) ) u H q3
peU PeU

First, by prime number theory, u(m) < m™™ < 4™ (see Rosser and Schoen-
feld [20, Corollary 1]). Hence | Ny q(u(m)™)| < 4™"*? Second, by an ar-
gument similar to the proof of (3.5), defining V' to be the set of prime ideals
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of O, which are contained in S or divide maobD(f),
N(J]® < Ne(J]"" < Ne(]] )
BeU pev pev

(QsNs(maghD(f))"™" < (QgehmaotPUNyr*
< Qng”Qd eznsd(logmrﬁ) < Qmen2dn2n3d62n3 an

IN

where in the last estimate we have used Lemma 3.7. By combining this
estimate and that for | Ny ,q(u(m)™)| with (4.20), we obtain

(4.21) Ny, < 6m2"2dn2mn3ngm2 eQm"?)dﬁ.

Finally, by inserting this estimate and the one arising from Lemma 4.1,
(4.22) Dy | < nin®d. gin*dh | D |n?

into (4.19), after some computations, we obtain (4.16).

We now prove (ii). Let m = 2. Take L = K (a1, s, a3), My = L(\/71/72),
My = L(\/71/73), so that M = M, M,. Completely similarly to (4.21), but
now using [L : K] < n? instead of < n?, we get

Nidas i < 64n3dn4n4dQ?gn3 pintdh
For N;das, /1 we have the same estimate. So by Lemma 3.3 (ii),
Nids < (NLaMl/L)z(NLDMg/L)Q < 616n3dn16n4ngn3616n4dﬁ.
By inserting this inequality and the one arising from Lemma 4.1,
IDy| < pontd | onidh |DK|n3

into |Dar| = Npdagp|D|ME), after some computations we obtain (4.17).
0

Proof of Theorem 2.1. Let m > 3 and let x,y € Og be a solution to by™ =
f(z) with y # 0. We have x — a; = 3™ (i = 1,...,n) with the v;,&
as in Lemma 4.2. Let M := K(ay,aa, /71 /72, p), Wwhere p is a primitive
m-th root of unity, and let T" be the set of places of M lying above the
places from S. Let py,...,p; be the prime ideals (finite places) in S, and
PBi, ..., Py the prime ideals in T. Then ¢’ < [M : K|t < m?n?*t. Further,

let Pp:=max{_; NyPi, Qr := Hflzl NuyBi.
We clearly have
(423) ,ylgln - 725571 = g — (7, 51752 € OT7
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and the left-hand side is a binary form of non-zero discriminant which splits
into linear factors over M. By Proposition 3.11, we have
log* Ry

4.24 h€) < mPPrRp(1+ L)
(4.24) (§1) < &ym”PrRy +log*PT X

X (RM + oy - dit log Qr + mdy A+ B),
where A = max(h(71),h(72), B = h(ang — aa), dyy = [M : Q] and ¢} is
the constant ¢; from Proposition 3.11, but with s, d replaced by the upper
bounds m?n?s, m?n?d for the cardinality of T' and [M : Q], respectively,
and Ry is the T-regulator.

Using d < 2s we can estimate ¢} by the larger but less complicated bound,

(4.25) i < 250 (4mPn2s) TS,
Next, by (3.5),
(4.26) Pr<Qr < Qg™ < Qi

Let C be the upper bound for |Dy| from (4.16). Thus, by Lemma 3.5 and
(3.9),

max(hy, Ry) < 5C(log* €)™ 741,
Further, A can be estimated from above by the bound from (4.8), and B by

h(on) + hag) +10g2 < h(f) + (n+1)log2 < h+ (n + 1)log 2
in view of Lemma 3.6. Together with (4.26), this implies
(4.27) RM—l—hM-a@1 log Q7 + mdy A+ B
< 7C(log” C’)m2”2d_1 ~dtog Qs < 7C (log* C’)m2n2d.
Next, by (3.9), the inequality d +t < 2s, and (4.26), we have
Rr CY2(log* €)™ (log* Pp)?

OI/Q(IOg* C)m%?d—l(m2n2 log* Qs)m%?t
(m2n2)m2n2501/2(10g* C)2m2n23—1

IAIAIA

and
log* RT

< 4m?n?slog* C
log Py = m-n’slog” C),

1+

hence

1 *R 2,2 2,2 2 9
(428) PTRT (1 —+ l(o)i*—P;> S (4m2n2)m n SQgL n Cl/z(log* C)2m n s'
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Combining (4.27), (4.28) with (4.24) gives
W) < Tm°e (AmPnt )" QT O log” €)'
< 20 (4mPn2s) B 02,
Using
h(z) <log2+h(er) +h(y) +mh(&),  h(y) <m™ (h(b) + h(f) +nh(z)),
and the upper bound for h(vy;) from (4.8), we get
(4.29) h(z), h(y) < 25 mn(4m?n2s) 3™ s Quin* 2,

Now substituting C, i.e., the upper bound for |D,| from (4.16), and some
algebra gives the upper bound (2.4) from Theorem 2.1. O

Proof of Theorem 2.2. Let z,y € Og be a solution to by? = f(x) with y # 0.
We have © — a; = 3,&" (i = 1,...,n) with the v;, & as in Lemma 4.2. Let

M = K(Oé1,062>043, \/71/737 \/72/73)7

and let T" be the set of places of M lying above the places from S. Notice
that [M : K] < 4n®. Then

(4'30> 7153 - 72522 = Qg — O, 71512 - 73§§ =az3— a1, §,5% € Or.

By applying Proposition 3.12 to (4.30), and doing the same computations
as above, we obtain the same bound as in (4.29), but with m = 2 and m?*n?
replaced by 4n?, and with C the upper bound for |Dy,| from (4.17). After
some computation, we obtain the bound (2.6) from Theorem 2.2. 0

5. PROOF OF THEOREM 2.3

We assume that in some finite extension G of K, the polynomial f fac-
torizes as ap(X — 1)+ (X — ). Fori =1,...,n, let L; = Q(ay), let
dr,,hr,, Ry, denote the degree, class number and regulator of L;, and let
T; be the set of places of L; lying above the places in S. Further, denote
by Ry, the T;-regulator of L;, and denote by ¢; the cardinality of 7;. Let
Qr, = H‘BeTi N1 B, where the product is over all prime ideals in 7;. The
group of Ti-units Or» is finitely generated and by Lemma 2 of [14] (see also
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8], [9] and [7]) we may choose a fundamental system of T;-units, i.e., basis

of OF, modulo torsion 7;1, ..., 71 such that
t;—1
1 7(m) < criBo,
(5.1)
Y < ¢o: R
| nax h(ni;) < coiRr,,
where

((t —1n?

_9 gt;—1 7
22}
We estimate these upper bounds from above. First noting ¢t; < [L; : K|s <
ns we have the generous estimate

(5.2) Ci1, Cip < 12002% < 1200(ns)™.

Co; = 29eV/t; — 2d log™ dp, ¢

C1; =

For the class number and regulator hr,, Ry, we have similarly to (4.15):
(53) max(hLi, RLN hLiRLi) < 5|DLZ |1/2 (10g* |DL1 |)nd—1
< (n3d)nde(2n—2)d/i\z|DK|n'

Further, from (3.9), d < 2s, we deduce
<

(54) RT,L- (n3d)nde(2n—2)dﬁ|DK|n(log* PTi)nS_l
< (n3d)nde(2n—2)dﬁ|DK|n(n log* Ps)ns—l
< (4n782)ns€(2n—2)dﬁ|DK|n(10g* PS)nS_l'

By inserting this and (5.2) into (5.1), we obtain

ti—1 N

(5.5) L] 7(nij) < €1 = 1200(4n°s*)" e | D |" (log™ Pg)™ ",
j=1

(5.6) | Jnax h{ng;) < Ch.

Now let x,y and m satisfy
(5.7)  by™ = f(x), m € Zss3, x,y € Og, y # 0, y not a root of unity,

Lemma 5.1. For i = 1,2 there are v;,& € L

1)

and integers by -+ b;y, of
absolute value at most m/2, such that
(v = ag)mahie = lit o,

(5.8) o
h(v) < Cy = (2n%5)%"| Dc|?me*™h(h + log* Ps).
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Proof. For convenience, we put r := hy, hy,. By symmetry, it suffices to
prove the lemma for ¢ = 1. For notational convenience, in the proof of this
lemma only, we suppress the index ¢ = 1 (so L = Ly, T = Ti,t = ty, etc.).
We use the same notation as in the proof of Lemma 4.2. Similar to (4.9),
(4.10), we have

e—a]  [g@)] _ [D(f)] I P )
Mol T g 2y OV =T T

where [-] denote fractional ideals with respect to Or. From these relations,

it follows that there are integral ideals B1,B, of Or and a fractional ideal

2 of Or, such that
[‘,E _ CY} — %1%2—191”1,,

1, a]
where
(D) D)
%1 [b] [f]2n 2 %2 2 [f] [f]gn,Q
Since .
[aol&gaonlag_ C [1],

it follows that [1,a]™! D [ag). Hence

[z —a] = ¢ &A™,
where €, &, are ideals of Op such that

1, o D [aghD(f)].
Raising to the power r, we get
(5.9) (x— )" =y, 'A™,
for some non-zero v;,7v, € O and A € L* with

[Ve] 2 [abD(f)]" for k =1,2.

By Lemma 3.8, there exist €1,e9 € O} such that for k =1, 2,

T hr,
h(ere) < s log Nr(apbD(f)) + cRp + — log Qr,

dr,
where ¢ < 39d%? < 39(2ns)?**2. There are € € O4, a root of unity ¢ of
L, and integers by, ..., b;_1 of absolute value at most m /2, such that

m b1 bi—1
€9€1 —CE Mg -
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Writing

1&€1n
yi= (TS, Ei=e
€272

where 7y, ..., ;-1 are the fundamental units of O satisfying (5.5), (5.6),
we get

by bi—1_¢#m
r—a=mn'-n ",

where

2 h
(5.10) h(y) < d_?" log Np(agbD(f)) + 2¢Ry + Qd—L log Q.
L L

By (5.3), d < 2s, (4.13), (3.5) we have
hL, RL S (2n38)2n562ndﬁ|DK|n’ r = hLthg S (2n38)4n864ndﬁ|DK|2n’
d; " log Np(aghD(f)) < (2n — 1)logn + 2nh,
d;'log Qr < d 'log Qs < slog* Ps.

By inserting these bounds into (5.10) and using n > 2, after some algebra
we obtain the upper bound Cs. Il

Completion of the proof of Theorem 2.3. In what follows, let L := K(aq, as),
dp = [L : Q|, T the set of places of L lying above the places from S, and
t the cardinality of T. Let again z,y € Og and m an integer > 3 with
by™ = f(x), y # 0 and y not a root of unity. Put

Without loss of generality we assume

(5.11) m > (10n28)38n8|DK|6nPg2611ndﬁ,
Then
(5.12) X > max(Cs, m(4d) " (log 3d)~?),

with C5 := (10n2s>37ns|DK|6nngellndﬁ'
Indeed, by Lemma 3.9 we have
n- X + h(ag) + h(b)
m =
h(y)

If X < Cj5 this contradicts (5.11). If X > Cj the other lower bound for X
in the maximum easily follows.

< (2d(log(3d))?(nX + 2h).
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We assume without loss of generality, that
X = h(z — a3).
If |z — asl, <1 for v eT, then using x € Og we have

1
X < i log <H max(1, |z — a2|v)>

vgT

— log (H max(1, |042|U)> < h(ag) < M + h(f),

2
vgT

which is impossible by (5.12). Hence max,er | — asl, > 1. Choose vy € T'
such that

(5.13) |z — gy, = max |z — aly.

Then we have

1
X < <4 (log <\x — asll, I;max(l, |z — a2|v))>

1
d_ (log <|a: — asll, gmax (1, |aals )))

Xdyp/t

which gives
o 2 -
(6] = .
P Tlogr max(1, faz) !

|z —

Thus we have
r—aoap| lae — g, < lovg — a1y, HveT max(1, |Of2|v)1/t

T, T =z

T — Q9

(5.14) ‘1 -

Vo
Put s(vg) = 1 if vy is real, s(vg) = 2 if v is complex, and s(vg) = 0 if vy is
finite. Since by Lemma 3.6 we have
lag — aqy, H max(1, |a|, )"t
vgT
< 2 max(1, |agly,) max(1, ai|y,) | [ max(1, |aaf,)
vegT

< 2°0) exp(dp (h(an) + h(az)))
< 2 HDs0) exen ((dh(f)),
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(5.14) gives us

r — (1

(5.15) ‘1 — < exp ((n + 1)s(vo) log2 + dph(f) — XdL/t>.

T — Qo v

Notice that by (5.12) we have

r — 1

< 1.
T — QO

(5.16) '1 -

vo

In general, we have for y € L with |1 — y|,, < 1 and any positive integer r,
|1 - yr|vo < QT.S(UO)H - leO‘

Hence

hiyh
T —ap) e
1—
T — Qo

Using (5.12) and the estimates (5.3), h(f) < h,d, < nd, s <t < mns, this
can be simplified to

hi,h
r—oq|
1—
T — Q9

On the other hand using Proposition 3.10 and Lemma 5.1 we get a Baker
type lower bound

hr, hr
Tr— « 12
()
T — Qo
Vo
7y b1ty — —b —b2,t5— &\"
(5.18) - ‘1 — Db '771,151711 SR .772#;}1 1, (_>

V2 &2
N (o)
log N (vg)

< exp ((hLthQ—l—n—i-l)s(vo) log 2 +dLh(f)—XdL/t>.

vo

(5.17) < exp(—Xdy/2t).

vo

Vo

Zexp(—cl(tl—i-tg,dL) . @1ogB>
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where
t1—1 to—1

© := max(h(£1 /&), m(d)) - max(h(y1/72), m(d)) - H himy) - 1] ey,

j=1
B = max{?), m, |b11|a sty |b1,t1—1|7 |b21|7 ceey |b2,t2—1|)7
2 if vy is infinit
N(vg) = 1 Vg 18 In .m e o
NB  if vg =B is a prime ideal R,
Cl(tl + tg, dL) = 12(16€dL)3t1+3t2+2(10g* dL)2.
We estimate the above parameters. First, by (5.8), we have h(v;) < Cs

for i« = 1,2. Moreover, the exponents b;; in (5.8) have absolute values at
most m/2. Together with (5.6) and (5.12), these imply

(5.19)h(&1/&) < maxh(&) + h(&)

2
S E(X + CQ) + %(tl +t2 - 2)01 S % - X + 2?1801
X X
< (3+4d(log3d)® - 2nsCy) - — < 4™20) - —,
m m

where we have used ty,ty < ns, d < 2s, n > 2. Further, using (5.5) and
h(71/72) < 205, we get

X X
(5.20) O < CF-4™T20) . = .20y < Cy - —,
m m

where
Cy =2 x 107 (41905 51%)™ | Dy el (B + 1) (log™ Ps)*2.
Next, using d;, < n(n —1)d < 2n(n — 1)s, t1,ts < ns, we have
(5.21) c1(ty +ty,dp) < Cs = (32en?s)®"st3,
Finally, by (3.5), (5.11) we have
N(vy) < Pp < P < ppnV

and B = m since the exponents b;; in (5.8) have absolute values at most
m/2. Inserting these and (5.20), (5.21) into (5.18), we arrive at the lower

bound
hr. h
T —ap) e
1 —
T — Qg

n(n— X
> exp < — C’4C'5PS( D2 log m).
m

vo
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A comparison with the upper bound (5.17) gives
n(n—1) X
exp ( — C4C5Pg —logm ) < exp(—dpX/2t).
m

By dividing out X and inserting ¢t < n?s, d < 2s, we arrive at
m

< 2n2sCyCsP; Y
logm

< (1()”28)35713‘DK’EmelOndﬁ(/}z i 1) . Pg(nfl) (log* Ps)i’ms—l.

Applying the inequalities (log X)? < (B/2¢)BX¢ for X > 1, B >0,€ >0
and X +1 < (e“!/c)eX for X > 0, ¢ > 1, we arrive at our final estimate

m < (10n28)40ns|DK|6npg2611nd/ﬁ'

This completes our proof of Theorem 2.3. O
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