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§1. Introduction.

In 1955, Roth [15] proved his celebrated theorem, that for every real algebraic
number « and every real kK > 2 the inequality

(1.1) o — g] < A{max(|z|,|y|)} " in z,y € Z with ged (z,y) =1

has only finitely many solutions. Roth’s proof is by contradiction. Assuming that
(1.1) has infinitely many solutions, Roth constructed an auxiliary polynomial in a
large number of variables, k say, of which all low order partial derivatives vanish in
a point (x1/y1,...,2xk/yk) for certain solutions (z1,y1),..., (xk,yx) of (1.1), and
then showed, using a non-vanishing result now known as Roth’s lemma, that this
is not possible.

Assume that 2 < k < 3. By making explicit Roth’s arguments, Davenport and
Roth [3] determined an explicit upper bound for the number of solutions of (1.1)
and this was improved later by Mignotte [12]. Bombieri and van der Poorten [1]
obtained a much better upper bound by using instead of Roth’s lemma a non-
vanishing result for polynomials of Esnault and Viehweg [4]. Recently, Corvaja [2]
gave an alternative proof of the result of Bombieri and van der Poorten, in which
he replaced the construction of an auxiliary polynomial by the use of interpolation
determinants as introduced by Laurent in transcendence theory.

We recall the result of Bombieri and van der Poorten. The Mahler measure M («a)
of an algebraic number « (always assumed to belong to C) is defined by

M(a) := |ao| | [ max(1,]a®]) ,
1=1

where r = dega, a1, ..., (" are the conjugates of a over Q and ay is a rational
integer such that the coefficients of the polynomial f(X) = ag [[/_,(X — a?) are
rational integers with gcd 1. In particular, M (z/y) = max(|z|,|y|) for z,y € Z
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with ged (z,y) = 1. Now let Kk = 246 with 0 < 6 < 1, and « an algebraic number
of degree r. Bombieri and van der Poorten proved that (1.1) has at most

logr
)

c1 -6 °(logr)?log ( 5

solutions with M (z/y) > caM(a)) and at most
~1
36~ ' log (14 log M (cv))

solutions with M (x/y) < caM (), where ¢1, ca,c3 are explicitly computable ab-
solute constants. We mention that recently Schmidt [21] gave an explicit upper
bound for the number of solutions of (1.1) in the complementary case x > 3.

We deal with the analogue of (1.1) in which the unknowns are algebraic numbers
of given degree, i.e. we consider the inequality

(1.2) la — & < M(§)™" in algebraic numbers £ of degree t,

where « is an algebraic number, k a positive real, and ¢ > 1. In 1921, Siegel [22],
[23] showed that (1.2) has only finitely many solutions if x exceeds some bound
depending on ¢ and the degree of a. In 1966, Ramachandra [14] proved the same
with a smaller lower bound for x, but still depending on the degree of a.. In 1971,
Wirsing [24] succeeded in proving Roth’s conjecture that (1.2) has only finitely

many solutions if
(1.3) K> 2t .

Independently, Schmidt [17] (Theorem 3) proved that the number of solutions of
(1.2) is finite if

(1.4) k>t+1.

In fact, the latter can be derived from Schmidt’s Subspace theorem, cf. [19], p.
278. The lower bound t 4+ 1 can be shown to be best possible.

It is our purpose to derive an explicit upper bound for the number of solutions of
(1.2). For this, one needs, apart from the Diophantine approximation arguments
of Wirsing or Schmidt in an explicit form, a “gap principle,” which states that so-
lutions of (1.2) are far away from each other. In §2 we derive a simple gap principle
for k > 2t which is similar to one which appeared already in Ramachandra’s paper
[14]. The proof of this gap principle uses a Liouville-type inequality for differences
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of algebraic numbers. For obtaining a gap principle for t + 1 < k < 2t one would
need an effective improvement of this Liouville-type inequality which, if existing,
seems to be very difficult to prove.

We derive an upper bound for the number of solutions of (1.2) with x > 2¢ by
combining the gap principle in §2 with Wirsing’s arguments. Another possible
approach is to use ideas which are used in the proof of the quantitative Subspace
theorem, e.g. in [20] or [6], but this would lead to a larger bound. One of Wirsing’s
main tools was Leveque’s generalisation of Roth’s lemma to number fields ([10],
Chap. 4). Instead, we use the sharpening of this from [5]. Our result is as follows:

Theorem 1. Let a be an algebraic number of degree r, t an integer > 1, and
k=2t+0 with0 < < 1.
(i). (1.2) has at most

2x107 - 767 . log 4r - log log 4r
solutions £ with M (&) > max (4!(FD/9 " M (a)).
(ii). (1.2) has at most
20435 1 og(2 4+ 671) + 267 - loglog 4M (cv)
solutions & with M (€) < max (4!¢+D/° ) M(a)).

We derive a result more general than Theorem 1. For every algebraic number &
of degree ¢t we fix an ordering of its conjugates €M), ... €M, Let ay,..., 0 be
algebraic numbers. Further, let ¢1,...,¢; be non-negative reals. We introduce
the notation

|z, y| == max(|z|, |y|) for z,y € C.

Consider the system of inequalities

0
joi — €] <ME)™ (i=1,...,1)

1.5 -
(1-5) o, an] |1, €] =

in algebraic numbers £ of degree t .

The denominators have been inserted for technical convenience. Wirsing [24]

proved that (1.5) has only finitely many solutions if

(1.6) max #D2(Y i) >t

i€l
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where the maximum is taken over all non-empty subsets I of {i € {1,...,t}: ¢; #
0} and where # is used to denote the cardinality of a set. In [24] §3, Wirsing showed
that

t —1y~1
1y maxy (#D*( X9 )
o (;23‘—1) : pLt et =

for all non-negative reals ¢1, ..., @ with 1 +---4+¢; > 0, and that the upper and
lower bound are best possible. In fact, the upper bound is assumed if and only if
all non-zero numbers among 1, ..., p; are equal. So condition (1.6) is in general
stronger than

(1.8) o1+ > 2t

We prove the following quantitative version of Wirsing’s result:

Theorem 2. Let ag,...,a; be algebraic numbers with

(1.9) iir%axtM(ai) =M, [Qlaq,...,aq):Q]=r

and 1, ..., p; non-negative reals for which

(1.10) max (#2(Y i) 22 +6 with0<§<1.
I o ' -

Put kK :=p1+ -+ 1.
(i). (1.5) has at most

2x107 - 76" - log 4r - loglog 4r
solutions with M (£) > max (475(t+1)/('*6—2t)7 M).

(ii). (1.5) has at most

1
o+ttt (1 n log(2 + n—2t)> ~_loglog 4M
log(1 + —”‘_Zt) log(1 + —”_Zt)
g I g Z

solutions & with M (§) < max (4t(t+1)/(“—2t), M)

It is due to a limitation of Wirsing’s method that we have to impose condition
(1.6) on ¢1,...,¢:. In §2, we shall derive a gap principle for system (1.5) which is
non-trivial if the weaker condition (1.8) holds. It is conceivable that by combining

4



this gap principle with techniques used in the proof of the quantitative Subspace
theorem, one can derive an explicit (but larger) upper bound for the number of
solutions of (1.5) with (1.8) replacing (1.6).

Theorem 1 follows at once from Theorem 2 with oy = o, p1 = kand a; =0, p; =0
for i =2,...,t, on observing that in that case we have maxy (#I)?(Y,c; @Zl)_l

=K, k—2t=0<1landlog(l+ (k—2t)/t) =log(1+0d/t) > /2t

Another application of Theorem 2 is to an inequality involving resultants. The
resultant R(f, g) of two polynomials f(X) = agX"+a; X" 14 -+a, and g(X) =
bo Xt + b X1 4 -« + by with ag # 0, by # 0 is defined by the determinant of
order r + t,

ao a/l “ .. .. ar
ao al .. ... ar
aO al ... . e ar
(L.11) R(f.g) = |bo b1 - by ,
bo by --- by
bo by -+ b

of which the first ¢t rows consist of coefficients of f and the last r rows of coefficients
of g. If f(X) = ao[[/—1(X — o) and g(X) = by [;—, (X — &), then

(1.12) R(f.g) =abbg [ (s — &) -

i=1j=1
Hence R(f,g) = 0 if and only if f and g have a common zero (cf. [9], Chap. V,
§10).
We define the Mahler measure of a polynomial f(X) = ao[[,_,(X — o) € C[X]
by
M(f) = lao| | [ max(1, |al) -
i=1

We fix a polynomial f(X) € Z[X] of degree r and a positive real x and consider
the inequality in unknown polynomials g,

(1.13) 0 <[R(f,g)l < M(g)""
in polynomials g(X) € Z[X] of degree t .
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In [24], Wirsing proved that (1.13) has only finitely many solutions if f has no
multiple zeros and if

1 1
1.14 (145 4+ ——).
(1.14) > 214+t o)

Schmidt [18] showed that (1.14) can be relaxed to
(1.15) K> 2t

if f has no multiple zeros and no irreducible factors in Z[X] of degree < ¢. Finally,
from a result of Ru and Wong ([16], Thm. 4.1), which is a consequence of the Sub-
space theorem, it follows that (1.14) can be relaxed to (1.15) for every polynomial
f without multiple zeros.

We consider (1.13) only for irreducible polynomials g. Then one can reduce (1.13)
to a finite number of systems of inequalities (1.5). Using this, we derive from
Theorem 2 an upper bound for the number of irreducible polynomials g satisfying
(1.13) with x satisfying (1.14). We mention that we would be able to derive such
an upper bound for all & > 2t if we had an upper bound for the number of solutions
of (1.5) for all @1, ..., ¢ with @1 + -+ 4+ ¢ > 2t.

A polynomial in Z[X] is said to be primitive if its coefficients have ged 1.

Theorem 3. Let f be a primitive polynomial in Z[X| of degree r with no multiple
zeros. Suppose that

(1.16) k= (24 8) (1 s gt

2 %71) with 0 <46 <1.

Then there are at most

101 (6113 . (100r)! log 47 - log log 4r
primitive, irreducible polynomials g(X) € Z[X] of degree t with
(1.17) 0 <[R(f,9)] < M(f)"-M(g)"™",

(1.18) M(g) Z (28r2tM(f)4(r—1)t)5_1(1+%+...+T1_1)—1 ‘

In (1.17), we have inserted the factor M (f)* to make the inequality homogeneous
in f; without this factor, our bound would not have been better.



62. A gap principle.

In this section, we derive a gap principle for the system of inequalities

(1.5) 00 g =100
' 201, | - 1,0 — T
in algebraic numbers £ of degree t ,
where a1, ..., a4 are algebraic numbers, and 1, ..., p; are reals with
(2.1) p; >0 fori=1,...,t, K:=p1+--+p >2t.

After that, we prove part (ii) of Theorem 2. Our gap principle is as follows:

Lemma 1. (i). Let &,...,&+1 be distinct solutions of (1.5) with M (&41) >
M(&) > - > M(&1). Then

(22) U™ M (&41) > (U_lM(&))H(K_Qt)/t where U := 2t(t+1)/(r=2t)

(ii). Put C := [t- 2T+ Let &,...,éc41 be distinct solutions of (1.5) with
M(§ct1) > M(§c) = -+ > M(&1). Then

(2.3) M(csn) > (2M (€)1

Proof. Since solutions of (1.5) are assumed to have degree ¢, at least two numbers
among &1, ..., &+1 are not conjugate to each other, § :=§;, n := §; with ¢ < j, say.
Denote the minimal polynomials (in Z[X] with coefficients having ged 1) of £, n by
f, g, respectively. Then f and g have no common zeros, i.e. their resultant R(f, g)
is a non-zero integer. Let f(X) = ao szl(X —£R)), g(X) = bo Hle(X — ).
Then by (1.12) (on noting that ag, by are cancelled) we have

R _ o €% —n®)
(24 sy~ L g

and since R(f,g) is a non-zero integer, this implies the Liouville-type inequality,

tot
£F) — )] 1
(2.5) >
U e = semroy
We estimate the left-hand side from above. For k # [ we use the trivial estimate

€ — )
<
|17£(k)‘ ’ |1777(l)| N

(2.6)
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Let k =1¢€ {1,...,t}. We apply the following variation on the triangle inequality:

|z — | |z — 2| |z =y

2.7 fi ,y,z € C .
L 17 I T I T B T v
Thus, using that &, n satisfy (1.5),

[£®) — (k)] < €0 — | N ") — ay

< 2M(&)77F +2M ()" 7F < AM(§)7F

Together with (2.5), (2.6) this implies

(2.8) < P p() (et — R (g) R

M(&)* M (n)*
whence

UM () > (UM () T
Together with M (&) < M(§) < M(n) < M(&+1) this implies (2.2).

(ii). Let p be a prime number which will be chosen later. We partition the solutions
of (1.5) into equivalence classes as follows. Let £ and 7 be solutions of (1.5) with
minimal polynomials f, g, respectively. By definition, both f and g have t + 1
integer coefficients without a common factor. We call £, n equivalent if there is an
integer A, not divisible by p, such that ]—1)( f — Ag) has its coefficients in Z, in other
words, if the reductions modulo p of the vectors of coefficients of f, g, respectively,
represent the same point in the ¢-dimensional projective space P*(F,). Clearly, the
number of equivalence classes is at most the number of points in P*(F,), which is

pt+1 -1

(2.9) o

<2t .

Now for equivalent &, n with minimal polynomials f, g and with A as above we
have by (1.11), that

(210) R(f,9) = R(f — g, 9) = p'R(;(f = Ag),9) = 0 (mod p') .

Choose p such that 2t=1#/t < p < 2t+%/t Then by (2.9), the number of equiva-
lence classes is at most 2pt < 2¢°+5+1 So among the solutions &1, ...,Ec41 there
must be at least ¢ + 1 belonging to the same equivalence class. Among these ¢t + 1
solutions we can choose two, £ := & and 7 := §;, say, with ¢ < j, which are not
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conjugate to each other. Now if f, g are the minimal polynomials of £, n, then in
view of (2.4), (2.10), we can replace (2.5) by

t t 2
|§(k) _ U(l)’ pt ot* —t+r
[L11 11,0 - 1,70 - M ()" M(n)t - M(&)IM ()t

k=11=1

By repeating the argument of (i) we obtain instead of (2.8),

gt*—t+r : 2
275 -I-tM —(p1+ter) 2t +tM —K
IGEYOIE (€) (©)
and so
2M(n) > (2M(€)) T
Together with M (&) < M(§) < M(n) < M(£c4+1) this implies (2.3). O

We need the following simple consequence of Lemma 1:

Lemma 2. (i). Let A, B be reals with B > A > U? = 4t+1)/(x=2t) " Then the
number of solutions § of (1.5) with A < M(§) < B is at most

log(2log B/ log A)
b (1 log(1+ (k — 2t)/t)> '

(ii). Let A, B be reals with B > A > 1. Then the number of solutions £ of (1.5)
with A < M(§) < B is at most

log(log2B/log2A
C.<1+og(og /log )>'
log(1+ (k —2t)/t)
Proof. (i). Put 6 := 1+ (k — 2t)/t. Let k be the smallest integer with
1 ok -1
(UTTA)” >U'B.

Part (i) of Lemma 1 implies that for each i € {0,...,k — 1}, (1.5) has at most ¢
solutions ¢ with (U~1A)? < UM (¢) < (U7*A)?""". Hence (1.5) has at most
t - k solutions with A < M(£) < B. Now part (i) follows since in view of our
assumption A > U? we have

~1 ~1
N log(logU™"B/logU™"A) <14 log(2log B/log A) .

E<1
- log 6 - log 6

(ii). Use part (ii) of Lemma 1 and repeat the argument given above with 2 replacing
U~! and C - k replacing t - k. O



Proof of part (ii) of Theorem 2.

Put 6 := 1+ (k — 2t)/t. We first estimate the number of solutions ¢ of (1.5) with
JHEAD/ (=28 < M (€) < max(4EHD/(5=2) A1) Assuming that M >
4Ht+1)/(=2) " we infer from part (i) of Lemma 2 that this number is at most

(2.12)

log (2log M / tf:j;t) log 4) log(6log M)
t-(1+ <t - (1+——70Pp—
log 0 log 0
log log 4M>

<t-<2
- * log 0

This is clearly also true if M < 4t(t+1)/(x=2t)

We now estimate the number of solutions ¢ of (1.5) with M (&) < 4Ht+1D/(x=21),
From part (i) of Lemma 2 with A = 1, B = 4*(+D/(5=2t) it follows that this

number is at most

log(1 + 20tD) log(2 + —5-
t.2t2+fi+1_ <1+ g( K—21 )> < t~2t2+“+1~310g (2t(t—f—1)) . <1+ g( n—2t>) .
log 6 log 6

Together with (2.12) this implies that the total number of solutions of (1.5) with
M(€) < max(4*tH+1/ (=28 M) s at most

2t2+t+m+4<1 . log(2 + H_lzt)> . Joglog4M
log 0 log 0

which is precisely the upper bound in part (ii) of Theorem 2. O

§3. Construction of the auxiliary polynomial.

For an algebraic number & we put

1€]] = max(|¢M],...,[M)),

where €. € are the conjugates of ¢ over Q. More generally, for a vector
x := (&1,...,&r) with algebraic coordinates we put
Ix | :=max(|| &[], .., [|€r 1]) -

The ring of integers of an algebraic number field K (assumed to be contained in
C) is denoted by Og. We need the following consequence of Siegel’s lemma:
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Lemma 3. Let K be an algebraic number field of degree r. Further, let R, S be
rational integers with

(3.1) 0<S<R, rS>(r—1)R,
let A be a positive real and let ay, . ..,ag € K® be K-linearly independent vectors
for which there are rational integers q1,...,qs with

Then there are (31,...,3s € Ok such that

S
(3.3) x:=Y B, € ZM\{0},
=1
(3.4) x| <{C(K)- SA} 7%,
(3.5) B <{C(K)- SA}==00F fori=1,...,8

where C'(K) is a constant depending only on K.

Proof. Lemma 3 may be proved by applying a sophisticated version of Siegel’s
lemma of Bombieri-Vaaler type, but then some extra work must be done to get a
good upper bound for the numbers |3;|. Instead, we give a direct proof of Lemma
3, following Wirsing [24]. C1(K), C2(K),... denote constants depending only on
K.

Put a) := ¢;a; for i =1,...,5. We search for 31,..., 85 € Ok such that

s
(3.6) x:= Y fBa; € Z"\{0} .
i=1
Then (3.3) holds with
(3.7) Bi=q3 fori=1,...,5.
Let {w1,...,w,} be a Z-basis of O with w; = 1. We can express a € Ok as

(38)  a=) mw witha; €Z, || < Ci(K)||al fori=1,...,r;
=1
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the upper bounds for |z;| follow by taking conjugates and solving z1, ..., z, from
the system of linear equations al/) = Sy xing) (j =1,...,r), using Cramer’s
rule. Now we have

(3.9) aj =) wby withby; €Z fori=1,...,8, j=1,...,r,

Jj=1

(3.10) Bl =) wizik with zy, € Zfori=1,...,8, k=1,...,7.
k=1

Define the integers u;z; by

WiWwg = Zujklwl for j,k € {1,...,7‘} .

=1
Then we obtain
S S r r
(3.11) Z Bia; = Z Z Z w;Wk2ikbij
i=1 i=1 j=1 k=1

<3

T
with ¢ = E Ujklbz'j ezt .
=1 i=1 k=1 j=1

By (3.8), (3.2) we have

Il
&
—
]
K
o
o
=
——

(3.12) || bij || < Co(K)||al|| < Co(K)A fori=1,...,S, j=1,...,r
SO
(3.13) llciri || < C3(K)A fori=1,....8 k=1,....,r, l=1,...,r.

Recalling that w; = 1, we infer that Zle Bial € Z* if and only if the coefficients
of wy,...,w, in (3.11) are 0, i.e.

S

(3.14) ZZzikcikl:O forl=2,...,r.

i=1 k=1
Since the vectors c¢;x; have R coordinates, (3.14) is a system of R(r — 1) equations
in Sr unknowns. Since Sr > R(r — 1), we have by the most basic form of Siegel’s
lemma (cf. [19], p. 127), that system (3.14) has a non-trivial solution in integers

Z;, With
R(r—1)
(3.15) max |z < {rs max | e I}
) sV -
< {cu(r) - 54} T by (3.13).
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By (3.14) we have that x := Zle ‘al is equal to the coefficient of w; = 1 in
(3.11), i.e.

S
X = E ZikC1kl -

Together with (3.15), (3.13) this implies

I < 8- (max |z ) (max | eaea |
i,k k,l

Sr
Sr—R(r—1)

< (Cs(K) - SA)1+S’"Ii(’g(_’“1‘)1> — (Cs(K) - 54)

Moreover, (3.10) and (3.15) imply

R(r—1)

6] < C’6(K){04(K)_SA}m

and so, by (3.7),

Sr

18 = lasll3) < Alg) < (Cr(K) - $4) T fori=1,...,8 .

This completes the proof of Lemma 3. U
Let aq,...,a; be the algebraic numbers from Theorem 2 and put K :=
Q(aq,...,at). By assumption we have

(1.9) -ErllaXtM(O‘i):M’ [K:Q]=r.

Let 71, ..., be non-negative real numbers with vy +---+v, = 1. For1 =10,1,2,...
we define the polynomial of degree 1,

(3.16) pi(X) := (X — 1)t .o (X — ay) 7,

t—1
=1

Let k,d;,...,d; be positive integers and put
Ik:{O,...,dl}x X{O,...,dk}.

By i we denote a tuple (i1, ...,i;) € Zx. For a polynomial P with integer coeffi-
cients, we denote by || P || the maximum of the absolute values of its coefficients.

The next lemma gives our auxiliary polynomial:
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Lemma 4. Assume that
9di+--+dg

(3.17) (@ 1) (dr + 1)

> C(K)

where C(K) is the constant from Lemma 3. Let T be a subset of Z;, with
1

(3.18) #1 < 2—T(d1—|—1>---(dk—|—1) .

Then there are 5; € Ok for i € Z;;\Z such that

(3.19) P(Xl,...,Xk) = Z ﬁipil(Xl)"'pik(Xk) € Z[Xb?Xk]\{o} )
icZu\7T

(3.20) || P|| < (4br) > (@t
(321) |G| < (4M)P BT g i e T\T
Proof. Let ¢ > 0. Then

pZ(X) = (X — ail) cee (X — az’z’) with ity .o, Oy € {Oél,. .. ,O_/t}.

Let g;; € Z~q be the leading coefficient of the minimal polynomial of «;;. Clearly,
by (1.9) we have

(3.22) qij < M(aij) < M, qijl| g || < M(aj) <M .

The coefficient of X7* - -X,Z’“ in p;, (X1) - pi,, (Xg) is equal to

(3.23) a@®) =+ I cinn

where for h = 1,...,k, the sum is taken over all subsets Sj, of {1,... iy} of
cardinality i, — jn. Define the rational integer

ko in
=11 1] as-
h=1j=1
By (3.23) we have ¢(i,j)a(i,j) € Ok and by (3.23), (3.22) we have

(3.24) q(i,j) < MBtFde

(i, §)ei, §) SU(

)Mi1+~”+ik < (2M)d1+"'+dk )
ih — Jh B
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We apply Lemma 3 with R = (d1+1) -+ (dy+1), S = R—#Z and {a;,...,ag} =
{pi, (X1) - pi, (Xk) : 1€ ZL\Z}. (3.18) implies condition (3.1) and (3.24) implies
(3.2) with A = (2M)%++dk Note that by (3.17) we have

C(K)-SA<CK)(dy+1)--(dp +1)A < (4M) Bt

and that by (3.18), we have Sr > (r — )R, whence

_1
Sr <(r 2)R<27*.
Sr—R(r—1)~ iR ~

Together with Lemma 3 this implies at once that there are ; (i € Zx\Z) with
(3.19)-(3.21). O

t4. Combinatorial lemmas.

We will have to estimate the values of the auxiliary polynomial constructed in §3
in certain points and for this purpose we need some combinatorial lemmas. We
use the arguments from elementary probability theory introduced by Wirsing [24],
except that we obtain better estimates by using the following lemma instead of
Chebyshev’s inequality:

Lemma 5. Let X1,..., X, be mutually independent random variables on some
probability space with probability measure P, such that for « = 1,...,k, X; has
expectation p; and P(X; € [0,1]) = 1. Let p := uy + -+ + px and let € be a real
with 0 < € < 2/3. Then

(4.1) P(X1+ 4 X —p| > ek) <23 (e=27182...) .
Proof. Clearly, (4.1) follows from

(4.2) P(X1+ -+ Xp—p>ek) <e k3
(4.3) PXi+ + Xy —p< —ek)<e k3

and (4.3) follows from (4.2) by replacing X; by 1 — X, u; by 1 — p; in (4.2) for
i=1,...,k. So it suffices to prove (4.2).

Fori=1,...,k, denote by 02 the variance of X;, i.e. the expectation of (X; — u;)?;

since P(X; € [0,1]) = 1 this variance exists and is < 1. Put s? := Zle o?. We

may assume that s? > 0 since otherwise P(X; = p;) = 1 for i = 1,...,t and we
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are done. By the inequality at the bottom of p. 267, Section 19 of Loeve [11] we
have

X1+ + X, — t2 t
( 1t Tt Ak 'uze')gexp(—te’+§(1+§c)) for € >0,

s
where ¢ is such that P(|(X; — p;)/s| < ¢) =1fori=1,...,k and t is any real
with 0 < ¢ < ¢71. (Loeve uses the notation S’ for (X1 + -+ + Xj — u)/s). We
apply (4.4) with ¢ = ke/s, c = 1/s and t = es. Then the right-hand side of (4.4)

becomes

44) P

€252 €
exp (— €k + T(l + 5)) < exp (—€%k/3)
since s <k, 0 < € < 2/3. This implies (4.2). O

Let € be a real and let k,%,dy,...,d; be positive integers with

1

4.5 0 —

(4.5) <€<6t’
14

(4.6) dn >0 forh=1,.. k.

€

Define the sets
IkZ{O,...,dl}X---X{O,...,dk},
Ck:{l,...,t}k.

We will use i to denote a tuple (i1,...,ix) € Z and ¢ to denote a tuple (cq,...,cx)
€ Cy..

Lemma 6. There is a subset T of I}, with
H#T < 24 Le FAdy + 1) (dy + 1)

such that for all i € Zy\Z and all z € [0, 1] we have
[#{he{l,. .. k}: ;—h <z} —ka| <ek.
h

Proof. For z € [0,1], i € Z;, we put s(i,x) := #{h e{l,...,k}: ;—: < :z:} We
endow Zj, with the probability measure P such that each tuple i = (i1,...,ix) € Zy
has probability 1/#Z, = 1/(dy +1)---(dx +1). Fix z € [0,1]. For h =1,... k,
define the random variable X, = X, (i) on Z by X;, = 1 if 0 < iy /dp < x and
Xy, =0if x <ip/dp < 1. Thus, X1,..., X} are mutually independent and X}, has
expectation pp = P(Xp, = 1) = ([zdp] +1)/(dy, + 1) for h =1,..., k. By Lemma
5 with (0.9 — 10~%)e replacing € we have

P(IX1+ -+ Xp — (1 + -+ )| > (0.9 — 107 H)ek) < 2e7<F/1
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By (4.6) we have

|[zdp] + 1 — zdp, — x| < 1
dy, +1 “dp+1

lpn — x| = <107% forh=1,...,k .

Hence
P(| X1+ + Xp — kx| > 0.9¢k) < 2e—< F/4

This implies that for each fixed = € [0, 1] there exists a subset Z(z) of Z; with
Is(i,z) — kx| < 0.9k for i€ T\T(z), #I(z)<2e M4,
Now let n = [10/€] + 1 and take

T:= U I{

m=0

) -

m
n
Then

#I <2(n+ 1)e_€2k/4 < e Le=k/4

Let x € [0,1] and choose m € {0,...,n— 1} with m/n <z < (m+1)/n. Then for
i€ \Z =, _o(Zi\Z(%)) we have

1 1 1
s(i,z) < s(i, m: ) < k(% +0.9€) < h(w+ — +0.9) < k(z +e),
m m 1
i >s(i,—) > k(— —0. > k(x———0. > k(x —
s(i, ) > s(i, n)_ (n 0.9¢) > k(x " 0.9¢) > k(z —¢),
which is what we wanted to prove. O

Lemma 7. Let Z be the set from Lemma 6. Then fori € Iy\Z, h=1,...,k we
have

- h
-2 <,
drny K
where m is the permutation of (1,...,k) such that
1) L. )
dry = 7 daw
Proof. Fix i€ Zy\Z, h € {1,...,k} and put = := ir()/dr ). By definition, the
number of integers j with j € {1,...,k}, i;/d; < x is equal to h. Lemma 6 implies
that |h — kx| < ek. This implies Lemma 7. O

Lemma 8. There is a subset C of C;, with
HC < e R34k

17



such that for each ¢ € C;\C, c € {1,...,t} we have

(4.7) \#{he{l,...,k}:ck:c}—%gek.

Proof. Lemma 8 follows once we have proved that for each ¢ € {1,...,t} there
is a subset C(©) of C with #C(©) < 2e=<"k/3t% such that for each ¢ € Ck\C(C)
we have (4.7). We endow Cj, with the probability measure P such that each
c = (c1,...,¢c;) € Cx has probability 1/#Cx = 1/t*. Fix ¢ € {1,...,t}. For
h =1,...,k, define the random variable X}, = X (c) on Cx by X, = 1if ¢j, = ¢
and X, = 0 if ¢, # ¢. Then Xq,..., X, are mutually independent and X has
expectation 1/t for h =1,..., k. Now by Lemma 5 we have

#{cECk: [#{he{l,... k}: ck—c}—%\zek}
tk
k —€e%k/3
=P(X;+ -+ Xk — ;| > ek) < 2e

which is what we wanted to prove. 0
The next lemma is the main result of this section:

Lemma 9. Let ¢1,...,p: be non-negative reals satisfying (1.10), and let € be a
real and k,t,dy, ..., dy integers satisfying (4.5),(4.6). Then there are subsets Z of
Ty = {0,...,d1} X oo X {0,,dk} and C oka :{17...,t}k with
(4.8) H#T < 24e Le R (dy 4+ 1) (dy + 1)

HC < e R3¢k

and non-negative reals v1,...,7v: with v1 + --- 4+ v = 1, such that for all tuples
i€ Zy\Z, c € C,\C we have

(4.10) Z g, TenPen 2 <ﬁ — 3%) (2t +6) .

Remark. The lower bound of (4.10) cannot be improved by another choice of

Vi Ve

Proof. We prove Lemma 9 with the sets Z from Lemmas 6 and and C from Lemma
8. These sets satisfy (4.8), (4.9), respectively. By (1.10), there is a subset I of
{1,...,t} such that (#I)*( 3¢, gp}l)_l > 2t + 4. Choose

vi =0 forie{l,....,¢}\I, v := <p;1/(2g0;1)_1 foriel.
Jjel

18



Then (4.10) follows once we have proved that for every i = (i1,...,ix) € T \Z,
c=(c1,...,ck) € CL\C,

ih k 3ek 2
. s (o2 .
41 2 gzl )@
Fixie Zy\Z, c € C,\C. Let T := #{h € {1,...,k} : ¢, € I} and let 7w be a

permutation of (1,...,k) such that ir(1)/dr1) < - < ixr)/dr(r). By Lemma 8,
Lemma 7, respectively, we have

1 1 - h
H#DEC — ) <T < (#Dk(- +¢), 0> fn=1,... k
t t dﬂ.(h) k
Hence
7 T (h) L h
h 7r 2
— > > ——€) > —=T*—¢€T
hz h_Zdw(h)_Z(k‘ )2
enel h=1 h=1
1 1 1 k 3ek 2
> —kH#D? (= —€)? — k(= I>(— — =) (#1
> RRIP( 0 = k(s + O > (7 = = ) (#1)
where we used that e < } by (4.5) and #I < (#I)?. This proves (4.11). O

§5. Estimation of certain values of the auxiliary polynomial.

Let ay,...,a; be the algebraic numbers and ¢4, ..., ¢; the reals from Theorem 2.
Thus, max; (#1)2(X,e; ;") =246 with 0 < 6 < 1. Define

)
1 = —
(5.1) €=
1 1
(5.2) k= [3.5>< 10* - t45_2(1 + 3 logt) (1 + 2 log 5_1) log 4r]
and let dy, ..., dx be integers satisfying
10%¢

where C(K) is the constant from Lemma 3. Thus, (4.5) and (4.6) are satisfied
and Lemma 9 is applicable. Let Z and C be the sets, and 71, ..., 7: the reals from
Lemma 9. Then

(5.4) FT< o (1) (d+ 1),
(5.5) #C < te-tF .
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Namely, (5.4) and (5.5) follow from (4.8), (4.9) and the inequalities 24e~Le=F<*/4 <
L 2te=+*/3 < te, and these inequalities hold true since by (5.1), (5.2) we have

o

4 2
max <4e_2 log ﬁ, 3¢ 2 log —)
€ €

- 4624t45_2<10g 1632 + 2logt + log 6~ + log r>
1 1
<3.5x10% -t (1 + 3 logt) (1 + 3 logd™ ") logdr —1 <k .

We apply Lemma 4 with these k,d;,...,dr, Z and v, ...,7:; this is possible since
(5.3) and (5.4) imply the conditions (3.17) and (3.18) of Lemma 4. Let P be the

auxiliary polynomial from Lemma 4, i.e.

(5.6) P(Xy,....Xp) = Y Bpi (X1) - pi (Xk)
ieZi\T

where for i = 1,2,... p;(X) is given by (3.16). Further, let &1, ..., &, be solutions
of (1.5) with

(5.7) M(&) > (6M)* 0/,
(5.8) M (&)™ < M(&)™ < M(E)HOH) forh=1,...,k.
For a polynomial in k variables Xi,..., X, and a tuple of non-negative integers

j= (Jj1,...,Jk) define the differential operator
1 oIt +ik

DI = - : : :
gl et axit . ax

I

note that DI maps polynomials with coefficients in Z to polynomials with coeffi-

cients in Z. We need the following estimate:

Lemma 10. (i). For each tuple ¢ = (c1,...,cx) € Cx\C and for each tuple of

non-negative integers j = (j1,...,jx) with
(5.9) zk: In < ck
' —dy ot
we have
k
(5.10) |DIP(E™),. . )| < (M) 2r st (TT 1, ¢l ).

h=1
—(2t+68)((k/2t%)—bke/t
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(ii). For each tuple ¢ € Cy, and each tuple of non-negative integers j we have

k
(5.11)  DIP(E g < ()@ ) (T g )
h=1

Proof. In addition to the hypotheses made above we assume that

(5.12) 0<¢ <2t+6 forl=1,...,t.

This is no loss of generality. Namely, suppose that for instance 7 > 2t + 6. Then
&1, .., & satisfy (1.5) with ¢y = 2t +d and ¢; = 0 for [ = 2,...,t. Then these

new ¢ satisfy (1.10) and we can prove Lemma 10 with these new ¢;.

For every non-negative integer j we define the differential operator for polynomials
in one variable X, D7 = (1/4!)d’ /dX7. Then for each i > 0, j > 0 we have

Dip(X f[ X—ay®) = Y H(ﬂ ) ~ )@=

=1 0<j;<5;(4) I=1
g1+ +ie=J

For h € {1,...,k}, c€ {1,...,t} we have by (1.5),

(5.13) e — 671 < 201, 0 - [1,67] - M ()
and, trivially,

(5.14) oy — £ <211, o] - 1,9 fori=1,...¢.

Further, by (3.16) we have that p;(X) = [[_(X — a)?*® where the j;(i) are

non-negative integers with

Z]l =14, 5(i)>yi—1 forl=1,.

Together with (5.8), (5.12) these imply

(5.15) [DIp;(£)]

< > H(ﬂ )2l17al|-|1,5§>|)”“)‘”-M@h)-%ﬁcw-jﬁ)

0<5;<5; (1) [=1
J1+-+i=J

S (4Mt|]-7£h0)|)z . M(Sh)_’Yc@ci“‘ﬂpc(]‘_"l)
C i 1\~ Te¥e i/d 62 1 j d
< (4Mt|1,§,(1 )l) ) (M(fl)d ) Yepe(i/dn)+(14€7)(2t40)(G+1)/dn
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We now use Lemma 9. Let ¢ = (cq,...,¢) € Ce\C, i = (i1,...,1k) € Zx\Z, and
j = (J1,--.,7k) a tuple of non-negative integers satisfying (5.9). Then by (5.15)
we have

DJH pi (6| < AB(M (&)™) ¢

with A = (4Mt)ht+de B = TTF_ |1,£/))9n and

k. k
Jh 1
C = Zd Yenen — (1+€2)(2t+8)( z::d hz::ld
We have
k.
k 3ek
Z ’YChQOCh = 2t+6)(2t2 - T) by Lemma 9,
k. k
Jn 1 26k
hence L -
€
> (2 - ).
C (t+5)(2t2 t)

Now (5.6) and the estimates for ; in Lemma 4 give
DIP(E™, ™) < A'B(M(E)")

with
a=a( Y 1a1)
e\
< (4Mt)d1+--'+dk _2d1+-'~+dk (4M)2?"(d1+"'+dk)

< (6M)(21"+t)(d1+"'+dk) )

This proves part (i) of Lemma 10. We obtain part (ii) by observing that, as a
consequence of (5.14), we can replace (5.15) by the trivial estimate |D7 pi(££C)| <
(4M t|1,§,(f)])i and so all estimates made above remain valid if we replace the
exponent C on M (£1)% by 0. OJ

Lemma 11. Suppose that €, k,dy,...,dy satisfy (5.1)-(5.3) and that &, ..., &
are solutions of (1.5) satistying (5.7),(5.8). Let P be the polynomial from Lemma
4, with the set 7 and the reals v1,...,7: from Lemma 9. Then there is a tuple
c = (c1,...,cx) € Cx = {1,...,t}* such that for each tuple j = (ji,...,jx) of
non-negative integers with 2221 Jn/dn < €k/t we have

(5.16) Dipel) gy =0
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Proof. We assume the contrary. Let L be the normal extension of Q generated by
the numbers féc) (h=1,....k, c=1,...,t). We call two tuples ¢ = (c1,...,cx),

¢ =(c,...,c,) € C, conjugate if there is an Q-automorphism of L mapping the
tuple (€4, ..., ) to (&4, €', From our assumption, it follows that for
every ¢ € Cj, there is a tuple jo with (5.9) such that DieP(&\) . ¢l)y .

Since P has its coefficients in Z, there is no loss of generality in assuming that
je = jeor whenever ¢ and ¢’ are conjugate. For h = 1,...,k, let ¢, € Z~o denote
the leading coefficient of the minimal polynomial of &,. Define the number

k—1 . c Ct
7 = (q?l...qzk)t Ii[ Lﬁc}j(§§1)7"'7 é )>'

ceCy
Then Z # 0. We will obtain a contradiction by showing that Z € Z and |Z| < 1.

We first show that Z € Z. Since for conjugate tuples c, ¢’ we have jo = jer, the
number Z is invariant under automorphisms of L, i.e. Z € Q. Denote the fractional
ideal with respect to the ring of integers of L generated by u1,...,u, € L by
(1 -+ ). For ¢ € Cx, we have

(5-17) l]dclj(fgcl),..., gct)) c (1’§§C1))d1.. .(17§éfk))dk

since the polynomial DJe P has its coefficients in Z and has degree < dj, in X},. The
minimal polynomial of &, is qp, Hizl (X — 5}(10)). The coefficients of this polynomial
are integers with gcd 1. On the other hand, by Gauss’ lemma for fractional ideals
in number fields, the ideal generated by the coefficients of this polynomial is equal
to gn [1'_, (1, f(c)) therefore, g5 [1'_ (1, 5(6)) = (1). Together with (5.17) this
implies
ze (gl gy (TT g™ gy
ceCyg

k—1

(H Lgn(1,eMy.. (1’5}(Lt))}dh>t .
Hence Z € Z.

We now show that |Z]| < 1. Lemma 10 gives
-c
1Z] < AiBy(M(&)%)

with
Ay = (6M)Crevidr ot

k k—1
Bi=(ai"-q)" ] (Hll ) = (T ™)
ceCy = h=1
k Hek

O = (#C\C) - (2t +0){ 5 — ==
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Further,

Ay < (6M)@rHktdy 0 (5 3)
By < M(&) 40+ by (5.8),

C1 > (1 —et)th(2t + 5){% - #} = kthT. (1 - et)(%t —5€)(2t +6) by (5.5).
Therefore, .

21 < (e )" "
with

A2 — (6M)t(27’+t) 7

Cy=—(1+€)+(1 —et)(% — 5€) (2t + 6)

) 11 o 33
A L P 10242 25 2. 9 99 .
57 et 26(5—|— 0e“t” + be“td — € >2t Qet since § < t
0
> — by (5.1) .
=T AR
Together with (5.7) this implies that |Z| < 1. O

§6. Completion of the proof of part (i) of Theorem 2.

We apply Lemma 12 below, which is the sharpening of Roth’s lemma from [5].
We mention that this sharpening was proved by making explicit the arguments in
Faltings’ proof of his Product theorem [7]. A result slightly weaker than Lemma
12 follows from Ferretti’s work [8]. For further information on Faltings’ Product
theorem we refer to [13]. We recall that for a polynomial P with coefficients in Z,
|| P || denotes the maximum of the absolute values of its coefficients.

Lemma 12. Let o be a real and k,dy,...,dy integers such that k > 2, 0 < 0 <
k+ 1 and

d 2k3
(6.1) hos>wi=" forh=1,...k—1.
dh+1 g
Further, let P be a non-zero polynomial in Z[X1, ..., Xy] of degree at most dj, in
Xp forh=1,... .k and &, ...,& non-zero algebraic numbers such that
(6.2) M (&) M/ desen > (4d1+'"+dkr|PH)w for h=1,....k
3k3
with wy 1= (—)k .
o
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Then there is a tuple j = (j1,...,jk) of non-negative integers with

k
h=1

Proof. This follows from Theorem 3 and the Remark on pp. 221,222 of [5]. We
mention that Theorem 3 of [5] has instead of (6.2) the assumption H (&) >
{edrt+de [f(P)}@2  with heights H(&,), H(P) defined in [5]. This is implied by
(6.2) since H(&,) > M(€,)'/98 and since for polynomials P € Z[X1,..., X},
H(P) is equal to the Euclidean norm of the vector of coefficients of P so H(P) <
{(dv + 1)+ (dp + D)}2|| P O

"o, DIP&,....&) #0.
h

Let ¢1,...,¢; be non-negative reals satisfying (1.10). Let e and k be given by
(5.1), (5.2), respectively. Put

k
(6.3) o=

t
Thus, the quantities wq, we in Lemma 12 are equal to

2kt 3k%t\k  /3wi\k
: B (- ()
(6:4) w1 € “2 € 2
We prove the following;:
Lemma 13. (1.5) has no solutions &1, . .., & with
3rkws

(6.5) Mg = (aM)
(6.6) M(Epyr) > M(6,)%/2 forh=1,...,k—1.

Proof. We assume the contrary and obtain a contradiction by applying Lemmas
11 and 12. We choose integers dy, ..., d; as follows: take

10%¢
€
and let dy,...,dr_1 be the integers defined by

dilog M (§x) —log M (1) < dylog M(&1) < dy log M (&),
dylog M (&) < dplog M (&) < dylog M (&) +logM (&) for h=2,...,k—1.

(6.7) implies that
log M(¢&1)

o ) 10742 ,
dy log M (&)
log M (&n) —4 2\ —1 log M (&) 2
08 MSh) oty 08N 2 ek
dilog M (&) — ( ) dy log M (&) —
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SO
(6.8) M(&)" < M(&)% < M(E)HF) for h=1,....k.
Further, (6.8) and (6.6) imply that

dp, w1

3
2 (1+€2)_17 > wr -

log M(&nt1)

(6.9) M {Er)

> (1+¢€)7!

dp+1

We apply Lemma 11. Let P be the polynomial from Lemma 4. We assumed (5.1)
and (5.2), and (5.3) is a consequence of (6.7) and (6.9). Further, (5.7) follows
from (6.5),(5.1),(5.2) and (6.4), while (5.8) follows from (6.8). So by Lemma 11
we have that there is a tuple ¢ € Ci such that for each tuple of non-negative

integers j = (j1,...,Jk) with

|k>.

K ek

h
5.9 < =
(5.9) ’?:1 <3

S

we have DiP(el) . ¢l*)y = .

We now apply Lemma 12 with ¢ = % and with f,(f”) replacing &, for h =1,... k.

From (6.9) we know already that (6.1) holds. Further, we have for h =1,... k,

M (&)™ > M (&)™ > (4M)°T"42 Dy (6.8), (6.5)
> (4M)3T(d1+~-+dk)w2 by (6.9)
> (40 P by (3.20).

Hence (6.2) is also satisfied. It follows that there is a tuple j with (5.9) for which
Dip( %Cl), ce ,ﬁc”) # 0. This is contrary to what we proved above. Thus, our
assumption that Lemma 13 is false leads to a contradiction. O]

We now complete the proof of part (i) of Theorem 2. Define a sequence of solutions
£1,&, ... of (1.5) as follows: ¢ is a solution & of (1.5) such that M () > (4M)3rkw2
and M (&) is minimal; and for h = 1,2,..., £,41 is a solution & of (1.5) such that
M(€) > M(&,)%1/2 and M(£) is minimal. From Lemma 13 it follows, that this
sequence has at most £ — 1 elements.

Let A := max(4*(+D/(5=28) A1) be the lower bound in part (i) of Theorem 2. Put
0 := 1+ (k — 2t)/t. By assumption, the solutions of (1.5) lie in the union of the
intervals Iy = [A, (4M)37%<2] and I, = [M(&,), M(&,)%/?] (b = 1,2,...). By
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part (i) of Lemma 2 and 4M < A% we have that the number of solutions ¢ in Iy is

at most
3rkws
t(l N log(2log{(4M) }/ log A)) < t(l N log{6rk:w20}>
log 6 log 0
log 67k log 3wy /2
<1(2
- + log 0 log 0 )
log 3w

<t(2 k >b 5.1), (5.2), (6.4).

< (24 B2 by (5.1, (52), (6
Moreover, by part (i) of Lemma 2 we have for h = 1,2,..., that the number of

solutions in [}, is at most

log(2log{ M (&,)%<1/2} ) log M (1)) log 3wy
t<1+ log 6 >§t<1+ log 6 ) '

Since we have at most k — 1 intervals I, (h > 1), it follows that (1.5) has at most

log 3w )

N::t<k+1+(2k—1) -

solutions with M (£) > A. We estimate this from above. From (1.7) it follows that
H:Z§:1905 > 2t 49 so

5.6
log § > log(1 + =) > —.
og _og(+t)_2t

Further,
log 3w; = log %Zt by (6.4)
<log (2.5>< 10t ~t11(5—5(1 + %log t)2(1 + %log 5_1)2(10g 4r)2> by (5.1),(5.2)
<27+ 12logt + 6logd ™' + 2loglog4r using (1 + %loggv)2 <zforz>1
< 85(1 + %logt) (1 + %log 5_1) -loglog4r using loglog4r > loglog4.
Together with (5.2) this implies

4t
N <kt -(1+ 5 log3wq) < 5kt?6~ 1 log 3ws

1 1
<5x35x10% x 85 5(1 + §logt)2 51+ log 51)* log 47 log log 47
< 2x107 - t"5"*log 4r - loglog 4r .

This completes the proof of part (i) of Theorem 2. O
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§7. Proof of Theorem 3.

We need the following combinatorial lemma:

Lemma 14. Let 6 be a real with 0 < 6§ < 1 and t an integer > 1. There exists
a set P, consisting of tuples p = (p1,...,pt) with p1 > pa > -+ > p; > 0 and
1-6<>"_ pi<1,such that #P < 4{e? (1 + 1%9_1)}15_1 and such that for all
reals Fy, ..., Fy, A with

O<Fi<FHh<---<FE<L1l F---F,<A

there is a tuple p € P with F; < A% fort=1,...,t.

Proof. We assume without loss of generality that Fy --- F; = A and that ¢ > 2
(otherwise we may take p; = 1). Define ¢; by F; = A% for ¢ = 1,...,t; thus,
cp>-->¢g>0andcy +---+¢ =1. Put

g=0""t-1]+1, fi=l[cgl, pi=fi/g fori=1,...t.

Then clearly, F; < Afi for ¢+ = 1,...,t. Since ¢;g — 1 < f; < ¢;g, we have
g—t< 2§:1 fi < g and therefore, g —t +1 < 25:1 fi < g since the f; are
integers. It follows that 1 — 0 < 22:1 pi < 1. Further, the tuple p = (p1,...,p¢)
belongs to the set

t
P:{(%a7§) fl?"'aft€Z7 f122ft20, g_t+1§2fz§g} .

=1

The map (fi/g,..., ft/9) — (fi+t—1, fa+t—2,..., f) maps P bijectively onto
t
P = {(hl,...,ht)eZt: hy>hy > > hy >0, g’—t+1§2hi§g’} :
i=1

with ¢ = g+ 1t(t—1) = [07'(t —1)] + 3¢(t — 1) + 1. Clearly, the cardinality of P’
is at most 1/t! times the cardinality of the set of all (not necessarily decreasing)
tuples of non-negative integers (hq,...,hs) with ¢/ —t +1 < 2221 h; < ¢'. Using
that

z+y) _ (x+y)*tY y x T\\y
<— =1+ 1+ )< 14+ — fi >1
(") < SO B Dy < (et D) foray 2
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we infer

1 & h+t—1 1 g +t—1
P=#P <= < —-t-
#P=#P' <5 D (t—l)_t! (t—l
h=g’'—t+1
t 1 t—1
—1
Sﬁ'(@(l—f—@ +§+m)>

c_. (e(1+9—1 + %))tl : (1+ 3(t1_ 3

<4. (62(% n 1+t91))t—1 | -

IN

t—1
> sincet > 2, 6 <1

Let f be the polynomial from Theorem 3, i.e.

fX)=ao(X —a1)--- (X — o)

where the coefficients of f are rational integers, f is primitive, and a;, ..., a, are
distinct. Further, let g be a primitive, irreducible polynomial in Z[X] of degree t
satisfying
(1.17) 0 <|R(f.g)l < M(f)"-M(g)"™",
(1.18) M(g) > (25T M(f) =00 Ottt s) ™
where
1 1 .

(1.16) n:(2t+5)(1+§+---+2t—1) with 0 <d<1.
Then

9(X) =bo(X — €M)+ (X — )
where €, ... €® are the conjugates of an algebraic number & of degree t and

bo € Z. We order €. ¢®) in such a way that

oy =€ _ ey — €9

(7.1) “min

j=1,...r |]_,Oé]| - Jj=1,..,r |17a_7|

We show that ¢ satisfies one from a finite collection of systems (1.5) to which
Theorem 2 is applicable. From (1.12) it follows that

R(f,9)| 1rix oy —€9)
7.2 sy = U g o e

i=1j=1
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Fori=1,...,t, let o, be the zero of f for which

laj, —€D] oy — €9

=l |1 a4

From triangle inequality (2.7) it follows that for j # j;,

o — €9 >l< oy — €9 N oy, — €] ) o lagi—ay]
’17aj"|17€(i)| 2 ’17aj|"1’€(i)| ’17ajz‘ '|17£(i)’ N 2|1’aji ~’1,0_/j|
Further, using that the discriminant D(f) = a2 [Ticpeqer(ap — ay)? is a non-

zero rational integer,
] SR R ot BN 1103
1

= 27“(7“—1)/2M(f)7"—1 :

Together with (7.2) this implies that

IR(f,9)] i ey, — €9
(73) M(f)tM<g)T = ¢ ,L];[ 2|17ani| : |17£(z)| ’

t
with C = (217700201 (£ =)
Put &’ := (14+3+- - -+577)(2t+26). From (1.18) it follows that M (g) > Ck=r)""
By combining this with (7.3), (1.17) and using that M (g) = M (&) we get
t

-9 o gy < e
i=1 2|17aji|'|17£(l)| N N

We now apply Lemma 14 to Fj := |aj, — D [/(2- |1, a,] - [1,€D|) for j =1,...,t
and A = M(&)™"". Tt is trivial that F; < 1 and together with (7.1) this gives
O0<F <. <F, <1 Put

1 1 1
(74) k' =04+ +—-)2t+=6), 0:=1-k"/' =5/(8t+30) .

3 2t —1 2
Letting P be the set from Lemma 14, we infer that there is a tuple p = (p1, ..., p¢)
€ P such that

@ /
9 &l < Mg = MO fori= 1.1,

7.5 .
T3 S, neo] =
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where @; := p;x’. Note that Z:Zl ; > K. Together with (1.7) this implies

_ 1 - )
max(#0* (3w ) 2 (D grg) W =2ty

iel =1

Further, we have

M(f) > max M(o), [Qay,,...,05):Q <7,

i=1,...,r

M(€) = M(g) > max(4'+D/("=20 Ar(f)) by (1.18).

Hence from part (i) of Theorem 2 with 6/2 replacing ¢ it follows that each sys-
tem (7.5) has at most 3.2x 10%¢76~*log 4rt log log 47! solutions ¢ coming from an
irreducible polynomial g satisfying (1.17), (1.18).

By (7.4) we have

o aa(aG ) e84 by

t 2 t
1 8.\t-1 1\ t—1 i1
<a(e(+5) (1+5) <7636
< 4le (2 + 5) + 5 < ( )
Further, for the tuple (ji,...,j:) we have at most r’ possiblilities. Therefore, we

have at most 7rt(63671)!~1 possibilities for the system (7.5). We conclude that
the total number of primitive, irreducible polynomials g satisfying (1.17), (1.18)

is at most
7rt(636 1)1 . 3.2x 108764 log 4r! log log 41
< 105 (5713 . (100r)! log 47 log log 47 .
This completes the proof of Theorem 3. O
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