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ABSTRACT. An s-valued vector space over a field K is a tuple V = (V, w1, ..., ws),
consisting of a finite dimensional K-vector space V' and valuations wy, ..., wson V.
Such spaces (in an other but equivalent formulation) were introduced by Faltings
and Wiistholz [6] in their then new proof of W.M. Schmidt’s Subspace Theorem
from Diophantine approximation. An important ingredient of their proof was that
the tensor product of two semistable s-valued vector spaces is again semistable,
and they proved this using an analogous existing result for vector bundles of
Narasimhan and Seshadri [10]. Later, various other proofs of this fact were given,
all of them highly non-elementary. The most down-to-earth proof was given by
Faltings himself, in [5], where he used modules over the formal power series ring
K{[t]).

In the present paper, we have worked out Faltings’ arguments from this last
paper in detail, and translated them into elementary linear algebra. We proved
various generalizations of the semistability result of Faltings and Wiistholz. We
recall the definition of weighted Harder-Narasimhan filtration and correspond-
ing Harder-Narasimhan valuation of an s-valued vector space from [6], and show
among other things that taking the Harder-Narasimhan valuation commutes with
taking exterior powers, symmetric powers, base extensions and tensor products.
This contains as a special case the semistability result of Faltings and Wiistholz
mentioned above, and moreover that exterior powers, symmetric powers and base
extensions of semistable s-valued vector spaces are semistable. Further, we give
a procedure to compute the Harder-Narasimhan valuation of an s-valued vector
space. Our results are valid over fields K of any characteristic.

1. INTRODUCTION AND RESULTS

Let K be a field (of any characteristic) and V' a K-vector space. A wvaluation on
V is a function w: V' — R U {oo} such that

{w(:c):oo<:>x:O, w(Az) = w(x) for x € V, A € K*,

(1.1) w(x + 1) > min(w(z), w(y)) for z,y € V.
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Vector spaces with valuations were studied among others by Fuchs [7]. An s-valued
K -vector space is a tuple V = (V,wy,...,w,), where V is a K-vector space and
wy,...,w, are valuations on V. A multi-valued K -vector space is an s-valued K-
vector space for any s > 1.

We assume throughout this paper that V' is finite-dimensional and non-zero. Let
w be a valuation on V. If oy > ay > --- is any sequence of values assumed by
w on V' \ {0}, then the sets F; :== {z € V : w(z) > o;} (i = 1,2,...) form a
strictly increasing sequence of linear subspaces of V', which necessarily has to be
finite. Hence w assumes only finitely many values on V' \ {0}, say a; > -+ > «,.
We call the corresponding sequence of subspaces

(1.2) (0) = CHC-- CF =V, where F; = {z eV :w) > o}
the (unweighted) filtration of w, and the tuple
(1.3) (0)=RCRG - CHR=V, o> >a)

the weighted filtration of w. Conversely, the weighted filtration uniquely de-
termines w, as w(z) = «; for x € F; \ F;_1. In contrast to the literature, we work
with multi-valued vector spaces instead of multi-filtered vector spaces (vector spaces
endowed with a finite number of weighted filtrations) since in our set-up, valuations
are more convenient. But it should be kept in mind that both notions are equivalent.

In the 1970s, W.M. Schmidt [12] (see also [13]) and later in a more general form
Schlickewei [I1] proved a central theorem in Diophantine approximation, the Sub-
space Theorem. Roughly speaking, this asserts that the solutions of a particular
system of Diophantine inequalities with unknowns from P"(K’) with K an algebraic
number field, lie in finitely many proper linear subspaces of P"(K).

In their landmark paper [0], Faltings and Wiistholz gave an entirely new proof
of this Subspace Theorem, which depends heavily on multi-valued vector spaces (in
fact, Faltings and Wiistholz used multi-filtered vector spaces). They observed that
for finite dimensional s-valued vector spaces there are a semistability theory, and
thus a Harder-Narasimhan filtration. They attached a multi-valued vector space to
a system of Diophantine inequalities as considered in the Subspace Theorem, and
pointed out, that the Harder-Narasimhan filtration of this space plays an important
role in a more refined analysis of this system of inequalities. See Ballay [I, Chap.
3] for another approach to their proof.

There is a natural notion of tensor product of s-valued vector spaces. One of the
key tools in the proof of Faltings and Wiistholz in [6] is their Theorem 4.1, asserting
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that if V, W are semistable s-valued vector spaces over a field K of characteristic 0,
then their tensor product V@xW is also semistable. Faltings and Wiistholz proved
this using semistability theory for vector bundles over algebraic curves, developed by
Narasimhan and Seshadri [I0]. Shortly afterwards, Totaro [15] gave another proof,
also valid only for fields of characteristic 0, in which he linked the semistability of
an s-valued vector space V = (V,wy, ..., w,) to the existence of a suitable metric
on V. Then Faltings [5] gave a new proof, valid for fields K of any characteristic,
based on an argument using modules over the power series ring K|[[t]], inspired by
work of Lafaille [9]. Finally, Fujimori [§] gave a proof, based on Schmidt’s Subspace
Theorem, in which he more or less converted the arguments of Faltings and Wiistholz
(this was allowed since Schmidt and Schlickewei had already given a proof of the
Subspace Theorem independent of multi-valued vector spaces). In Fujimori’s proof
one has to assume that K is an algebraic number field.

It is rather unsatisfactory that the semistability result of Faltings and Wiistholz,
which is in essence just linear algebra, could so far be proved only using techniques
going far beyond linear algebra. In fact, Faltings’ K[[t]]-modules argument from [5]
can be translated into terms of elementary linear algebra, but it uses a limit argument
for sequences of valuations. What remains open is to give a fully combinatorial proof,
avoiding this limit argument.

In the present paper, we have worked out in detail Faltings’ K[[t]]-modules argu-
ment, translated into elementary linear algebra. This approach is valid for fields K
of any characteristic. Our main result is a central theorem, which relates the Harder-
Narasimham valuation of a given multi-valued K-vector space to a particular binary
operator on the collection of valuations on the ambient vector space. From this cen-
tral theorem we deduce the semistability result of Faltings and Wiistholz for tensor
products. More generally, for not necessarily semistable s-valued vector spaces we
show that the Harder-Narasimhan valuation commutes with tensor products in the
sense that the Harder-Narasimhan valuation of the tensor product of two s-valued
vector spaces is the (to be defined) tensor product of their Harder-Narasimhan val-
uations. Likewise we show that the Harder-Narasimhan valuation commutes with
exterior powers, symmetric powers and base extensions. Using our result on exte-
rior powers we describe a(n unfortunately very inefficient) method to compute the
Harder-Narasimhan valuation of a given multi-valued vector space.

We first recall the necessary definitions, and then state our theorems.
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1.1. Definitions. Throughout this paper, K is any field. We say that an s-valued
K-vector space V. = (V,wy,...,w,) is non-zero if V is non-zero and define the
dimension of V to be that of V. By ® we always denote the tensor product with
respect to K. A morphism from an s-valued K-vector space V = (V,wy, ..., w,) to
another s-valued K-vector space V/ = (V/,w}, ... ,w") is a K-linear map ¢ : V — V"
such that fori = 1,..., s we have wiop > w;, i.e., wi(p(x)) > w;(z) for z € V. Note
that ¢ is an isomorphism precisely if ¢ is bijective and w] o p = w; fori =1,...,s.
Clearly, the composition of two morphisms of s-valued K-vector spaces is another
such morphism.

In what follows, V' is a non-zero, finite-dimensional K-vector space. For a valua-
tion w on V with weighted filtration (|1.3) we define

=1

Then the slope of an s-valued vector space V = (V,wy, ..., w,) is defined by

H(7) = = S (V).

Let U be a linear subspace of V. Denote by 2V the image of x under the canonical
map V — V/U. A valuation w on V induces valuations w|y on U, which is the
restriction of w to U, and wY on V/U, given by

(1.4) wY(y) := max{w(z): z €V, 2¥ = y}.

Now for a given s-valued vector space V = (V, w1, . .., w,) we define the s-valued sub-
space U := (U, w1 |y, ..., ws|y) and s-valued quotient V /U := (V/U,wY,... wY).

s

A (by default finite dimensional) s-valued vector space V is called semistable
if w(U) < p(V) for every non-zero linear subspace U of V. A not necessarily
semistable s-valued vector space V has a mazimal destabilizing subspace Vi, which
is such that ;(U) < (V) for every non-zero linear subspace U of V and such that
all subspaces U with ;(U) = u(V}) are contained in V;. This leads to the weighted

Harder-Narasimhan filtration
(O =W%CViC--CV =V, ;> >p),

where V; is such that V;/V;_; is the maximal destabilizing subspace of V/ Vi_1 and
i = pu(V;/Vi_y) for i = 1,...,r. The corresponding Harder-Narasimham valuation
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w%m of V is given by ng(x) = p; for x € V;\V,_1,i=1,...,r. For further details
we refer to Section [2

Given a non-zero, finite-dimensional K-vector space V, we denote by W(V') the
collection of valuations on V. For w € W(V), define

minw := min{w(z) : x € V}, maxw :=max{w(z): z € V \ {0}}.

Let W be a subcollection of W(V) that is bounded from below, i.e., there is C' € R
with minw > C for w € W. Then the infimum of W, given by

(inf W)(x) := inf{w(x) : w e W} for z €V,
defines a valuation on V.

Let Vi, ..., Vi, W be finite-dimensional K-vector spaces and p: Vi x---xV, — W
a multi-linear map such that p(V; x---x V}) generates W. Further, let w; be a

valuation on V;, for i = 1,..., k. We define a valuation p(w, ..., wy) on W by
k
(1.5) p(wq,...,w) := inf {w eWW) :w(p(xy,...,zx)) = ij(xj)
j=1

for allxlevl,...,xkevk}.

This is a well-defined valuation on W. For let YW denote the collection of valuations
on the right-hand side. First, WV is non-empty, for instance it contains the valuation
that is equal to Z?Zl maxw; on W\ {0}. Second, W is bounded from below. For
W consists of sums of elements p(z1,...,x;) with z; € V; for j = 1,...,k and
so by , any w € YV assumes its minimum at such an element. Now clearly,
min w > Z;?:l minw; for w € W.

Notice that with p: V — V/U : 2+ 2V, the definitions (1.5)) and (1.4]) coincide.

By specializing (1.5) to W = Vi ®---®V} (tensor product), p : (xy,...,2x) —
T1®- - -®x) we get a valuation p(wy, ..., wg) = w1®- @y, on V1®- - @V}, Taking
Vi=V,w; =wfori=1,... k where 1 <k <n, W = A*V (k-th exterior power),

p:(z1,...,m8) = 21 A+ Az we get a valuation AFw on AFV. Lastly, taking
Vi=V,w; =wfori=1,...,k where k > 1, W = S*V (k-th symmetric power),
p:(z1,...,x) — 125, we get a valuation S¥w on S* V.

Let again V' be a finite-dimensional K-vector space and w a valuation on V. For
any extension field L of K we define a valuation w® L on the base extension V& L
by

(1.6) wRL :=inf{w e WVRL): v (zx®&) > w(x) forallz eV, £ e L}
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Lastly, given two finite-dimensional K-vector spaces V', V' and valuations w on V'
and w’ on V' we define a valuation on the (external) direct sum V@&V’ by

(wew)(z,y) = min(w(z),w' (y)) for (z,y) € VeV’

Now the k-th exterior power, k-th symmetric power and base extension of a finite-
dimensional s-valued vector space V = (V,wy, ..., w,) are given by

AV o= (NFV, ARy, AFwy), SRV = (SFV, SP ..., SFawy),
VoL := (VL u®L,...,w,aL),
while the direct sum and tensor product of two s-valued vector spaces V = (V, w1, . .., w,)

and V' = (V' w}, ..., w.) are given by

V@W = (V@qu wl@wiy R 7?,USEBU};>, V®W = (V®V/7 wl@w/h T ’w5®w;)'

1.2. Results. We start with formulating our central result, which we proved by
following the ideas of Faltings from [5]. From this central theorem we will deduce
our other results.

Let V' be a non-zero, finite-dimensional K-vector space. On its collection of
valuations W(V') we define a binary operator * as follows:

(1.7) wy * we = inf{w € W(V) : w = wy; +wy} for wy,wy € W(V);

this defines a valuation on V since minw > min w; + minws for every valuation w
in the collection on the right-hand side. The x-operator is clearly commutative, but
in case that dim V' > 2 it is non-associative.

We define a metric on W(V') by

— = — f ,wy € W(V).
|wi — w| xg&%}ml(x) wa(z)| for wy, wo (V)

Our central theorem reads as follows.

Theorem 1.1. Let V = (V,wy,...,ws) be a non-zero, finite-dimensional s-valued
vector space, where s > 2. Define the sequence of valuations (vy,)e_, on V' recur-

sively by vo(x) := 0 for x € V'\ {0} and
U i= (o (Vo xwy) xwq) -+ ) xwg form=1,2,....
Then there is C' > 0 such that

v — mwi™| < C for all m > 0.
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It is not too hard to give a direct proof of the following result, but we have chosen
to deduce it from Theorem In fact, in Section [ we will deduce a more general
result, i.e., Corollary [6.2]

Corollary 1.2. Let V = (V,wy,ws) be a non-zero, finite-dimensional two-valued

vector space. Then ng = Wy * Wy.

Unfortunately, our method of proof of Theorem [1.1]is ineffective, in the sense that
it gives only the existence of a constant C', but not a method to compute it.

We considered some toy examples, i.e., two-dimensional three-valued vector spaces

V = (V,wy,ws,ws), and discovered that in each of them the sequence (v, —
mng )>°_, is ultimately periodic. Further, it turned out that by varying wy, we, ws,

the pre-period can be made arbitrarily long, whereas the length of the period remains
bounded. Inspired by this, we would like to pose the following problem:

Problem 1.3. Let V = (V,wy,...,w,) be an n-dimensional s-valued vector space.
Is it true that the sequence (v, — mng)g’jzo 18 ultimately periodic, with an upper

bound for the period depending only on n and s?

The results stated below will be deduced by combining Theorem with prop-
erties of the x-operator. For some of these results there are more direct proofs.

Our first consequence asserts that the Harder-Narasimhan valuation commutes
with exterior powers, symmetric powers, base extensions, direct sums, and tensor
products.

Theorem 1.4. (i) Let V be a non-zero, finite-dimensional s-valued K -vector space.
Then the following identities of valuations hold:

(1.8) wﬂ% = /\kng on AV for every k € {1,...,dimV};
(1.9) wchV =g* ng on S* V' for every positive integer k;
(1.10) w%\é = ng@)L on VL for every extension field L of K.

(ii) Let V, V' be two non-zero, finite-dimensional s-valued K -vector spaces. Then
the following identities of valuations hold:

HN _ . HN_  HN ..
(1.11) Wiggm = Wi Qwyr on VOV

HN _ . HN HN /
(1.12) Wi = Wi Quiz on VRV

A valuation on a K-vector space V is called constant if it is constant on V' \
{0}. It is trivial that an s-valued K-vector space V is semistable if and only if its
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Harder-Narasimhan valuation is constant. Further, from ((1.5)), (1.6)) it is clear that
exterior powers, symmetric powers, base extensions and tensor products of constant
valuations are again constant. This leads at once to the following:

Corollary 1.5. (i) Let V be a non-zero, finite-dimensional, semistable s-valued K -
vector space. Then N*V (for every k € {1,...,dimV}), S*V (for every positive
integer k) and VL (for every extension field L of K ), are all semistable.

(ii) Let V, V' be two non-zero, finite-dimensional semistable s-valued K -vector
spaces. Then V@V is semistable.

Identity was proved implicitly in a paper with Ferretti [4], where it is an
important ingredient. The proof given there, in the spirit of Fujimori’s, uses a special
case of the Subspace Theorem, and thus it works only if the ground field K is an
algebraic number field. The arguments in the present paper do not go beyond linear
algebra, and work for any field K of any characteristic.

The next result that we derive from Theorem [L.I]shows that the Harder-Narasimhan
valuation is compatible with morphisms of s-valued vector spaces. For a direct proof

(in the general framework of Harder-Narasimhan categories), we refer to Chen [2]
Thm. 5.7].

Theorem 1.6. Let V and V' be two non-zero finite-dimensional s-valued K -vector
spaces and @ a morphism from V to V'. Then wilN o > wih.

Given a collection A of linear subspaces of V', the (4, N)-algebra generated by A
is the smallest collection U of linear subspaces of V' such that

(i) ACUand{0},V el;
(ii) for all Uy, Uy € U we have Uy + Uy e U, Uy NU; € U.

Theorem 1.7. Let V = (V,wy,...,ws) be a finite-dimensional s-valued K -vector
space. Then the subspaces in the Harder-Narasimhan filtration of V belong to the
(4, N)-algebra generated by the subspaces occurring in the unweighted filtrations of
W1y ...,Ws.

Let A consist of the spaces in the unweighted filtrations of wq, ..., ws. We can
decompose the (+, N)-algebra generated by A as U,,>0.A,,, where the collections A,,
(m=0,1,,...,) are defined inductively by

-AO = AU {@,V}, Am+1 = {Ul + UQ, U1 N U2 . Ul, Ug S UKm-Al} for m 2 0.
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We define the depth of U € U,,>0.A,, to be the smallest m such that U € A4,,. We
are interested in effective upper bounds for the depths of the spaces of the Harder-
Narasimhan filtration of V', but unfortunately, our arguments do not provide these.
The importance of such effective depth bounds would be that they allow us to
compute the Harder-Narasimhan valuation of V. Ideas from Vojta [16] suggest the
following

Problem 1.8. Given an n-dimensional s-valued K -vector space V, can the depths
of the spaces in the Harder-Narasimhan filtration of V' be bounded above in terms of
n and s only?

In Section [7] we describe an algorithm to compute the Harder-Narasimhan valua-
tion of an s-weighted vector space V, based on other principles than effective depth
bounds. The idea is that the first space V; in the Harder-Narasimhan filtration of
V can be easily computed if dimV; = 1. Then one can make a reduction to this
special case by applying our result Theorem on exterior powers. In case
the underlying field K is an algebraic number field, we give (Theorem [7.4)) explicit
upper bounds for the heights of the subspaces occurring in the Harder-Narasimhan
filtration of V.

The remainder of our paper is organized as follows. In Section [2] we have col-
lected some basic facts. In Section [3| we deduce some properties of the x-operator
introduced above. In Section [l we prove some convergence results for sequences of
valuations. In Section [o| we prove Theorem and in Section [6] we deduce Theo-
rems [L.5HI.7 and Corollary [I.2] In Section [7]we describe our method to compute the
Harder-Narasimhan valuation of an s-valued vector space, and give upper bounds
for the heights of the spaces in the Harder-Narasimhan filtration in case K is a
number field.

2. BASIC FACTS

For convenience of the reader we have recalled the proofs of some well-known
facts about multi-valued vector spaces. Throughout this paper, K is any field. For
a subset A of a K-vector space V' we denote by span A the K-linear subspace of V
generated by A. The collection of valuations on V' is denoted by W(V'). A valuation
w on V is said to be constant if there is p € R such that w(z) = p for x € V'\ {0}.
In this situation we will be sloppy and write w = p. More generally, given reals A, u
on V with A > 0, we define the valuation Aw + p on V' by (Aw + p)(x) := dw(z) + p
for x € V'\ {0}.
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2.1. Weights, subspaces, quotients, degrees, slopes. In what follows, V is a
non-zero K-vector space of finite dimension.

Let w be a valuation on V. Let a; > -+ > «, be the distinct values assumed
by w on V'\ {0}. Then the (unweighted) filtration of w is the strictly increasing
sequence of linear subspaces of V,

(1.2) 0)=FCHC: - CF =V where F;:={z €V : w(z) > o},
and the weighted filtration of w is
(T3) ((0):F0gFlg~--gFT:V;a1>-~->aT>.

This weighted filtration uniquely determines w. With the help of (1.3) we define
the weight of V/,

i=1
r—1
= Z(O&L — Oéi+1> dlm Fl =+ (7% dlmV

i=1
For § € R U {oc}, not necessarily in the value set of w, define the linear subspace
of V,

Fgw) ={zeV:w()=p}

Let By := oo and let {8; > --- > (;} be any finite set of reals containing the values
assumed by w on V' \ {0}. Then

(2.1) w(a:):@- fora:EF(w)\FB(Z”)l, i=1,...,t,
(2.2) = Z — Bipr) dim FY + 8, dim V.
=1

We define w(V) := 0 if V = (0); then in this case (2.1)) and (2.2)) are trivially true.

The following lemma will be useful. We assume henceforth that V' is non-zero.
Given two valuations wy,wy on V we write w; < wg or we > wy if wy(x) < wo(x)
for all x € V', and wy < wy or wy > wy if we > wy and wy # ws.

Lemma 2.1. Let wy, ws be valuations on V' with wy; < we. Then w1 (V) < we(V).

Proof. Let {81 > --- > [} be the union of the sets of values assumed by w; and ws,
respctively, on V'\ {0}. By w; < wy and (2.1]) we have Fg“) C F[g:”) fori=1,...,t,
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with strict inclusion for at least one i. Now (2.2)) applied with w; and w, gives
wl(V) < IUQ(V) O

Let U be a non-zero linear subspace of V. For # € V, denote by 2V the image
of z under the canonical map V' — V/U. The restriction w|y of w to U defines a
valuation on U, while wY, given by

wY(y) == max{w(z): v €V, 2V =y} for y € V/U
defines a valuation on V/U. Noting that {x € U : w(x) > oy} =UNF; (i =1,...,71),
while
{yeV/U: w(y) >} = {2V 2€V, 32z €U with w(z + 2) > o}
= (F+0)/U (i=1,...,r),

it follows at once from that
(2.3) wly(U) = Tzl(ai — ;1) dim(U N F}) + o, dim U,

i=1

r—1

(2.4) w/(V/U) = ) (i = i) dim((U + F3)/U) + o, dim(V/U),

i=1
and thus,

(2.5) w” (V/U) = w(V) — wly(U).
For convenience, for a linear subspace U of V' we write w(U) instead of w|y(U).

Then for any two linear subspaces Uy, U of V' we have
(2.6) w(Uy + Us) +w(Uy NUz) = w(Uy) + w(Us).
This follows easily from ([2.3) and from

dim((U; +U)NF) > dim((UyNF)+ (UyNF))

= dim(U; N F) +dim(Uy; N F) —dim(U; N Uy N F)

for any linear subspace F' of V', with equality if FF = V.

Let V = (V,wy,...,w,) be a non-zero, finite-dimensional s-valued K-vector space.
The degree and slope of V are given by respectively
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Let U be a linear subspace of V. Then the corresponding s-valued subspace U of V
and s-valued quotient V /U are given by
U= (Uwly,...,wlp), V/U:=V/UWY,..  wY).

S

From ([2.5)) we infer at once that
(2.7) d(V/U) =d(V) —d(U).
Further, by (2.6)) we have for any two linear subspaces Uy, Us of V|

(2.8) d(U, + Uy) +d(U, NUy) = d(Uy) + d(Us).

2.2. Semistability, Harder-Narasimhan valuation. Let V = (V,wy, ..., w,) be
a non-zero s-valued K-vector space of dimension n. We say that V is semistable if

w(U) < (V) for every non-zero linear subspace U of V. In this case, the Harder-
Narasimhan valuation of V' is given by wiN () := pu(V') for z € V'\ {0}.

Henceforth, we do not require that V is semistable and construct the Harder-
Narasimhan valuation in this general case. The basic tool is the following lemma.

Lemma 2.2. There is a unique, non-zero linear subspace D = D(V') of V' (called
the mazximal destabilizing subspace of V) such that for every non-zero linear
subspace U of V' we have

p(U) < (D) fUCD, ulU)<uD) ifUgD.

Proof. Tt is clear that a subspace D as in the lemma is unique. We prove the

existence of such a subspace. Let u be the maximum of the quantities p(U), taken
over all non-zero linear subspaces U of V. Inequality (2.8) implies that if Uy, Us are
any two non-zero linear subspaces of V with u(U;) = u(U3) = p, then

d(U, + Us) d(U,) +d(Uy) — d(U; N Us)

>
>M@mw+mm%—mmmm@»:ummm+@y

hence p(Uy + Us) = p. Now let D be the sum of all non-zero linear subspaces U

of V' with u(U) = p. Then clearly, u(D) = pu > p(U) for every non-zero linear
subspace U of V', with strict inequality if U ¢ D. U
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We note that by (2.7) we have for D = D(V),

_ d{U)—d(D)  pU)dimU — u(D)dim D
 dimU —dimD dim U — dim D

(2.9) wU/D) < (D)

for every linear subspace U of V with U 2 D.

Now let V be an s-valued vector space, which is not necessarily semistable. We
construct a filtration

(2.10) )=V CWG - CV=V
by taking
Vi=D(V), V3/Vi=D(V/V1), V3/Vo=D({V/V5),....

It is clear that
Vi, Vo/Vi, ..., V/V,_| are semistable
and moreover, by (Z3), using V5/Va & (V/V1)/(Va/Th) etc.

p(Vi) > u(Va/Vi) > - > p(V/ Vo).
We call (2.10) the Harder-Narasimhan filtration of V and

((0)=V0§V1g GV =V, N(Vl)>ﬂ(72/vl)>"'>ﬂ(v/m)>

the weighted Harder-Narasimhan filtration of V. The associated Harder-Narasimhan
valuation on V is then defined by

wiN(z) = p(V;/Viy) for z € V;\ Viy, i =1,..., 7

Remark 2.3. Let V = (V,wy, ..., w,) be an s-valued vector space. The following
facts can be easily verified:

(i) If s =1,V = (V,w;), then wi" = w,.

v
(ii) wg/NW = (wiN)".

(iii) For the weight of V with respect to the Harder-Narasimhan valuation of V we

have wiN (V) = d(V).
(iv) Let A € Roo, p1,...,14s € R and V' = (V,\wy + p1, ..., \ws + pg). Then

Wi = XN+ .
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2.3. Adapted bases. Let V be a non-zero, finite-dimensional vector space over a
field K, let w be a valuation on V', and let (0) = Fj gFl g gFr =V be its
filtration (see (1.2))). Further, let {f;: j € I} with I a finite index set be a basis of
V.

We say that {f; : j € I} is a basis of V' adapted to w if it contains precisely dim F;
vectors from Fj, fori=1,... 7.

Let 5; (j € I) be reals. We say that the valuation w is given by (f;, 5;) (j € I) if
whenever we express a non-zero r € V as » jer§ify with §; € K, we have

w(z) =min{f; : j eI, & #0}.

Lemma 2.4. Let V be a non-zero, finite-dimensional vector space over a field K,
w a valuation on V', and {f; : j € I'} with I a finite index set a basis of V.

(1) Xje w(fy) Sw(V);

(i) {fj: j €I} is adapted tow < 3 w(f;) = w(V);

(i) {f; : j € I} is adapted to w < w is given by (f;,w(f;)) (j € I), i.e., if
=7 ic;&fi with §; € K, not all 0, then w(z) = min{w(f;) : § # 0}

Proof. We assume without loss of generality that the given basis of V' is {f1,..., fu}
and that w(fi) > -+ > w(f,). Let (1.3) be the weighted filtration of w. For
1=0,...,7r, let ¢ ::#({fl,...,fn}ﬂFi . Then ¢; < d; :=dim F; for i =0,...,r,
and ey = dy =0, e, = d, = n. Further, w(f;) = a; fore;1 <j<ei=1,...,r.

(i), (i) We have > 77 w(f;) = > i_ (ei — ei1)oy = Z::_ll ei(a; — air1) + na..
This is < w(V), and equal to w(V') precisely if e; = d; fori = 1,...,r — 1, i.e., if
{f;: j €l}isadapted to w.

(iii) w is given by (fj, w(f;)) (j € I) < F; Cspan{f;: j<e}fori=1,...,r <
e, =d;fori=1,...,r. O

Lemma 2.5. Let U be a proper, non-zero linear subspace of V. Further, let {f1,..., fu}
be a basis of V' such that {f1,..., fm} is a basis of U. Then the following two as-
sertions are equivalent:

(1) {f1,.-., fa} is adapted to w;

(i) {f1,..., fm} is adapted to w|y, {fU. 1, ..., [V} is a basis of V/U adapted to wY,
and w9 (f7) = w(f;) fori=m+1,...,n.
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Proof. By ([2.5)), Lemma (i) and the definition of wY we have

m n n

w(V) = wlo(U) +w’(V/U) 2D w(f)+ Y w(f7) =D wf).
i=1 i=m+1 i=1
Sow(V) =371, w(fi) if and only if wly(U) = 3772, w(fi), w” (V/U) = 3201, w(f)
and w (V) = w(f;) fori =m+1,...,n. Apply Lemma[2.4] (ii). O

To our knowledge, the following important observation occurred for the first time
in a paper by Corvaja and Zannier [3, Lemma 3.2], but it was known before. [|

Lemma 2.6. Let V' be a non-zero n-dimensional K-vector space and wi,wy two
valuations on V.. Then V' has a basis {f1,..., fn} adapted to both wi,w,.

Proof. We proceed by induction on n. For n = 1 the assertion is obviously true. Let
n > 2 and suppose Lemma [2.6|is true for all vector spaces of dimension < n. If both
valuations wy, wy are constant (i.e., on V' \ {0}), then any basis will do. Suppose w;
is not constant. Then w; has a filtration (0) g g F,_ g F, =V, where F,_; is
non-zero and strictly smaller than V. By the induction hypothesis, U := F,_; has
a basis {f1,..., fm} adapted to both w|y and wy|y. Choose fri1,..., fn € V\U
such that {fU.,..., fU} is a basis of V/U adapted to w§ and wi (fY) = ws(f;) for
t=m++1,...,n. Then by Lemma , the set {f1,..., fn} is a basis of V adapted
to ws. But by its very construction this basis contains precisely dim F; vectors from
F, fori=1,...,r — 1, and also dim F,, = n vectors from F, = V. Hence this basis
is adapted to w, as well. O

Remark 2.7. This can not be extended to more than two valuations.

2.4. Exterior powers, symmetric powers, base extensions, direct sums and
tensor products. For integers £, n with 1 < k& < n we denote by Z, ; the collection
of integer tuples (i1, ..., i) with 1 < i; < -+ < i, < n. For positive integers k, n, we
denote by 7,k the collection of integer tuples (i1, ..., i) with 1 <i; < -+ < i < n.
As before, K is any field.

Lemma 2.8. (i) Let V be a K-vector space of dimension n > 0, w a valuation on
V, and {fi,..., fn,} a basis of V adapted to w. Then the valuations Nfw on AV
(1<k<n) S*wonS*V (k>1) and wL on the L-vector space VRL (where L

Tt was mentioned to me several years earlier by Roberto Ferretti (personal communication).
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is any extension field of K ) are given by respectively

(fi1 A A ) w(le) + .. +w(fzk)) ((il, e ,Zk) S In,k);
(fir o i w(fir) + -+ w(fi)) (Gr,. i) € Tng);
(fi®l, w(f)) (i=1,...,n).

(ii) Let V', V' be K -vector spaces of dimensions n, m, respectively, w a valuation on
V, w' a valuation on V', {f1,..., fu} a basis of V adapted to w, and {g1,...,9m} a
basis of V' adapted to w'. Then the valuations wdw' on VAV’ and w@w' on VRV’
are given by respectively

((fuo)aw(fz>) (i:17"'7n) and(<079j>7wl(gj)) (jIl,.../fTL);

(fi®g;, w(f) +w'(gy) (i=1,....n,j=1,...,m).

Proof. We prove only the result for the tensor product; the proofs of the other
results in the lemma are entirely similar. Denote by u the valuation on V ® V'

given by (fi®gj, w(f) —l—w’(gj)) (t=1,...,n,j = 1,...,m). Let v = > .., & fi
Yy = Zje] n;9; be non-zero elements of V,V’, where &;,n; € K* forallie I,j € J.
Then

uwoy) = min (w(f) +w'(g)

> (minw(£)) + (minw'(g;)) = w(z) +w'(y).

In view of definition , applied to the tensor product, this means that u > w®uw’.
To prove the reverse inequality, let z € V@V’ and write z = Z(i’ Den & fi®gj,
where H is a subset of {1,...,n} x {1,...,m} and §; € K* for (i,j) € H. Then
by definition (|1.5]),

(wow))(2) > min (wee)(fi0g,) > min (W(f) +w/(g)) = u(:).

Hence w@w' > u. O

Let V = (V,wy,...,w,) be an s-valued K-vector space of dimension n > 0. Recall
that the k-th exterior power (1 < k < n), k-th symmetric power (k > 1) and tensor
product with an extension field L of K of V are given by

ANV o= (NFV, AFwy o AFw), SRV = (SFV, SR, ..., SFawy),
VRL:=(VeLw®L,... w,L).
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Further, the direct sum, respectively tensor product over K, of two s-valued K-
vector spaces V = (V,wy,...,w,), V' = (V' w),...,w.) are given by

VoV = VeV wew,, ... wew.), VeV = VeV weu),... w,ou).
Using Lemmas [2.8 and [2.4] the following is not hard to show.
Corollary 2.9. Let V be an s-valued K -vector space of dimension n > 0. Then

: = —1\ = =
(i) dAV) = (3-))d(V), wAV) =kp(V) fork € {1,...,n};

. = k—1\ ;o - -
(it) d(S*V)=E("M N AV), w(S"V) = ku(V) for k> 1;
(iii) d(V®L) =d(V), (VL) = u(V) for any extension field L of K.
Further, for any two finite dimensional s-valued K -vector spaces V., V' we have
(iv) dVae V') =d(V)+d(V');
(v) dVeV) =dimV'-d(V)+dimV -d(V'), u(VeV’)=u(V)+ u(V').

3. THE *-OPERATOR

Let K be a field and V a K-vector space of finite dimension n > 0.

Recall that the s-operator on the collection W(V') of valuations of V' is defined
by

(1.7) wy * wo = nf{w € W(V) : w > w; +ws} for wy,wy € W(V).

This binary operator is commutative, but if dimV > 2 it is non-associative. To
illustrate this, take two linearly independent vectors fi, fo € V, put f3 := fi + fo,
define U; := span{f;} for i = 1,2,3, U := span{ fi, fo}, and for i = 1,2,3 define a
valuation w; on V' by

w;(z) =1 for x € U;\ {0}, w;(z) =0 for x € V' \ U;.

It can be shown that (w; % wq) * w3 # wy * (wy * w3) by comparing their weighted
filtrations: the weighted filtrations of (w; * wy) * w3, wy * (wq * w3) are

(Octcucy, 2>1>0), ((0)CUCUCY, 2>1>0) if dmV >3,

((O)gUggv, 2>1), ((O)gUlgv, 2>1> if dimV = 2.

Below, we deduce some properties of the x-operator. Recall Lemma 2.6
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Lemma 3.1. Let V' be a K-vector space of dimension n > 0 and wi, wy valuations
on V. Further, let {fi,..., fn} be a basis of V adapted to wy and wy. Then wy * we

is given by (fi,wi(f;) +w2(fi)) (0=1,...,n).

Proof. We write x € V' \ {0} as » ;. & fi, where I, C {1,...,n} and § € K* for
i € I,,. Let u be the valuation given by (f;, w1(f;) +w2(f;)) (i =1,...,n). Then for
x € V\ {0} we have

u(r) = fifelgl(wl(fi) +wy(fi)) = min w1 (fi) + minwy(f;) = wi(x) + wa(z),

Iy i€ly

hence u > wy x wy. Conversely, we have for z € V' \ {0},
(w1 * wp) () > min(wy * wp)(fi) > minw (fi) +wa(fi)) = u(x),
hence wy * wy > u. O

Lemma 3.2. (i) Let V be a K-vector space of dimension n > 0 and wy,wy valua-
tions on V. Then the following identities of valuations hold:

A (wy xwy) = (AFwy) * (ANfwy) on APV for each k € {1,...,n},
SF(wy xwy) = (SFw) % (S¥wy) on S*V for every positive integer k,
(wy xwe)®L = (w1 ®L)* (wa®L) on VKL for every extension field L of K.

(ii) Let wy,wy be valuations on 'V and wi, w) valuations on another non-zero finite-
dimensional K -vector space V'. Then the following identities of valuations hold:

(wy * wa)® (W) xwy) = (wBw)) * (waBwy) on VAV,
(wy * wr)@(wy *wy) = (w @) * (Wa@wy) on VeV’

Proof. Straightforward using Lemmas 2.8 and We prove only the identity for
the tensor product; the other identities are obtained in the same manner. Define the

valuations u; := (wy % we)@(w] * wh), us := (w1 @w]) * (weRwh). Let {f1,..., fn} be
a basis of V' adapted to both w; and ws, hence also to wy * wq, and let {g1,..., gm}
be a basis of V' adapted to w] and wj, hence to w} * wh. Write I := {1,...,n},

J:=A{1,...,m}. Then {fi®g, : (¢,j) € I x J} is a basis of V&V, adapted to both
w and ugy, and moreover, uy(f;®g;) = ua(fi®g;) = wi(fi) +wa(fi) +wi(g;) +wh(g;),
for i € I, j € J. Together with Lemma (iii) this implies uy = us. O
Lemma 3.3. Let V' be a non-zero finite-dimensional K -vector space.

(i) Let wy,wy be valuations on 'V and X, pi1, po reals with X > 0. Then
(Awy + 1) * (Awa + pig) = AMwy * wa) + pg + pla.



HARDER-NARASIMHAN FILTRATION 19

(i) Let wy,wy be valuations on V. Then (wy *x wy)(V) = wi (V) + we (V).

(iii) Let p : V. — V' be a linear map from V to another finite-dimensional K -vector
space V', and let wy, wy be valuations on V' and wi,wh valuations on V' such that
wi o = w; fori=1,2. Then (w] * wy) o = wy *xwy fori=1,2.

(iv) Let wy, wq, w, wh be valuations on V. with w] > wy, wh = we. Then w} x wh >
wy * Wo.

(v) Let wy, wq, w),wh be valuations on V. Then |wy * wy — w) * wh| < |wy — wi| +
|wg — whl.

Proof. (i) Trivial from definition.

(ii) Choose a basis {f1,..., fn} of V adapted to both wy,ws, take the sum over
i=1,...,n0f (w; *xw)(fi) = wi(f;) + wa(f;) and apply Lemma [2.4] (ii).

(iii) Applying definition we get (w] * wh) o = wiop+whop = w + wy
and subsequently (iii).

(iv) Apply (iii) with V' =V and ¢ the identity.

(v) Put ¢; := |w; —w}| for i = 1,2. Then w; < w}+¢; for i = 1,2, hence by (iv),(i),

wy * we < (W] + ¢1) * (wy + ¢o) = wy * wh + ¢1 + co.

Likewise, w} % wh < wy % wq + ¢ + ¢ Hence |wy x wy — wi x wh| < ¢ + co. O
Lemma 3.4. Let V be a non-zero, finite-dimensional K-vector space and wy,ws

valuations on V. Then the subspaces in the filtration of wy * wq lie in the (4,N)-
algebra generated by the subspaces in the filtrations of wy and wo.

Proof. Let a; > --- > «, be the values assumed by wy, let 5; > --- > §, be those
assumed by wy, let 43 > -+ > =, be those assumed by wy *ws, and let F; := {x € V :
wi(z) 2 a5}, Gy ={x €V : wy(z) > B} and Hy :={z € V 1 (wy xw2)(z) = W}
be the corresponding subspaces in the filtrations of wy, ws and wy % wsy, respectively.
Take a basis {f1,..., fo} of V adapted to w; and w,. Then by Lemma [3.1]

Hy = span{f; : wi(fi) + wa(fi) = W}
= > (Spaﬂ{fz twi(fi) = cq} Nspan{fi : wa(fi) 2 5;‘})

i +B5 27k
= > (FzﬂGj)»
;i +B5 27k

which clearly implies Lemma [3.4] O
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Let again V' be a non-zero finite-dimensional K-vector space and w a valuation
on V. For a proper linear subspace U of V' we define

(3.1) §(U,w) :=max (0, min{w(z) —w(y): v € U,y € V\U}).
One easily shows that if w has weighted filtration given by ((1.3)), then

00 it U = (0),
(3.2) S(Uw)=4¢ a;—a;p1 >0 ifU=F, forsomeie{l,....,r—1},
0 it U % (0),F1,... Foy.

Thus, if UgV then 6(U,w) > 0 if U = (0) or U is in the filtration of w, and
d(U,w) = 0 otherwise. A consequence of this is, that if U is in the filtration of w
and x € V \ U, then w¥(2Y) = w(x).

The next lemma gives a sufficient condition under which the x-operator commutes
with taking restrictions or quotients. For a valuation w on a non-zero K-vector space
V', we define |w| := max{|w(z)|: z € V' \ {0} }.

Lemma 3.5. Let V' be a non-zero, finite-dimensional K -vector space and wy,ws
valuations on V' and let U be a proper, non-zero linear subspace of V' such that
(U, wy) > 2|wse|. Then

(l) (S(U, w1 * U)Q) = (5(U, 'U)l) — 2"11}2| > O,

(i) (w1 * wo)ly = (wily) * (welv), (w1 * we)” = wi * wf,

(iii) (w; * wy)(x) = (WY * wY)(zY) forx € V\ U.

Here in (i1), (ii1), the x-operators on the left-hand sides are those on W(V), while
the x-operators on the right-hand sides are those on W(U), W(V/U), respectively.

Proof. (i) By Lemma [3.3] (v) we have |(w; % ws)(z) — w1 ()| < |ws for € V'\ {0}.
So (wy * we) () — (w1 xws)(y) = wi(x) —wq(y) — 2|we| for x € U, y € V\U. Apply
(3.-1).

(ii) Choose a basis {f1,..., fn} of V adapted to both w;, wy. Our assumption
implies that U is in the filtration of wy. So {fi,..., f,} contains a basis of U,
{fi,..., fm}, say. By Lemmas2.5andB.1] {f1, ..., fin} is adapted to w1 |y, wo |y and
(wixws)|yr. Now both (wy*ws)|y and (ws]y)*(ws|v) are given by (fi, wi(fi)+wa(fi))
(¢ =1,...,m), hence are equal. The second assertion of (ii) can be proved in the
same manner.

(iii) By (i), U is in the filtration of w; * we. Hence for x € V \ U we have
(w1 * wo)(x) = (wy % wy)Y (2Y) = (W * wl)(2Y). O
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4. SEQUENCES OF VALUATIONS

We will prove some convergence results for sequences of valuations. As before, K
is any field and V' a non-zero, finite-dimensional K-vector space.

We need an auxiliary result from linear algebra. Denote by S the collection of
subsets of V' of the shape

(4.1) VIA W)U (Vo \Wa) U= U (V. \ W)
where r > 1 and V;, W4, ..., V,, W, are linear subspaces of V' such that
OCWMCVCWCVC- - CW, CV, CV.

Lemma 4.1. Any non-decreasing sequence F1 C Fo C --- of sets from S is even-
tually constant.

Proof. Notice that in (4.1)) we can delete V; \ W; if V; = W;, while if V; = W;; we
can shorten (4.1) using (V; \ W;)U (Vi1 \ Wis1) = Vig1 \ W;. By repeatedly applying
this, we see that any non-empty element F of S can be expressed in the form (4.1))
where r > 1 and Vi, Wy, ..., V,, W, are linear subspaces of V' such that

) CSWCVICW,CV,C .- CW,CV, CV.
z 1z £ %% # #
Then span F = V,.. Further,
ViNF =W\ Vo) U-- U (W \ Vi) U WA,
hence span(V,. \ F) = W, C span F.

We now prove Lemma 4.1, where we proceed by induction on the dimension of
V. If dimV =1 our lemma is clear. Suppose dimV > 1. Let /1 C Fo C --- be a
non-decreasing sequence from S§. Then span F; C spanFy C --- . Hence there is
ip such that for ¢ > ig, span F; =V} is independent of i. Further, span(V; \ F;,) 2
span(Vo\Fiy+1) 2 - -+ . Hence thereis iy > i such that for i > iy, span(Vo\F;) = Wy
is independent of ¢, while moreover, W g Vo. This means that for ¢ > ¢; we have
Fi= (Vo \ Wy) UG;, where G; belongs to S and is contained in W,. Now apply the
induction hypothesis to the sequence {G;}. O

Lemma 4.2. Let (w1,,)% 0, (Wom)o_y be two sequences of valuations on V' such
that

Wi — W = W mi1 — Wame1 pointwise on 'V \ {0} form >0,

for every x € V '\ {0} there is m > 0 such that wy n,(x) < wam(T).
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Then there is mg such that wy ., < Wa, for m = myg.

Proof. For m = 0,1, ..., define
Fom ={x € V\{0}: wym(x) <wym(x)}.

We first show that F,, belongs to S for m = 1,2,.... Fix m and let the weighted
filtration of w; ,, be given by . Thus, w, ,, assumes the values oy > -+ > a,
on V '\ {0} and wy () = o; if and only if € F; \ F;_;. Define the subspaces
Gi={xeV:wy,(r) >aq}fori=1,...,r. Then

Fo=U (AP0 @) = ((FNG\ (a0 6)

i=1 i=1

which is indeed a set in S since (0) = Fj g Fi g g F.and G; C--- C G,.
Our assumptions on the sequences (w1 ,)50_g, (Wo,m)oe_ imply that Fy C Fy C
~and J>_, Fm = V\{0}. By the previous lemma there is mg such that F,, = F,p,

for all m > mg. Hence F,, = V' \ {0} for m > my, which means precisely that
W < Wa,m, for m = my. O

Given a sequence of valuations (w,)5°_, and a valuation w on V', we write w,, | w
if wo > wy > -+ and lim,, o Wy, (2) = w(z) for z € V' \ {0}.

Lemma 4.3. Let (w1.,) 0, (Wam)oe_, be sequences of valuations, and wy,ws val-
uations on V' such that w; , | w; for i =1,2. Then wi m, * Wam | wy * ws.

Proof. By Lemma[3.3|(iv) the sequence (wy , *wa,m)55_, is non-increasing. We prove

m=0

that the limit is wy % wy. Let € > 0. For every x € V' \ {0} and i = 1,2 there is m;
such that w; () < w;(z)+e. So by Lemma , there is mg such that w; ,, < w;+¢
for i = 1,2, m > my. Now parts (iv),(i) of Lemma [3.3] yield

Wy * Wy K Wy * Wom < (w1 + €) % (W + &) = wy *wy + 2 for m > my.
This proves Lemma [4.3] O

Lemma 4.4. Let (w,,)>_, be a sequence of valuations on V with wy = wy > -+ -
Then

U:={xeV: lim wy(r) > —oo}
m—00

is a linear subspace of V, and if U # (0), U # V, then lim,, o 6(U, wy,) = 0.
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Proof. 1t is obvious that U is a linear subspace of V. Suppose U # (0), U # V.
We have to prove that for every A > 0 there is mg such that 6(U, w,,) > A for all
m = mg, or equivalently, w,,(z) — w,(y) > Aforallz € U,y € V\ U, m = m,.

We obtain a valuation u on U by setting u(z) := lim, o wy(x) for all non-zero
x € U. Hence wy,(z) = C for x € U, m > 1, where C is the minimum of u. Let
A > 0 and define valuations w/, (m =0,1,...) on V by
w, () :=wp(x) for x € U, w,(x):=C—AforzeV\U.

m

' (m =0,1,...) is non-increasing, and for every z € V '\ {0} there
is an integer m such that w,,(z) < w}, (z). So by Lemma |4.2| there is mg such that
Wy, < wl, for m > mg, implying w,(y) < C — A for y € V\ U, m > mgy. This
implies w,,(x) — wy,(y) >C —(C—A)=Aforx e U,y e V\U, m=myg. O

Clearly w,, — w!

5. PROOF OF THEOREM [1.1]

We first prove two lemmas and an important proposition. For a non-zero s-valued

K-vector space V = (V,wy,...,ws) we define an operator [-; V] on the collection
W(V') of valuations on V' by

[w; V] = (- (w*wq) xwy) ) xws for we W(V).

Notice that for a linear subspace U of V' with (0) CUCV this gives

WU = (e (W' (wilo) = (walp)) ) * (wsly) for w’ € W(U),
W VU = (- (0" *wl)xwd) - )xwY forw” € WV/U).

In the two lemmas below we have collected some properties of these operators.
Henceforth, we fix an s-valued K-vector space V = (V,wy,...,w,) of finite dimen-
sion n > 0.

Lemma 5.1. (i) Let w € W(V). Then [w; V](V) = w(V) 4+ d(V).

(ii) Let V= (Vowy + pa, ..., ws + ps) for some py,...,pus € R. Then [w;V/] =
[w; V] + (1 + - + ) for w e W(V).

(iii) Let uy,ug € W(V) with uy = uy. Then [uy; V] > [ug; V).

(iv) Let uy,uy € W(V). Then | [uy; V] — [ug; V]| < |us — usl.

(V) Let (um)Se_y be a sequence of valuations on V' and w another valuation on V

such that u, | u. Then [un; V] ] [u; V].
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Proof. Part (i) follows from 7  w;(V) = d(V) and a repeated application of
Lemma (ii), part (ii) follows by repeatedly applying Lemma (i), and parts
(iii), (iv), (v) by repeatedly applying Lemma [3.3] (iv), (v) and Lemma [4.3] O

Lemma 5.2. Let w be a valuation on V' and let U be a linear subspace of V' such
that (0) CUCV and (U, w) > 2(lwy| + - - + |ws]).

(@) sVl = [wlo:T);

(i) [w;V]7 = [w”;V/U];

(iii) wY(2Y) = w(x), [wWY; V/U](2Y) = [w; V](z) forx € V\ U.

Proof. Repeated application of Lemma [3.5] O

The hard core of the proof of Theorem [1.1| (and thus of this paper) is the following
proposition. Both this proposition and its proof are translations into the terminology
of our paper of ideas of Faltings [5].

Proposition 5.3. Assume that V is semistable. Then there exists a valuation u on

V such that [u; V] = u + u(V).

Proof. We start with a reduction. Notice that the s-valued vector space Vo=
(V,wi—pu(V) /s, ..., ws—p(V)/s) is semistable, has (V') = 0 and satisfies [u; V'] =
[u; V] — u(V) for u € W(V) by Lemma (ii). Once we have shown that there is
w e W(V) with [u; V'] = u, it follows that [u, V] = u+ (V). So no generality is
lost if we assume

(5.1) V) =0

and show that there is a valuation v on V with [u; V] = u.

So assume (5.1)). Pick any valuation ug on V' and define valuations wuy,us,, ...,
recursively by

U1 = MiN(Upy, [um; V]) for m > 0,

where min(w,w’) denotes the pointwise minimum of two valuations w,w’; this is
clearly a valuation on V.

We note that since ug > u; > ---, the limit lim,, .. u,(z) exists for every
x € V '\ {0} but it may be —oo. Define

U:={zxeV: lim uy(x) > —oo}.
m—0o0

Then U is a linear subspace of V. We distinguish three cases.
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Case 1. U =V.
Then u(z) := limy, 00 um(x) is finite for every x € V' \ {0}. Clearly, u defines a
valuation on V', and u,, | u. By Lemma (v), we have [u,,; V] | [u; V]. By letting
m — 00 in [t; V] = Umy1 we obtain [u; V] > u. On the other hand, by Lemma
(i) and we have [u; V](V) = u(V). Now Lemma [2.1{ implies that [u; V] = w.

Case II. U = (0).
We show that this is impossible. We first observe that for all m > 0,

(5.2) [Um; V] = Umi1 = [Umi1; V] — Umye pointwise on V' \ {0}.
Indeed, substituting w42 = min(tm41, [ums1; V]), we see that (5.2)) is equivalent to

(U3 V] — Ui = max(0, [Upmy1; V] — Umy1) pointwise on V' \ {0}

and this is satisfied since [ty; V] = tmy1 and since [ty41; V] < [tm; V] by Lemma
5.1 ().

Assume that U = (0). Then for every x € V' \ {0} there is m > 0 such that
Upi1(T) < U (7); hence U, 41(2) = [tm; V](2) for this m. Together with and
Lemma this implies that there is mg such that [t,; V] < U1 for m > my, so
certainly [t,; V] < u,, for m > mg. On the other hand, by Lemma (i) and
we have [t,; V](V) = un(V), so by Lemma [2.1| we have [u,,; V] = w, for m > mo.
But then, u,, = u,,, for m = my, implying U = V, contradicting our assumption.
So case II cannot occur.

Case III. (0) cucv.
We will derive a contradiction by reducing this to Case II. We first observe that by
Lemma [.4] there is mg such that 6(U, u,,) > 237 |w;| for every m > my.

We first deal with U = (U, w1|y, ..., ws|y). Define a valuation on U by o/ :=
lim,;, 00 U |y Then by Lemmas (v) and (i) we have

/___ .
5 U] = lim

(U |03 U] = nlggo[um;‘/]lv,

and letting m — oo in the inequality u, 1|y < [um; V]|y yields v < [u/;U]. So
u'(U) < [u;U](U) by Lemma . On the other hand, by Lemma (i), applied
with U instead of V' we have

[w; U)(U) = /(U) + d(U),

hence u(U) = = > 0. But then u(U) = 0 by (5.1)) and the semistability of V.
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We now proceed with V /U = (V/U,wY¥,...,wY). An easy computation shows
that ,u(V/U) = 0 and V/U is semistable. By Lemma (i) we have ul ., =
min(ul, [ul; V /U]) for m > mg and lim,, o uY (V) = —cc for 2V € V/U, 2V # 0.
Hence we are in the same situation as in case II, but with V /U instead of V. This

leads again to a contradiction. So also case III cannot occur. This completes the
proof of Proposition [5.3] O

Proof of Theorem[1.1. We assume that ng has weighted filtration

(5.3) ((O)Z%gv‘lg---ngv;u1>--->m>.

We prove our theorem by induction on r. First let r = 1. Then V is semistable
and p(V) = ;. Let u be the valuation from Proposition . By applying [; V] m
times to u, using Lemma (ii), we obtain u + my; and subsequently, by applying
Lemma [5.1] (iv) m times, |v,, — (u + myp1)] < |0 — u| = |u| . Hence

|V, — mwiN| =

|V, — mu| < 2|u| for m > 0.
This settles the case » = 1.

Next, let r > 2. We define sequences of valuatlons (vm)m oon Vyand (v)>®_, on
V/Vi such that v) =0, v =0, v/, = [v/,_;Vi], v = [ _;V/Vi] for m = 1,2,.
By what we just showed there is a constant C’ such that

(5.4) |v —muy| < C" for m > 0.
Further, by the induction hypothesis, there is C” > 0 such that

(5.5) [0 —mwi_ | <O for m > 0.

V/Vi il <
These inequalities imply that for m > 0,

v (x) = muy — C" for z € Vi \ {0},
up(y) < mpo + C" for y € (V/Vi) \ {0},

where in the last inequality we have used that wil ¥ o = (wHN) < g, Since piy > pig
there is mg such that
(5.6) U (@) = v (y) > 2(|wi] + -+ + [wy])

for x € Vi, y € (V/Vi) \ {0}, m = my.
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We now define functions u,, (m > mg) on V by

(@) vl () for z € V7,
U (T) =
v (2V1)  forx e V\ V.

m

By (5.6) these functions define valuations on V' with

— o Vi
{ um|V1 = U U’ml = Uy

(5.7)
S(Vi,tpm) > 2(lwn| 4 -+ - + |ws]) for m = my.

Inequalities (5.4), (5.9)) together with (wI™N)[y, =y, (wiZN)" = wg/Nﬁ imply

|t — mwi™| < max(C’, C") for m > m.

Thanks to (5.7) we can apply Lemma and deduce U, 1 = [ty; V] for m > mo.
Together with Lemma (iv) this yields

[V, — Um| < Uy — Umg| for m = my.

This leads finally to

HN ayall
m ivd X [Umo T Ym, ’ = )
[V — MW" | < Uy — Ume| + max(C’,C") for m > mg
which clearly implies Theorem [I.1] O

6. PROOFS OF COROLLARY [I.2] AND THEOREMS [1.4], [1.6] [I.7]

Let K be a field and V' a finite-dimensional, non-zero K-vector space. Given a
valuation w on V' and a sequence (w,,)>_, of valuations on V', we write w,, — w
uniformly on V' if |w,, —w| — 0 as m — oc.

We start with an immediate consequence of Theorem

Corollary 6.1. Let V and (v,,)%_, be as in Theorem H Then vy, — wih
uniformly on V.

Proof. Divide the inequality in Theorem [I.1] by m and let m — oo. O

We deduce the following result, which, in view of Lemma (3.1} contains Corollary
1.2 as a special case.

Corollary 6.2. Let V = (V,wy, ..., w;) be an s-valued K -vector space of dimension
n > 0. Assume that V' has a basis {f1,..., fn} adapted to wy, ..., ws. Then
ng: («+ - (wy *wg) -+ ) * ws.
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HN

In particular, if s = 2 then wy

= W1 * Wa.

Proof. By repeatedly applying Lemma[3.I]one deduces that for all m > 1, vm is given
by (fi, m> 5y w;(fi)) (i =1,...,n); hence v,, = mv;. Apply Corollary . O

Our last auxiliary result is the following simple lemma.

Lemma 6.3. (i) Let V be a K-vector space of dimension n > 0 and let w be a

valuation and (wy,)5_, a sequence of valuations on V' such that w,, — w uniformly
on V. Then

Nw,, — Nw uniformly on APV for each k € {1,... n};
S* w,, — S*w uniformly on S*V' for every positive integer k;

Wy QL — wR L uniformly on VL for every extension field L of K.

(ii) Let V, V' be two non-zero, finite dimensional K -vector spaces. Let w, (wp,)%_,

be a valuation and sequence of weights on V' such that w,, — w uniformly on V,

/

and w', (w],)®_, a weight and sequence of valuations on V' such that w!, — w'

uniformly on V'. Then

Wy W, — whw' uniformly on VaV';
W, Qwl, — w@w' uniformly on VeV

Proof. We prove only the statement concerning the tensor product, the proofs of the

other assertions being similar. For m > 0, let ¢, := |w,, — w|, ¢, == |w], — w'|. By
(1.5) we have w,@uw! > wew'—(¢,+d,), and likewise, w@w’ > w,Quw!, —(c,+c.,);
hence |wm®wm—w®w| <cem e, = 0asm— oo. O

Proof of Theorem[1.J]. We just have to combine Corollary [6.1] with Lemmas [3.2] and
[6.31 We only detail the proof of (L.12).

Let K be a field and V = (V,wy,...,w,), V' = (V' w},... w.) two non-zero,
finite dimensional s-valued K-vector spaces. Let v,, be the valuations from Theorem
1.1l In a similar manner we define valuations v/, on V' (with w) replacing w; for
all 7) and u,, on V@V’ (with w; ®w, replacing w; for all i). Then u,, = v, ®v],
for m = 1,2,. by a repeated application of Lemma [3.2] From Corollary [6.1] one
infers lum — wvez)v" while on the other hand by Corollary and Lemm
L = (L)@ (L0],) — wa®wHN. This proves ({1.12]). The assertions 1.}
(1.11]) can be proved in premsely the same manner. O
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Proof of Theorem[1.6, Let V = (V,wy,...,w,) and VvV = (V' wy, ..., wl) be two
finite dimensional s-valued K-vector spaces and ¢ a morphism from V to V/; this
means that w, o ¢ > w; fori =1,...,s. Let v, (m =0,1,2,...) be the valuations
on V from Theorem [I.1] and let the valuations v], on V' be defined in the same
way, replacing w; by w} for i = 1,...,s. By repeatedly applying Lemma (iii), it
follows that v/, o ¢ > v, for all m, and then Theorem follows by dividing by m
and applying Corollary [6.1] O

Proof of Theorem[1.7]. Let again V = (V,wy, ..., w,) be an n-dimensional, s-valued
K-vector space. Denote by U the (+,N)-algebra generated by the subspaces in
the filtrations of w;y,...,w,. From Lemma it follows that if w’, w” are any
two valuations on V' whose filtrations consist of subspaces from U, then also the
subspaces in the filtration of w’*w” belong to Y. This implies that form = 1,2, ...,
the subspaces in the filtrations of the valuations v,, from Theorem [1.1]| belong to U.

Let the weighted Harder-Narasimhan filtration of V' be given by and let
C be the constant from Theorem [I.I We may assume that r > 2. Put e :=
ming<;<r—1(pi — fiv1) and let m be an integer with m > 3C/e. Then for i =
L...,r=1,z€V,yeV\V; we have

U (2) = v (y) = mwi™ (z) — mwi™N (y) — 2C > m(p; — pis1) — 2C > C,

that is, 6(V;,v,) > 0. We conclude that Vi,...,V,_; are in the filtration of v,
hence belong to U. U

7. EFFECTIVE COMPUTATION OF THE HARDER-NARASIMHAN VALUATION

Let K be a given field and V a finite-dimensional K-vector space. We show that
if the s-valued K-vector space V = (V,w,...,w,) is explicity given in some sense
then its Harder-Narasimhan valuation can be computed in principle. We do not
claim practical efficiency.

Here, the input and output of a computation are finite tuples from K IIR, and a
computation is built up from finitely many applications of an arithmetic operation
on K or R (4, —, x, /) and finitely many if-then-else commands, where the condition
to be checked is either whether a given K-valued expression is 0, or whether a given
R-valued expression is > 0. We say that a particular object is effectively computable
from a given input if it is representable by a finite tuple from K II R that can be
computed from the input by means of a computation as above.
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We fix a basis B = {ej,...,e,} of V and perform computations in V' by rep-
resenting an element of V' by means of its coordinates with respect to B. Linear
subspaces of V' are described by means of a basis, of which each element is given by
its coordinates with respect to B. By standard procedures from linear algebra one
can compute the intersection and sum of two given linear subspaces of V.

Let wy,...,w, be valuations on V, and V = (V,wy,...,w,) the corresponding
s-valued K-vector space. We assume that w; (¢ = 1,...,s) is given by (fi;, ;)
(7=1,...,n), ie, B; :=={fi1,..., fin} is a basis of V and if z = Z?:l &, fi; with
¢ € K, not all 0, then w;(x) = min{a, ; : & ; # 0}. From these defining data, one
can compute their respective weighted filtrations,

(7.1) ((O) = F) C- G F) =Via > > ozm) (i=1,...,s).

Our algorithm is based on two lemmas, which we state and prove below. Given a
filtration (0) g F g g F,. of linear subspaces of a given vector space, we call F;
the i-th space of this filtration.

Lemma 7.1. Let V; be the first space in the Harder-Narasimhan filtration of V.
Suppose that dimVy = 1. Then there are indices j; € {1,...,r;} fori =1,...,s
such that

S

_ (w;)

=1

Proof. Let Vi = span{x}. For i = 1,...,s, let j; be the smallest index j from
{1,...,r;} such that z € Fj(wi). Thus, Vi C N, Fj-(iwi). Conversely, let y €
Mo, F\ with y # 0. Then

span{y} Z w;(y Z Q; g, = Z w;(z) = M(vﬁ
i=1 i=1
Hence u(span{y}) = p(V41), and so span{y} C V;. Identity (7.2) follows. O

We make a reduction to the case dim V; = 1 using exterior powers. We need the
following lemma.

Lemma 7.2. Suppose that the i-th space V; of the Harder-Narasimhan filtration of
V' has dimension k. Then the one-dimensional space NFVj is the first space in the
Harder-Narasimhan filtration of AFV.
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Proof. Let{fi,..., fn} be abasis of V adapted to w N ordered such that w N(f) =

HN(f.). This means that in the sequence fl, ..., fn, the first Vectors form a
basis of Vi, the next vectors augment this to a basis of V5, etc. Hence {fl, ooy frbis
a basis of V; and w (f ) > wf N(frs1). Now by (L.8) w/\kv , and so by
Lemman 2.8 {fiu A== A fiy (zl, ..yix) € Ty} is a basis of /\kV adapted to w/\kv
The first space in the Harder—Nara&mhan filtration of A*V has a basis consisting of

those vectors f;, A--- A f;, with maximal w/ V—value Now clearly,

k
/\kv(fl /\fk:) :ngN(fi) >w/\kv(fll /\f’bk)
1=1

for any (iy,...,ix) € L, different from (1,..., k). Hence A*V; = span{fi A--- A fi.}
is the first space in the Harder-Narasimhan filtration of AFV. 0

Before describing our algorithm to compute the Harder-Narasimhan valuation
we prove another lemma. Given a basis By = {fi,..., fo} of V, let A¥By be the
basis of AFV consisting of the elements f;, A -+ A fi, ((i1,... %) € Zox). We will
express elements of AFV by means of their coordinates with respect to A¥B, where
B = {ey,...,e,} is the given basis of V.

Lemma 7.3. let 1 < k < n. Then for any given non-zero x € AFV it can be checked
whether there is a k-dimensional linear subspace U of V with AN*U = span{z}, and
if so, compute a basis of U.

Proof. We have to check whether there are linearly independent x1, ..., z; € V such
that x is a scalar multiple of 1 A --- A x; and if so, compute such xy,...,xg. This
can be done as follows. We may assume that the basis {z1,...,z;} to be found is
special, that is, if [xy, ..., zg] is the n X k-matrix whose j-th column consists of the
coordinates of z; with respect to B, then one of the k x k-submatrices of [z1, ..., xy]
is the unit matrix. This being the case, one of the coordinates of 1 A --- A x;, with
respect to A¥B is equal to +1 and moreover, the coordinates of 1, ...,z all occur,
except maybe for the sign, among the coordinates of 21 A---Axi. So the coordinates
of x1, ...,z can be easily determined from x; A--- Ax,. Now what we have to do is
computing all scalar multiples of  with one of the coordinates with respect to A*B
equal to £1, and check whether one of these multiples equals 1 A - - - A x for some
special set {z1,..., 2} O

Description of the algorithm.

The input of our algorithm is an n-dimensional s-valued K-vector space V =
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(V,wy, ..., wy), given explicitly by means of a basis B; := {fi1,..., fin} adapted to
w;, and the quantities w;(f;1), ..., wi(fin), for i =1,...,s. The output will be the
weighted Harder-Narasimhan filtration of V.

We first construct a finite collection S of subspaces of V', guaranteed to contain
the spaces of the Harder-Narasimhan filtration of V.

The construction is as follows. For ¢ = 1,...,s, let G; run through all the sub-
spaces of V spanned by a subset of B; and consider all intersections G1N---NGy. Let
&1 be the collection of those intersections that have dimension 1. Clearly, the spaces
in §; can be computed. Next, for k = 2,...,n, ¢ =1,...,s, let G;; run through
the subspaces of AFV spanned by a subset of A¥B;, and consider all intersections
G1r N -+ N Gsi. Among these intersections, select those that are of dimension 1
and are of the shape A*U for some k-dimensional linear subspace U of V. Then let
Sk consist of those spaces U thus obtained. By Lemma [7.3] the spaces in S can be
computed. Lastly, let S = U}_,Sy.

If the first space V; in the Harder-Narasimhan filtration of V' has dimension 1,
then by Lemma it belongs to &;. If the ¢-th space V; of the Harder-Narasimhan
filtration of V' has dimension k, then by Lemmas (1), and it belongs to

S. Hence S contains the spaces of the Harder-Narasimhan filtration of V.

We now compute the spaces in the Harder-Narasimhan filtration of V. We com-
pute the slope u(U) of each of the spaces U in S. From the spaces in S one selects
those with maximal slope, and among these the one of largest dimension. This is
the first space V; in the Harder-Narasimhan filtration of V' (recall that V; contains
all spaces having maximal slope; hence it is the single one of largest dimension
among all spaces of maximal slope). Next, we obtain the second space V, by con-
sidering all spaces U >0 from V for which u(U/V;) is maximal and taking from
these the space of largest dimension, etc. This will eventually give us the com-
plete Harder-Narasimhan filtration of V and together with the already computed
slopes 11(V;/Vi_1), the weighted Harder-Narasimhan filtration and thus, the Harder-

Narasimhan valuation. O

Henceforth, we assume that K is an algebraic number field. We give an explicit
upper bound for the heights of the subspaces in the Harder-Narasimhan filtration
of a given s-valued K-vector space.

Denote by My the set of places (equivalence classes of absolute values) of K. For
v € M, we choose the absolute value |- |, representing v such that its restriction to
Q is either the ordinary absolute value given by |z|,, = max(z, —x), or the p-adic
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absolute value | - |, with |p|, = p~'. The place v is called infinite (v | oo) if | - |,
extends the ordinary absolute value, and finite (v 1 0o) otherwise. The absolute
values | - |, satisfy the Product formula [, ., [#|3" = 1 for z € K*, where d, is the
local degree of v, i.e. d, := [K, : Qp], where p € {oco} U {primes} is such that | - |,
extends | - |, and K,, Q, denote the respective completions.

Let V be an n-dimensional K-vector space with basis B = {ey,...,e,}. We define
norms |z|p, (v € Mk) and a height Hg(x) for € V by expressing = as Y ., &e;
with &,...,&, € K and putting

n /2
7m0 = (D16E) " if vloo;
=1

’x|B,v = max (|£1|’U7"'7‘€n|v) 1f'U1’OO

and

dy/d
Hp(x) = [] l=I52"

vEME

where d := [K : Q]. By the Product formula, Hp(ax) = Hg(x) for x € V, o € K*.

Let £ € {1,...,n}. From the basis B = {ey,...,e,} of V chosen above, we
construct a basis A*B :={e;, A---Ae; : (i1,...,ix) € Lyx} of AFV.

We define the height Hg(U) of a linear subspace U of V' by putting Hg(U) := 1
if U= (0)or U=V, and
Hg(U) := Hupg(zy A+ AN ay)

otherwise, where k = dim U and {x1, ...,z } is any basis of U. This does not depend
on the choice of the basis, since the vector 1 A --- A zy is determined uniquely by
U up to a scalar factor.

Theorem 7.4. Let K be an algebraic number field, V' an n-dimensional K-vector
space, and V = (V,wi,...,ws) an s-valued vector space. Choose a basis B =
{e1,...,en} of V and for each i = 1,...,s, choose a basis {fi1,...,fin} of V
adapted to w;. Put

H :=max{Hp(f;;): 1 <i<s,1<j<n}
Then for the spaces Vi, ..., V, in the Harder-Narasimhan filtration of V, we have

Hg(V;)) < H* fori=1,...,r.
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Proof. We start with some inequalities for heights of subspaces of V. Let x, ...,z
be elements of V. By Hadamard’s inequality for the infinite places v and the ultra-
metric inequality for the finite places v, we have for any xq,...,z, € V,

|.Z‘1 VAN /\xk|/\’€B,y < |ZL’1’B,U"' ’xk|B,v forv € MK,

and so

(7.3) Hyeg(xy A+ ANxy) < Hg(xy) -+ - Hp(xy).

In particular, if U is a linear subspace of V' with basis {z1,..., 2%},
(7.4) Hp(U) < Hg(xy)--- Hp(xy).

More generally, by a result of Struppeck and Vaaler [14], we have for any two linear
subspaces Uy, Uy of V,

(7.5) Hp(UyNUs) < Hp(Uy N Ux)Hp(Uy + Us) < Hp(Uy)Hp(Us).

Write as before Vj for the i-th space in the Harder-Narasimhan filtration of V.
First assume that dimV;, = 1. The space V; is the intersection of at most n — 1
spaces from those in ([7.2), and all of them have dimension at most n — 1. These
spaces are all generated by vectors from the bases {fi1,..., fi,} chosen above, and
so by have height with respect to B at most H"~!. A repeated application of

(7.5 then gives
(7.6) Hp(Vy) < HD?,

We now deal with the general case. Let ¢ € {1,...,r} and suppose that V;
has dimension k. By taking the exterior products of all k-element subsets of our
chosen basis {fj1,..., fjn} adapted to w; we obtain a basis adapted to A*w;, for
j=1,...,s. By , the vectors from this basis have height with respect to A*B
at most H*. Clearly, A*V; has dimension 1, and by Lemma , it is the first space
in the Harder—Earasimhan filtration of A*V. Now applying with AFV, (Z),
H* instead of V, n, H, we obtain

Hp(V;) = Hup(AV;) < HHG) D < g,

Here we have used vk (Z) < 2" for kK = 1,...,n, which is an easy consequence of
Stirling’s formula. O
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