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Abstract: We describe the pairs of non-singular 2 x 2-matrices (A, B) with com-
plex entries such that the set of pairs of integers m, n for which A™ — B" is singular

is infinite.

§1. Introduction.

Suppose A and B are non-singular 2 x 2 matrices with rational integral entries.

A.D. Pollington asked whether the following two statements are correct:

a) Assume that for every large N there are at least N2 /(log N)? pairs of positive
integers m,n with max(m,n) < N such that A™ — B™ is singular. Then one of

the eigenvalues of A, B is a root of unity.

b) Assume that A and B have non-real eigenvalues and that for every € > 0 and
for every N exceeding some bound in terms of ¢, there are at least N'~¢ pairs of
positive integers m,n with max(m,n) < N such that A™ — B"™ is singular. Then

there are integers 7, s, not both zero, such that A" = B®.

Brown, Moran and Pollington [3] needed such results for their research on a con-
jecture of Schmidt [6] on normality with respect to matrices. Some further work

on this conjecture of Schmidt was done by Brown and Moran [1,2].

In the present paper we show that statements a) and b) are correct. More gen-
erally, in statement a) we allow A, B to have complex entries, N2?/(log N)? may
be replaced by N f(N) for any function f which is unbounded in N, and we show

that either both A and B have an eigenvalue equal to a root of unity or one of
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the matrices A, B has two eigenvalues equal to a root of unity. In statement b),
the conclusion remains valid if A, B are any real 2 x 2-matrices with non-real

eigenvalues such that A™ — B™ is singular for infinitely many pairs (m,n).

Let A, B be two matrices in GL(C), i.e. the group of non-singular k& X k-matrices

with complex entries. Define
Sap:={(m,n) € Z* : A™ — B™ is singular}.

Denote the transpose of a matrix C' by CT. It is obvious that Sar pr = Sa,B.

Two pairs (A, B), (A1, B1) of matrices in GLj(C), are called similar if
(1.1) Ay =JAJ Y By = JBJ ! for some J € GLi(C).

Since (1.1) implies that A7 — B} = J(A™ — B™)J~! we have Sq.p = Sa, B, for
similar pairs (A, B), (A1, By).

We are interested in the problem to determine the matrices A, B for which S4B

is infinite. Clearly, if (A, B), (A1, By) are pairs in G Ly (C) such that
(1.2) (A, B)is similar to (A, By), (B1, A1), (AT, Bl ) or (BT, AT)

then S4 p is infinite if and only if S4, p, is infinite. For pairs of matrices (4, B),

(A1, By) satisfying (1.2) we say that (A, B) is related to (A1, By).

In this paper we restrict our attention to 2 x 2-matrices. We describe four types

of pairs of matrices (A1, B1) in GL2(C) for which Sa, p, is infinite.

I) AT = (g I) , B = (g :) for certain integers r, s, not both zero and some

non-zero § € C. Then A" — Bj* = (etaet :) is singular for every ¢ € Z.

IT) A7 = <g g) , BY = (g\ 8) for certain integers r, s with rs # 0 and for some

non-zero 0, k, A € C with x = A?. Then Aq(%“) — Bf(th) = (_ei:il ;’\;il)

is singular for every t € Z.



IIT) A7 = (g g) , B = < 20 2(’\+9)) for certain integers r,s with rs # 0

—(A+0) —20—A
. 241 241
and for some non-zero 0, k,\ € C with 2 = kX. Then A;( D Bf( +) _
g2t+1 _g)\2t+1 _g2t+1 _o(A2tHLyg2t+1 L
< )\2t+1+92t+1 K2t+1(+202t+1 +)\2t)+1 1S SlngUIa‘r fOI' every t € Z

IV) A = (0‘ z) , By = ((1—\/E)P (1+<\/P;\_u)p> where a, p, A\, u are complex num-

0 —pp
bers such that

(@™ — p™)? = pmna™p" for infinitely many (m,n) € Z* and
(1.3)

1 # 0, and o and p are not roots of unity.

The equality in (1.3) is equivalent to det(AY* — B}) = 0. Hence for every pair
(m,n) € Z? satisfying (1.3) we have that AT — B? is singular.

It is easy to check that there are pairs of matrices (A1, By) of type I, IT or III. We
do not know, whether there are pairs of type IV. We have been able to prove only
(cf. §3, Lemma 8) that (1.3) implies

o = p® =: ¢ is a real quadratic unit for certainr,s € Z and
(1.4)

we Q.

Our main result is as follows:

Theorem 1. Let (A, B) be a pair of matrices in GL2(C) for which Sap =
{(m,n) € Z* : A™ — B"™ is singular} is infinite. Then (A, B) is related to a
pair (A1, By) of type I, II, III or IV.

Remark: From (1.4) it follows that if (A, B) is related to a pair of type IV then
both A and B have a double, irrational eigenvalue. This implies that a pair of

matrices with entries in Q cannot be related (over C) to a pair of type IV.

From Theorem 1 we shall derive the positive answer to question b) of Pollington:

Corollary. Let (A, B) be a pair of non-singular 2 x 2-matrices with real entries
and with non-real eigenvalues for which the set S4 p is infinite. Then there are

integers r, s, not both zero, such that A" = B*.
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We now consider the case that S4 g has ‘large density.” Define the maximum norm

of h=(hy,...,h,) € C" by
h| = max(|h], ..., [hr)
and for 7 CZ", N € Z, N > 0, put
T(N):={heT:|h <N}

Note that if (A, B) is related to a pair (Aj, By) of type I, IT or III, then

S N
lim sup #A’—B() > 0.
N—oo N

We now consider the pairs (A, B) of matrices in GL2(C) for which limsupy_,

% - #84,8(N) = 0o. We describe two types of pairs (A, B;) with this property:

V) AT = (), B = (§ ) for certain non-zero integers r,s. Then A}* — B{* =

(8 :) is singular for every t,u € Z. Note that at least one of the eigenvalues of

Aq and at least one of the eigenvalues of Bj is a root of unity.

VI) A7 = <g 2) , By = ((1) (1)) for certain non-zero integers r, s and for 0,k € C

with 0k = 1. Then A7 _ psC@utl) _ (GZ_tT ,-;2:-1%1) is singular for every

t,u € Z. Note that both Ay, By can be diagonalised, that both eigenvalues of B;

are roots of unity and that the product of the eigenvalues of A; is a root of unity.

The following result implies Pollington’s statement a):

Theorem 2. Let (A, B) be a pair of matrices in GL2(C) for which the sequence

#S4,B(N)

(1.5) 2

(N =1,2,...) is unbounded.

Then (A, B) is related to a pair (A1, By) of type V or VL

Note that S4 p is the set of solutions of the equation det(A™ — B™) = 0 in

(m,n) € Z2. This is a special type of exponential polynomial equation. We
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derive our results stated above from a theorem of Laurent ([4], Théoreme 1) on
the structure of the set of solutions of exponential polynomial equations. In §2 we

recall Laurent’s theorem and refine this a little bit and in §3 we prove our results.

§2. Exponential polynomial equations.

Let n be a positive integer. For a = (a,...,a,) € C" with a;...a, # 0 and h =
(hi,....,hn) € Z™ we write aP := a*...a"». We consider the so-called exponential

polynomial equation

(2.1) > filha! =0 inhez",

icl
where [ is a finite index set and for each ¢ € I, f;(X) is a non-zero polynomial
in C[Xy,..., X,], and o; = (a1, ..., i) is a vector with non-zero complex coordi-

nates.

For each solution of (2.1), the left-hand side of (2.1) can be split into vanishing
subsums which are minimal in the sense that each proper subsum of any of the
vanishing subsums is non-zero. We shall deal with all solutions corresponding
to a given splitting into minimal vanishing subsums. More precisely, let P be a
partition of I, i.e. a collection of non-empty, pairwise disjoint sets { P, ..., P;} with
PiU...UP, =1. For a set P we write P < P if P is a subset of one of Py, ..., P,
and P 2 P if P is a proper subset of one of Pi,..., P,. We shall deal with the
subset of solutions of (2.1),
, (h)a* =0 forj=1,..,t
(22) Up = {h €z %Zf ]LZ((h));E‘ #0 for ]each ’nor,l—e’zmpty PZP }
To P we associate two other sets. A pair ¢ Z J is a pair 7,7 € I such that 7,7

belong to the same set of P. Define the abelian subgroup of Z",

Hp = {h eZ": o g;‘ for each pair 7 zj}.
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(If P consists of singletons , i.e. sets of cardinality 1, then Hp = Z".) Let r = rp
:= rank Hp. As is well known , Z" has a basis {aj,...,a,} such that for certain

positive integers dy, ..., d,, {d1ai,...,d,a,} is a basis of Hp. Now let

Sp = {Z&ai & €lfori=1,...,n, 0< & <d; fori= 1,“.77}.

=1

Then clearly, every h € Z™ can be expressed uniquely as
(2.3) h=h'+h" withh' € Sp, h” € Hp.

In what follows, for given h € Z", h’,h” will always denote the vectors defined

by (2.3).

In this section, we write A < Bor B > Aif A <c-(B+ 1) for some positive
constant ¢ depending only on the polynomials f; and the vectors o, appearing in

(2.1). We shall use frequently that for h =" | &a; with £ = (&1,...,&,) € Z" we

have
(2.4) [h| ><C[¢],
with | - | denoting the maximum norm.

Lemma 1. Let h € Up. Then for the vector h' € Sp defined by (2.3) we have

(2.5) |h'| < log |h|.

Proof. This is a straightforward consequence of Laurent [4], Théoréme 1. By this
theorem, we have h = h} + h with hY € Hp and |h}| < log |h| (Laurent proves
this only under the hypothesis that the partition P does not contain singletons.
If P does contain singletons, {i1}, ..., {is}, say, then we can reduce to the case
that there are no singletons by removing iy, ..., is from I and {i;}, ..., {is} from P,

which makes the set Up larger but does not affect Hp). We have h] = h), + hf
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with h, € Sp, h] € Hp. This gives h = h), + (hf + hY) with hj + h} € Hp.

Hence h), = h'. As {ay,...,a,} is a basis of Z" we have
hi =) Ga;, hh =) ma; with { = (&1,...,&), n= (1, ..., mn) € Z"
i=1 i=1

and since h} — hl, € Hp, i.e. is a linear combination of ay, ..., a,, we have & = n;
for i = r +1,...,n. Together with (2.4) and |§;| < d;,|n:| < d; for i = 1,...,r this
implies that

|| = |hy| < [n] < [¢] < hi| < log [hl,

which is (2.5). O

We need some more precise information about the set Up. To this end we need

the following lemma.

Lemma 2. Let f(X) € C[Xq,..., X;,] be a polynomial of total degree d that does
not vanish identically on Hp.

(i). For every N € N we have #{h € Hp : |h| < N, f(h) =0} <4 N"1.

(ii). There is an h € Hp with |h| <4 1 and f(h) # 0.

Here r = rank Hp and the constants implied by <4 depend only on d and Hp.

Proof. We claim that for every non-zero polynomial ¢g(Y7,...,Y,) € C[Y1,...,Y}]
of total degree d we have a) #{y € Z" : |y| < N, g(y) =0} < dN"~! and b) there
isany € Z" with |y| < d and g(y) # 0. We obtain Lemma 2 by applying a), b)
to g(Y) := f(Yia1a; + ... + Y.d,a,) and using (2.4).

We prove a), b) by induction on . For r = 1 a) and b) are obvious since then g
has at most d zeros. Suppose that » > 2 and that a), b) are true for polynomials
in fewer than r variables. Write ¢(Y) = >0, ¢:(Y1,...,Y,_1)Y," where s < d,
gi € C[Y1, ..., Y, _1] is a polynomial of total degree < d —i for i =0, ..., s and g5 is
not identically zero. We express y € Z" as (y,y,) with ¥ = (y1,...,yr_1) € Z" L.
The set S := {y € Z" : |y| < N,g(y) = 0} can be divided into S; := {y € S :
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gs(y) = 0} and Sy := {y € S : gs(y) # 0}. By the induction hypothesis, the
set {y € Z"7! : |y| < N,gs(y) = 0} has cardinality < (d — s)N"~2. Together
with the < N possibilities for y, this implies that #S; < (d — s)N"~!. For
each y € Z"1 with |y| < N and g,(y) # 0 there are at most s values y, € Z
with g(y) = >0 gi(¥)y’ = 0. Hence #S5 < sN™~!. Tt follows that #S < dN"~!
which is a). Again by the induction hypothesis, there isay € Z"! with |y| < d—s
and gs(y) # 0 and there is an y, € Z with |y,| < s and g(y) = Y. i, 9:(¥)y. # 0.
This implies b). O

For every h’ € Sp and each set P < P, define the polynomial
gh’,P(X) = Z fz(h/ -+ X)Q?/
icP

h//

From (2.2) and from o = g?” for every h” € Hp and for each pair 4 z g, it

follows that

— n. gh/ij (h”) = O fOI' ] = 17 "'7t7
(26) Up = {h €Lt gn,p(h") #0 for each non-empty P 2 P [’

where h’ € Sp, h” € Hp are the vectors with h = h’ + h” defined by (2.3). We

divide Up into

U7(91) = {h € Up :at least one of the polynomials gn/.p, (j =1,...,1)
(2.7) is not identically zero on H’p},
U7(32) = {h € Up : the polynomial gy p,

is identically zero on Hp for j =1, ...,t}.

Lemma 3. Letting U7(31)(N) ={h e U7(31) : |h| < N} we have
#Uél)(N) < N Ylog N)"~" for N > 1if 0 < r:= rank Hp < n and

U7(>1) = () if r = 0 or if all polynomials f; (i € I) are constant on Hp.

Proof. If all polynomials f; (i € I) are constant on Hp or if = 0 then for every

h' € Sp, j =1,...,t the polynomial gy’ p, is constant on Hp, the constancy being
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trivial if r = 0. Hence gn p,is either identically zero on Hp or has no zeros in Hp
and from (2.6) it follows that in both cases U7(>1) = (). Suppose that r > 0 and that
not all polynomials f; are constant on Hp. By Lemma 1 we have for h € Uf,(Dl)(N )
that |h'| < log N. We can express h' as Y ., &a; with (&1,...,&,) € Z™ where
0 <& < d; fori =1,...,r by the definition of Sp and [§;| < |h'| < log N for
i=r+1,..,n by (2.4). Hence the set S :={h’ € Sp:3h” € Hp with h' +h" €
U7(31) (N)} has cardinality < (log N)™~". Further, Lemma 2 (i) implies that for each
h' € S the set {h” € Hp : |h"| < N,gnp,(h"”) =0 for j =1,...,t} has cardinality
< N™1. It follows that #US) (N) < #S - N1 < N"~!(log N)"~. 0

For a set S C Z™ and an abelian subgroup H of Z", we define S+ H = {a+ h:
acSheH}.

Lemma 4. There is a finite set S C Sp such that:
(i). UY) C S+ Hp;
(ii). Every h € S+ Hp satisfies ), p. fith)ah =0 for j =1,...,t.

Proof. Let S = {h’ € Sp : 3h” € Hp with h' + h" € U7(32)}. Obviously
U7(32) C S + Hp. Further, by (2.7) we have for h’ € S,h"” € Hp that

> il + 1)k = b
iEPj

dn’, P; (h//) =0

for j = 1,...,t where i; € P;. Hence it suffices to show that S is finite. Take
h/ € S. Since there is an h” € Hp with h’ + h” € U7(>2) C Up, the polynomial
9(X) = HP;’P gn’ p(X) is not identically zero on Hp. By Lemma 2, there is an
h"” € Hp with |h"| < 1, g(h”) # 0, i.e. gn p(h”) # 0 for each P 2 P. Together
with (2.8), (2.2) this implies that h’ +h” € Up. But then, by Lemma 1,

|h'| < log |h' +h"| < log |h'|.

This implies that |h’| is bounded, i.e. that S is finite. O
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We need the following result for exponential polynomial equations in one variable

(2.9) > filh)al =0 inhez,

iel
where as before, I is a finite index set and for each i € I, f;(X) € C[X] is non-zero

and «; € C is non-zero.

Lemma 5. Assume that (2.9) has infinitely many solutions. Then there is a
partition P of I, consisting of sets of cardinality > 2, such that for each pair i, j

contained in one of the sets of P, «;/c; is a root of unity.

Proof. This result was proved by Skolem-Mahler-Lech, cf. [5]. Tt is a straight-
forward consequence of our Lemmas 3 and 4. Since the set of solutions of (2.9)
is the union of finitely many sets Up, there is a partition P of I for which Up is
infinite. There are no singletons in P since f;(h)al has only finitely many zeros.
By Lemmas 3 and 4, rank Hp = 0 implies that U7(;1) = () and U7(>2) is finite, hence
that Up is finite. Therefore, Hp = {h € Z : ol = a?’ for each pair 7 £§ j} has

rank 1. This implies Lemma 5. U

§3. Proofs of the results.

We first prove Theorems 1 and 2 simultaneously, and then derive the Corollary.

A matrix N € GL3(C) is said to be in normal form if either N = (‘8‘ g) with
a,8€C*or N=(§ ) with a € C*. It is well-known that every A € GLy(C)
can be expressed as JNJ !, with J € GLy(C) and N in normal form. Let
(A, B) be the pair of matrices from Theorems 1 and 2. Then A = J; Ny Jl_l7 B =
JoNoJy ' with Jy,Jy € GLy(C) and Ny, Ny in normal form. (A, B) is related to
(J7YAJy, J7PBJY). Hence it suffices to prove Theorems 1 and 2 with

(3.1) A in normal form,

B = JNJ ! with J € GLy(C) and N in normal form.
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In what follows, (A, B) is a pair of matrices satisfying (3.1) and we write J =

<(Z Z)_ Thus, ad — be = det J # 0. Note that

A™ — B™ is singular <= A™ — JN"J ! is singular

<~ A™J — JN" is singular.

Hence Sap = {(m,n) € Z* : A™ — B" is singular} is the set of solutions of
(3.2) det(A™J — JN™) =0 in (m,n) € Z>

We distinguish the following cases:

a) A= (a 0> N = (p 2) Then (3.2) becomes (noting that A™ = (am 0‘>7

0 B 0 o pm
etc.),
ad(a™ — p")(f™ = o") = be(@™ = ") (B — p") =
(3.2a) (ad — be)(aB)™ + (ad — be)(po)™

—adac"™ —adfB"p" 4 bea™ p" + bef" ™ = 0.
083 0

b) A= (a 0) N = <P g). Then (3.2) becomes (noting that N™ = (pO” np")),

(ad — be) (@™ — p) (8™ — p™) — acnp™(a™ — B™) =

(3.2b) (ad — be)(af)™ + (ad — be)p*"
+ {—(ad — bc) —acn}a™p"™ + {—(ad — bc) + acn}p™p"™ = 0.
¢) A= (5 2),N=(4 %) Then (3.2) gives
(ad — be)(a™ — p™)? — Emna™p" =
(3.2¢)  (ad — be)a®™ + (ad — be)p*™ + {—2(ad — bc) — mn}a™p™ = 0.

11



In the proof of Theorems 1 and 2 we have to consider all partitions of the left-
hand sides of (3.2a), (3.2b) and (3.2c) into vanishing subsums. We can reduce

9

the number of cases by using the following “symmetry considerations,” which are
consequences of the fact that in the proofs of our results (A, B) may be replaced

by any related pair satisfying (3.1):

1) in case a), (o, 8, p,0,a,b,c,d) may be replaced by (p,0,a, 3, —d,b,c,—a) and
in case ¢), (a, p,a, b, c,d) may be replaced by (p,a, —d, b, ¢, —a).

-1
Namely, (A, B) is related to (N, J~'AJ) = (N, (*Cd b ) A (*d b ) ).

—a c —a

2) in case a), (p,0,a,b, c,d) may be replaced by (o, p,b, —a,d, —c).

-1
Namely, B = <Z :Z) (g 2) (Z :‘;) )

3) in cases a) and b), («, 3, a, b, ¢,d) may be replaced by (5, a, —c, —d, a,b).
Namely, (A, B) is related to (O _1) A(O —1)*1 7 (0 —1) B (0 _1)71) _

0 1 0 1 0 1 0

(52 (3w (e .

4) in case a), («, 3, p,0,a,b,c,d) may be replaced by (3, a,0,p,a,—b,—c,d) and
in case b), (a, 3, a, b, ¢, d) may be replaced by (3, o, a, —b, —c,d).

Namely, (A, B) is related to (( 1)AT (9 (1)) (9 1)BT((1) (1)))

((é’ 2),<_‘2 _b) N’( ¢ _clz)> 1) where N = () L) NT (9 1) = (g 2) in case

a) and (g 7 ) in case b).

Each of the above replacements leads to a permutation of the terms in (3.2a, b,

¢), provided that with replacement 1), m and n are interchanged.

We deal with a simple case first:

Lemma 6. Assume that abed = 0 in case a), or ac = 0 in case b), or ¢ = 0 in
case c). If Sa,p is infinite then (A, B) is related to a pair of type L. If the sequence
#Sa,.8(N)/N (N =1,2,...) is unbounded, then (A, B) is related to a pair of type
V.
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Proof. By symmetry consideration 3, it is no loss of generality to assume bc = 0

in case a) and ¢ = 0 in case b). Further, since in case a), (A, B) is related to

-1
the transposed pair (AT, BT) = ((g‘ g) ) (_: 7‘;) (5 2) (7;1 ,2) ), we may
assume that ¢ = 0 in cases a), b) and c). By substituting ¢ = 0 and using that
ad —bc = det J # 0, (3.2a, b, ¢) become (o™ — p™) (™ —c™) =0, (™ — p") (8™ —
p") =0,a™—p" = 0, respectively. In view of symmetry consideration 4, it suffices

to prove Lemma 6 with the hypotheses Sy p infinite, #S4, 5(N)/N (N =1,2,...)

unbounded being replaced by
(3.3) S :={(m,n) € Z*: o™ = p"} is infinite
(3.4) #S'(N)/N (N =1,2,...) is unbounded,

respectively, for all three cases a), b), ¢). If (3.3) holds, then take (r,s) € S’
with (r,) # (0,0). Then 47 = (% 2}, B = (3 5) (4 ) (55) = (% 7).
hence (A, B) is of type I with " = p® = 6. If (3.4) holds then take linearly
independent (71, $1), (12, s2) € S’ (these exist since for each ‘line’ 7 = {t(r,s) : t €
7} C &' we have #7(N) < N). Then a7152-7251 = prisa=rasi — | Arisa—rasi —

-1
(5 2).Breeresn = (o B (30 (6 h) = (5 &), whence (A, B) is of type V.
O

In the sequel we assume that abed # 0 in case a), ac # 0 in case b), ¢ # 0
in case ¢). We write h = (m,n) and in the left-hand sides of (3.2a,b,c) we de-
note the i-th term from the left by fi(h)aP. For instance, in (3.2a) we have
fi(h)a® = (ad — be) - (aB)™1™ with fi(h) = ad — bc,a; = (aB3,1), fo(h)ad =
(ad — be) - 1™ (po)™, ..., fe(h)a® = bc- f™o™. Thus, (3.2a, b, ¢) can be rewritten
as > .cr fi(h)al = 0 with I = {1,...,6} in (3.2.a), I = {1,...,4} in (3.2b) and
I ={1,2,3} in (3.2c). By our assumptions on a,b,c,d we have that f;(h) is not
identically zero for ¢ € I. By applying the theory of §2 to exponential polynomials

in n = 2 variables we infer that Theorems 1 and 2 follow from:

Proposition. (i). Suppose that in cases a), b) or c) there is a partition P of I
for which rank Hp > 1 and Up is infinite. Then (A, B) is related to a pair of type
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I, I, III or IV.

(ii). Suppose that for some partition P = { P\, ..., P;} of I and some a € Z? we have
rank Hp = 2 and every h € a + Hp satisfies Zier fi(h)a? =0 for j =1,...,t.
Then (A, B) is related to a pair of type V or VI.

Namely, if S4 p is infinite, then there is a partition P of I for which Up is infinite.
By Lemmas 3 and 4 this is possible only if rank Hp > 1. Since #(S+ Hp)(N) <
Nrank He for any finite set S, we have by Lemmas 3 and 4 that #U7(,1)(N) <
log N, #U%) (N) < N if rank Hp = 1 and #US(N) < N if rank Hp = 2. Hence
if #S4 (N)/N (N = 1,2,...) is unbounded then there must be a partition P of
I with rank Hp = 2 and U7(>2) # (). Then Lemma 4 implies that for some a € Z2,
every h € a+ Hp satisfies Zier fi(h)yah =0 for j=1,..,t. O

The following situation will occur frequently:

Lemma 7. Let P be a partition of I such that for some positive integer k,
Hp is contained in one of the groups {a*™ = gFm = pk"} *) (in cases a), b)),
{afm = pghm =gk}, {afm = pht = gt} {BF™ = pkt = 0"} (in case a)).

If rank Hp > 1 then (A, B) is related to a pair of type I and if rank Hp = 2 then
(A, B) is related to a pair of type V.

Proof. By the symmetry considerations, it suffices to consider the case Hp C

{akm = pgFm = pkny Recall that (A, B) is related to (A;, B;) with A; =
JYAJ, By = J'BJ = N. If rank Hp > 1 then for (r,s) € Hp\{(0,0)} we

have

i.e. (Ay,B;) is of type L. If rank Hp = 2 then there are linearly independent

(r1,51), (r2,82) € Hp and from of™ = g+ = pFsi for i = 1,2 it follows that

*) short hand for {(m,n)€Z?: a*m=pkm=pk"}

14



ak(rlsg—rgsl) — /Bk(Tlsg—Tgsl) — pk(rlsg—rgsl) — 1’ hence

Ak(rlsg—r251) _ 1 0 Bk(rlsz_r251) — 1 *
1 01/’ 1 0 x/)"

i.e. (A1, By) is of type V. OJ

Proof of the Proposition. We first deal with case a). Recall that the left-hand
side of (3.2a) has six terms f;(h)a? (i € I = {1,...,6}), fi(h)a? being the i-th
term from the left. If the partition P of I contains singletons then Up = () since
each f; is constant. Therefore we consider only partitions of I without singletons.
To each such partition P we associate a graph G as follows: the vertices of G
are Vi = {1,2}, V5 = {3,4}, V3 = {5,6} and [V}, V] with i # j is an edge of G
if there are k € V;, | € V; belonging to the same set of P. Note that if [V;, V3]
is an edge of G then Hp C {a™ = p"} or Hp C {f™ = o™}, if [V4, V5] is an
edge then Hp C {a™ = 0"} or Hp C {™ = p"} and if [V;, V3] is an edge then
Hp C{a™ =p"} or Hp C {p" =0"}.

Subcase al) G has at least two edges.
Then Hp satisfies the conditions of Lemma 7 with £ = 1 and the Proposition

follows.

Subcase a2) G has no edges.

Then P = {{1,2},{3,4},{5,6}}. Hence Hp = {(afB)™ = (po)™,a™c™ = ™p",
amp™ = o™}, For (m,n) € Hp we have oo™ - o p™ = ™p™ - [0, whence
a?™ = 2™ and a™p" - fMp" = o™ - ™™, whence p?" = o2". This implies
a?™m = (af)?™ = (po)?™ = p?". So Hp C {a?™ = p4™ = pin}. Therefore, we can

again apply Lemma 7 and derive the Proposition.

Subcase a3) [Va, V3] is the only edge of G.
Then P = {{1,2},{3,5},{4,6}} or P = {{1,2},{3,6},{4,5}}. We consider only
P ={{1,2},{3,5},{4,6}}; the other possibility can be reduced to this one by our

15



symmetry considerations. With this P we have

= {(a@B)™ = (po)", p" = o"},
={(afB)™ + (po)" =0, adoc™ = bep™, adp™ = bco™}.

Assuming that Up # 0, we have ad/bc = be/ad = (p/o)™ for some n € N, hence
ad/bc = +£1. But ad — bc = det J # 0, so ad = —bc. Now (A, B) is related to

(A1, By) with B
4= (o) 4 (o) =(03)
m=(oa) 2 oa) = (20 (G2 (50)
_ ( (p+0) (o >>
(0—p) 3(p+0)
For (r,s) € Up we have p* = —0%, (af3)" = —(po)® = p**, and

wi= (8 m=(Jermde (0o,

Hence (A1, By) is of type II, with 6 = o™,k = ", A = o®.

N D=
N D=

N[ N[~

Now suppose that rank Hp = 2. For linearly independent pairs (mq,n1), (mao,ns)
€ Hp we have (af)™m2=m2" = (pg)mn2=m2m = 1 (p/o)" = (p/o)™ = 1,
hence af3, p and o are roots of unity. Now choose (r,s) € Up and let Aq, By be as

above. Let u be an odd integer with " = £1. (A, B) is related to (Aa, B2) with

(-G
By = ((iol)s (1)) B ((iol)s (1)) ) ((ﬂ)%s(p;(r)_m (il)%s(.pi(z)— p))

and we have o™ - 7 = g2%% =1,

Ane — « 0 B = 0 (£1)%0 _ 01 .
0 pru (£1)s05¢ 0 10

Hence (As, B2) is a pair of type VI.
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Subcase a4) [V, V3] or [V7, V3] is the only edge of G.

Then P = {{1,3},{2,4},{5,6}} or {{1,4},{2,3},{5,6}} or {{1,5},{2,6},{3,4}},
or {{1,6},{2,5},{3,4}}. We deal only with P = {{1,3},{2,4},{5,6}}; the other
possibilities can be reduced to this one by our symmetry considerations. With this

P we have

Hp ={p" =o", ap" = """},

Up = {(ad — bc)f™ = ado™, (ad — bc)o™ = adf™,a™p" + ™ = 0}.
Assuming that Up # () we have (ad — bc)/ad = ad/(ad —bc). Together with be # 0
this implies that (ad — bc)/ad = —1, i.e. bc = 2ad. Now (A, B) is related to

(Al,Bl) with
-1
A, = 0 —b/d A 0 —b/d 5 0 |
1 0 1 0 0 «
—1 -1
B, - 0 —b/d B 0 —b/d —2a —b\ (p O —2a —b
1 0 1 0 a b 0o a b
(2p—0 2(p—o0)
No—p 20—-p )
Take (r,s) € Up. Then " = —0%, a"p* = —3"0° = 0*° and
r 295 — %5 2(p° — o
ap= (700 = (0 A Y,
O a?" O—S_ps 20-8_p8

hence (A1, By) is a pair of type III with § = 8",k =", p° = \,0° = —0.

Suppose that rank Hp = 2. Choose linearly independent (mi,nq),(ma,ng2) €
Hp. Then g™ = o™ (a/B)™ = (o/p)™ for i = 1,2, hence gmim2—m2m —
gmmna=mam — 1 (q/f)mMmn2=m2m = (g/p)™n2=m2" = 1 which implies that
a, 3, p, o are roots of unity. Letting k be a non-zero integer with o* = g* = p¥ =
o¥ =1, we infer that Hp C {a*™ = pk™ = p*n}. Together with Lemma 7 this

implies that (A, B) is related to a pair of type V.

We continue with case b). Recall that the left-hand side of (3.2b) has four terms,
the i-th from the left being denoted by f;(h)al. Again we have to consider some
possibilities for P.
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Subcase bl) P contains singletons.

fi(h), fo(h) are constants, f3(h) = 0 implies that n = —(ad—bc)/ac and fy(h) =0
implies that n = (ad — bc)/ac. Hence if Up # () then P does not contain {1} or
{2} and at most one of {3}, {4}. Thus, P = {{1,2,4},{3}} or {{1,2,3},{4}} and
in both cases we have Hp = {a™ = " = p"}. Now the Proposition follows from

Lemma 7.

Subcase b2) P = {{1,2},{3,4}} or {{1,2,3,4}}.
Then Hp C {(aB)™ = p?*, a™p™ = f"p"} C {a®™ = 2™ = p?™}. Again the

Proposition follows from Lemma 7.

Subcase b3) P = {{1,3},{2,4}} or {{1,4},{2,3}}.
We deal only with P = {{1,4},{2,3}} as the other possibility can be reduced to
this one by our symmetry considerations. For this P we have
Up ={(ad — be)(aB)™ + ( — (ad — be) + acn) 8™ p" = 0,
(ad — be)p”™ + (= (ad — bc) — acn)a™p™ = 0}.

For (m,n) € Up we have
(1 —acn/(ad —bd)) - (1 + acn/(ad — be)) = (a™/p™) - (p"/a™) = 1,

hence n = 0. Therefore, Up = {a™ = 1,n = 0}. If Up is infinite then there is
a positive integer r with o” = 1; hence A" = ((1) :) ,BY = ((1) :) and (A, B) is
of type 1. Recall that P = {Py, Po} with P, = {1,4}, P, = {2,3} and that Up is
the set of solutions of (%) >, p, fi(h)ah =0 for j = 1,2. So if rank Hp = 2 then
there is no a € Z? such that every h € a + Hp satisfies (x), i.e. P cannot satisfy

the hypothesis of part (ii) of the Proposition.

Finally, we deal with case c¢). For each partition P of {1,2,3} containing a single-
ton, Up is finite; namely f;(h), f2(h) are constants and f3(h) = —2(ad—bc)—c*mn
has only finitely many zeros (m,n) € Z2. Therefore, we have to deal only with
the case P = {1,2,3}. (3.2c) can be rewritten as

(3.5) (@™ = p")? = pmna™ p" = o™ 4 p*" + (=2 — pmn)a™p" =0,
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where = ¢?/(ad — be). We have 1 # 0 since we assumed that ¢ # 0. Further,

The hypothesis of part (ii) of the Proposition cannot be satisfied. Namely, suppose
that rank Hp = 2 and that for some a = (a,b) € Z? every (m,n) € a+ Hp satisfies
(3.5). We have Hp D dZ? for some positive integer d, hence (a+du, b+dv) satisfies
(3.5), i.e.

(@ = p")? = p(a + du) (b + dv)a’p

— a—dup—dv{(aa—l—du . pb+dv)2 . ,u(a + du)(b + dv)aa+dupb+dv} -0

for every (u,v) € Z2. But this is clearly impossible. So we have to prove only
part (i) of the Proposition. If one of «, p, which by our symmetry considerations
we may assume to be «, is a root of unity then (A, B) is related to a pair of type
I: namely, if a” = 1 for some positive integer r then A" = <ar *> = (1 *) and

0 = 0 x*
B=(}2)

Assume that « and p are not roots of unity, that rank Hp = 1, and that Up, i.e.

the set of solutions of (3.5) is infinite. We recall that u # 0. Hence (1.3) holds.

p= (L) G (0 0 )

with A = a?/(ad—bc), p = ¢2/(ad—bc). Hence (A, B) is of type IV. This completes

Further,

the proof of the Proposition. OJ

We now show that (1.3) implies (1.4):

Lemma 8. Let a, p, u be non-zero complex numbers such that o and p are not
roots of unity and such that (o™ — p™)? = pmna™ p™ has infinitely many solutions
in integers m,n. Then p € Q and there are integers r, s such that o = p® =: € is

a real quadratic unit.
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Proof. By Lemmas 3 and 4 (with n = 2) applied to (3.5) and by the fact that «

and p are not roots of unity, we have that Hp = {a™ = p™} has rank 1, i.e.
(36) Hp = {t(’l“l, 81) 1t e Z}

for some fixed (r1,s1) € Z? with r1s7 # 0. Now (m,n) € Z? can be expressed
uniquely as t(r1,s1) + (u,p) with t,u € Z,p € {0,...,s1 — 1}. So for some p €
{0, ..., s1 —1}, (3.5) has infinitely many solutions (tr1 +u, ts1 +p). In what follows,
we fix this p. Thus, there are infinitely many pairs (u,t) € Z? satisfying

(atrl—i—u . pt51+p)2 — /fd(trl T U)(tSl +p)atr1+upts1+p

or, dividing by o271t = p2s1t = qmitpsit,
(3.7) O P ot + )ty + p).
P an

We first show that a, p are algebraic. For given u, there are only finitely many ¢ sat-
isfying (3.7). Hence if (u, t) runs through all solutions of (3.7) then u runs through
an infinite set. Choose solutions (uy,%1), (usz,t2) of (3.7) with uy # wug, % # pP
for i = 1,2. Put 6 := «!/%1. Then § = (p'/™ for some root of unity ¢. Hence

4‘7“1795811“*7“1]9 + C*T1P5T1P*S1u1 -9 B M(t17”1 + Ul)(tlsl _|_p)

= =:qa € Q.
Grrg T TRy 2l +u)(fas 4 p)

This shows that § is a zero of a non-identically zero polynomial with algebraic

coefficients, i.e. ¢ is algebraic. It follows that indeed «, p are algebraic.

Let K be a finite normal extension of (Q containing «, p. Then u € K. Let o be an
element of the Galois group G of K/Q. Then every solution (u,t) of (3.7) satisfies

(3.9 “_1(%: N Z_Z _2) :U(M)_l(a(a)“ L ol _2)

a(pr o)t

(3:9) (w4 (uT )T = (a(w) o (p) P)o ()"

—(o(w) o (p)P)o(a) ™ + 2(o () = pTHLI" = 0.
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(3.9) is an exponential polynomial equation with infinitely many solutions u € Z.
Suppose that o(u) # p. By Lemma 5, there is a 3 € {a,a™!,0(a),o(a) !} such
that (/1 is a root of unity. Hence « is a root of unity but this is against our

assumption. Therefore, o(u) = p. This holds for every o € G; hence p € Q.

By inserting p € Q in (3.8) we infer that for every solution (u,t) and for every

o € G we have
(3.10) pPat + pPa™™ —a(p)Po(a)" —o(p)o(a)™ =0.

From Lemma 5 and the fact that « is not a root of unity, it follows that either
a/o(a) or ao(a) is a root of unity. So there is a positive integer ry such that for
each 0 € G we have either o(a™) = a" or o(a™) = a~". Hence G’ := {0 €
G :o(a™) = a™} is a subgroup of index < 2 in G and so its field of invariants
L =Q(a™) is either Q or a quadratic field. We infer that with r = ri7e, s = 5179

we have " = p® =:¢ € L.

We show that ¢ is a real quadratic unit. Let p be a prime ideal of K. The right-
hand side of (3.7) is a rational number with a fixed denominator. Hence there is
a constant C' such that ord,(a"/p? + pP/a" —2) > C for every solution (u,t) of
(3.7). As we mentioned above, (3.7) has solutions with arbitrarily large u. Hence
ordy(a) = 0. This being the case for every prime ideal p, it follows that o, hence
€, is a unit in L. However, «, hence ¢, is not a root of unity, and therefore ¢ is a

real quadratic unit. This completes the proof of Lemma 8. O

Proof of the Corollary. Assume that A, B are non-singular matrices with real
entries and non-real eigenvalues such that A™ — B™ is singular for infinitely many
pairs (m,n) € Z2. The eigenvalues of A are complex conjugates, o, @, say. Simi-
larly, B has complex conjugate eigenvalues p, p. By Theorem 1, (A, B) is related
to a pair (A1, By) of type I, II, III, or IV. After interchanging A, B or taking trans-
poses, we may assume that A = JA;J~!, B = JB;J ™! for some J € GLy(C). We

consider all possibilities.

21



Suppose (A1, By) is of type I, i.e. AT = (g :) ,Bj = (g I) for some r, s € Z not

both zero and some non-zero # € C. After interchanging o, @ or p, p if necessary,
we have that § = o” = p°. We have A = J; (8‘ g) Jfl for some J; € GLy(C). If
o =a", then A" = J; (‘g o?r> Jit = (O‘Or o?’")' Further, it follows that p® = p°,
and so B® = (%S p05> = A". Suppose that o” # @", i.e. § # 0. Note that  is
an eigenvalue of A" and B® with the same eigenvector, a, say. By taking complex
conjugates, we obtain a common eigenvector a’ of A" and B*® with eigenvalue 6.

Hence A" and B*® have the same action on two linearly independent vectors, i.e.

A" = B°.

Suppose (A1, By) is of type II, i.e. A} = (g 2) , B} = (?\ g‘) for some r,s € Z
and some non-zero 0, x, A € C with s = A\2. Note that A", B® have the same
eigenvalues as A7, B respectively. Hence 0k = a™a” > 0, \? = —p°p® < 0. But
this contradicts x = A\2. Hence (A, B) is not related to a pair of type II.

Suppose (A1, By) is of type 111, i.e. AT = (g g) , B} = (_2(11%) 2_9;1@\) for some
r,s € Z with rs # 0 and some 6, s, A € C with #? = k\. Since A", B® have the
same eigenvalues as A], By, respectively, we may assume, after interchanging o, @
or p,p if necessary, that o =0, a@" =k, p* =6,5° = —X. Thus, k = -\ =0, and

therefore, 6% = K\ = —52, 9* =3". This implies that o*" = a*" = p** = p**. Now

as A = J; (8‘ g) Jfl for some J; € GLy(C) we have A = J; (O‘gr a(z)w) Jfl =
<0‘3T aﬁir), and similarly, B4 = (p;s p23> = A%,

Finally, we mention that both A and B have two distinct eigenvalues. Hence
(A, B) cannot be related to a pair (A1, By) of type IV. This proves the Corollary.
]
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