SYMMETRIC IMPROVEMENTS OF
LIOUVILLE’S INEQUALITY

Jan-Hendrik Evertse

Abstract. Let K7, K> be finite extensions of a number field K. For every place w of the
composite K7 K5 we choose a normalised absolute value |- |, such that the product formula
is satisfied. Define the height H(«) = [],, max(1, |y) for o € K1 K>. Let T be a finite set
of places of K1 Kj. Liouville’s inequality states that [, o |0 — Bl > (H(oz)H(ﬁ))_l
a, f € K1 K, with a # 3. We consider inequalities (*) [], cp |a—Blw < (H(a)H(ﬁ))_HH
in two unknowns «, # with K (a) = Ky, K(3) = K3 where k > 0. Under certain conditions
imposed on K1, Ky (i.e., [K1: K] >3, [Ky: K| > 3, [K1 Ky : K| = [K; : K|[K» : K]) we
shall describe the collection of sets of places T' for which there is a x > 0 such that (*) has

for

only finitely many solutions. Our proof goes back to the p-adic Subspace theorem.

1. Introduction.

We have to start with introducing normalised absolute values and heights. Let L be any
algebraic number field and M, its set of places. Denote by L,, the completion of L at a
place w € My. The set of normalised absolute values | - |, (w € Mp) on L is defined by

requiring

|| = ]x\[Lw:R]/[L‘Q} for x € Q if w is archimedean;

2] = |:L'|Z[)LM:QPV[L:Q] for z € Q if w lies above the prime number p.

1

Here | - |, is the p-adic absolute value with |p|, = p~'. The normalised absolute values

satisfy the product formula
[T lzlw=1 forz e L\{0}.
weEMTy,
Given any other number field K, the set of normalised absolute values | - |, (v € Mk) on

K is defined precisely as for L. Thus, we get for every finite extension of number fields
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L/K and every pair v € Mg, w € My, with w lying above v the extension formula

[Lyw:Ky]/[L:K]

v

forz € K, (1.1)

@] = ||

where K, denotes the completion of K at v. We define the absolute height of an algebraic
number x by taking any number field L with = € L and putting

H(z):= [] max(1,|z/,).
weEMTy,
By our choice of the normalised absolute values with [L : Q] in the denominators of the

exponents, this quantity is independent of the choice of L.

In what follows, K is an algebraic number field, K;, K> are finite extensions of K and
K1 K5 is their composite. Let T be a finite set of places of K1 K5. We deal with numbers
a, f with K(a) = K1, K(8) = K5 and a # 5. An immediate consequence of the product

formula is the following generalisation of Liouville’s inequality:

|O./ - ﬁ|w
H o = Blw = lET max(1, |al,) max(1, |B|y)

weT
max(1, |al,) max(1, |3]s)

AR | @ — Bl

we&T

H(a) " H(3)". (1.2)

In certain situations it is possible to improve upon the exponents of either H(«) or H ()
or both if the degrees [K1 Ky : K;] or [K1 K5 : K| are sufficiently large. For instance, if
r:= [K1 K5 : Ks] > 3, then from S. Lang’s version of Roth’s theorem (cf. [9], Chap. 7) it
follows that for every fixed @ with K(«) = K; and for every § > 0, there are only finitely
many 3 with

I la=8lw <H@B @M=, K@) =K. (1.3)

weT
(In Lang’s statement there is an exponent —2 since he uses absolute values normalised with
respect to Ky whereas our absolute values are normalised with respect to KjKs.) This
may be viewed as a one-sided improvement of Liouville’s inequality since for every fixed
a, we have that for all but finitely many /3 the right-hand side of (1.2) can be replaced by
a power of H(J) with exponent larger than —1.
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We are interested in so-called symmetric improvements of Liouville’s inequality, in which
we allow a to vary through K; and 8 through K and in which both the exponents on

H(«) and H(p) are larger than —1. More precisely, we consider inequalities
—14kK . .
[T lo— Bl < (H@HE@) " ina,fwith K(a) = Ky, K(B) = K>, (14)
weT

with k > 0. Any result stating that such an inequality has only finitely many solutions
is called a symmetric improvement of Liouville’s inequality. We should mention here that
from results of Bombieri and van der Poorten [1], Corvaja [3] (Thm. 2) and Vojta [13] it
follows that there is a real function f with f(x) = o(z) for x — oo such that (1.3) has only
finitely many solutions («, §) with K(a) = K, K(§) = K3 and H(«a) < f(H(3)). We are
interested in the truly symmetric situation in which we do not require the height of one of
the numbers H(a), H(() to be much larger than the other.

We recall a symmetric improvement of Liouville’s inequality from [6]. Assume

[KlKQ : Kl] 2 3, [KlKQ : KQ] 2 3, (15)
[KlKQK]:[Kl K][KQK] (16)

For instance, for fixed o, Roth’s theorem stated above yields a one-sided improvement of
Liouville’s inequality in terms of H(() only if [K1 Ky : Ks] > 3. So in our symmetric
situation it is natural to assume (1.5). Condition (1.6) does not seem to be natural but it

is essential for the proof.

Denote by S the set of places of K lying below the places in T" and write
T=\JT.,
veS

where T, is the set of places in T lying above v. Define

[(KlKQ)w N KU]
Wr =
TN 4 KK, - K]

we

where (K7 Ks),, denotes the completion of K K5 at w. Note that always W < 1 and that
W = 1 precisely if there is a v € S such that T, contains all places of K7 K> lying above
v. In [6] (Thm. 4) we showed that if

1 11— 3Wy
Wi < = <1
T<3 SR 11w
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then (1.4) has only finitely many solutions. On the other hand we showed that if Wy

assumes the maximal value 1 then for all K > 0 (1.4) has infinitely many solutions.

The result just mentioned does not deal with sets of places T with % < Wr < 1. The
purpose of this paper is to fill this gap, i.e., to give a precise description of those sets of
places T' of KK, for which there exists a k > 0 such that (1.4) has only finitely many

solutions.

We continue with the notation introduced above. We will always denote by v a place of
K, by w a place of K1 K5, and by ¢; a place of K;, for i+ = 1,2. The completion of K; at
¢i is denoted by (K;),,. Thus, if w lies above v, then w lies above places ¢; of Ky and g2

of K5 which in turn lie above wv.

For the fields K, K5 we assume again (1.5), (1.6) or, equivalently,
r:=[Ky:K]>3,s:=[Ky:K|>3, [K1Ks:K|=[K;:K|[Ky: K]=rs. (1.7)
Again, condition (1.6) is unnatural but necessary for the proof.

As before, T is a finite set of places of K1 K> and we write T' = U,ecsT,, where S consists
of places of K and for v € S, T, consists of the places in T lying above v. Theorem 1.1
below states in a precise way that there exists a k > 0 for which (1.4) has only finitely
many solutions if and only if none of the sets T}, (v € S) is “too large.” For v € S, let TS
denote the set of places of K7 K5 which lie above v and do not belong to T,,. Then T, is

“too large” or, which is the same, T)S is “too small” if
either T¢ = (); )
or there is a place ¢; of Ky with (K1), = K, such that all places in T

lie above ¢1; (1.8)

or there is a place g2 of Ky with (K3),, = K, such that all places in TS

lie above ¢5. J



Theorem 1.1. Assume (1.7). Consider the inequality
ITle—8le < (H@HEB) ™ ina,fwith K(o) = Ki, K(f) = Ko.  (1.4)
weT

(1). Suppose there is some v € S for which (1.8) holds. Then for every k > 0, inequality
(1.4) has infinitely many solutions.
(ii). Suppose there is no v € S for which (1.8) holds. Then for every

1
< -
"= T80 + 5)2

inequality (1.4) has only finitely many solutions.
From Theorem 1.1 we derive the following corollary:

Corollary 1.2. Assume (1.7). For a finite set T of places of K1 Ko, put

[(K1K3)w : Ko
Wrp =
TN L KKy K]

we

where S is the set of places of K lying below those in T and T, is the set of places in T
lying above v for v € S.
(i). If Wp <1 —max(L,1) then for every k <

r’s

m, inequality (1.4) has only finitely
many solutions.
(ii). There are finite sets T of places of KKy with Wy = 1 — max(+ %) such that for

r?

every k > 0, inequality (1.4) has infinitely many solutions.

The constant W in part (ii) of Theorem 1.1 just arises from the proof and has no
special meaning. Very likely, its dependence on r and s is not best possible. We considered
only the problem to prove the existence of some x > 0 for which (1.4) has only finitely
many solutions. We have not done any attempt to obtain the best possible value for k.
It would be very interesting to determine, for a given set of places T', the infimum of the

functions ¥ such that the inequality
I le = Blw < T(H(a), H(B)™" ina, B with K(a) = Ky, K(8) = K,
weT
has only finitely many solutions. It is plausible that this infimum is the smallest if all sets

T, are small and that it grows larger if one of the sets T}, is made larger. As yet, we are

not able to pose a precise conjecture.



We deduce Theorem 1.1 from a slightly more general result. Let K be an algebraic number
field and | - |, (v € M) its set of normalised absolute values. Fix an algebraic closure
K of K and assume that all algebraic extensions of K occurring henceforth are contained
in K. For every v € My, we fix an algebraic closure K, of K,. To be formally correct,
we have to choose an isomorphic embedding p : K — K, and for v € Mg we have
to choose isomorphic embeddings o, : K — K,, ¢, : K, — K,, ¥, : K — K, such
that ¥,p = ¢,0,. By identifying elements of K, K, K, with their isomorphic images
we can dispose of the isomorphic embeddings and we get for every v € My inclusions
KcKcCcK, KcK,CK,. For every v € My there is a unique extension of | - |, to
K, which we denote also by | - |,. Note that |- |, is defined on K.

Let again K, K, be extensions of K of degrees r, s, respectively. We denote by a — a(?)
(i =1,...,7) the K-isomorphic embeddings of K, into K and by 8 — V) (j =1,...,s)
the K-isomorphic embeddings of K5 into K. Further, let S be a finite set of places of K.
Take subsets

Ev CH{(t,g)i=1,....,m,j=1,...,8} (veENS).
Liouville’s inequality can be rephrased as

I1 II 10® =89}, =2 (H(a)HB) "

UGS (Zaj)egv

for algebraic numbers «, § with K(«) = K7, K(8) = K3 and «, 8 non-conjugate over K.

We consider inequalities

I I 1a® -89}, < (H@H(E) ™

veS (i,5)€E,
in o, f with K(a) = K1, K(8) = K2, (1.9)

with k > 0.

We view {(4,7): i=1,...,r, j=1,...,s} as an rxs-matrix of which the rows are indexed
by i and the columns by j. By a K,-row we mean a subset {(i,1),...,(i,s)} such that
the map a — o¥ maps K into K,. By a K,-column we mean a subset {(1,5),...,(r,7)}
such that 3 — BY maps K, into K,. For v € S, let &S denote the set of pairs from
{(4,7):i=1,...,r,j=1,...,s} not belonging to &,. We prove the following:

Theorem 1.3. Assume

[K1:K|=r>3,[Ke: K|=52>3, K, Ky are non-conjugate over K. (1.10)
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(i). Suppose there is a v € S for which either E$ =0 or ES is contained in a K,-row or ES
is contained in a K,-column. Then for every k > 0, (1.9) has infinitely many solutions.
(i1). Suppose for each v € S we have that ES # 0, that ES is not contained in a K,-row
and that £ is not contained in a K,-column. Then for every

1
P —
= 718(r + s)?

inequality (1.9) has only finitely many solutions.

We consider the special case that K = Q and S = {oo} consists of the infinite place of Q.
To agree with the classical notation, we define the Mahler measure M (o) = H ()38 (@)

for an algebraic number a. Thus, writing &£ for £, (1.9) becomes

[T 1@ =59 < (M(a)pa(ey) "
(t,7)€€
in o, f with Q(a) = K3, Q(B) = Ka. (1.11)

Note that in this situation, K, = R and that for instance an R-row is a set {(7,1),...,(4,s)}
such that a — a(? maps K; into R. From Theorem 1.3 we obtain at once the following

result which has been stated without proof already in [7]:

Corollary 1.4. Assume that Ky, Ko have degrees r > 3, s > 3, respectively, over Q and
that K1, Ko are non-conjugate over Q.

If either £¢ =0, or £ is contained in an R-row or £ is contained in an R-column, then
for every k > 0, inequality (1.11) has infinitely many solutions.

If on the other hand, £¢ # (0, E¢ is not contained in an R-row and E° is not contained

i an R-column, then for every r < inequality (1.11) has only finitely many

1
718(r+s)?”
solutions.

In Section 2 we deduce Theorem 1.1 from Theorem 1.3 and Corollary 1.2 from Theorem 1.1.
In the proof of part (i) of Theorem 1.3 we show more precisely, using the p-adic Subspace
theorem, that for every pair ag, Sy with K(ag) = K1, K(8p) = K3, there exist infinitely
many elements «, (3 of the form o = ngig, 8= Zgg:ffl with a,b,c,d € K, ad—bc # 0, such
that (o, 3) is a solution of (1.9). The proof of part (ii) uses an (ineffective) lower bound for

resultants obtained in [6] which in turn was a consequence of the p-adic Subspace theorem.
In Section 3 we introduce some notation. Part (i) is proved in Sections 4 and 5 and part

(ii) in Sections 6 and 7.



2. Deduction of Theorem 1.1 and Corollary 1.2.

We deduce Theorem 1.1 from Theorem 1.3 and then Corollary 1.2 from Theorem 1.1. We

start with some generalities.

As before, K is a number field. Recall that for every place (equivalence class of absolute
values) v € Mg we have inclusions K ¢ K ¢ K, K C K, C K,,. Further, |- |, has been
extended to K,, hence is defined also on K. We need that numbers v, 6 € K, which are

conjugate over K, (i.e., d = o(v) for some K,-invariant isomorphism o) have |y|, = |d],.

Let L be a finite extension of K. Denote by v — ) (k = 1,...,t) the K-isomorphic
embeddings of L into K. For a place ¢ of L, denote by L, the completion of L at ¢. Fix
v € Mg and partition {1,...,t} into subsets such that ki, ko belong to the same subset if
and only if for every v € L, yv*1) 4(¥2) are conjugate over K. For the indices k in a given
subset, the absolute values given by |7(k)|v for v € L are equal and are all extensions of
the absolute value |- |, on K and therefore represent a place g of L lying above v. In this
way, we obtain all places of L lying above v. Thus, {1,...,t} = Uq|v F(q|v), where F(q|v)
consists of the indices k such that the absolute value given by |y(¥)|, for v € L represents

q and where the union is taken over all places ¢ of L lying above v.

For v with K (y) = L, the fields K,(y*) (k € F(q|v)) are the isomorphic images of L,
in K,. Hence F(q|v) has cardinality [L, : K,]. In particular, L, = K, if and only if
Flqlv) = {k} for some k such that v +— ¥ maps L into K,. By (1.1) we have for the

normalised absolute value on L corresponding to ¢, |y|, = |7(k)|f[qu:K”]/[L:K] for v € L,
k € F(q|v).

Proof of Theorem 1.1. Let K;, K> be finite extensions of K satisfying (1.7). Then
certainly they satisfy condition (1.10) of Theorem 1.3. As before, by v — a(® (i =1,...,7)
we denote the K-isomorphic embeddings of K into K and by 8 — ) (j =1,...,s) those
of K5 into K.

Take v € S. As we explained above, the set {1,...,7} can be partitioned into sets F(qi|v),
one for each place ¢; of K; lying above v, such that for i € F(qi|v) the absolute values
given by |a(®], for a € K; represent q;. There is a similar partition of {1,...,s} into sets

F(gz2|v), one for each place g on K5 lying above v.
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Because of (1.7), there are precisely rs K-isomorphic embeddings of K;K» into K and
these are given by 0;;: a — a, g pU) forac Ky, BeKy (i=1,...,r,j=1,...,5).
Similarly as above, the set {(i,j): i =1,...,r, 7 =1,...,s} can be partitioned into sets
F(wlv), one for each place w of K1 K5 lying above v, such that the absolute values given by
|03 (7)]o for v € K1 Ky ((4,7) € F(w|v)) represent w. We observed above that F(w|v) has
cardinality [(K1K32),, : K,]. Further, by (1.1), (1.7) we have |y|, = |oi; (W)I%KlKQ)w:K“]/m
for v € K1 K, (i,7) € F(w|v). Hence |y|, = (H(m)eﬂw‘v) |oij(7)|v)1/rs for v € K1 Ks.

In particular, we have

. . 1/rs
a=lw=( I 10@-p9L)" foraek, feks (2.1)
(1.4 EF (w]o)

We keep the notation of Theorem 1.1. Put

&y = U F(wlv) forwveS. (2.2)

weT,

From (2.1) it follows that for a, § with K(a) = K;, K(8) = K3 we have

[T lo— Ao =TI I lo=8h =TT TI Ia® - 50,
weT veS weT, vES (1,7)EE,

hence («, () is a solution of (1.4) if and only if it satisfies (1.9) with the sets &£, defined by
(2.2).

We claim that (1.8) is equivalent to the condition on the sets £S in part (i) of Theorem
1.3. Clearly, & = UyereF(wlv). So & = 0 if and only if ;7 = . In general, w
lies above ¢ if and only if for each pair (i,j) € F(w|v) we have ¢ € F(qi1|v). Hence
Uw|q F(wlv) = F(q1|v) x{1,...,s}, where the union is taken over all places w of K;K>
lying above ¢;. We have (K;),, = K, if and only if F(q;|v) = {i} for some ¢ such that
o — oY maps K into K,. Hence (K1)q, = K, if and only if U, 4, F(wv) is equal to
a set {(i,1),...,(i,s)} such that o — o¥ maps K into K,, i.e., a K,-row. Therefore,
there is a place ¢; of Ky with (K;), = K, such that all places in T} lie above ¢; if and
only if £ is contained in a K,-row. Similarly, there is a place g2 of Ko with (K3),, = K,
such that all places in T} lie above g2 if and only if £ is contained in a K,-column. This
proves our claim. Hence for number fields K7, K2 with (1.7) and for sets &, with (2.2),

Theorem 1.1 is equivalent to Theorem 1.3. O



Proof of Corollary 1.2. Assume again (1.7). We first prove part (i). Suppose (1.8)
holds for some v € S. If T¢ = () then Wy = 1. If T} is contained in the set of places w of
K, K5 lying above some place ¢; of Ky with (K1), = K, then

KlKQ w - KU KlKQ w - K1 q 1
S (KiKao i K] 5~ (1K ()]

- 2.3
5. KKK © KKy K r (2:3)

where the second sum is taken over the places w of K7 K5 lying above ¢;. Hence Wp > 1— %
Similarly, if TS is contained in the set of places w of K K> lying above some place g2 of K»
with (K>)4, = Ky, then Wr > 1—1. Hence Wr > 1 —max(2, 1), against our assumption.
Therefore, there is no v € S with (1.8). Now part (ii) of Theorem 1.1 can be applied and
part (i) of Corollary 1.2 follows immediately.

We prove part (ii). Suppose for instance r < s. Choose v € M for which there is a place
w of Ky K> lying above v with (K7 K3),, = K,. Let ¢; be the place of K; lying below w;
then (K4), = K,. Now let T' = T, consist of all places of KK lying above v but not
lying above ¢;. Then from (2.3) it follows that Wy =1 — 1 =1 — max(1,1). Further,
T, satisfies (1.8). Hence by part (i) of Theorem 1.1, inequality (1.4) has infinitely many

solutions for every x > 0. O

3. Notation and simple facts.

We introduce some notation to be used throughout the paper and mention some elementary

facts.

Let K be an algebraic number field and S a finite set of places of K which from now on

contains all infinite places. We define the ring of S-integers and the group of S-units by
Os={reK: |z|,<1 forv¢gS}, Oi={zxeK:|z|[,=1 forv¢gS}

respectively, where by v & S we mean v € Mg \S. For x € Og we define

s = ] lelo -

veS

Then by the product formula we have

lz|]s > 1 for z € Og\{0}, lz|s =1 for z € OF. (3.1)
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Let v € M. There is an extension of |- |, to K,. For ay,...,a, € K, we put
lat, ... aply := max(|ai|y, ..., |an|y) -

Further, for a binary form F(X,Y) = agX" +a; X" 'Y +---+a,Y" with ay,...,a, € K,
we put

|F|y :=|ag, .-y ar|y -

For vectors a = (ai,...,a,) € O% we define the truncated height

Hg(a) = Hs(ay, ... an) = [ lar,. .., anlo
veS

and for binary forms F' with coefficients in Og we define

Hg(F) = [ IFl..

vES

By (3.1) we have for non-zero vectors a € O% and for non-zero binary forms F' € Og[X, Y],

Hg(a)>1,  Hg(F)>1. (3.2)

We mention some other facts:

Lemma 3.1. Let v € Mk and let F = A[[._,(c;. X +7Y) be a non-zero binary form
with A € Ky, o;,vi € Ky, fori=1,...,r. Then

C171|}7|’U S |A|’U H |05i77i|11 S C’U|F|’U7 (33)
i=1

where ¢, is a constant > 1 depending only on v and r, with ¢, = 1 if v is finite.
Proof. [9], Chap. 3, Section 2. O

Lemma 3.2. let o be algebraic over K of degree r. Then there is a binary form F &
Os[X, Y] of degree r, irreducible over K, such that

F(a,1) =0, c'H(a)" < Hg(F) < cH(a)", (3.4)

where ¢ is a constant > 1 depending only on S and K(«).
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Proof. [6], Lemma 6. O

We briefly go into discriminants and resultants. Let {2 be an arbitrary integral domain
with quotient field of characteristic 0. Let F' be a binary form with coefficients in €2. In an
algebraic extension of the quotient field of  we can factor F as F = AT[_, (; X +7;Y).
The discriminant of F' is defined by

D(F):=A""2 ] (i —aym)*. (3.5)

1<i<j<r

This is independent of the choice of A and the a;, ;. Moreover, D(F') € 2 and D(F) =0
precisely when F' has a multiple factor. For binary forms F' € Q[X,Y] and non-singular

matrices U = (‘C‘ Z) with entries in 2 we define

Fy:=F(aX +bY,cX +dY). (3.6)
Then we have D(Fy) = (det U)""~Y D(F) so in particular

D(Fy)= D(F) ifdetU = 1. (3.7)
Let F, G be binary forms with coefficients in €2. In some algebraic closure of the quotient

field of Q, the forms F' and G factor as F = A[[;_, (X +7Y), G = B[[;_,(8; X +;Y).
Then the resultant of F' and G is given by

R(F, ASB?"HH ;b —vif3;) - (3.8)

1=1j5=1
This does not depend on the choice of A, B, the a;, v; and the 3;, 6;. Further, R(F,G) € Q
and R(F,G) = 0 precisely when F'; G have a common factor. It is also clear that for non-

singular matrices U with entries in  we have R(Fy,Gy) = (det U)"*R(F, G) and so
R(Fy,Gy) = R(F,G) ifdetU = 1. (3.9)

Lastly, we have

Lemma 3.3. Letv € M. Let F = A[;_, (i X +7Y) and G = B[[;_,(8; X +6;Y) be

non-zero binary forms with A, B, «;, v; (i =1,...,7), B;,0; (j =1,...,s) all belonging
to K,. Then

D(F 1/2 ;7Y — A% |v
’ ( T) 1 >><< H | F)/] J’Y’ , (3.10)
|F'l5 1<Z<]<T |, Yilw - |y, Vil
|R(F G |v |az /Y’L/B]|’U
A o< 3.11
FRIGH HH il 155,631, 311)
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where the constants implied by <, > depend on r,s and v only.

Proof. By (3.5) we have |D(F) vz |47t [Ti<icj<r laiv; —a;7ily and by (3.3) we have
|FIr—t >< |A]7Y [li<icj<r lisvilo - lag,vjlo. By taking the quotient, the term |A|r—t
cancels and we get (3.10). Inequality (3.11) is proved in precisely the same way. 0

4. Preparations for the proof of part (i) of Theorem 1.3.

Let K be an algebraic number field. As before, we write |z, y|, for max(|z|,, |y|,). In this

section, S is a finite set of places of K, containing all infinite places.

Our first basic tool is the Subspace theorem, first proved by Schmidt [12] for S consisting

of only the archimedean places, and later by Schlickewei [11] in full generality.

Proposition 4.1 (Subspace Theorem). Letn > 2,5 > 0. Forv € S, let L§”>, el LY
be linearly independent linear forms in K[X1,...,X,]. Then there are finitely many proper

linear subspaces Vi,...,Vy of K™ such that the set of solutions of

T ) < Hs(x)™® inx € OF
veSi=1
18 contained in V3 U--- U V.

Our second tool is the adelic generalisation of Minkowski’s theorem on successive minima

of convex bodies proved by McFeat [10] (see also [2]). We state the special case, needed for

our purposes. Let K, S be as above. For v € S, let Aq,,..., A, be positive real numbers
and L§”>, e ,L%’U) linear forms with
W, LY e kX, ., X, L3, LY linearly independent. (4.1)

Define the set
II:={x €05 |L§v)(X)|v <A, forveS i=1,...,n}.

Put

(K, : R]
(K : Q]

if v is archimedean, s(v) := 0 if v is non-archimedean

s(v) ==
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and define for A > 0 the dilatation of II:
AxIl:={x € 0% : |L§U)(x)]v <xW4,, forveS,i=1,...,n}

(note that we have only a dilatation factor at the archimedean places). Then the successive

minima Aq,..., A, of Il are given by
A; ;= min{A > 0: X\ *II contains i linearly independent vectors}.

Proposition 4.2 (Minkowski’s Theorem). Assume (4.1). Then 0 < Ay < --- < A\, <

oo and

M s (LT 40) " 12

veSi=1
where the constants implied by <, > depend on K, S, n and the linear forms LZ(U) (v €
S,i=1,...,n) only.

We now deduce some specific results needed in the proof of part (i) of Theorem 1.3. Let
K, S be as above and let 7, (v € S) be integers > 2. In what follows we deal with linear

forms in two variables with algebraic coefficients but not necessarily in K,. Thus, let
L =0, X + B8, Y €eK[X,)Y] (WeS,i=1,....m)
be linear forms with
rank{Lgv),Lg-v)}:2 forve S, 1<i<j<nr,. (4.3)
Further, suppose there is a vg € S with

M09, P10, € Ko \{0}, (4.4)
al,vo/ﬁl,vo ¢ K. (4.5)

In the remainder of this section, constants implied by <, > will depend on K, S, the

linear forms LEU) (veS,i=1,...,1,), and a parameter § > 0.

Lemma 4.3. Let u denote the cardinality of S and let 6 be a real with 0 < § < 1/2u. For
every Q > 1 and every non-zero vector (x,y) € O% with
L3 (@)l < Q717
L (2, ) oy < QY0 fori=2,... 1y, (4.6)
|L§U)(3c,y)|v < Q° forveS\{vw},i=1,...,r,

14



we have in fact
Q—1—3u6 < |L§U0)(x,y)‘vo < Q—l—l—é,
Q' <L (@, y)loy € QU Jori =2, r, (4.7)
Q3 <« |L§U)(:1;,y)|v <@ forveS\{v},i=1,...,r,.

Proof. Assume there are a positive real @ and a non-zero vector (z,y) € O% which
satisfies (4.6) but does not satisfy (4.7). We have to show that @ < 1.

Our assumptions on @ and (z,y) imply

LY (@, y) oy € Q075100
L8 (@)l € QF9 5500 for i = 2,7y, (48)
L (@, y)l < Q75 forv e S\{v}, i =1,..., 70,

where €;, = (3u + 1)é for exactly one pair in the set {(i,v) : v € S,i=1,...,7r,}, and

€y = 0 for all other pairs in this set. In fact, we may assume

(4.9)

giv = (3u + 1)d for exactly one pair from {(i,v) : v € S, i = 1,2},
gi» = 0 for all other pairs in this set.

Indeed, if €;, = (Bu+1)d for some v € S, i > 2 then we can achieve (4.9) by interchanging

Lgv) and LEU). This does not affect (4.3), (4.4), (4.5).

We go towards an application of the Subspace Theorem. Assume (4.9). Noting that by

(4.3) we can express X,Y as linear combinations of Lgv),LéU) and using (4.8), (4.9) we

obtain
2, yloy € max(|L (2, 9)ug, |5 (2, 9)]wy) < Q17 (4.10)
1z, yly < max(|LS (2, 9)]0, L (2, 9)]) < Q°  for v € S\{vo} (4.11)
Hence

HS(xay) = H ’xay|v < Q1+U6 .
vES

From (4.8), (4.9) and this last inequality we infer

2 2
111 L (2,9 < Q(—1+5)+(1+5)+2(u—1)5—(ZUES S22 ew) _ Qe+

veSi=1
(u+1)8

< Hg(z,y)” THus .
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We can apply Proposition 4.1 because of (4.3). It follows that there are finitely many

one-dimensional linear subspaces Vi, ..., V; of K2, independent of Q and (z,y), such that
(x,y) e V1U---UV;.

For i =1,...,t, fix (&,n;) € V;\{0}. By (4.5) we have LSUO)(&,m) # 0. Suppose (z,y) €

Vj. Then (z,y) = A(§;,n;) for some A € K* and so

2 P 2 S A | PR 14 A 39071 |
’x’ylvo ‘fjvnjyvo Ci=lat ‘gianih)o

>0

where the right-hand side is independent of @, (z,y). By combining this with the first
inequality of (4.8) we can improve (4.10) to

|, Y]y < Q71T

and together with (4.11) and the assumption d < 1/2u this gives
Hg(z,y) =[] lz.yle < @71 < Q712
vES

Recalling that Hg(z,y) > 1 by (3.2), we arrive at Q < 1. This completes the proof of
Lemma 4.3. U

Lemma 4.4. Let 6 > 0. For every Q > 1, there are linearly independent vectors (x1,y1),
(x2,y2) € Og such that for k = 1,2,
Q170 < LY (2, i) |y < Q71
Q0 < [L) (2, i) oo < QY0 fori=2,... 1y, (4.12)
Q0 < |L (@h,yp)e < Q% forve S\{vo},i=1,...,7,
and such that
|z1y2 — 21|y ><K 1 forveS. (4.13)

Proof. Without loss of generality we assume 0 < § < 1. Let u denote the cardinality of
S.

We are going to apply Minkowski’s theorem to the set

L@yl < Q7 Iyl < Q.
IT:=< (z,y) € Og :

x|, <1, |y, <1 forve S\{vg}
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Condition (4.1) is satisfied because of (4.4). Let A1, Ay denote the successive minima of
II. By Proposition 4.2 we have
Ay >< 1. (4.14)

Choose linearly independent vectors (z1,41), (22,92) from O% such that for k = 1,2 we

have (zg,yx) € Ag * I, that is,

|Lgv0)(xk7yk)|v0 < Q_l)\z(vo)7 ‘yk|v0 < Q)\Z('UO),}

(4.15)
|zk]o < Az(v), Ykl < AZ(U) for v € S\{wo}.

We first show that these vectors satisfy (4.13). By (4.14), (4.15) we have

2112 — 2oy |og < [L8 (@1, 1)y — L8 (22, 12)01 oy < @ TQ(MA2)* ) < 1,
[Z1y2 — T2y1]e € (M A2)* ™ < 1 for v e S\{vo}.
Further, since x1y2 — x2y; is a non-zero S-integer, we have by (3.1) that for v € S,

|z1y2 — T2y1 ]y > Hv’GS\{v} |z1y2 — :z:gyl];,l > 1. This proves (4.13).

We now prove (4.12). For k = 1,2 we have
|L§v0)($k7 yk)|v0 < Q_l)‘Z(UO) ,
L3 (@ e oo € QA for i =2, 1, (4.16)
|L§U)(ack,yk)|v < )\Z(v) forve S\{vwo},i=1,...,7r,.

Indeed, by (4.4), the linear forms Lng) and Y are linearly independent, hence for i =

)

2,...,Ty,, the linear form LZ(-UO is a linear combination of Lgvo), Y. Now the inequalities

on the second row follow from (4.15). The other inequalities are obvious consequences of
(4.15).

By (4.14) we have \; < 1. By inserting this into (4.16) for £ = 1 and being generous we

obtain (o0) ,
|L1UO ($17y1)|110 < Q_1+6/9u ’

2 .
|L,§U°)(xl,y1)|v0 < QHé/gu for i =2,...,7y,,

1LY (21, 01) 0 < QY% for v e S\{vo}, i=1,...,7.
Lemma 4.3 yields that for () > 1 we have in fact,

U — ’LL2
QI « ’Lg 0)('r17y1)’1)0 < QI
QU < L a1, gl € QU for i =2, (1.17)
Q7 <« ’Lgv)(iﬁ,yl)’v < Q5/9u2 for ve S\{vo}, i=1,... 7.
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From (4.17), (4.16) we infer )\i(v) > Q793" for v € S if Q@ > 1 and then from (4.14)
it follows )\S(U) < Q%3 for v € S. On substituting this into (4.16) for k = 2, assuming
Q> 1, we get

L) (22, y2) g < Q10734
|L§v°)(m2,y2)|v0 < QH(S/?’“ fori=2,...,7y,,

|L§U)(a:2,y2)|v < QB forve S\{vo},i=1,...,7,.

By applying Lemma 4.3 once more, we obtain for Q) > 1,

Q_1_5 < |Lgv0)(x27y2)’”00 < Q_1+6/3u7
Ql_(S < |Lz('v0)(x27y2)”vo < Q1+6/3u for i = 27 < Tog (418)
Q7% < |L" (o, y2)|w < QY3 for v e S\{vo},i=1,...,r,.

Now (4.17) and (4.18) together imply (4.12) for £ = 1,2. This proves Lemma 4.4. 0

5. Proof of part (i) of Theorem 1.3.

We keep the notation and assumptions of the previous sections. Thus, K is an algebraic
number field, K7, K5 are two extensions of K with (1.10) and S is a finite set of places
of K. We assume that S contains all infinite places. This is no loss of generality since if
we add a finite number of new places v to S and choose &, = () for these, then this affects
neither inequality (1.9) nor the condition on the sets £S in part (i) of Theorem 1.3. Let &,
(v € S) be subsets of {(4,7):i=1,...,r,j=1,...,s} and suppose that for some vy € 5,
either £ = (), or £ is contained in a K,-row, or &£ is contained in a K,-column. We
pick any ap, Bp with K(ag) = K1, K(By) = K3. We show that for every x > 0, inequality
(1.9) has infinitely many solutions («, 3) of the type

acgy + ¢ afy + ¢
o= 6=

~ bag+d’ C bBy+d

with a,b,c,d € Og, ad — be # 0. (5.1)

We choose a parameter 6 > 0. Below, all constants implied by <, > will depend on K,
S, ag, Bo and 4.

The following observation is useful:
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Lemma 5.1. Let a,b,¢c,d € Og with |ad — bc|, >< 1 for v € S and let a, 5 be given by
(5.1). Then
H(a)" >« H H \aa(()i) +c, bagi) +d|,,

veSi=1

HP)* >< [ T11a85 + ¢, b8 + dl. .

veES j=1

(5.2)

Proof. We prove only the inequality for H(«). Let v € Mg . From the observations in the
beginning of Section 2, it follows that {1,...,r} can be partitioned into sets F(qi|v), one
for each place ¢; on Kj lying above v, such that for i € F(q1|v) the absolute values given
by |a®|, for a € K; represent g;. Further, the set F(qi|v) has cardinality [(K1)q, : K,

= |a(i)‘£)(Kl)qltK”}/T

and by (1.1) we have |alg, for € Ky, i € F(q1|v). A consequence

of this is, that [ |, laco + ¢, bag +dfy, = ITi—, |aa(()i) + ¢, boz(()i) +d|, for v € Mg (with
|z, y|q, = max(|z|q, |ylq,)). By taking the product over v € Mk and applying the product

formula we get

H(a)" = H lacg + ¢, bag + d[;, = H H laal? + ¢, bal? + d, .

1 EMK, vEME i=1

Since a, b, c,d € Og, the product of the terms with v ¢ S is < 1. On the other hand, using
a(ba(()i) +d) — b(aa(()i) + ¢) = ad — be, we get that the product of the terms with v & S is
> [[,gs lad—=bely, = [, e lad—be|,;" > 1. This implies the inequality for H(«) in (5.2).0

In what follows, let u denote the cardinality of S. In the proof of part (ii) of Theorem 1.3

we distinguish two cases.

Case 1. & = 0.
Let @ > 1. By Proposition 4.2 (the one-dimensional case) or the strong approximation

theorem for absolute values, there is a d with
de 0s\{0}, |d,<Q " forve S\{vg}. (5.3)
Then by the product formula we have
|d|y, > Q. (5.4)

Take




By Lemma 5.1, (5.3), (5.4) we have for Q > 1,
o) >< [[ ]I o) +dY™ ><[dly,, H(B)>< ldl, . (5.5)
veS i=1
Assuming @) > 1 we have by (5.3),

i) (J)|U

H la® — gU)|, = H |a <1 forwve S\{vp}

(.3)€Es iee lad) +dly 18 + dl,

and by (5.4), (5.5),

) (J)|
o)

H la® — @), H H : < |7
(i.)€Euq =151 |ag Y ) + dlv0 185 + d,,
< H(a) " H(B) ™"
so altogether,
[T I 1o =59, < H@)H(3)". (5.6)

vES (i,j)EEy

From (5.4), (5.5) we infer H(a) > Q“, H(8) > Q". Thus, letting @ — oo, we infer
that (5.6) has infinitely many solutions and so, for every £ > 0, (1.9) has infinitely many

solutions.

Case 2. £ # () and &5 is contained in a K, -row or a K,,-column.
We deal only with the case that & is contained in a K,,-row since the argument for

K,,-columns is similar. Without loss of generality we assume

oM e K, foracK, (5.7)
Evo C{(1,1),...,(1,9)}. (5.8)

Fix k > 0 and let 6 > 0 be a parameter sufficiently small in terms of k. By (5.7) and
K(ag) = K1 # K we have ol € K,,, ol ¢ K. Further, by K(ag) = K1, K(5y) =
and (1.10), the numbers oz( ) cee (T), (()1), cee (()5) are distinct and non-zero. Hence the
linear forms L{" = oV X +v,... . L = o"X +v, L), = VX +v,... L), =
és)X +Y (v € S) satisfy the conditions (4.3), (4.4), (4.5) with r, = r + s for v € S and

so we can apply Lemma 4.4 to these forms. According to this lemma, for every @ > 1,
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there are linearly independent vectors (a, c), (b, d) € O% such that the inequalities

Q< \:z:a(” F Y|y, < Q1T (5.9)
QI « |a;oz + Ylo, € QI fori=2,...,r, (5.10)
Q7% <« |xﬂ(’> Fylo, < QW forj=1,...,s, (5.11)
Q< \:I:a +yl, € Q® forve S\{w},i=1,...,r (5.12)
Q0 < |28 +yl, < Q° forve S\{vo}, j=1,....5 (5.13)
are simultaneously satisfied for (z,y) = (a,¢) and for (z,y) = (b,d) and moreover,
lad — bc|, >< 1 forv e S. (5.14)

Let «, B be given by (5.1). We estimate the heights H(«), H(3) from above and below in
terms of Q). Since (a,c), (b, d) satisfy (5.9), (5.10), (5.12) we have

QI « H |aa(z) + ¢, ba(z) +d|y, <€ QrHro

AR H |aa +c, baol) +dl, < Q" forve S\{v},

SO

r
Qr—Q—ur5 < H H |aa(()z) T, baéz) + d‘v < Qr—2+ur5 )
veSi=1

Together with (5.14) and Lemma 5.1 this implies
Qerfur(S < H(a)r < Qr72+ur6' (515)
In precisely the same way, using (5.11), (5.13), (5.14) and Lemma 5.1 one shows

QS*’UJS(S < H(ﬁ)s < Qs+u55. (516)

We now estimate from above [[,cg 1 jyee, la® — 3], By (5.1) we have
lad — bely - [ol — 89|,

la® — g0)|, = -
|b ()+d|v |b6(9)+d|v
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and together with (5.14) and the fact that (b, d) satisfies (5.9)—(5.13) this implies
|a(1)_ﬁ(j)‘vo <<Q26 fOI‘jzl,...,S,
o@D — 0|, <« QH fori=2,...,r j=1,...,s,
o — W], « Q¥ forve S\{vol,i=1,...,r,j=1,...,s.
By (5.8), the set &,, contains all pairs (i,7) with i =2,...,7, 7 =1,...,s. By combining
the inequalities just mentioned and inserting (5.15), (5.16) we get

i j —(r—2)s—rs+2urs —rs(l—k/2

provided we choose § sufficiently small. By (5.15), (5.16), the heights H(«), H(B) go to
infinity with Q. It follows that the last inequality, and consequently (1.9), has infinitely

many solutions. This completes the proof of part (i) of Theorem 1.3. O

6. Proof of part (ii) of Theorem 1.3 (modulo a proposition).

We prove part (ii) of Theorem 1.3. In the proof we use a proposition whose proof is

postponed to Section 7.

Let K be an algebraic number field and S a finite set of places of K. We assume that S
contains all infinite places which, by the observations in the first paragraph of Section 5, is
no loss of generality. Further, Ky, K> satisfy (1.10). In what follows, constants implied by
&, > depend only on K, K7, Ko and S. We use the notation introduced in the previous

sections.

Pick a, g with K(a) = Ky, K(8) = K3. By Lemma 3.2 there are binary forms F, G €

Og[X, Y], irreducible over K, such that
F(a,1) =0, H(a)" >»< Hg(F), degF:r,} 6.1)
6.1

G(3,1) =0, H(B)® >< Hs(G), degG =s.

We can express I, Gas F = A[[}_,(X—a®WY),G =B szl(X—ﬁ(j)Y) with A, B € Og.
By applying (3.11) and taking the product over v € S we get

U ‘Oé(l) - 6(J)|v |R(F7 G)|S
. . >K . 6.2
U 550 > < mrasor o2
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Recall definition (3.6). The next result is our main tool:

Proposition 6.1. There is a matriz U € SL(2,0g) (i.e., with entries in Og and deter-
minant 1) such that

|R(F,G)|s > (Hs(Fu)*Hs(Gp)")" ™, (6.3)

where the constant implied by > is ineffective.

Remark. The matrix U in the right-hand side is necessary because of (3.9).

Proof. We apply Theorem 2 of [6] to F' and G. From (1.10), (6.1) it follows that deg F' =
r > 3, degG = s > 3, and that F'G has no multiple factor. Hence the conditions of
Theorem 2 of [6] are satisfied. It follows from that result that there is a matrix U; =

(Z Z) € GL(2,0g), i.e., with determinant ad — bc =: ¢ € OF, such that
1/718
R(F,G)|s > (Hs(Fu, ) Hs(Gu,)") (6.4)

where the implied constant is determined by 7, s, S and the splitting field of F'G over K,
so by K, S, Ky, Ko. The proof of (6.4) uses results from other papers, i.e., [5], [6]. A
sketchy overview of the proof is given in [4]. The proof goes back to Schlickewei’s p-adic
generalisation of Schmidt’s Subspace Theorem. Therefore, the constant implied by > in

(6.4) is ineffective.

From the S-unit theorem it follows that there are €1,e5 € OF with

el =¢1e3, le1ly €1 forove S, (6.5)

where ¢ = detU;. Now take U := (52“ 6162'}') where (z Z) = U; as above. Thus,

eoc €1€0d

detU =1, ie., U € SL(2,05). By (6.5) we have
FU(X,Y) :€2FU1(X,€1Y), ‘FU’v < ’€2|v'|FU1‘v forve S
and by taking the product over v € S and applying (3.1) we obtain

Hs(Fy) < ( H leal) Hs(Fu,) = Hs(Fuy, ) -
vES

Similarly, we get Hs(Gy) < Hg(Gyp,). Together with (6.4) this implies (6.3). O
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Proposition 6.2. LetE, C{(i,j):i=1,...,r,j=1,...,8} (v €S) be sets such that for
each v € S we have that ES # 0, ES is not contained in a K,-row and E5 is not contained
in a K,-column. Then for every U € SL(2,0g) there are pairs (iy,j,) € ES (v € S) such
that

(6.6)

H laliv) — G|, Hs(Fy) t*Hg(Gy)"+*
|1 a(zv)| |1,ﬁ(jv) v Hs(F)l/THS(G)l/S

The proof is postponed to Section 7.

Proof of part (ii) of Theorem 1.3. The conditions on the sets £S in part (ii) of Theorem
1.3 are precisely those of Proposition 6.2 so we can apply the latter. Let U be the matrix
from Proposition 6.1 and choose pairs (i,,j,) € €5 (v € S) according to Proposition 6.2.
Let 6 be a real with 0 < # < 1 which will be specified later. Put

lat) — 3@,

= a0, 1,50, orvedi=loonj=l. s

(v) .
fz] *
Now we have

H H la®) — )|,

veS (i,7)€E,

ST 79 = (TTHILA) - (T 1 #9)

VES (i) €0 vES =1 j=1 vES (irj)€Ee
|R(F,G)|s (v) \—0
> || Z by (6.2) and f;; < 1
Hs(F)* Hg(G) (fiva,) by (6.2) and fi

> (HS<FU>SHS<GU>T)” " ( H(F)V/" Hs (G)1/*

0
> by (6.3), (6.6).

Hs(F)*Hs(G)" Hs(Fy) s Hs(Gu)™**
By choosing 6 = ;Xllgzgzjs)) so that the exponents on Hg(Fy) and Hg(Gy) become non-

negative and then using (6.1) we get

H H |a(i) _ ﬁ(j)|u > (HS(F)SHS(G)’")_HW
vES (i,7)EE,

_TS(]‘_ 718('r+s)1max('r,s) )

> (H(a)H(B))

This implies that for every x < m (1.9) has only finitely many solutions. This
completes the proof of part (ii) of Theorem 1.3. O
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7. Proof of Proposition 6.2.

We keep the notation and assumptions from the previous sections. In particular, K is a

number field, Ky, Ko are finite extensions of K with (1.10), S is a finite set of places of

K containing all infinite places, and &, (v € S) are subsets of {(i,7) : i = 1,...
1,..., s} satisfying the conditions of Proposition 6.2. Let a;, 3 be numbers with K («)
K(B) = K and F, G corresponding binary forms in Og[X, Y] with (6.1). Thus,

F = AII X-a"y), G=B][(Xx-8YY) with A,B € Os.

j=1

Let U = (¢ Z) € SL(2,0g). We have

v=AJ[O0OX +89Y), Gu=B][EVX +9YY)

i=1 j=1

Go) =) () Co) =) ()

fori=1,...,r,7=1,...,s.

with

For the moment we fix a place v € S. We define:

a®),
fz~—m (@=1....7)
O
97 16, @], (=1,

|a(p) — a(q)|v

Am:n¢mﬁ@n¢¢aaw“ (1<p,g<rp#q),
_ 1P -5,
O = T o, @ g, SPASsPFa)
@ — 3@
Byim— 10720 i1, s),

@, 601, - €D, 0],

7T7j =
:Kla

(7.1)

Below, we have collected some properties of these quantities. Constants implied by <, >

depend only on K, K1, K5, S, v.

Lemma 7.1. We have

|l

’F‘U|v7

fi fr >
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|Glo

G ga > g (7.6)
D(F)|L/?

%<<qu<<1 for1<p,q<r, p#yq, (7.7)
[Pyl

D(G)|¥?

%<<@pq<<l for1<p,q<s,p#q, (7.8)
Ulv

R(F,G)l, ) :

%«E”«l fOTZ:1,...7T7j:1,...,S. (79)
Uly Uy

Proof. (7.5) and (7.6) are immediate consequences of (7.1), (7.2) and Lemma 3.1. By
(7.3) and ad — be = 1 we have aP) — o(®) = 4(P)§(@) — 4@ §P) hence

|7(p)5(q) — ~(2)§®) o
B = @), 5@, - [y@, 5@, "

This implies A,, < 1 for 1 < p,q < r, p # ¢. From (3.10) and (3.7) it follows that
TTi<peqer Do > D)2 /|1 Fo s~ = | D(F)[/? /| Fy|;~". This implies for each A, the
lower bound in (7.7). Using that by (7.3), ad—bc = 1 we have P) —3(@) = ¢P)pla) _¢(@)y(P)
we can prove (7.8) in precisely the same way. By (7.3) and ad—bc = 1 we have o(¥) — 30) =
A — 5@ and so
4@ — 5],

A 5@, €D, 1],

This implies F;; < 1 for all 4,j. Further, by (3.11), (3.9) we have [[;_, [[;_, Eij >
\R(Fu,Gu)lo/|Fuls|Guly= |R(F,G)|o/|Ful;|Guly,. This implies for each Ej;; the lower
bound in (7.9). O

Eij =

We assume for the moment

fi=min(f1,..., fr, g1,---,9s)- (7.10)

Lemma 7.2. Assume (7.10). Then
g1
fo > D)2 PR Rl ™7 forg=2,. (7.11)
Proof. By the vector identity

1 1 !
(a® — o(@) (a<p> ) = (a®) — o) <a(1) ) + (o) —a) <a<q) )
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we get for all p,q with 1 < p, g <,
|a(1) _ Oé(q)|v ) |1,a(p)|ﬂ < max (|a(p) _ a(‘I)|U . |1,oz(1)|v, |a(1) _ Oé(1o)|v . |1’a(q)|v) )

By dividing this by [y, §M],-|y®) §®)|,-|y(@ §@]|, and then using (7.10) and the upper

bound from (7.7) we obtain
Ap fp < max(Apgf1,A1pfy) L fg forp=1,...,r,q¢q=2,...,r.

Together with (7.5) and the lower bound in (7.7) this implies

1/r
DR [ |F|
> A e 1/r > | . v
fq ql(fl f) |FU|?;—1 |FU|'U

for ¢ =2,...,r, which is (7.11). O
Lemma 7.3. Assume (7.10). Then

9> |RE,G)o - IG5 - |Fyl7% - 1Gula™™" forg=1,...,s. (7.12)
Proof. We have again a vector identity

(M) — gl@) ( 1 > = (8P — pl9) ( 1 ) + (V) — pP) ( 1 )
5@ a® B
from which we deduce
|a(1) _ ﬁ(Q)\v ) ’1,5@)’1} < max (W(p) _ ﬁ(q)|v ) |1,0z(1)|v, |a(1) _ ﬁ(p)|v ) ’175(11)‘”)

for all p, ¢ with 1 < p, ¢ < 5. By dividing this by |y, M|, - [£®) n®)|, . |¢@ »@], and
then using (7.10) and the upper bounds from (7.8), (7.9) we get

E149p < max(0pqf1, E1pgq) < gq forp=1,...,5,¢=1,...,s.

Using this together with (7.5) and the lower bound in (7.9) we obtain

1/s
[R(F\G)lo [ |Gl
\[FulslGuly,  \ |Gule

9q > Elq(gl o 'gs)l/s >

for g =1,...,s, which is (7.12). O
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Lemma 7.4. Assume (7.10). Then there is a pair (i, j,) € ES such that
o 1/2 1/ri1/s —(rt+s)+1—+ —r—z
fi.gj, > |D(F),/" - |R(F,G)|o - |[F[,/"|G],” - |[Fulo Gulo = (7.13)
Proof. We distinguish two cases.

Case 1. oM € K.

Then z +— 2! maps K, into K, since K(a) = K. Hence {(1,1),...,(1,5)} is a K,-row.
So £S ¢ {(1,1),...,(1,s)} by our assumption. Therefore, there is a pair (i,, j,) € ES with
iy €4{2,...,r} and j, € {1,...,s}. Now we obtain (7.13) by combining (7.11) with ¢ = i,
and (7.12) with ¢ = j,.

Case 2. oV ¢ K.

The set £ is not empty. Pick any pair (iy, j,) € £5. If 4, # 1 we derive again (7.13) from
(7.11) with ¢ = 4, and from (7.12) with ¢ = j,. Suppose i, = 1. Thereis a h € {2,...,r}
such that a®) is conjugate to a(*) over K,. Then £ n(") are conjugate over K, to &),
nY), respectively. Since numbers conjugate over K, have the same | - |,-value, this implies
fi, = f1 = fn. Now (7.13) follows from (7.11) with ¢ = h and from (7.12) with ¢ = j,. O

We now drop assumption (7.10). Then in general we have:

Lemma 7.5. There is a pair (iy,7,) € ES such that

lali) — 3|,
1, ali)], -1, 36,

<|D(F)[;2|D(G)I; 2 IR(F, G)l

NF [T Gy [T T RSV G YL (7.14)

Proof. The right-hand side of (7.14) remains unchanged if the pairs (F,r) and (G, s) are

interchanged. Further, it remains unchanged if f1,..., f, are permuted or if g4,..., gs are

permuted. Hence there is no loss of generality to assume f; = min(fy,..., fr,91,.-.,9s),

i.e., (7.10). Therefore, we may apply Lemma 7.4. Let (i,, j,) be the pair from this lemma.
Then from (7.4), (7.9) (the upper bound) and (7.13) it follows

laiv) — gu)|,
1, a0, - [1, 86,
< D) ARE.G) - Ful ) Goly IR Gl

=E;, j.(fi,95.) " < (fi,95,) "

By multiplying the right-hand side with |D(G)|, /|Gy |3~ which is > 1 by (7.8) we arrive
at (7.14). O
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Proof of Proposition 6.2. Choose for each v € S a pair (iy,j,) with (7.14) and take
the product over v € S. Since the binary forms F, G have S-integral coefficients, are
irreducible and have no common factor, the numbers D(F'), D(G), R(F,G) are non-zero
S-integers and so |D(F)|s > 1, |D(G)|s > 1, |R(F,G)|s > 1 by (3.1). Further, we have
Hs(Fy) > 1, Hs(Gy) > 1 by (3.2). Hence

|aliv) — gl
J;£|1,a@qu.|1,gan>h
< |D(F)|5"*1D(G) 5" IR(F, G)[5*
CHg(Fy) U715 Hy (G) 9~ Hg(F) V" Hg (G)7Y/*
< Hg(Fy) " Hs(Gy)"™** - Hs(F)~Y/"Hs(G) ™/,

which is what we wanted to prove. O
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