On the norm form inequality |F'(x)| < h.
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Abstract. Let F' € Z[X1,...,Xn] be a non-degenerate norm form of degree r.
In his paper [17] from 1990, Schmidt conjectured that for the number Zg(h) of
solutions of the inequality |F(x)| < h in x € Z" one has Zp(h) < c(n,r)h™",
with ¢(n,r) depending on n and r only. In this paper, we show that

Zp(h) < (167)5 (7 42200 5/ (1 4 log By BR(n—1)
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1. Introduction.

We start with recalling some results about inequalities as in the title in two variables,
i.e., Thue inequalities
|F(z,y)| <h inz,y€Z (1.1)

where F(X,Y) =a, X" +a, 1 X" 'Y +---+agY" € Z|X,Y] is a binary form which
is irreducible over Q. Assume that F' has degree r > 3. In 1933, Mahler [10] showed
that for the number Zg(h) of solutions of (1.1) one has

Zp(h) =Cp-h2"+OMRY"Y) ash — 00 with Cp = // dzdy
|F ()| <1

where the constant implied by the O-symbol depends on F'. Note that the main term
Cr - h?/" is just the area of the region {(z,y) € R?: |F(x,y)| < h}.

1) The author has done part of the research for this paper while visiting the Institute for
Advanced Study in Princeton during the fall of 1997. The author is very grateful to
the TAS for its hospitality.
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In 1987, Bombieri and Schmidt [3] showed that the Thue equation |F(x,y)| = 1
has only < r solutions in x,y € Z (where here and below constants implied by <
are absolute) and that the dependence on r is best possible. Also in 1987, Schmidt
[15] proved more generally that Zp(h) < rh?/7(1 + %log h) for every h > 1 and
he conjectured that the log h-factor is unnecessary. Thunder [18],[19] showed that
Zp(h) < rh?/" if loglogm > 7 and Zp(h) < (11°/logr)h?/™ otherwise.

In 1993, Bean [1] showed that for every binary form F' € Z[X,Y] of degree r > 3
one has Cr < 16. In certain special cases, Mueller and Schmidt [11] and Thunder
[18], [19] obtained explicit estimates | Zr(h) — Cph?/"| < c¢(r)h¥") with c(r) and d(r)
depending only on r and d(r) < 2/r. Recently, Thunder [20] showed that for a binary
cubic form F' € Z[X,Y] of discriminant D(F') which is irreducible over @, one has
|Zp(h) — Crh?/3| < 94 2008h'/2|D(F)|~1/12 4+ 3156h/3.

Now let F' be a norm form of degree r in n > 3 variables, that is,

s

F=cNgglonXi+ - +anXp) = c[[(f? X1 + - +aiX,) ., (1.2)
i=1
where K = Q(ay, ..., a,) is a number field of degree r, a — o¥ (i = 1,...,7) denote

the isomorphic embeddings of K into C, and c is a non-zero rational number such
that F' has its coefficients in Z. To F we associate the Q-vector space

Vi={oz1+ - +apz,: x1,...,2, € Q}. (1.3)
For each subfield J of K we define the linear subspace of V,
VIi={( eV ENeV forevery A€ J}. (1.4)

It is easy to see that €A € V7 for € € V', X € J, so V7 is the largest subspace
of V' closed under multiplication by elements from J. The norm form F' is said to
be non-degenerate if a, ..., , are linearly independent over Q and if V7 = (0) for
each subfield J of K which is not equal to Q or to an imaginary quadratic field. It
is easy to show that this notion of non-degeneracy does not depend on the choice of
CyQy, ..., 0y in (1.2).

Denote by Zp(h) the number of solutions of the norm form inequality

|[F(x)|<h inx€Z", (1.5)
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where h > 0. Schmidt’s famous result on norm form equations from 1971 ([14], Satz
2, p.5) can be rephrased as follows:

Zp(h) is finite for every h > 0 <= I’ is non-degenerate.

In view of Mahler’s result one expects that for arbitrary non-degenerate norm forms
F there is an asymptotic formula

Zp(h) = Cp - " + O(h¥™") as h — oo (1.6)

where Cp is the volume of the region {x € R" : |F(x)| < 1} and where d(n,r) < n/r.
By a result of Bean and Thunder [2] we have C'r < n" for some absolute constant c.
Note that the main term is precisely the volume of the region {x € R" : |F(x)| < h}.

As yet, only for norm forms from a restricted class such an asymptotic formula
has been derived. In 1969, Ramachandra [12] proved that for norm forms F' of the
special shape F' = ¢Ng /(X1 + aXs + o? X5+ --- + "1 X,,), where K = Q(a) is
a number field of degree r and r > 8n, one has an asymptotic formula (1.6) with
(n—1)/(r —n+2) < d(n,r) < n/r. This was generalised recently by de Jong [9],
who showed that there is an asymptotic formula (1.6) for norm forms F' as in (1.2)
satisfying the following three conditions: a) each n-tuple among the linear factors of
F is linearly independent; b) the Galois group of the normal closure of K over Q
acts n — 1 times transitively on the set of conjugates {a(M),... oM} of a € K; ¢)
r > 2n5/3. In the results of Ramachandra and de Jong, the constant in the error
term depends on F' and is ineffective. Thunder [21] obtained a formula (1.6) for norm
forms F' in n = 3 variables satisfying de Jong’s conditions a) and b) and no further
restriction on r with an effective error term depending on F'. For arbitrary norm
forms F in n > 4 variables, Thunder [21] could show only that the set of solutions of
(1.5) can be divided into two sets, S7 and Ss, say, where for the cardinality of S; we
have an effective asymptotic formula like the right-hand side of (1.6) and where the
set Sy lies in the union of not more than ¢(F)(1 + logh)" ! proper linear subspaces

of Q™.

In this paper we do not consider the problem to derive an asymptotic formula such as
(1.6) but instead to derive an explicit upper bound for Zg(h). In 1989, Schmidt [17]
showed that for arbitrary non-degenerate norm forms F’' of degree r in n variables, the

n nnt4
number Zr (1) of solutions of |F(x)| = 1 in x € Z" is at most min (7“230 r? p(2n) " )

3
This was improved by the author [6] to (233r2)n . Also in his paper [17], Schmidt
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conjectured that in general one has Zr(h) < ¢(n,r)h™/" where ¢(n,r) depends only
onnandr. Y

What we can prove is much less. Our main result is as follows:

Theorem 1. Let F € Z[Xy,...,X,] be a non-degenerate norm form of degree r in
n > 2 variables and let h > 1. Then for the number of solutions Zp(h) of |F(x)| < h
inx € Z" one has

Zi(h) < (16r) 3 H10° L (32070 3/7 (1 J log B)Bn(n=1) | (1.7)

Except for Ramachandra’s, all results on norm form equations mentioned above use
Schmidt’s Subspace theorem in a qualitative or quantitiative form; in particular, the
results giving explicit upper bounds for Zz(1) use Schmidt’s quantitative Subspace
Theorem from 1989 [16] or improvements of the latter. In our proof of Theorem 1 we
use a recent quantitative version of the Subspace Theorem due to Schlickewei and
the author [8]. In fact, using this we first compute an upper bound for the number
of proper linear subspaces of Q" containing the set of solutions of (1.5) (cf. Theorem
2 below) and then obtain Theorem 1 by induction on n.

We introduce some notation used in the statement of Theorem 2. For a linear form
L=a1X;+ -+ a,X, with complex coefficients, we write L := a1 X1 + - - - + @n Xp,
where @ denotes the complex conjugate of @ € C. Let F' be the norm form given
by (1.2). We assume henceforth that the isomorphic embeddings of K into C are
so ordered that o — o (i =1,...,7) map K into R and that a(**72) = a@ for
i =nr1+1,...,71 + ro, where r; + 2ry = r. There are linear forms Lq,...,L, in n
variables such that

F=+4L,- L,
Ly,..., L, have real coefficients, (1.8)
Li-l-?”z :fl fori:rl—i—l,...,'rl—i—?”g

(for instance, one may take L; = {/|c| - (agi)Xl + -+ ag)Xn) fori =1,...,r).
Linear forms Lq,..., L, are not uniquely determined by (1.8). For any set of linear
forms Lq,..., L, with (1.8) we define the quantity

A(Ly,...,L,) := max det(Li,,...,Li,)|, 1.9
h ) {ila~~~7in}C{1,..‘,r}| ( )| (1.9)

1)  Schmidt’s conjecture has been proved very recently by Thunder.
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where det(L;,, ..., L;, ) is the coefficient determinant of L; ..., L; , and where the
maximum is taken over all subsets {i1,...,i,} of {1,... 7} of cardinality n. We define
the invariant height of F' by

H*(F) :=inf A(Ly,..., L) , (1.10)

where the infimum is taken over all r-tuples of linear forms Ly, ..., L, with (1.8). By
Lemma 1 in Section 2 of the present paper, we have H*(F) > 1.

As usual, we write e for 2.7182--- . Let again F' be the norm form given by (1.2)
and V the vector space given by (1.3). Theorem 2 below holds for norm forms F
satisfying instead of non-degeneracy the weaker condition

ai,...,q are linearly independent over Q,
V7 SV for each subfield J of K (1.11)

not equal to Q or an imaginary quadratic number field.

Theorem 2. Let F' € Z[X1,...,X,] be a norm form of degree r in n > 2 variables
with (1.11) and let P be any real > 1. Then the set of solutions of (1.5) is contained
i the union of not more than

2 R PN wi log(eh - H*(F))\n—!
167\ (+10)% . (M E (1
(167) B < H*(F) ) < * logeP )

proper linear subspaces of Q™.

In the proof of Theorem 2 we make as usual a distinction between “small” and “large”
solutions. We estimate the number of subspaces containing the small solutions by
means of a gap principle which is derived in Section 5. In the proof of this gap
principle we partly use arguments from Schmidt [16]; the main new idea is probably
Lemma 5 in Section 5. We deal with the large solutions by reducing eq. (1.5) to a
number of inequalities of the type occurring in the Subspace Theorem (where we
more or less follow [6]) and then applying the quantitative result from [8].

We state another consequence of Theorem 2. For a homogeneous polynomial ) €
C[X1,...,X,] and a non-singular complex nxn-matrix B we define the homogeneous
polynomial

QP (X):=Q(XB),
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where X = (X1,...,X,,) is the row vector consisting of the n variables. Now let
F € Z[X4,...,X,] be a norm form of degree r and Lq,..., L, linear forms with
(1.8). Further, let B be a non-singular nxn-matrix with entries in Z. From definition
(1.9) it follows at once that

ALE, ... LP)=|detB|- A(Ly,...,L,) .

Now clearly, if L1, ..., L, run through all factorisations of F' with (1.8), then L¥ ...,
LB run through all factorisations of F'Z with (1.8). Hence the invariant height defined
by (1.10) satisfies

H*(FP) = |det B| - H*(F) . (1.12)

Two norm forms F,G € Z[X1, ..., X,] are said to be equivalent if G = FB for some
matrix B € GL,(Z), i.e., with det B = +1. Thus, a special case of (1.12) is that

H*(G) = H*(F) for equivalent norm forms F,G. (1.13)

For a norm form F € Z[X1,...,X,], let ||F|| denote the maximum of the absolute
values of its coefficients. In [17], Schmidt developed a reduction theory for norm
forms, which implies that for every norm form F € Z[Xy, ..., X,] of degree r there
is a matrix B € GL,(Z) such that ||F?]| is bounded from above in terms of r,n and
H*(F). By combining this with Theorem 2, we show in an explicit form the following;:
there is a finite union of equivalence classes depending on h, such that for all norm
forms F' outside this union, the set of solutions of (1.5) is contained in the union of
at most a quantity independent of A proper linear subspaces of Q.

Theorem 3. Let h > 1 and let F € Z[X4,...,X,] be a norm form of degree r in
n > 2 variables with (1.11) and with

min _|[FB|| > (32n)"/2p%" | (1.14)
BeGL,(Z)

Then the set of solutions of (1.5) is contained in the union of not more than
(167“)(”4'11)2
proper linear subspaces of Q™.

The case n = 2 of Theorem 3 was considered earlier by Gyéry and the author in
[7]. Note that each one-dimensional subspace of Q? contains precisely two primitive
points, i.e., points with coordinates in Z whose gcd is equal to 1. Combining the
method of Bombieri and Schmidt [3] with linear forms in logarithms estimates, Gy6ry
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and the author showed that the Thue inequality |F(x,y)| < h has at most 12r
primitive solutions (x,y) € Z? provided that F' € Z[X,Y] is an irreducible binary
form of degree r > 400 with mingegr,z) |[F7|| > exp(ey (r)R1O=D%) for some
effectively computable function c¢i(r) of r. Theorem 3 gives the much worse upper
bound 2 x (167)®! for the number of primitive solutions of |F(x,y)| < h but subject
to the much weaker constraints that I have degree 7 > 3 and mingegr,z) ||[F?|| >
26"h4. The polynomial dependence on h of this last condition is because in the proof
of Theorem 3 no linear forms in logarithms estimates were used. Under a similar
condition on F' and for all » > 3, Gyéry obtained the upper bound 28r (personal
communication).

One may wonder whether there is a sharpening of Theorem 3 which gives for all norm
forms F' in n > 3 variables lying outside some union of finitely many equivalence
classes, an upper bound independent of A for the number of primitive solutions of
equation (1.5) instead of just for the number of subspaces. It was already explained in
[5] that such a sharpening does not exist. To construct a counterexample, one takes
a number field K of degree r and fixes Q-linearly independent aq,...,a,_1 € K and
c € Q* such that the norm form CNK/Q(ale + -+ ay-1X,—1) has its coefficients
in Z. Now if ,, runs through all algebraic integers of K, then F' := cNg/g(a1 X1 +
o4 ap—1Xn—1 + apX,) runs through infinitely many pairwise inequivalent norm
forms in Z[X1, ..., X,]. Clearly, one has |F(x)| < h for every algebraic integer «,, €
K and each primitive vector x = (x1,...,2,_1,0) with z; € Z, |z;] < hY/" for
t =1,...,n — 1, the constant implied by < depending only on K,c,ay,...,ap_1.
Thus, there are infinitely many pairwise inequivalent norm forms F' € Z[X;,..., X,,]
of degree r such that for every such F and for every h > 1, the inequality |F(x)| < h
has > A(»=D/" primitive solutions x € Z" lying in the subspace x, = 0.

2. Proof of Theorem 1.

In this section, we deduce Theorem 1 from Theorem 2. Let F' € Z[Xq,...,X,] be
the norm form of degree r given by (1.2) and let K, a1,...,a, and ¢ be as in (1.2).
Assume that F' is non-degenerate. The cardinality of a set Z is denoted by |Z|. We
need the following lemma:
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Lemma 1. H*(F) > 1.

Proof. Choose linear forms Ly, ..., L, with (1.8). Let Z denote the collection of or-
dered n-tuples (i1,...,iy,) from {1,...,r} for which det (L;,, ..., L;, ) # 0. According
to Schmidt ([17], p. 203), the semi-discriminant

D(F) = H |det (Liw'"aLin)’
(1yeeeyin)ET

is a positive integer. This implies that

A(Lla'-'7LT) = ~max ’det (L2137L1n)| > D(F)1/|I| >1.

By taking the infimum over all Ly, ..., L, with (1.8) we obtain Lemma 1. O

Assume that F' is non-degenerate. Denote by Z}.(h) the number of primitive solutions
of (1.5), i.e., with ged (21, ...,2,) = 1.

Lemma 2. Z;;(h) S % . (167’)%(”4‘11)3 . h(”+z::=2 %)/'P . (1 + log h)%n(n—l)'

Proof. Denote by A(n,r, h) the right-hand side of the inequality in Lemma 2. We
proceed by induction on n. First, let n = 2. Since F' is non-degenerate, condition
(1.11) is satisfied. On applying Theorem 2 with P = H*(F') (which is allowed by
Lemma 1), we infer that the set of solutions of (1.5) is contained in the union of not
more than

(16r)64h2/’"(1+ logleh - H (F))) < (16r)54h2/7(2 + log h) < = A(2,r, h)

1
loge H*(F") =2
proper one-dimensional linear subspaces of Q2. Using that each one-dimensional sub-
space contains at most two primitive solutions, we get Z5.(h) < A(2,r, h).

Now let n > 3. Again, (1.11) holds since F' is non-degenerate, and again from Theorem
2 with P = H*(F') we infer that the set of solutions of (1.5) is contained in the union
of not more than

log(eh - H*(F)) )n—l
log e H*(F)

< (167) (" H10%9n =1 B TEDE (1 + logh)" ' =: B(n,r, h)

(16r) (10" T (1 4
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proper linear subspaces of Q™.

There is no loss of generality to assume that these subspaces have dimension n — 1.
Let T be one of these subspaces and consider the solutions of (1.5) lying in 7'. Fix a
basis {a; = (aj1,...,ain) : i =1,...,n — 1} of the Z-module T'NZ" and define the
norm form G € Z[Y1,...,Y,_1] in n — 1 variables by

G = F(Y1a1 + -+ Yn_lan_l) .

Clearly, there is a one-to-one correspondence between the primitive solutions of (1.5)
lying in 7" and the primitive solutions of

IG(y)|<h inyez" . (2.1)

Note that since F' = cNg/g(a1 X1 + -+ + @, X,,) we have
G = cNK/Q(ﬁlYl + -+ Bp1Yn_1) with g; = ZGUO‘J fori=1,. — 1.

The vector space associated to G is W := {B1y1+- -+ Bn-1Yn—1: Y1,---,¥Yn—1 € Q}.
As usual, for each subfield J of K we define W7 := {£ € W : \X¢ € W for every
A € J}. We verify that G is non-degenerate. First, the numbers fq,...,03,_1 are
linearly independent over Q since aq,...,a, are Q-linearly independent and since
the vectors ay,...,a,_1 are QQ-linearly independent. Second, since W C V and F
is non-degenerate we have that W7/ C V7 = (0) if J is not equal to Q or to an
imaginary quadratic field.

We infer from the induction hypothesis that the number of primitive solutions of
(2.1), and hence the number of primitive solutions of (1.5) lying in 7, is at most
A(n — 1,r,h). Since we have at most B(n,r, h) possibilities for T', we conclude that
the total number of primitive solutions of (1.5) is at most

A(n—1,7,h) - B(n,r,h)
. gn— (167“) (n+10) —l—(n—HO)2 h(” 1+(Zn_22 711)+n T)/T (1+logh)%(n—1)(n—2)+n—1

n—1 1
- (16r)3 GRSV ACED D Vi (1 +1logh)z""=V = A(n,r,h) . B

OOI*—‘OJH—‘

Proof of Theorem 1. We have to prove that Zpz(h) < 1(h)h™/", where

—1

(k) = (16r)3 D R Qe 3)/7 (1 4 log h) 371,
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For ¢ =0,..., h, denote by a(c) the number of primitive solutions x € Z" of |F(x)| =
¢ and by b(c) the number of all solutions x € Z™ of |F(x)| = ¢. Thus,

a(0) =0, b0)=1, blc)= > alc/d") for c>0,
d: dle,d>0
h h

Zp(h) = b(c), Zp(h) =) a(c), forh>0.
c=0 c=0

This implies, on interchanging the summation and then using a(c) = Z5(¢)—Z5(c—1)
for ¢ > 1,

hy=1+> > a(e/d)

c=1 d: d"|c,d>0
h

+Za(c)¢h7c

=1

=142 +Z(\/%—{/m) Z5(c

By Lemma 2 we have Z(c) < %@D(h)c”/r for ¢ < h. Hence

Zr(h) <1+ 1/1 <hn/T+Z(\/h/c—\/h/c—|—1> />

— 1+ gulh) zm (/" = (e~ 1))

1 n 1
<14 g¢(h)/0 Jhjz - %xvldx — 1+ §¢<h)n’f
< ()™

This proves Theorem 1. O
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3. Proof of Theorem 3.

Let F' € Z[X;,...,X,] be a norm form of degree r satisfying (1.2), (1.11). Define the
quantity

1/2
H(F) = mf( 3 |det (Lm---aLz‘n)Vz) )
{il,...,in}C{l,...,r}

where the sum is taken over all subsets of {1,...,r} of cardinality n and the infimum
over all r-tuples of linear forms L, ..., L, with (1.8). By Schmidt’s reduction theory
for norm forms (cf. [17], Lemma 4) we have

: FB < (97 3/2V -1 T'H* F\"
pcin || | < (2"n2V(n)~h) - Hy (F)",

where V' (n) is the volume of the n-dimensional Euclidean ball with radius 1. Together
with V(n) > (n1)/2 and Hj(F) < (7)"/*H*(F), this implies

min _ ||FB|| < (320)""/2 . H*(F)" .
BEGL,(Z)

Now assume that F' satisfies (1.14). Then it follows that

By applying Theorem 2 with P = H*(F)'/2  we infer that the set of solutions of
(1.5) is contained in the union of at most

(1or) 0107 . (14 JoBlel ()

log e H*(F)1/2
log eH*(F)l"_(r/Qn) >n—1
log e H*(F)1/2

< (1607 (14

< (167)(nH1D°

proper linear subspaces of Q™. This proves Theorem 3. O
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4. Choice of the linear factors.

By Q we denote the algebraic closure of Q in C. We agree that algebraic number
fields occurring in this paper are contained in Q. Vectors from Q", R"”, etc., will
always be row vectors.

Let F' € Z[X1,...,X,] be a norm form of degree r satisfying (1.2) for some number
field K, some ag,...,a, € K, and some non-zero ¢ € Q. As before, we order the
isomorphic embeddings of K into C in such a way that a — o map K into R for
i=1,...,r;and a(™72) = o fori = ri+1,..., 7 +72, where r{+2ry = r = (K : Q).
In this section we choose appropriate linear factors Lq,..., L, of F satisfying (1.8).
The quantities A(Lq,...,L,) and H*(F) are defined by (1.9), (1.10), respectively.

Lemma 3. There are linear forms Ly, ..., L, which satisfy (1.8) and which have the
following additional properties:

Li= Y80 . ("X, +- +a0X,) (i=1,...,r) (4.1)
for some B € K, k € Z~q and choices for the roots /B3, ... /B,
Lq,...,L, have algebraic integer coefficients;

H*(F) < A(Ly, ..., L) <2H*(F) .

Proof. We will frequently use that if Lq,..., L, satisfy (1.8) then ¢1Lq,...,c L,
satisfy (1.8) if and only if ¢; € Rfori =1,...,71, Ciyr, =G fori=r1+1,...,r1 +ry
and ¢; --- ¢, = £1.

Suppose that K has class number h. Let a denote the fractional ideal in K generated
by ai,...,q,. Then a” is a principal ideal with generator v € K, say. Choose roots
8 = 2/(7D)2 such that §; € Rsq for i = 1,...,7; and such that d;,,, = 9; for
i=r1+1,...,7 4+ 72 (note that for i = 1,..., 7, (y¥)? is positive so that it has a
positive real 2h-th root).

Define the linear forms

Li = {/|c| - 61---0, -5-_1(049))(1 +.+aWX,) fori=1,...,r, (4.4)

7

where the r-th root is a positive real. From (1.2) it follows easily that Ly,....L,
satisfy (1.8). We claim that L; has algebraic integer coefficients for i = 1,...,r. Let M
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be a finite extension of K containing the numbers al(-j), dj(i=1,...,n,5=1,...,7)

and {/|c|-01---d,. For B1,...,Bm € M, denote by [B1,..., ] the fractional ideal
in M generated by [(1,..., Bmy. For a polynomial Q € M[X;,...,X,], denote by [Q]

the fractional ideal in M generated by the coefficients in ). By the choice of the

§; we have [§;]?" = [y(]? = [agi), e ,ag)]%, hence [§;] = [agi), e ,ag)]. Therefore,
[L;] = [{/]c| - 01 -+ -0, ]. But according to Gauss’ lemma for Dedekind domains we
have [F] = [Ly1]---[L,] = [|¢| - §1 - - - 6;]. By assumption, F' has its coefficients in Z,

so |c| - 01 - -+ J, is an algebraic integer. This proves our claim.

Let # > 0. From the definition of H*(F) it follows at once that there are complex
numbers ci,...,¢, with ¢1,...,¢,, € R, ¢igp, = ¢ for i =ry +1,...,71 + 12 and
c1--+¢. = x1 such that

A(erLy, ... e Ly) < (14 0)H*(F) . (4.5)

We approximate cq,...,c, by algebraic units. Let U denote the unit group of the
ring of integers of K. According to Dirichlet’s unit theorem, the set

{(log |eM],...,log|eM)|) : € € Uk} is a lattice which spans the linear subspace H C
R" given by the equations z1 + -+ x, =0, Tjqp, = x; for i =ry +1,...,7r1 +72.
This implies that there is a constant C'x > 0 such that for every positive integer m
there is an € € Ui with

‘log|a(i)| —mlog |¢;| ’ <Cg fori=1,...,r.

Choose m so large that Cx < mlog(l + #). Choose roots n; := *%/(¢(¥)2 such
that n; € R for ¢ = 1,...,r and njy,, = 0; for ¢ = r; +1,...,71 + ro. Thus,
(log|ml,...,log|n-|) € H and

| log |n;] — log |¢;|| <log(1+6) fori=1,...,r. (4.6)
Define the linear forms
L; := 772]31 :m{/m-éi_l(agi)Xl +---+a,(f)Xn) fori=1,...,r.
Note that with £ = 2hmr we have

(i /1e|or -6, 6, 1)F = ()22 (y (D) A (ry2m (5 ) =2mr — o)

with 8 := 2" |c|*"™ N o (7)™ 2™ € K .

Hence Ly, ..., L, satisfy (4.1) for some f3, k. It is easy to check that L, ..., L, satisfy
(1.8) and (4.2). To verify (4.3), we observe that by (4.6), (4.5) we have, on choosing
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il,...,in & {1,...,7”} with A(Ll,...,LT> = |det(Li1,...,Lin)|,

A(Lh e ,Lr) = % . ]det (Cilf/ila e >Ciniin)|

< (1+6)"-|det (ci, Liy, ..., ci, Ly )| < (14 0)" T H*(F) < 2H*(F)

for sufficiently small 6. Lastly, since Ly, ..., L, satisfy (1.8) we have A(Lq,...,L,) >
H*(F). This proves Lemma 3. O

We recall that for a homogeneous polynomial @ € C[X7,..., X,,] and a non-singular
complex nxn-matrix B we define QP (X) := Q(XB). Further, we denote by ||Q|| the
maximum of the absolute values of the coefficients of Q).

Lemma 4. Let Ly, ..., L, be linear forms with (1.8), (4.1), (4.2), (4.3). Then there
is a matrizr B € GL,(Z) such that

IILB|| < 2n)"TYH*(F) fori=1,...,r. (4.7)
Proof. We modify an argument of Schmidt from [17]. We will apply Minkowski’s
theorem on successive minima to the symmetric convex body
Ci={xeR": [Li(x)[ <1 fori=1,...,7}.

We need a lower bound for the volume of C. Recall (1.8). Let Mj,..., M, be the
linear forms with real coefficients given by

Mi :Lz (izl,...,Tl),

Mi = %(Li+L_i):%(Li+Li+r2) (i:T1+1,...,T1+T2), (48)
Mi+r2 = 2—\/1_—1(111 _L_z) = 2—\/1_—1(1/1 — Li+r2) (Z =T + 1,.. ., T1 +T2).

Let {j1,...,jn} be a subset of {1,...,r} for which |det (M,,,...,M;, )| is maximal.
Suppose that 1 < j; < -+ js <71 < Jsp1 < -+ < jn. By (4.8) we have
L)

INEERE

det (Mj,,...,M;,) =Y erdet (Lj,,...,L;,, L
I

where the sum is taken over tuples I = (is41,...,,) with precisely two possibilities
for each index i; and where |e;| = 2°7" for each tuple I. Together with (4.3) this
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implies

et (M, ..., M; )| < A(Ly,..., L) < 2H*(F) . (4.9)

19

From (4.8) it follows that rank{M,..., M,} = n. Hence |det (M;,,..., M, )| # 0.
So there are ¢;;, € C with

L; = ZCiijk fori=1,...,r. (4.10)
k=1

We estimate |c;;| from above. First suppose @ < ry. Then L; = M; by (4.8), so

‘det(Mjl7-';Mlﬂ7Mjn)‘ <1

|cik| = <
|d€t (Mjl7""Mjk:7"'7Mjn)|

Now suppose 1 +1 <i < r; + re. Then by (4.8) we have L; = M; + /—1M;4,,, so

|C~k| _ |det (Mjl?' . ~7Li7- ’Mjn)|
]det (Mjlﬁ"WMjk?"'?Mjn)’
|det (Mjl,...,Mi,...,Mjn” |det (Mj17"'7Mi+T27"'7Mjn)|

< <2.
|det (Mj17"'7Mjk7"'7Mjn)| |det (Mjw"'?Mjk?"'?Mjn”

We have a similar estimate for |c;| for 11 + o +1 < i < r. Hence |¢;x| < 2 for
i=1,...,r, k=1,...,n. Together with (4.10) this implies

COD:={xeR": |M; (x)|<(2n)! fork=1,...,n}.

So by (4.9),
vol (C) > vol (D) = 2™(2n) "|det (M;,, ..., M; )|
1
> 5n—"lal*(F)—l . (4.11)
Denote by Aq,..., A, the successive minima of C with respect to Z". Thus, there are

linearly independent vectors by, ..., b, € Z"™ with b; € \;C, i.e., with |L;(b;)| < A;
fori=1,...,r, 5 =1,...,n. By Minkowski’s theorem and (4.11) we have

A A, < 2%ol ()7 < 2" inm HH(F) .
Further, by (1.8) we have 1 < |F(b1)| =[]/, |Li(b1)| < A}. Hence

A, < 2" H*(F) | (4.12)
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By a result of Mahler (cf. Cassels [4], Lemma 8, p. 135), Z™ has a basis {by,...,b,}
with b; € jA;C for j =1,...,n. Together with (4.12) this implies

|Li(bj)] < n\, < 2n)"TTH*(F) fori=1,...,r,j=1,...,n.

Now Lemma 4 holds for the matrix B with rows b; (j =1,...,n). O

Let Lq,..., L, be linear forms with (1.8), (4.1)—(4.3) and let B be the matrix from
Lemma 4. We now write F for FB L, for LP? and replace everywhere the old
forms F, L; by the new ones just chosen. This affects neither the minimal number
of subspaces of Q™ containing the set of solutions of (1.5) nor the invariant height
H*(F). Further, the conditions (1.8) and (4.1)—(4.3) remain valid (but with different
ai,...,ap in (4.1)). Lastly, condition (4.7) holds but with B being replaced by the
identity matrix.

So it suffices to prove Theorem 2 for these newly chosen forms F, Lq,..., L, and we
will proceed further with these forms. This means that in the remainder of this paper,
F is a norm form in Z[ X, ..., X,,] of degree r of the shape (1.2) satisfying (1.11), K
is the number field and a;, ..., «, are the elements of K from (1.2), and Lq,..., L,
are linear forms with the following properties:

F=+L,---L,; (4.13)
Ly,...,L,, have real coefficients; (4.14)
Litr,=1L; fori=ry+1,...,71 +71o; (4.15)
Li= /B0 - X1+ +aPX,) (i=1,...,r) (4.16)
for some 3 € K, k € Z~( and choices for the roots W, e ’\“/W;
H*(F)<A(Ly,...,L,) <2H*(F) ; (4.17)
I|Li|| < (2n)" T H*(F) fori=1,...,r; (4.18)
Ly,..., L, have algebraic integer coefficients. (4.19)

We fix once and for all a finite, normal extension N C C of Q such that N contains
K, the images of the isomorphic embeddings o — (% (t=1,...,7) of K into C,
the coefficients of Ly, ..., L, and the k-th roots of unity, where k is the integer from
(4.16). Let

d:=[N:Q] (4.20)
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and denote by Gal(N/Q) the Galois group of N/Q. Clearly, for each o € Gal(N/Q)

there is a permutation o*(1),...,0*(r) of 1,...,r such that
o(aP)=a D) foraeK,i=1,...r. (4.21)
For each pair 4,5 € {1,...,r}, we have
o*(i) = j for precisely d/r elements o € Gal(N/Q), (4.22)

since the Q-isomorphism a® — al) (o € K) can be extended in exactly d/r ways
to an automorphism of N. For a linear form L = a; X7 + - - - + «,, X,, with coefficients
in N and for o € Gal(N/Q) define o(L) := o(a1) X1 + - -+ + o(ay)X,,. From (4.21)
and (4.16) it follows that there are k-th roots of unity p,,; such that

0(Li) = poilo=y fori=1,....r, o€ Gal(N/Q). (4.23)

Denote by ¢ the restriction to N of the complex conjugation. Note that ¢« € Gal(N/Q).
Recall that the conjugates of a € K were so ordered that o/¥ e R fori =1,...,7

and o*t72) = o) for i = r; +1,...,r; + 7. By (4.21) we have that +*(i) = i for
i =1,...,r; and that * interchanges 7 and ¢ +r9 for i =71 +1,...,71 + 9. Together
with (4.14) (i.e., L; = L; for i = 1,...,r1) and (4.15) this implies

Ly« =L; fori=1,...,r. (4.24)

5. The small solutions.

In this section, we develop a gap principle to deal with the small solutions of (1.5).
We need a preparatory lemma.

Lemma 5. Let D > 1 and let S be a subset of Z™ with the property that
|det (x1,...,%,)| < D for each n-tuple xq,...,%x, € S. (5.1)
Then S is contained in the union of not more than
100" - D1

proper linear subspaces of Q™.
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Proof. We assume without loss of generality that S is not contained in a single
proper linear subspace of Q", i.e., that & contains n linearly independent vectors,
X1,...,Xp, say. Then every x € S can be expressed as x = Y ., z;x; for certain
z; € Q. By (5.1) we have for such an x,

|det (x1,...,%,...,Xp)]

|z;| = <D fori=1,...,n.

|det (xl,...7Xi,~-.,Xn)’

This implies that S is finite.

Let S = {x1,...,%X,,}. Denote by C the smallest convex body which contains S and
which is symmetric about 0, i.e.,

C= {izixi 1z € R,i ’Z1| < 1}
=1 =1

Let A1,...,\, denote the successive minima of C with respect to Z". The body C
contains n linearly independent points from Z" since S does. Therefore,

0<A <--<A <1 (5.2)

Further, we have
A A, > DL (5.3)

To show this, take linearly independent vectors yi,...,y, € Z™ with y; € \;C for
i =1,...,n. Then A;lyi € C, i.e., )\i_lyi = Z;”:l z;j%; for certain z;; € R with
Z;'n:1 |zij] < 1. In view of (5.1) this implies

A A) 7 < det ATy, A by

m m
= Z Z |Zl,j1|"'|zn7jn| ) |det(xj1""’xjn)| =D,

which is (5.3).
To C we associate the vector norm on R™ given by
||x|] := min{\ : x € AC}.

According to a result of Schlickewei [13] (p. 176, Prop. 4.2), the lattice Z™ has a basis
{e1,...,e,} such that

I|x|| > 47" max(|z1] - ||le1]],- .-, |2zn] - |len]]) for x € Z™, (5.4)
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where z1,...,2, are the integers determined by x = Y " | z;e;. Assuming ||e;|| <
-+ < ||len|| as we may, we have

Since S C C we have ||x|| <1 for x € S. So by (5.4), (5.5) we have for all x € S,

|2i] 4"\ fori=1,...,n. (5.6)
Now since the mapping x — (z1,..., 2,) is a linear isomorphism from Z" to itself, it
suffices to prove that the set of vectors z = (z1,...,2,) € Z" with (5.6) is contained

in the union of not more than 100" - D=1 proper linear subspaces of Q™.

We construct a collection of (n — 1)-dimensional linear subspaces of Q™ whose union
contains the set of vectors with (5.6), or rather a set of linear forms with integer
coefficients such that each vector z € Z" with (5.6) is a zero of at least one of these
forms. We first determine an index s such that \; is not too small for ¢ > s. Let
s € {0,...,n — 2} be the index for which (Agyq--- )\n)# is maximal. From (5.3)
it follows that

1

Msg1 - An)T T > (Ap-- Ap) 7T > D71 | (5.7)

Moreover, we have
At > Mogr- An)7T fort=s+1,...,n (5.8)

Indeed, for s = n — 2 this follows at once from (5.2). Suppose s < n — 2. Then from
the definition of s it follows that

1 1 1
s

1
This implies A /77% > (Asq1 -+ Ap) 72" 7==-1, whence Agy1 > (Asp1---Ap)mo-1,
and this certainly implies (5.8).

Using an argument similar to the proof of Siegel’s lemma, we show that for each

vector z with (5.6), there is a non-zero vector ¢ = (¢s41,...,¢,) € Z"* with
Csi12s41 + -+ Cpzn =0, (5.9)
\cz\g)\z<%>ﬁ fori=s+1,...,n. (5.10)
Put

1

<n‘4n+1>nsl
Aot1 A :

B :=
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Consider all vectors ¢ = (¢s41,...,¢n) € Z" % with
0<c¢;<\B fori=s+1,...,n. (5.11)

Let z = (z1,...,2,) € Z™ be a vector with (5.6), and suppose that z; > 0 for exactly
r indices i € {s+1,...,n}, where r > 0. Then for vectors ¢ € Z"~* with (5.11) we
have

—(n—s—1)4"B < 5412541+ + Cpzp <1r-4"B .
So the number of possible values for c5412541 + -+ - + ¢y 2y, is at most
[r-4"Bl+[(n—s—7r)-4"B]+1<[(n—s)-4"B]+1.

Further, the number of vectors ¢ € Z"~* with (5.11) is equal to

n

IT (Bl +1) .

1=s+1

By the choice of B, this number is larger than
Med1  AB" =AM B" . B=(n-4"+1)B>|[(n—5)4"B] + 1,

noting that by (5.2) we have B > 1. Therefore, there are two different vectors ¢’ =
(Cogqs-nCp)y € =(Ciir,--s0p) €L with0< ¢}, ¢f < A\Bfori=s+1,...,n
and ¢, Zep1 4+ € 2n = €y 1241+ -+ 2. Now clearly, the vector ¢ := ¢’ —c”

is non-zero and satisfies (5.9), (5.10).

For each non-zero ¢ € Z"*, (5.9) defines a proper linear subspace of Q™. By esti-
mating from above the number of vectors ¢ € Z"~° with (5.10), we conclude that the
set of vectors z € Z" with (5.6) is contained in the union of at most

1

° n-4" 4+ 1 \ i1
[T {n(—) +

1=s+1

1
s

< I ()77 wv s

1=s+1

=37 (0 4" DT (A M) T T <1007 (Agyreee An) T
< 100" - D+ (by (5.7))

proper linear subspaces of Q™. This proves Lemma, 5. O
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The next gap principle is a generalisation of Lemma 3.1 of Schmidt [16]. For x =
(X1,...,2,) € C™ we put ||x|| := max(|z1],..., |zn]).

Lemma 6. Let P,Q, B be reals with
P>1, Q>1, B>1 (5.12)

and let My, ..., M, be linearly independent linear forms in Xq,..., X, with complex
coefficients. Then the set of x € Z™ with

M) Mo (9] < [det My, .., My)| - 2 (5.13)
Ix|| < B (5.14)
18 contained in the union of not more than
1 logeB\ "1
100n2)" . n31.<1 )
(100n7)" - @ + logeP
proper linear subspaces of Q™.
Proof. Put los e B
oge
T:=(n—1 (1 [ ]) . 1
(n—1)(1+ log ¢ P (5.15)
We assume that
|M;]|]=1 fori=1,...,n (5.16)

(recall that ||M; || is the maximum of the absolute values of the coefficients of M;).
This is no loss of generality, since (5.13) does not change if M, ..., M,, are replaced
by constant multiples. As a consequence, the solutions x of (5.13), (5.14) satisfy

|M;(x)| <nB fori=1,...,n.

This implies that for every solution x € Z™ of (5.13), (5.14) either there is an index
je{l,...,n—1} such that

|M;(x)| < (nB)'™™, (5.17)
or there are integers cq,...,c,_1 with
(nB)*/T < |M;(x)| < (nB)“TV/T fori=1,...,n—1, (5.18)

—(n—-1)T<¢<T-1 fori=1,...,n—1. (5.19)
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(The linear form M, (x) does not have to be taken into consideration).

We consider first the solutions x € Z™ of (5.13), (5.14) which satisfy (5.17) for some

fixed j € {1,...,n —1}. Let x; = (z11,...,%1n), ..., X, be any such solutions. Let
M; = a1 X1+ -+ ap, X, with ||M; || = |a¢|, say. Then |az| =1 by (5.16) and so the
absolute value of the determinant det (x1,...,%,) does not change if we replace its

t-th column by M;(x1), ..., M;(x,). Hence

T - Mi(xl) e Typ
|det (x1,...,%,)| = |det :
Tpi o Mi(Xp) cc Tam
< n H max [ej] + max M)
k;ét

< nl-B"'mB)""<1.

Now since det (x1,...,X,) € Z, this implies det (x1,...,x,) = 0. Hence x1,...,x,
lie in a single subspace of Q™. We infer that for each ¢ € {1,...,n — 1}, the set
of solutions of (5.13), (5.14) satisfying (5.17) is contained in a single proper linear
subspace of Q™.

We now deal with the solutions x of (5.13), (5.14) which satisfy (5.18) for some fixed
tuple c¢1,...,c,—1 with (5.19). Let x3,...,x, be any such solutions. Then

|det (x1,...,%,)| = |det (M, ..., M, )| - |det (M;(x5))1<i,j<n]| - (5.20)
The last determinant is a sum of n! terms

T M (Xp(1)) - Mn(Xo(n))

where o is a permutation of 1,...,n. Consider such a term with o(n) = j. Using that
by (5.18) we have

| My (x))| < (nB)YT|My(x,)| fork=1,...,n—1, 1 #j

we get
| My (Xo(1)) -+ M (Xo(n))| < (nB)" DT My(x5) - - My (x;)]
< (nB)=V/T|det (My, ..., M,)| - % using (5.13)
<e-(n/e)" VT |det (My,...,M,)|-Q using (5.15).
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By inserting this into (5.20) and using 7" > n — 1 we obtain
|det (x1,...,%x,)| <n-n!-Q .

Now Lemma 5 implies that the set of solutions of (5.13), (5.14) satisfying (5.18) for
some fixed c¢q,...,¢,_1 is contained in the union of at most

100" - (n - n!- Q)™
proper linear subspaces of Q™.

We have n— 1 inequalities (5.17), each giving rise to a single subspace of Q™. Further,
in view of (5.19) we have (nT)"~! systems of inequalities (5.18). Together with (5.15),
this implies that the set of solutions x € Z" of (5.13), (5.14) is contained in the union
of at most

L 1 1 Byn—1
n—1 4+ 100"(n-n))=1Q"=T - (n(n — 1))n_1<1 + 1Z§ZP>
1 logelg n—1
< (100n3)"™ - Q7T - (1 )
< (100" - @ * logeP
proper linear subspaces of Q™. This proves Lemma, 6. 0

Now let F' € Z[Xy,...,X,] be the norm form of degree r with (1.2), (1.11), and
Ly,..., L, the linear forms with (4.13)—(4.19) which we have fixed in Section 4.

Lemma 7. For every solution x of (1.5) there are i1,...,i, € {1,...,7} such that
L ,...,L; are linearly independent and such that
hn/r
|Li, (x) -+ Ls, (x)] < |det (Liy .., L, )| (5.21)

CHA(F)

Proof. We closely follow the proof of Lemma 3 of Schmidt [17]. For x = 0 we have
Li(x)=0fori=1,...,r and (5.21) is trivial. Let x be a non-zero solution of (1.5).
Define linear forms

,_IEG

R TACIIR (i=1,...,r).

From (4.13)—(4.15) it follows that Lf,..., L. satisfy (1.8). Pick 41,...,4, such that
|det (L; ..., L; )|is maximal. Then from (1.5) and the definition of H*(F") it follows
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that

. |det (Li17 Ce ;LG)‘

L; L — \F n/r _ LARNY n/r
0,00 a0 = (g (g IFOOI T = e )
hn/r
S ]det(Lil,...,Lin)\ . H*(F) OJ

By combining Lemmata 7 and 6 we arrive at the following result for the small solu-
tions of norm form inequality (1.5):

Proposition 1. Let P > 1, B > 1. Then the set of solutions x of (1.5) with
I|Ix|| < B (5.22)

18 contained in the union of at most

s (1, (J5) ) 1+ )

proper linear subspaces of Q™.

Proof. From Lemma 6 with

h/rp
— 1, —
Q=max{1 7277 )
and from Lemma 7 we infer that for each tuple {iy,...,i,}, the set of solutions of

(1.5) satisfying (5.21) and (5.22) is contained in the union of not more than

(100712)n - max (1, <Z71/(7;;>ﬁ> ) (1 n 12? Zi)n—l

proper linear subspaces of Q™. Now Proposition 1 follows, on noting that we have at
most (') possibilities for {i1,...,i,} and that (100n?)™ - () < (300rn)™. O

r
n
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6. The quantitative Subspace Theorem.

We recall a special case of the quantitative Subspace Theorem from [8] and then
specialise it to a situation relevant for eq. (1.5). We must first introduce the Euclidean

height which has been used in the statement of the quantitative Subspace theorem
of [8].

Let x = (z1,...,2,) € Q" with x # 0. To define the height of x, we choose a number
field K containing z1,...,x,. Let d = [K : Q] and let o1,...,04 denote the iso-
morphic embeddings of K into C. Further, denote by Nk ,q(z1,...,2,) the absolute
norm of the fractional ideal in K generated by x1,...,x,. Then the Euclidean height
of x is defined by

d n o ()12 1/2\ 1/d
Hy(x) = (Hi—l(zﬂ'—l‘ ()l ) .

NK/Q(.Tl, c. ,ZCn)

It is easy to see that this is independent of the choice of K. Moreover, we have
Hy(\x) = Hy(x) for every non-zero A € Q. This implies Hz(x) > 1. Note that

N (1 e Y R ) € 27\ {0}

x) = or Xx = (T1,...,%Tn )

2 ged(z1, .., xy) breee

For a non-zero linear form L = ay X7 + -+ + o, X, with a = (aq,...,ay,) € Q" we

put Ho(L) := Hy(a).

The following result is a special case of Theorem 3.1 of [8]. Except for the better
quantitative bound, this result is of the same nature as the first quantitative version
of the Subspace Theorem, obtained by Schmidt [16].

Quantitative Subspace Theorem. Let 0 < § < 1 and let My, ..., M, be linearly
independent linear forms in Xq,..., X, such that

the coefficients of My, ..., M, generate an algebraic number field of degree D.
(6.1)
Then the set of x € Z™ with
|M(x) -+ My,(x)| < |det (M, ..., M,)|- Hy(x)~°, (6.2)
Hy(x) = max (n'"/%, Hy(My), .., Ho(My)) (6.3)
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18 contained in the union of at most
167197 . 57204 100(4D) - log log(4D) (6.4)
proper linear subspaces of Q™.

Let F' be the norm form with (1.2), (1.11) and Lq,..., L, the linear forms with
(4.13)—(4.19) which we have fixed throughout the paper. Let K be the number field
associated to F' as in (1.2), N the finite, normal extension of QQ introduced at the end
of Section 4 containing the coefficients of Lq,..., L, and d = [N : Q]. We want to
apply the quantitative Subspace Theorem to any set of n linearly independent forms
from Lq,...,L,. We need the following estimates:

Lemma 8. (i). Ho(L;) < v/n(2n)" " *H*(F) fori=1,...,r.
(ii). For each linearly independent subset {L;,,...,L; } of {L1,...,L,} we have

det (L., ..., L; )| > (2H*(F)~() .

Proof. (i). From (4.19), (4.23), (4.18) it follows that

1/d

mry< (T llotl) I ewl)”

o€Gal(N/Q) o€Gal(N/Q)
< Vn@2n)"TTH*(F) .

(ii). By Schmidt’s result [17], p. 203 the semi-discriminant

D(F):= [] |det(Lj,,...,L;,)|

(j17~"ajn)

is a positive integer, where the product is taken over all ordered n-tuples (j1,. - ., jn)
for which det (Lj,, ..., L;, ) # 0. Further, by (4.17) we have for each such n-tuple that
|det (Lj,,...,Lj,)| < 2H*(F). Denote by J the collection of all unordered subsets
{j1,.. . gn} of {1,...,r} for which det (L;,,...,L;,) # 0. Then J has cardinality
< (7:) Hence

det (Li,,....Li)l =[] Idet(Ly,....Ly,)| - @H*(F) =)

— | D)V 2m (F) () > 2m* (1) (), O
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Below we have stated our basic tool for dealing with the large solutions of (1.5). As
before, ||x|| denotes the maximum norm of x. After the proof of Proposition 2, we
will not use anymore Euclidean heights.

Proposition 2. Let L;,,...,L; be linearly independent linear forms among
Li,....L, and let 0 < d < 1. Then the set of primitive x € Z™ with

Ly (%) - Li,, (%)] < [|x]| 2,
|| > (eH*(F))n)™ /0

is contained in the union of not more than
16(+10)% . 5—2n—4 log(4r) - loglog(4r) (6.7)
proper linear subspaces of Q™.

Proof. Inequality (6.2) does not change if the linear forms M, ..., M,, are replaced
by constant multiples. Therefore, we may replace (6.1) by the weaker condition that
M, ..., M, are constant multiples of linear forms Mj, ..., M/ such that the coeffi-
cients of M, ..., M] generate an algebraic number field of degree D.

Let x € Z™ be a primitive solution of (6.5), (6.6). Then
| Liy (%) - - Ly, (%)

< @ (F)" W) (Vi JIxd)) ™ by (65). (6.6)
< |det (Ls,, ..., Ls,)| - Ho(x)"2/* by Hy(x) < /n-||x|| and Lemma 8 (ii).

Therefore, (6.2) holds with L, ,...,L; replacing M, ..., M, and 3§/4 replacing J.
Further, from Lemma 8 (i) and (6.6) it follows that x satisfies (6.3) with L; ,..., L,
and 3d/4 replacing My, ..., M, and §. Finally, from the construction of Lq,..., L,
in Section 4 it follows that for ¢ = 1,...,r, L; is a constant multiple of a linear
form with coefficients in K (9, where K is a conjugate of K, whence has degree
r. Therefore, there are constant multiples of L, ,..., L; whose coefficients generate
a number field of degree at most ™. Now by applying the quantitative Subspace
Theorem with L; ,...,L; ,36/4 and r™ replacing My, ..., M,, 6 and D, we obtain
that the set of primitive x € Z™ with (6.5) and (6.6) is contained in the union of at
most
16(7+9)° (4/30)*" T log(4r™) log log(4r™)

proper linear subspaces of Q™. This is smaller than the quantity in (6.7). ad
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7. Reduction to the Subspace Theorem.

We will use some results from [5] and follow the arguments of Sections 7, 8 of [6]. Like
before, the norm form F satisfies (1.2) and (1.11) and the linear forms Lq,..., L,
satisfy (4.13)—(4.19). Further, N C C is the normal extension of QQ chosen in Section 4
and for each o € Gal(N/Q), (¢*(1),...,0%(r)) is the permutation of (1,...,r) defined
by (4.21). For ¢ € Gal(N/Q), I C {1,...,r} we write c*(I) := {o*(i) : i € I}. We
denote by ¢ the restriction to N of the complex conjugation on C.

We define a hypergraph H as follows. The vertices of H are the indices 1,...,r.
Further, the edges of H are the sets I of cardinality > 2 such that {L; : i € I} is
a linearly dependent set of linear forms (over N), whereas for each proper subset I’
of I, the set {L; : i € I'} is linearly independent. As usual, two vertices ¢, j of H
are said to be connected if there is a sequence of edges I,..., I, of H such that
ieh, NI #0forj=1,...,m—1and j € I,,. Denote by C1,...,C; the
connected components of H. It follows at once from (4.23) that if {L; : i € I} is
linearly (in)dependent, then so is {L; : i € 0*(I)} for each o € Gal(IN/Q). Hence if I
is an edge of H, then so is 0*(I) for each o € Gal(N/Q). This implies that for each
connected component C; of H and for each o € Gal(N/Q), o*(C;) is also a connected
component of H.

Lemma 9. Fither 'H is connected, or H has precisely two connected components, Cy
and Cy, say, and 1*(Cy) = Cs.

Proof. We assume that the embedding o — V) is the identity on K and that the
index 1 € (. Define the subfield J of N by

Gal(N/J) = {0 € Gal(N/Q) : 6*(Cy) = C1} .
By (4.21) we have
Gal(N/J) D {o € Gal(N/Q) : *(1) = 1} = Gal(N/K);
so J C K. It is easy to see that for o € Gal(N/Q), the left coset cGal(N/J) is equal
to {7 € Gal(N/Q) : 7*(Cy) = C;} where ¢*(C1) = C;. Moreover, (4.21) implies that

for each index j € {1,...,7}, there is a 0 € Gal(N/Q) with 0*(1) = j and so for each
i€ {l,...,t} there is a o € Gal(N/Q) with ¢*(C7) = C;. This implies that there are
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exactly t left cosets of Gal(/N/J) in Gal(IN/Q), and so
[J:Q]=t. (7.1)
Let V' as before be the vector space defined by (1.3). We have
vVi=Vv. (7.2)

This follows from some theory from Section 4, pp. 191-193 of [5]. By (4.16) of the
present paper, the linear form L; is proportional to L} := agi X1+ + ag )Xn for
1 =1,...,r, so the hypergraph H does not change if in its definition, L; is replaced
by L.. For the space V and the field L on p. 192 of [5] we take Q™ and the field N
of the present paper. In our situation, the quantity u defined by (4.5) of [5] is equal
to 1, and the field K; defined by (4.3) on p. 192 of [5] is equal to J. Consider the
injective map from K to N”,

Wi (€M, M)

Note that » maps V onto the space {(L}(x),...,L,(x)) : x € Q"}. Further, from
Lemma 6, (ii) on pp. 192-193 of [5] it follows that 1) maps J onto
A(F):={c=(c1,...,¢,) € N": forevery x € Q" there isany € Q"
with Li(y) = ¢;Li(x) fori=1,...,r} .
Denoting the images of (c1, ..., ¢.), (L} (x),..., L.(x)), (L}(y),...,L.(y)) under ¢)—!

by A, &, 1, respectively, we obtain that J is the set of A € K such that for every £ € V'
there is an g € V with n = A{. This implies (7.2).

By (7.2) and (1.11) we have that either J = Q in which case it follows from (7.1) that
H is connected; or that J is an imaginary quadratic field, in which case (7.1) implies
that H has precisely two connected components C; and C5. Moreover, in this case
we have that ¢ is not the identity on J, so ¢*(Cy) # C1, which implies ¢*(Cy) = Cs.
This completes the proof of Lemma 9. ad

Let x € Z™. We write
u; = Li(x) (i=1,...,7r), u=(Ug,...,U) .

From (4.22) it follows that for each ¢ € {1,...,r} we have

I lwol= J] |Zeo®|=FE)"", (7.3)

o€Gal(N/Q) c€Gal(N/Q)
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where as before d = [N : Q]. From (1.11) it follows that if x # 0, then F(x) # 0 and
so u; # 0 for i =1,...,r. Further, (7.3) implies

IT |luw-@l =1 ifx#o0. (7.4)
c€Gal(N/Q)

For each subset I of {1,...,r} we define a suitable height,

1/d
Hi(u) := ( H max|ug*(i)|> .

seGalN/Q)
From (7.4) it follows at once that
Hi(u) > 1 for each non-empty subset I of {1,...,7}. (7.5)
Further, we have
Hyun(w) < Hp(u)- Hp,(u) if NI # 0. (7.6)

For if i € I; N I3, then for each o € Gal(IN/Q) we have

U= (1) ] L Daxe [Ue= ()] = ax [Ue= (3 Ugn ()] < I}éaﬁilua*(jﬂ nax [Ue= ()|
whence
1/d
[I lurol) - Hion) < Hy @) Hy (),
c€Gal(N/Q)

which together with (7.4) implies (7.6).

In what follows, we assume that the collection of edges of H is not empty. We deal
with the cases that H is connected and that H has two connected components,
simultaneously. Let C; be a connected component of H (so either the whole vertex
set {1,...,r} or one of the two components).

Lemma 10. Let S be a mazimal subset of Cy such that {L; : j € S} is linearly
independent. Then for each non-zero x € Z" there is an edge I of H contained in C
such that

Hg(u) < Hy(u)"™'. (7.7)
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Proof. Fix x € Z™, x # 0. We use the argument on p. 208 of [5]. We have

Li = Z CZ]LJ for i € 01,
JjEeD;

where D; C S and where ¢;; # 0 for j € D;. As has been explained on p. 208 of
[5], for each subset D of S with D # (), D C S, there is an i such that D; N D # 0,
D; ¢ D. This implies in particular that there is an iy € C; such that 1 € D;, and
D;, has cardinality > 2. If D;, is not equal to the whole set .S, then choose i3 such
that D;, N D;, # 0 and D;, ¢ D;,. If D;; UD,;, € S, then choose i3 such that
D;, N (D;; UD,;,) # 0 and D;, ¢ D;, U D;,. Continuing like this, we obtain sets
D;,,...,D,_, such that

S=D; U---UD;,

Dihﬂ(DilU"'UDz‘h,l)%@, DithDilu---UD fOThZQ,...,S.

Th—1

Assuming s with this property to be minimal, we have s < |[S| —1 < n — 1 since we
started with a set D;, of cardinality > 2 and each newly chosen set D;, adds at least
one element to the union of the sets chosen previously. Now clearly, Ij, := {in} U D;,
is an edge of H for h =1,...,s, and we have

Schiu---Uly, Ihﬂ(flu-"UIh_1)%@fothQ,...,S.

Together with (7.6) this implies Hg(u) < Hy, (u)--- Hr (u). Now this fact and (7.5)
imply that there is an edge I of ‘H such that

Hs(u) S H[(u)s S HI(u)"_l .

This proves Lemma 10. ad

Lemma 11. Suppose that H has edges. Then for every non-zero x € Z", there is an
edge I of H such that

x| < n!-(2n)7 =1 20) =2 e (F) G2 g (et (7.8)

Proof. Let S be the set from Lemma 10 and let x € Z™"\{0}. Choose o € Gal(N/Q)
such that

MAX [t (;)|
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is minimal. Then by Lemma 10, there is an edge I of H such that

(i) < n=t :
max [ug- ()| < Hr(u) (7.9)

We show that max;cg |uq=(;)| = max;ess |u;| where S' is a set of cardinality n such
that {L; : j € S’} is linearly independent and then we estimate ||x|| from above in
terms of max;eg |u.

Define the set S’ by S’ := ¢*(S) if H is connected and S’ := o*(S) U t*c*(95) if
‘H has two connected components, where ¢ denotes the complex conjugation on N.
First suppose that H is connected. Then {L; : j € 0*(S)} is linearly independent
and it spans {L1,...,L,}. By (1.11), we have that rank {Li,...,L,.} = n. Hence
S’ = 0*(S) has cardinality n. Now suppose that H has two connected components.
Then by Lemma 9 these connected components are o*(C7) and t*0*(C1). We have
that {L; : j € 0*(S5)} is linearly independent and spans {L; : j € 0*(C1)} and that
{L; :j €*c*(5)} is linearly independent and spans {L; : j € t*0*(C1)}. Therefore,
{L;:j €5} spans {L1,...,L,}. Suppose that {L; : j € S’} is linearly dependent.
Then S’ contains an edge of H. This edge is contained in one of the two connected
components, so either in S’ N o*(Cy) = *(S) or in §' N *o*(Ch) = t*o*(S5). But
this is impossible, since both sets {L; : j € ¢*(S)} and {L; : j € *0*(5)} are
linearly independent. It follows that also in the second case, {L; : j € S’} is linearly
independent and S’ has cardinality n.

If H is connected then clearly max;cs: [u;| = maxies [uq+(;)|- If H has two con-
nected components, then it follows from (4.24) and u; = L;(x) for j =1,...,r that
Uy or(j) = Uge(;) for j € 5, hence also max;es: [u;| = max;es [Ug=(;)|- By inserting

this into (7.9) we get in both cases,

n—1
Ilré%:>/<|uz| < Hi(u) :

Therefore, (7.8) follows immediately, once we have shown that

Il < nt- 2y =1 20070 = ()02 e (7.10)
1€S’

Suppose that S" = {iy,...,i,}. Let A be the matrix, whose j-th column consists of
the coefficients of L;,, for j = 1,...,n. Then x = (u;,, ..., u;, JA™1. The elements of
A~Vare £A;;/A, where A;; is the determinant of the (n—1)x(n—1)-matrix obtained
by removing the j-th row and i-th column from A, and where A = det (L;,,...,L; ).
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Hence
n
x| = |5anu CAjk/Al < max [Agy| AT maul . (7.11)
j:

We have

A0 < (= 1)1 (max|Lel])" < (=D @)™ HE by (418),

r

A7 < 2H*(F)()1 by Lemma 8, (ii).

By inserting these inequalities into (7.11) we obtain (7.10). This proves Lemma 11.0
We finally arrive at:

Proposition 3. Suppose that H has edges. Then for every solution x € Z™ of (1.5)

with x # 0, there are linearly independent linear forms L;,, ..., L; among L1, ..., L,
such that
|Liy (%) -+ Ly, (%) < C - [[x][ 707D (7.12)

with C = (m -(2n)"* 1. 2() -1 H*(F)(:L>+"_2>m /T (7.13)

Proof. Fix a non-zero solution x € Z" of (1.5). Choose linearly independent linear
forms L;,,...,L;, from Lq,..., L, such that the quantity

U:=|Li,(x) - Li, (x)|
is minimal.

Let I be the edge from Lemma 11. Suppose that I has cardinality ¢. Each linear form
from {L; : j € I} is linearly dependent on the other forms in this set, and these other
forms are linearly independent. Hence {L; : j € I} has rank ¢t — 1. Choose a subset T’
of {1,...,r} of cardinality n —t + 1 such that {L; : j € TU I} has rank n. Then for
each i € I, the set of linear forms {L; : j € T'U I\{i}} is linearly independent and
has cardinality n.

Pick o € Gal(N/Q). Choose i, € I such that |uy«(;_ )| = max;er [ug«(;)|. Then the
set {L; :j € o*(T"UI\{is})} is linearly independent and has cardinality n. So by
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the definition of U we have
-1
v IT lwl= TT el (maxfugl)
je€o*(TUI\{is}) JeETUI

It follows that U is bounded above by the geometric mean of the terms at the right-
hand side for all o € Gal(N/Q). By (7.3), the fact that 7"U I has cardinality n + 1
and the definition of H;(u), this geometric mean is equal to |F(x)|"+1/" Hy(u)~.
Hence

U< h /" Hi(u)™t .

By inserting (7.8) we get Proposition 3. O

8. Proof of Theorem 2.

We combine Propositions 1,2 and 3. We recall that n > 2. It clearly suffices to show
that the set of primitive solutions of (1.5) is contained in the union of not more than

A= (16r) (10" m<1 (%) —> (14 1°g<€lfz)éf;<m>)n—1 s

proper linear subspaces of Q". We divide the primitive solutions x € Z" of (1.5) into

(4r)+2

large solutions, i.e., with ||x|| > ¢! <eh : H*(F)) :

(4r)+2
small solutions, i.e., with ||x|| < e™? <eh : H*(F))

We first deal with the large solutions. First suppose that the hypergraph H defined
in Section 7 has no edges. Then by Lemma 9, the hypergraph H has two connected
components {1} and {2} with 2 = (*(1). This means that n = 2, r = 2, that the
linear forms L1, Lo are linearly independent and that Lo = Ly in view of (4.24).
Let x be a solution of (1.5). Then |u1| = |us| < h'/? where u; = L;(x). Further, we
have x = (uy,us) A1, where A is the 2 x 2-matrix whose i-th column consists of the
coefficients of L;. Now by (4.18) and (4.17), the elements of A~! have absolute values

at most
max(|[L1], || La]l)

|d6t (Ll, L2)|

< 4*H*(F)/H*(F) = 64.
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Hence ||x|| < 128h'/2. So (1.5) does not have large solutions.

Now assume that H does have edges. Let C' be the quantity defined by (7.13). Then
by Proposition 3, for every large solution x of (1.5) there are linearly independent
linear forms L;,,...,L; among Li,...,L, with

[Liy (%) -+ Ly, (x)] < O [Jx]| |7V < x|/ (8.2)

We apply Proposition 2 in Section 6 (with 6 = 1/n) to (8.2). Note that the large prim-
itive solutions of (1.5) satisfy (6.6). Thus, on observing that for the set {iy,...,i,}
we have at most (;) possibilities, we obtain that the set of large primitive solutions
of (1.5) is contained in the union not more than

2 1
(T> L1607 2t o 4y - log (nlog dr) < §A
n

proper linear subspaces of Q™, where A is given by (8.1).

We now deal with the small primitive solutions of (1.5) and to this end we apply
4,’,)n+2

Proposition 1 in Section 5. Taking B := e~! (eh : H*(F)) and observing that

logeB\n—1 _ log(eh - H*(F'))\n—1
1 ) < (4p)(n+2)(n—1) (1 )
( + logeP < (4r) + logeP ’

we infer that the set of small primitive solutions of (1.5) is contained in the union of
not more than

n/TP n+ 1 .H*(F n—1
(300rn)"-(47“)(”+2)(”_1)-max(l,(Z*(F)> > (1 Og(elfggep( )))

1
< -A
2

proper linear subspaces of Q. It follows that indeed, the set of all primitive solutions
of (1.5) is contained in the union of not more than A proper linear subspaces of Q™.
This proves Theorem 2. ad
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