On p-adic Decomposable Form
Inequalities

Proefschrift
ter verkrijging van
de graad van Doctor aan de Universiteit Leiden
op gezag van Rector Magnificus prof. mr. C.J.J.M. Stolker,
volgens besluit van het College voor Promoties
te verdedigen op 5 maart 2015
klokke 13 : 45 uur

door

Junjiang Liu

geboren te Henan, China
in 1988



Samenstelling van de promotiecommissie:

Promotor: Prof. dr. Peter Stevenhagen
Copromotor: Dr. Jan-Hendrik Evertse
Copromotor: Dr. Pascal Autissier (Université Bordeaux I)
Overige leden:

Prof. dr. Yuri F. Bilu (Université Bordeaux I)

Dr. Robin de Jong

Prof. dr. Jeffrey L. Thunder (Northern Illinois University)

Prof. dr. Robert Tijdeman

This work was funded by Algant-Doc Erasmus Action and was carried out at

Universiteit Leiden and 1’Université Bordeaux 1.

«\euy and N,
2> 3

o

Algeg,
fao?™

% 2:3 >
G . &
4/‘, A\

T Erasmus »

/

UNIVER SITE

BORDEAUX 1

Sciences Technologies




THESE

présentée a

L’UNIVERSITE BORDEAUX I
ECOLE DOCTORALE DE MATHEMATIQUES ET INFORMATIQUE

par Junjiang Liu
POUR OBTENIR LE GRADE DE

DOCTEUR

SPECIALITE : Mathématiques Pures

On p-adic Decomposable Form
Inequalities

Directeurs de recherche : Pascal AUTISSIER, Jan-Hendrik EVERTSE, Peter
STEVENHAGEN

Soutenue le : 5 mars 2015 a Leiden

Devant la commission d’examen formée de :

M AUTISSIER, Pascal Professeur  Université Bordeaux I Directeur

M BILU, Yuri Professeur  Université Bordeaux I Examinateur
M DE JONG, Robin Docteur Universiteit Leiden Rapporteur
M EVERTSE, Jan-Hendrik Docteur Universiteit Leiden Directeur

M STEVENHAGEN, Peter Professeur Universiteit Leiden Examinateur

M THUNDER, Jeffrey Lin  Professeur Northern Illinois University Rapporteur
M TIJDEMAN, Robert Professeur Universiteit Leiden Rapporteur






To my parents and Bo






Contents

Partal T r onl Vi
Introductionl 1
[Résumé (version longue)| 9
I Prefiminanies 17
(1.1  Decomposable forms| . . . . . . .. ... oo 17
(1.2 Measures, geometry of numbers| . . . . . . ... ... 22
(1.2.1 Counting lattice points| . . . . . . . . . . .. ... ... .. ..... 23

(1.2.2  Geometry of numbers|. . . . . . .. ... ... L. 28

(1.3 Basic properties of the volume of Apg(m)|. . . ... ... ... ... ... 30
(1.4 Analysis of the small solutions| . . . . . . ... ... ... ... .. ..... 32

2 Asymptotic estimates for the number of solutions of decomposable form |

[ 1nequalities| 41
2.1 Statements of the Theoremsl . . . . . . .. ... ... .. ... ... ... 41
2.2 Auxiliary Lemmas| . . . . . . ... o 43
2.3 Proof of Theorem 2. 111 . . . . . .. ... ... ... 0. 60
[2.4  Large solutions| . . . . . . .. ... 65
2.5 Proof of Theorems2. 1 3land2.1.4 . . . . .. ... ... ... ... ... .. 68

il



[3 An effective finiteness criterion for decomposable form inequalities] 73

3.1 Norm formsl . . . . . . . .. 74
[3.2  Finite etale algebras| . . . . . .. ... oo oo 79
[3.3  Decomposable forms| . . . . .. ... oo oo 85

[4  Decomposable form in n variables of degree n + 1| 91
4.1 Statement of the Theorem| . . . . . . . . . . ... ... L. 92
[4.2  About discriminants of decomposable forms| . . . . . . .. ... ... ... 94
[4.3  Auxiliary Lemmas| . . . . .. . ... 100
4.4 Proof of Theorem M. 1.1l . . . . . . . . . . .. ... .. ... 106
4.4.1  The small discriminant casel . . . . . . . ... .. ... ... .. .. 106

[4.4.2 The large discriminant case] . . . . . . . .. ... ... ... .. .. 111

[ Decomposable form inequalities with coprime degree and number of |

[__unknownsl 115
.1 Preliminaries) . . . . . . . . .o 116
H.1.1  Notationl . . . . . . . . .. 116

p.1.2  Orthogonality in Q7} . . . ... ... ... ... 118

[5.2  Preparations|. . . . . . . . ... 120
[>.3  Fundamental propositions| . . . . . .. ... 137
[5.3.1  Theorems about the volumel . . . . . . ... ... ... .. ... .. 145

[5.3.2  Solutions in subspaces| . . . . ... ... 155

(.4 Proof of Theorem5.03 . . . . . . . . .. . . ... ... ... .. ... 158
(Bibliography| 163
[Abstract] 166
[Samenvatting) 167
Résumé] 170

v



[Acknowledgments| 171

[Curriculum Vitael 172



Partial list of notation:

5]

ACB

ACB

7

Z>o

ged(zy, ..., xy)

x € Z™ primitive

P

p
Ly

K* =K\ {0}
dimK(V)
Gal(L/K)

the cardinality of a set S.
A is a subset of B.

A is a proper subset of B.
the ring of integers.
non-negative integers.

the greatest common divisor of integers 1, ...

the greatest common divisor of the coordinates of x is 1.

the set of prime numbers of Z.
a prime number.
the ring of p-adic integers.

the set of places of Q.

the ring of S-integers where S = {oco} U {p1, ...

the field of rational numbers.

the field of p-adic numbers.

p-adic absolute value with [p| = p~!.

the algebraic closure of Q).

the field of real numbers.

the largest integer not greater than z € R.
the field of complex numbers.

ordinary absolute value.

a number field.

the multiplicative group of K.

the dimension of a K-vector space V.

the Galois group of a field IL over a field K.
the L? norm of a vector x € C™.

the sup-norm of a vector x € C".

the p-sup-norm of a vector x € @Z.

vi

,pr} is a finite set of places.



H(x) the absolute height of a vector x.
Hx(x) = H(x)®Qthe field height of a vector x with coordinates in K.

det(X) the determinant of a matrix X.

R a ring.

R* the unit group of a ring R.

GL,(R) the group of n x n matrices with coefficients in R and determinant in R*.
R[X1,..., X,] the ring of polynomials in n variables with its coefficients in a ring R.

< > Vinogradov symbols.

a><b ifa<bandb < a.

Vil






Introduction

We start with the Thue equation
F(z,y)=minz,y € Z (0.0.1)

where F' € Z[X, Y] is a homogeneous polynomial of degree d > 3 which is irreducible over
Q. Thue’s famous result in [I7] shows that the number of integer solutions to (0.0.1)) is
finite. This implies that the number of solutions Ng(m) to the Thue inequality

|F(z,y)| <minz,y€Z (0.0.2)

is finite. In 1933, Mahler [I0] showed that for such F', the number of solutions Ng(m)
can be estimated as follows. Denote the area of the region {x € R? : |F(z,y)| < 1} by
Ap. Then m*/%Ap is the area of the region {x € R? : |F(z,y)| < m}. One has

INp(m) —m*?Ap| = O(m"@=1) as m — oo

where the constant implied by the O-symbol depends on d and F.
Now let F' be a norm form over Q of degree d in n > 3 variables, that is, a homogeneous

polynomial of the shape
F = CNL/Q(L) = CN]L/Q()‘le + XX+ -+ )\an) (0.0.3)

where L = M X7 + AoXo+ - + XXy, L=Q(\,...,\y) is a number field and ¢ € Q*
such that F' € Z[X,...,X,]. To F, we associate the Q-vector space,

V;:{)\la:1+---—|->\n$n1$17---a$n€@}'
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For each subfield £ of I we define the linear subspace of V,
VE.—{veV:eweV forevery e € E}.

Notice that in fact €VE C VE for ¢ € E. Hence V® is the largest subspace of V closed
under scalar multiplication with [E. The norm form F' is said to be non-degenerate if
A, ..., A\, are linearly independent over Q and if VE = 0 for each subfield E of IL which is
not equal to @Q or to an imaginary quadratic field. Schmidt’s famous result in [14] shows

that the number of solutions to the norm form equations
F(zi,...,zp) =minxy, ...,z €4 (0.0.4)

is finite for all m if and only if F' is non- degenerate. This implies that for non-degenerate

norm forms F', the number of solutions Np(m) to the norm form inequality
|F(z1,...,2p)| <minxy,...,zn €Z (0.0.5)

is finite. Afterwards, Schmidt also gave in [16] an upper bound for the number of solutions
of (0.0.5)). Later, Evertse showed in [7] that for non-degenerate norm forms F', we have

-1 .—
("+7)3 "+Z?:2 it n(n+1)

Np(m) < (16d) 3 m~ 4 (1+1logm) =

Now let F' € Z[ X1, ..., X,] be a decomposable form of degree d, that is, a homogeneous
polynomial which can be factorized into linear forms over some extension of Q. Denote by
Ap(m) the set {x € R" : |F(x)| < m} and put Ap := Ap(1). Let pso be the normalized
Lebesgue measure on R such that s ([0,1]) = 1 and p% the product measure on R"™.
Note that u (Ap(m)) = m™% (Ap). We say F is of finite type if p” (Ap) < oo
and ugémT(AﬂT) < oo for every non-zero linear subspace T of Q™. We consider the

decomposable form inequality
|F(x)] <minx € Z". (0.0.6)

Thunder proved in [19] that the number of solutions to is finite for every m if
and only if F' is of finite type. More precisely, he proved that for decomposable forms
F e Z[Xy,...,X,] of degree d of finite type, one has

2



Theorem 0.0.1.

Np(m) < mi,
[Np(m) — uy (Ap(m))| < m e (14 log m)"2H (F)F)

where a(F), c(F) are rational numbers satisfying

1<a(F) <

%_n(nl—l) , d;nSC(F)< <Z>(d—n+1)

and constants implied by the Vinogradov symbol < depend only on n and d.

Later, Thunder’s concern was to obtain a similar inequality, but with the upper
bound of the error term |Np(m) — pu2 (Ap(m))| depending only on n,d. He managed
to do so in several cases. We define the discriminant D(F') of a decomposable form
F € Z[Xy,...,X,] in Chapter and it is an integer. For decomposable forms
F € Z[Xy,...,X,] of degree n + 1 of finite type (which implies D(F) # 0), Thunder
proved in [20] the following Theorem:

Theorem 0.0.2.
mn—1)/n
| D(F)[1/@n(n+1))

+ m= D/ (1 4 logm)n L

2

|Np(m) — m"/(”H)ug’o(AFﬂ < (1+logm)"™~

where the implicit constant depends only on n.

For decomposable forms in n variables of degree d of finite type with ged(n,d) = 1,
Thunder proved in [22] the following Theorem:

Theorem 0.0.3.

[N (m) — m™ 4l (Ap)| < m™ (@D (1 4 1g m)n—2,

The subject of this thesis is to generalize Theorems|0.0.1} [0.0.2f and [0.0.3| to the p-adic
setting. Let F' € Z[Xy,...,Xy] be a decomposable form of degree d with d > n. Let

3



S = {00, p1,...,pr} be a fixed (once for all) finite subset of Mg and Sy = S\ {oo}. We

are interested in the solutions to inequalities of the shape

F(x)l, <m in x=(x1,29,...,2,) € Z"
HpGSI ( )|p — ( 1 2 n) (007>
with ged(x1,x2,...,2n, 1 pr) = 1.
Note that the condition ged(z1,z2,...,%n,p1-pr) = 1 is necessary for the number of

the solutions being finite. Define

Aps(m) = {(xp)p e [TQ: [T 1FC)ly<m . [xply=1forpe 50},

peS peSs
Npgs(m) := ‘{X ez H |F(x)|, <m, ged(xr, 22, ..., 20, P11 Dr) = 1}’
peS

Let oo be the normalized Lebesgue measure on R = Q. with po([0,1]) = 1 and g,
be the normalized Haar measure on Q, with p,(Z,) = 1. Define the product measure
pr = HpES 'ug on HpES QZ

In the literature, there are few results in this direction. For decomposable forms F

satisfying a suitable finiteness condition, Evertse’s result in [5] implies
Npg(1) < 2(2%3d2)™ 151 (0.0.8)

In his master’s thesis [9], de Jong proved a result for norm forms F' as in satisfying
the following three conditions: (a) each n-tuple among the linear factors of F' is linearly
independent, (b) the Galois group of the normal closure of I over QQ acts n — 1 times
transitively on the set of conjugates {a!), ..., a(")} of any primitive element a of L, (c)

d > 2n®/3. Under these conditions, he proved the following asymptotic formula:
Nrs(m) = miu"(Ags(1) + Ops(m!™D) as m — o

where f(n,d) < n/d is a function depending only on n and d. The constant implied by
the Op g-symbol here and below depends only on F' and S.

For our p-adic generalizations of Theorems|0.0.1}[0.0.2|and [0.0.3] we mainly care about

the exponents on m rather than the exponents on logm. In fact, the exponents on logm
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in our results are slightly bigger than Thunder’s, which is caused by the estimation of
small solutions. For the proofs of our results, we mainly follow Thunder’s proofs and
make the necessary modifications in the p-adic setting. As one of the main ingredients of
the proofs, we use a version of the p-adic Subspace Theorem. (For a more general version,
see [6].)

Let S = {00, p1,...,pr} be a finite subset of Mg. For each p € S, let Ly1,..., Ly, be

linearly independent linear forms in n variables with algebraic coefficients such that

HQ(Lpi)(Lpi) <H, [@(Lpz> : Q] <DforpeSi1=1,...,n,

where L,; is the vector of coefficients of Ly;. (See Section for the definitions of these

quantities.)

Theorem 0.0.4. Let 0 < 0 < 1. Consider the inequality

L
H [Ty | i >|p < |x|37 inx e Z". (0.0.9)
]det pls - )‘p
There are proper linear subspaces T, ..., Tn of Q™ with

N < (260"20_7”’)T+1 log 4D loglog4D
such that every solution x € Z™ of with
|X|oo > H, x primitive
lies in Ty U---UTy.

The thesis is organized as follows.

In Chapter [I}, we introduce some notation, definitions, general facts and basic lemmas.

In Chapter , we prove the following results. For F' = Hle L;, let I(F') denote the
set of all ordered n-tuples (Lj,, Lj,, ..., L;,) which are linearly independent. If I(F) # 0,

we define
|{LZ € span {Li17 s 7LZ}}’
a(F) = max max , .




Theorem 0.0.5. Let F' € Z[Xy,...,X,] be a decomposable form of degree d. Suppose
F(x) # 0 for every non-zero x € Z™ and a(F) < . Then u"(Apg(m)) < m"™ % where

the implicit constant depends only on n, d and S.

For a polynomial F' in n variables and an n x n matrix M = (aij)idzl’m,n, define

n n
Far(X1,. .., Xn) = F(Zaljxj, L Zanjxj).

j=1 j=1

For a non-zero m-dimensional linear subspace T of Q™, we choose M € GL,(Z) such that
M:FI(T) is the subspace spanned by e, ..., e, where e; = (1,0,...,0),e2 = (0,1,...,0),
..., e are the first m standard basis vectors of Q™. We denote by F'|p the decomposable
form of degree d in m variables obtained by restricting Fy, to the subspace spanned by
€e1,...,eny.

Theorem 0.0.6. Let F' € Z[X1,...,Xy] be a decomposable form of degree d. Suppose
F(x) # 0 for every non-zero x € Z". Also suppose a(F|r) < di% for every linear
subspace T of dimension at least 2 of Q". Then Npg(m) < m™ e where the implicit

constant depends only on n, d and S.

Theorem 0.0.7. Let F' € Z[X1,...,Xy] be a decomposable form of degree d. Suppose
F(x) # 0 for every non-zero x € Z". Also suppose a(F|r) < di% for every linear

subspace T of dimension at least 2 of Q™. Then
Nps(m) =mip"(Aps(1) + Ops(mT0A7) as m — oo,

The conditions of Theorems and can be effectively verified in a finitely
number of steps. In fact, write F = ¢ - H?Zl Nk, /q(Li) where ¢ € Q, K; is a number
field of degree d; and L; = aj X1 + - - - + ain Xy, with Q(a;1, ..., a) =K;fori=1,... ¢.
Define the Q-algebra Q =Ky x --- x K,. Let

V= {(L1(x),...,L4(x)) : x € Q"}.

Then V is a Q-vector space contained in Q. For a (Q-subalgebra B of 2, we define
VB={aeV:B-aCV}

6



This is the largest subspace of V' which is closed under scalar multiplication by B. In

Chapter [3, we prove the following result.
Theorem 0.0.8. The following statements are equivalent:
(a) a(F|r) < ﬁ for every linear subspace T' of dimension at least 2 of Q",
(b) for every Q-subalgebra B of @ with dimg B > 1, we have VB = {0}.
In Chapter [4, we prove the following theorem.

Theorem 0.0.9. Let F' € Z[ X1, ..., X,] be a decomposable form of degree n+ 1. Suppose
F(x) # 0 for every non-zero x € Z". Also suppose a(F|r) < di% for every linear
subspace T of dimension at least 2 of Q™. Then we have D(F) # 0 and

(n—=1)/n |S|(n+1) net
m (1 + logm) 1 +m i (14 log m) S
(HpES |D(F)]p) 2D

where the implied constant depends only on n and S.

[NE.s(m) — " (Aps(m))| <

In Chapter [, we consider the more general case where the degree d of F and the

number of variables n are coprime. We prove the following theorem.

Theorem 0.0.10. Let F' € Z[X1,...,X,]| be a decomposable form of degree d. Suppose
F(x) # 0 for every non-zero x € Z". Also suppose a(F|r) < ﬁ for every linear
subspace T' of dimension at least 2 of Q™. If ged(n,d) =1, we have

[Nrs(m) = u"(Ars(m))| < m™ /DI (1 4 logm)*!9!
where the implied constant depends only on n, d and S.

We finish this introduction with some open problems.

(a) Remove the coprime condtion ged(n,d) = 1 in Thunder’s Theorem [0.0.3] For in-
stance, Theorem holds for binary forms of odd degree. Can we prove the same

result for binary forms of even degree?

7



(b) The implicit constants in Theorems [0.0.9 and [0.0.10{ depend on n, d and the primes
in S. In view of (0.0.8), can we replace these by constants depending only on n,

d and the cardinality of S? Further, can we give an upper bound for " (Apg(1))
depending only on on n, d and the cardinality of S?



Résumé (version longue)

Nous commencons avec 1’équation de Thue
F(x,y)=menx,y€Z (0.0.10)

ou F € Z[X,Y] est un polynéme homogene de degré d > 3 qui est irréductible sur Q. Le
célebre résultat de Thue dans [I7] montre que le nombre de solutions entieres a ({0.0.10)

est fini. Cela implique que le nombre de solutions Np(m) a I'inégalité de Thue
|F(z,y)| <menz,ycZ (0.0.11)

est fini. En 1933, Mahler [10] a montré que pour ces F, le nombre de solutions Ng(m)
peut étre estimé comme suit. Notons Ap laire de la région {x € R? : |F(x,y)| < 1}.
Alors m?/?Ap est I'aire de la région {x € R?: |F(z,y)| <m}. On a

INp(m) —m*4Ap| = O(m" 4=V lorsque m — oo

ol la constante implicite dans le symbole O dépend de d et F.
Maintenant, soit F' une forme norme sur QQ de degré d en n > 3 variables, c¢’est-a-dire

un polynome homogene de la forme
F= CNL/Q(L) = CN]L/Q()‘le + X Xo+ -+ )\an) (0.0.12)

ou L =MX1+XXo+--+0,X,, L=Q(A1,...,\,) est un corps de nombres et ¢ € Q*
tel que F € Z[ X1, ..., X, A F, nous associons le Q-espace vectoriel

V::{)\1I1+"'—|—)\n$n:$17-"7$n€@}‘

9



Pour chaque sous-corps [E de IL, nous définissons le sous-espace linéaire de V,
VE .= {v eV :eveV pour chaque e € E}.

Notez que eVE C VE pour € € E. Par conséquent VE est le plus grand sous-espace de V
fermé sous la multiplication scalaire par E. La forme norme F' est dite non-dégénérée si
A1, ..., A\, sont linéairement indépendants sur Q et si VE = 0 pour chaque sous-corps E
de IL qui n’est pas égal & Q ou & un corps quadratique imaginaire. Le célebre résultat de

Schmidt dans [I4] montre que le nombre de solutions a I'équation de forme norme
F(xi,...,2p) =menxy,...,o, € Z (0.0.13)

est fini pour tout m si et seulement si F' est non dégénérée. Ceci implique que pour les
formes normes non-dégénérées F', le nombre de solutions Np(m) a l'inégalité de forme
norme

|F(z1,...,2p)| <menuzy,...,xn €7 (0.0.14)

est fini. Ensuite, Schmidt a également donné dans [14] une borne supérieure pour le
nombre de solutions de (0.0.14)). Plus tard, Evertse a montré dans [7] que pour les formes
normes non-dégénérées F', nous avons

1
(n+7)3 "+Z?=2 i1 n(n+1)

Np(m) < (16d) 35 m~— < (1+logm) 2

Maintenant, soit F' € Z[X7, ..., X,] une forme décomposable de degré d, c’est-a-dire
un polynome homogene qui peut étre factorisé en formes linéaires sur une extension de
Q. Notons Ap(m) l'ensemble {x € R" : |F(x)| < m} et posons Ap := Ap(1). Soit o
la mesure de Lebesgue normalisée sur R telle que pi0([0,1]) = 1 et pl la mesure produit
sur R"™. Notez que pl (Ap(m)) = m”/dugo(Ap). Nous disons que I est de type fini si
p (Ar) < oo et pdimT (A F|;) < 00 pour chaque sous-espace vectoriel non nul 7' de Q™.

Nous considérons 'inégalité de forme décomposable
|F(x)] <menxeZ". (0.0.15)

Thunder prouve dans [I9] que le nombre de solutions a ((0.0.15]) est fini pour chaque m
si et seulement si F' est de type fini. Plus précisément, il a prouvé que pour les formes

décomposables F' € Z[X1,...,Xy] de degré d de type fini, on a

10



Theorem 0.0.11.

Np(m) < mi,
[Np(m) — uy (Ap(m))| < m e (14 log m)"2H (F)F)

ot a(F),c(F) sont des nombres rationnels satisfaisant

1§a(F)§§ 1 d—n
n

T a S < (Z)(d—nJrl)

et les constantes implicites dans le symbole de Vinogradov < ne dépendent que de n et d.

Plus tard, la préoccupation de Thunder était d’obtenir une inégalité similaire, mais
avec la borne supérieure du terme d’erreur |Np(m) — p (Ap(m))| fonction uniquement
de n,d. 1l a réussi a le faire dans plusieurs cas. Nous définissons le discriminant D(F)
d’une forme décomposable F' € Z[Xy,...,Xy] au chapitre et c’est un nombre
entier. Pour les formes décomposables F' € Z[X1, ..., X},] de degré n + 1 de type fini (ce
qui implique D(F') # 0), Thunder a prouvé dans [20] le théoreme suivant:

Theorem 0.0.12.
mn—1)/n
|D(F)|1/(2n(n+1))

+ M(n—l)/(n+1)(1 + log m)n—l.

(14 logm)"2

INp(m) —m™ D (Ap)| <

ot la constante implicite ne dépend que de n.

Pour les formes décomposables en n variables de degré d de type fini avec ged(n, d) = 1,

Thunder a prouvé dans [22] le théoréme suivant:

Theorem 0.0.13.

[N (m) — m™ 4l (Ap)| < m™ (@D (1 4 1g m)n—2,

Le sujet de cette these est de généraliser les théoremes [0.0.11} [0.0.12] et [0.0.13] au

cadre p-adique. Soit F' € Z[X7,...,Xy] une forme décomposable de degré d avec d > n.

11



Soit S = {oo,p1,...,pr} un sous-ensemble fini fixé (une fois pour toutes) de Mg et

So = S\ {oo}. Nous sommes intéressés par les solutions aux inégalités de la forme

HpeS|F(X)|p <m en x=(xr1,%2,...,&y) € ZL"

(0.0.16)
avec ged(xy, o, ..., T, D1 pr) = 1.

Notez que la condition ged(x1, x2, ..., Tp, p1- - pr) = 1 est nécessaire pour que le nombre
de solutions soit fini. On définit

Apsm) = {6o) € [TQ [T 1P < m sl = 1 powr p € 5o,

peS peSs
Npgs(m) := ‘{X ez H |F(x)|p, <m, ged(xr, 22, ..., 20, p1- Dr) = 1}’
peS

Soit s la mesure de Lebesgue normalisée sur R = Qo avec 100 ([0, 1]) = 1 et p, la mesure
de Haar normalisée sur Q) avec p,(Z,) = 1. On définit la mesure produit p" = Hpe s Hp
sur Hpe s Qp-

Dans la littérature, il existe peu de résultats dans ce sens. Pour les formes décomposables

F satisfaisant une condition de finitude appropriée, le résultat de Evertse dans [5] implique

Npg(1) < 2(28q2)™" 11, (0.0.17)

Dans sa these de master [9], de Jong a démontré un résultat pour les formes normes F
comme dans ((0.0.12)) satisfaisant les trois conditions suivantes: (a) chaque n-uplet parmi
les facteurs linéaires de F' est linéairement indépendant, (b) le groupe de Galois de la
cloture normale de IL sur Q agit n — 1 fois transitivement sur ’ensemble des conjugués
{a(l), . ,a(r)} de chaque élément primitif a de L, (¢) d > 2n%/3. Dans ces conditions, il

a prouvé la formule asymptotique suivante:
Npg(m) =miu"(Apg(1)) + Opyg(mf(”’d)) lorsque m — oo

ou f(n,d) < n/d est une fonction ne dépendant que de n et d. La constante implicite

dans le symbole Of g ici et ci-dessous ne dépend que de F' et S.
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Pour nos généralisations p-adiques des théoremes [0.0.11} [0.0.12] et [0.0.13, nous nous

soucions surtout des exposants sur m plutot que des exposants sur logm. FEn fait, les
exposants sur log m dans nos résultats sont 1égerement plus grand que ceux de Thunder, ce
qui est causé par 'estimation des petites solutions. Pour les preuves de nos résultats, nous
suivons principalement les preuves de Thunder et apportons les modifications nécessaires
dans le cadre p-adique. Comme 1'un des principaux ingrédients des preuves, nous utilisons
une version p-adique du Théoreme du Sous-espace. (Pour une version plus générale,
voir [0].)

La these est organisée comme suit.

Dans le Chapitre [I, nous introduisons quelques notations, des définitions, des faits
généraux et lemmes de base.

Dans le Chapitre , nous montrons les résultats suivants. Pour F' = Hle L;, désignons

par I(F') I'ensemble des n-uplets ordonnés (L;,, L;,, .. ., L; ) qui sont linéairement indépendants.
Si I(F) # 0, nous définissons

{L; € vect {L;,,..., L} }|
a(F) = max max : ‘
(Liy oo, Ly ) EI(F) 1<j<n—1 j

Theorem 0.0.14. Soit F' € Z[Xy,...,X,] une forme décomposable de degré d. Sup-
posons F(x) # 0 pour chaque x € Z" non nul et a(F) < %. Alors p"(Apg(m)) < m™/4

ot la constante implicite ne dépend que de n, d et S.

Pour un polynéme F' en n variables et une matrice n x n M = (a;j)i j=1,... n, on définit

n n

FM(Xl,...,Xn) ::F<Za1ij,...,Zaanj).

J=1 J=1

Pour un sous-espace linéaire T de dimension m # 0 de Q", nous choisissons My €
GL,(Z) tel que Mfl(T) est le sous-espace engendré par ey, ...,e, ou e = (1,0,...,0),
es = (0,1,...,0), ..., ey sont les m premiers vecteurs de la base standard de Q™. On
note F|r la forme décomposable de degré d en m variables obtenue en restreignant Fjy,.

au sous-espace engendré par ey, ..., €en.
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Theorem 0.0.15. Soit F' € Z[Xy,...,X,] une forme décomposable de degré d. Sup-
posons F(x) # 0 pour chaque x € Z™ non nul. Supposons a(F|r) < ﬁ pour chaque
sous-espace linéaire T de dimension au moins 2 de Q™. Alors Npg(m) < m™ e g la

constante implicite ne dépend que de n, d et S. De plus,
Nrgs(m) = m%u"(AF,S(l)) + ORS(del/?T(L”*U%) lorsque m — 0.

Les conditions du théoreme [0.0.15| peuvent étre vérifiées effectivement en un nombre
fini d’étapes. En fait, on écrit F' = ¢ - [, Ni,jo(Li) ot ¢ € QF, K; est un corps
de nombres de degré d; et L; = a;1 X1 + -+ + ainXy, avec Q(ai, ..., ain) = K; pour
i=1,...,q. On définit la Q-algebre & =K; x --- x K;. Soit

V ={(L1(x),...,Ly(x)) : x € Q"}.

Alors V est un Q-espace vectoriel contenu dans Q. Pour une Q-sous-algebre B de €2, nous
définissons

VB={aecV:B-aCV}

C’est le plus grand sous-espace de V' qui est fermé sous la multiplication scalaire par B.

Dans le Chapitre [3| nous prouvons le résultat suivant.
Theorem 0.0.16. Les énoncés suivants sont équivalents:
(a) a(F|r) < dl% pour chaque sous-espace linéaire T de dimension au moins 2 de Q",
(b) pour chaque Q-sous-algebre B de Q avec dimg B > 1, nous avons VF = {0}.
Dans le Chapitre [l nous prouvons le théoréme suivant.

Theorem 0.0.17. Soit F' € Z[Xy,...,X,] une forme décomposable de degré n + 1.
Supposons F(x) # 0 pour chaque x € Z non nul. Supposons a(F|r) < ﬁ pour chaque

sous-espace linéaire T de dimension au moins 2 de Q™. Alors nous avons D(F) # 0 et

(n—1)/n |S](n+1) -
m (1 +10gm) i —i—mnTl(l +1Ogm)|5|(n—l)
(Hpes |D(F)]p)2r+D

ot la constante implicite ne dépend que den et S.

INp,s(m) — " (Aps(m))| <
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Dans le Chapitre [5, nous considérons le cas plus général ou le degré d de F et le

nombre de variables n sont premiers entre eux. Nous prouvons le théoreme suivant.

Theorem 0.0.18. Soit F' € Z[Xy,...,Xy] une forme décomposable de degré d. Sup-
posons F(x) # 0 pour chaque x € Z™ non nul. Supposons a(F|r) < di% pour chaque

sous-espace linéaire T de dimension au moins 2 de Q™. Si ged(n,d) =1, nous avons
[Nrs(m) = u"(Aps(m))| < m™ /7001 4 log m)*!9!
ot la constante implicite ne dépend que den, d et S.

Nous terminons cette introduction avec certains probléemes ouverts.

(a) Retirer la condition de coprimalité ged(n, d) = 1 dans le théoreme de Thunder|0.0.13]
Par exemple, le théoreme [0.0.13] vaut pour des formes binaires de degré impair.

Pouvons-nous prouver le méme résultat pour les formes binaires de degré pair?

(b) Les constantes implicites dans les théoremes [0.0.17] et |0.0.18 dépendent de n, d et

les nombres premiers dans S. Compte tenu de ({0.0.17)), pouvons nous les remplacer
par des constantes ne dépendant que de n, d et le cardinal de S7 De plus, pouvons

nous donner une borne supérieure pour p"(Ap (1)) ne dépendant que de n, d et le
cardinal de S7?7

15






Chapter 1

Preliminaries

In this chapter, we have collected definitions, facts and basic lemmas that are used

throughout the thesis.

1.1 Decomposable forms

Definition 1.1.1. A homogeneous polynomial F' € Q[X1,...,X,] of degree d is called a

decomposable form if it factorizes into linear forms over some algebraic closure of Q.

Lemma 1.1.2. Let F € Q[X,...,X},] be any decomposable form. Then it factors into

linear forms over some algebraic number field.
Proof. [3, Chapter 2, Theorem 1] O

For a polynomial F' in n variables and an n x n matrix T = (a;j)i j=1,...n, we define

n n

FT(XL c. ,Xn) = F(Z CLUX]' c. ,Zaanj).

Jj=1 J=1

Definition 1.1.3. Two homogeneous polynomials F,G € Z[X1,...,Xy] of the same de-
gree are called equivalent if there exists a matriz T € GLy(Z) such that F' = Gr.
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Definition 1.1.4. A norm form over Q is a decomposable form of the shape

d
F = AN g X1 + A Xo+ -+ 2 X0) = [ [ (0iA) X1 + 0i(Aa) Xa + -+ + 05(An) X))
=1

where A€ Q, L =Q(\1,...,\y) and o1, ...,04 are the embeddings of L in Q.

Lemma 1.1.5. Let F € Q[X,..., X},] be a decomposable form which is irreducible over

Q. Then F is a norm form.
Proof. [3, Chapter 2, Theorem 2] ]

Let F € Z[Xy,...,Xy] be a decomposable form of degree d. Let P be the set of
all primes and Mg = P U {oo}. We denote the set of places of Q by Mg. Let S =
{oc0,p1,...,pr} be a fixed (once for all) finite subset of Mg, where p1, .., p, are primes.
Put Sp = S\ {oo}. We are interested in the solutions to inequalities of the shape

Hp€S|F(X)|p§m in x=(r1,22,...,2,) € Z" (1.1.1)
1.

with ng(zlv Z2,...,Tn,P1"" pr) =

Define I g(m) to be the set of solutions to and put Npg(m) = |Ips(m)|.

By Lemma every decomposable form F' € Z[X1,...,X,] can be factored into
linear forms over some number field. Let K be the smallest extension of Q in which F
factorizes into linear forms. This field is called the splitting field of F'. Write F' = H?:l L;
with L; € K[Xjy, ..., X,] linear forms. For every p € Mg, we choose an extension of |- |,
to K. For p € Mg, let K, be the completion of K at |- |,. Identify K as a subfield of K.
We use the same factorization of F' for each p € S.

Henceforth, we fix a factorization F' = le = H?Zl L;, where Fy,...,F, €
Z[X1,...,X,] are irreducible and Ly, ..., L; € K[X1,. .., X,] are linear forms.

We denote the coefficient vector of a linear form L(X) by L, that is, if L(X) =
a1 X1+ -+ ap Xy, then L = (ay,...,a,). Conversely, the linear form associated to
M = (by,...,by) is M(X) = b1X1 + -+ bpXp.

Let I(F') denote the set of all ordered n-tuples (L;,,L,,...,L; ) which are linearly

independent over K.
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We define the L2-norm of x = (z1,...,2,) € C" by [X|oo := \/|z1|2 + -+ + |z |2. For
peEP,x=(x1,...,2,) € @Z, we define the p-sup-norm of x by |x|, = max{|z1|p, ..., |zn|p}-

For each p € S, define
d
Hy(F) = [ [ 1Ll
i=1

where | - |oo denotes the L2-norm and |- |, (p € Sp) denotes the p-sup-norm. Then the
height of F' is given by
H(F) = ][ Ho(F). (1.1.2)
peSs

Note that Hy(F) is independent of the factorization of F' for each p € S and so is H(F).
Define the semi-discriminant S(F') of F' by

S(F) := 11 det(L;,, Li,, ..., L; ).
(Lil 7Li2 ,...,Lin)GI(F)

It is known that S(F') € Q (see, e.g. [19], Lemma 2).

For p € S, define the normalized p-adic semi-discriminant by

| det(Li,, Li,, ..., Li,)|
e L Mo b
(Lil’LiQ:-naLin)GI(F) 7=1 i |p

Define b(L;) as the number of times that L; appears in some element of I(F') and put

b(F) := max b(L;).

1<i<d

Since any two linear forms dividing the same factor Fj of I’ are conjugate to one another,
we have b(L;,) = b(L;,) whenever L;, and L;, belong to the same factor F; of F. Put
b(l) := b(L;) for any linear factor L; of Fj.

Let K be an algebraic number field. For x = (z1,...,z,) € K", define

x|, = (|$1|]27 +-- 4 |:Bn|]2,)1/2 if p is archimedean,

x|, = max (|x1|p, ..., |znlp) if p is nonarchimedean.
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The field height Hg(x) of x is defined as
dp
He(x) = [[ Xlo
peMx

where d, = [K,, : Q] is the local degree.

Lemma 1.1.6. Let I = 1_.[?:1 L; € Z[Xy,...,X,] be a decomposable form. Then each
L; is proportional to a linear form L) with algebraic coefficients in an algebraic number

field of degree at most d. Furthermore,
H(F) > Hou(Li) > 1 fori=1,....d.

Proof. This lemma follows from [I9] Lemma 2]. For the convenience of the readers, we
give the proof.

First, suppose that F' is irreducible over Q. We know that F(X) = ¢ Ng q(L(X))
for some number field K and some ¢ € Q*. Then any linear factor L; of F' is proportional
to some conjugate of L. Choose for each p € S an extension of | - |, to Q. Assume that
F = a-F' where a € Z and F’ is primitive, i.e., the coefficients of F' have ged 1. Then

by Gauss’s Lemma for each p € Sy, we have

d
Hy(F) = [ [ ILil, = |aF"], = |al,.
=1

Hence by the product formula

HUF) = Hool ) T] 108 = 202 Tl = P,
peES

PESo

By [19, Lemma 2], we have Hy(F')/|a| = Hg(L) > 1. Hence
H(F) > Hg(L) > 1.

Second, suppose that ' = quzl F; where F; € Z[Xq,...,Xy] is an irreducible form.
Then any L; of F is a linear factor of Fj, (1 <I; < g) and hence proportional to some L/
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with algebraic coefficients in a number field of degree at most deg(F},) < d and satisfying
H(F),) > Ho (L) > 1. Therefore

g
H,HFZ>HFZ) 1.
=1

O
We often use the following well known lemma, which is called Hadamard’s inequality.

Lemma 1.1.7. Let p € Mg and L;,,L,,...,L;, € @Z Then we have

|det<L11, L227 s 7Lin>|p S 1.
Hj:l |Lij v

Lemma 1.1.8. Assume that I(F) # 0. Then we have

(0) TTpes NS(F)p > H(F)~"F).

(b) For each tuple (Ly1,Lya, ..., Ly,) € I(F) (p € S), we have

] 1| pyp 5(F)
II </7L[ F n! |
|det Lpl,LPQ,.--7Lpn)|p ( )

Proof. This lemma follows from [19] Lemma 3]. For the convenience of the readers, we
give the proof.
(a) First, there is no loss of generality to assume that F' is primitive. Indeed, let

F = aF" with F’ primitive and a € Z, and assume that (a) is true for F’. Then we have

b(F) = b(F"),
[T NSy, =] VsE),
peES pES

and also

) — (T lalp) 5 - 2P 70 < (1)) = (P,
peS
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Hence

[ ~vsF), =[] NS, = H(F)ED > 30(F) =),

peS p€eS
Now assume that F' is primitive. Recall that S(F) € Q. For p € Mg \ S, we have

[S(F)lp = H | det(Li,, Lis, . .., Li, )[p
(i1,...vin)EI(F)
b(l
< JI  mab Ml il = [ 1AEY =1
(i1,eenyin)EI(F) l

and then by the product formula,

1
|S(F)]p = > 1.
ZE g HpEMQ\S ’S(F)’p
Hence
[vsen-TTpp  Thes IS
Jp = d b(L;
peS peS J 1 |L’J |p Hpes [Tic |Li‘p( )
1 1
Z f—
[Les [Ty Ho(F)P® [Ty Hoo(F)PO

1 1

> =
= Hoal P HFPD
(b) Apply Hadamard’s inequality. For each {(L,1,Ly2,...,Ly,) : p € S} in I(F) we

have ’ |
L
g 1 il = b(F
H ¢ [det(Lpt, Ly, .. L HNS S HE)
peSs

1.2 Measures, geometry of numbers

In this section, let F' € Z[X,...,X,] be a decomposable form of degree d such that
F(x) # 0 for every x € Q™ \ {0}. Let S be a finite subset of Mg including co. Define

Zg:={recQ:|z], <1lforpé¢S}
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and A% := Hpe s Q). We identify Q" with a subset of A via the diagonal embedding.
Let oo be the normalized Lebesgue measure on R = Q4 such that p([0,1]) = 1.
Let p2 be the product measure on R". For p € Sp, let 11, be the normalized Haar measure
on Q, such that p,(Z,) = 1. Let p; be the product measure on Q). Define the product
measure p" = HpeS piy on A
Define

Apg(m) = {<xp)p e AL TTIFG) <m . Ixply=Lfor p e So}.
peSs

We view Z% as a subset of AY by identifying x € Z% with (x),e5 € A%. With this
identification, we may interpret the set of the solutions of (L.1.1)) as Apg(m) N Z".

1.2.1 Counting lattice points

We prove a general result on counting the number of lattice points in a symmetric convex
body. Here, by a lattice we mean a free Z-module of rank n in Q™. For p € P, we view
Q as a subfield of Q. For a lattice M, we define

M, = Z,M = {ngi ¢ € Ty, my € M, T finite }
i€l
Lemma 1.2.1. (a) Let M be a lattice and p be a prime, then M, is a free Zy-module

of rank n.
(b) If a1, ag,...,ay is a Zy-basis of M, then |det(ay,ag,...,a,)|, = |det M|,.

Proof. Obvious.
]

Let A, € GL(n,Q,) for p € Sy and A; = Id for ¢ € P\ Sy where Id is the n x n unit
matrix. Define

M ={xeQ":|A4x]|, <1forpeP}

The following lemma is well-known. For the convenience of the readers, we give the proof.
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Lemma 1.2.2. (a) M is a lattice.
(b) We have My = {x € Qp : [Apx|, < 1} forp € P.

(¢) |det M| =[] ,cg, | det(Ap)lp-

Proof. (a) Forp € P, write A, = (ai;);,j and A;l = (bij)i,j. Define C), = max; j{|aijlp, |bijlp}-
Then C), > 0 for p € Sy and C), =1 for p € P\ S. Choose o € Q* such that |a|, = C’p’1
for p € P. For every x € @Z and p € P, we have

| Apx]p < (H%%X‘aiﬂp) xlp < Cplxlp
x|y = |(A§1 Ap)x|p = ‘Agl(ApX”p < Cpl Apx|p -
Hence C, x|, < [Apx], < Cplx], for p € P. Then for m € M, we have
lam|, = Cp_1|m|p <|Aym|, <1forpeP.

Hence am € Z™. So M C o~ 17Z".
On the other hand, for x € aZ", we have |a~!x|, < 1 for p € P. Hence

|Apx|, < Cplx|p < la x|, < 1 for p € P.

This implies aZ™ C M. So aZ™ C M C a~'Z" which implies that M is a lattice.
(b) Let p € P and define R, := {x € Q} : [4px|, < 1}. By definition

Mpzsz:{ Y GmiiGez, mieM}.
finite

Since |A,my|, <1 for m; € M, we have |A,m|, <1 for m € M,,. Hence M, C R,,.

We need to prove R, C M,. Let x € Ry,. There is x" € Q" such that |x — x'|, < |a],
and |Ap(x —x')|, < 1. Hence |4px'|, <1 and x —x' € aZy C M,,. So it suffices to prove
that x" € M. By the Chinese Remainder Theorem, there is 5 € QQ such that

B-1l, <1, |5|q|AqX/|q <1 for q # p.

24



So |B|p = 1. Now we have |A,(8x")|, = |[Apx/[, <1 and |A4(8x)|; < 1 for ¢ # p. Hence
px" € M. Since 3 € Z;;, it follows that x" € M,,. Therefore, also x € M.
(¢) For each p € P,

My={xeQp:|Ax|, <1} ={xeQp: AxecZ}=A"L
This implies that the columns of A L serve as a Zyy-basis of M,,. Hence
| det M|, = | det A [, = | det Ayl

Since det M € Q, we have
| det M| =[] Idet M, " = T Idet M|, " = T I det Ayl
peP PESH PESH

]

The following two lemmas are Lemma 8 and Lemma 9 from Thunder [19]. They allow

us to bound the number of lattice points inside a symmetric convex body.

Lemma 1.2.3. Let C C R™ be a symmetric convexr body and let A C R™ be a lat-
tice. Suppose there are n linearly independent lattice points in C N A. Then there are

Y1, Y2, ..., Yn € C such that

‘C N A‘ < 3n2n(n—1)/2 ‘ det(yl, Y2, .- ,yn)‘
- det A '
Lemma 1.2.4. Let ay,az,...,a, be positive reals and K1, K}, ..., K], € C[Xy,...,X,]
linearly independent linear forms with |det(K),...,K})| = 1. Let C = {y € R" :
/ < a, i=1,...,n} en C N either lies in a proper linear subspace o
K/ ()| = 1,...,n}. Then CNZ" cither lies i I b f
Q" or
n
cnzr) <3m2r V20 ] .
=1

The volume of C is at most 2"n! H?:l a;.
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Apply these lemmas to the following situation. Let

C:={(xp)pes € A : |K;,i(xp)|p <ap forpe S;i=1,...,n},

where for p € S K]’ﬂ, ..., K, are linearly independent linear forms in Q,[X71,..., Xy]
with
|det(K 1, Kpo,y oo Kp)lp =1, [Kpylp =+ =K, [, =1

and the a,; are positive reals.

Lemma 1.2.5. Let C be as above. Then we have
n
)< [T
peS i=1
Assume that there are n linearly independent points in C N Q™. Then we have
n
cnzi < [T ] e
peS i=1
The tmplicit constants implied by the < symbols depend only on n, S

Proof. For each p € Sy, we choose \y; € Q) such that ay; < |\pilp < pag;. For p = oo, we

choose Aooj = Uooi- Then
C = {(xp)pes € A : |>\;Z.1K]'ﬂ(xp)|p <lforpeS,i=1,...,n}.

For p € Sy, let A, be a matrix with rows (A;fK;l,)\;le;z, . ,Agan;m). Let A, =
Id, for g € P\ So.

Define
O={xeR": | N_ K ,(x)|<1,i=1,...,n},

AN={xecZ}:|A)x), <1,pe S}
Then O is a symmetric convex body. By Lemma [1.2.2] A is a lattice and clearly

CNZs=O0OnNA.
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Suppose there are n linearly independent lattice points in O. Then by Lemma [1.2.3
and Lemma [1.2.4] there are yi,y2,...,y, € O such that

det(y1 Y2, ... yn)‘ _ n! H’F_ (ooi
Al < n2n n—1)/2 | ) Y25 ) < n2n(n 1)/2 i=1 .
OnAl<s3 det A <3 det A

By Lemma [1.2.2] we have

|detA| = H |AP|P = H |det( Kp17/\ KpZ?'--v)‘pan/ )|

pESoH pESo
_ H | det(K71, K, - Kl _ 1 - 1
25 Hz‘=1 | Apilp HpESO H;L:1 [ Apilp HpESO H?:1Papi

(1.2.1)

Hence

< angn(n—1)/2 !Hizl ooi
ICNZS =|0ONA| <32 s

< grn(n=1/2p) H p"- H ﬁapi. (1.2.2)

pESH peSs i=1
Now we compute the volume of C. For p € Sp, define the Q-linear map ¢, : Qp — Qp
by yp = ¢p(xp) = Apxp. Further, let ¢o, = Id. This gives a product map ¢ = HpES op
A% — A’ Then we have

®<C) = {(YP)Z?ES € Ag’ : |K</)O’L(XOO>|OO S ) |yP|p S 1 for pE SO ) 1= 17 S an}'
Hence, using (1.2.1))
15 (0) = ' (®(C) = [ [ Idet éplyp - (€)= [ ] I det Ayl - p"(C)

p€eS PESo

1
= m ~p"(C) = [det A] - p"(C).
Hpeso Hi:l |)‘pi|p

Therefore

N

pa(0) _ 2"l [[i acei -
ne) = £ i < 9Ny n -
WO = ThetA] S Tdeta] =27 17 T1 1T

pESH peSs i=1
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1.2.2 Geometry of numbers

In this section, we recall some results from the adelic Geometry of numbers.

Definition 1.2.6. An n-dimensional symmetric p-adic convex body is a set C, C Q) with

the following properties:
(a) Cp is compact in the topology of Q) and has 0 as an interior point,
(b) forx € Cp, , a € Qp with |al, <1 we have ax € Cp,
(c) if p =00, then for X,y € Coo, A € R with 0 < X\ <1 we have (1 — X\)x+ Ay € Cp,
(d) if p is finite, then for x,y € C, we have x +y € C,.

Definition 1.2.7. An n-dimensional S-convex body is a Cartesian product
c=Jlec]] @ =23
peS peS

where for p € S, Cp, is an n-dimensional symmetric p-adic convez body.

For A > 0 set
AC = oo x [ ] G
pESo
Fori=1,...,n, we define the i-th successive minimum A; of C, to be the minimum of

all A € R such that AC, N Z% contains at least i Q-linearly independent points. From
the definition of p-adic convex body and from the fact that Z is discrete in A%, it follows

that these minima exist and
D<M <o <)\, < o0

For p € S, let Mpi,..., My, be linearly independent linear forms in Q,[Xq, ..., X5].
Define

= " ; <1;.
Cp:={xecqQy Joax | Mpi(x)[, < 1}
Then C, is a symmetric p-adic convex body and []

body.

Let A1, ..., A\, denote the successive minima of Hpe 5Cp.

ves Cp is a n-dimensional S-convex
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Lemma 1.2.8.

M A < [ [ det (M, - M),
peS

Proof. See Lemma 6 in [0]. O

For a linear form L = a1 X1 + -+ ap X, with a1,...,a, € @p and o € Gal(@p/@p),
define o(L) :=o(a1) X1 + -+ + o(an) Xp.

Definition 1.2.9. For p € Mg, a set L = {L1,...,Lq} of linear forms with coefficients
in @p (resp. a finite extension K, of Qp) is called Q,-symmetric (resp. Gal(E,/Q,)-
symmetric) if for every o € Gal(@p/(@p) (resp. o € Gal(E,/Q,))

U(‘C> = {U(L1>7 <. 7J(Ld)} =L.
We also need the following lemma. Let d > n be an integer. For p € S| let
Ly ={Lp1,...,Lpa} C Q,[X1,..., X,]
be a Qp-symmetric set of linear forms of maximal rank n. Define
= " ; <1.
Cpi={x € Qy: max |Ly(x)l < 1}

Let A1,..., A\, be the successive minima of [[ _oC,. Further let

peS P
R,=R,(L),):= max det(Ly;,, ..., Ly
p »(Lp) 1§i1,...,in§d| (Lypi, pin) lp
where the maximum is taken over all tuples i1, ..., 7, from {1,... d}.

Lemma 1.2.10.

Mo < [ R
peES

Proof. See [0, Lemma 6]. O
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1.3 Basic properties of the volume of Arg(m)

Recall that
Aps(m) = {(xp)p e A% [TIFG)y < m, Ixply = 1 for p e so}.
peS

In this section, we show how the volume of Ap g(m) changes under some actions defined
below. In fact, we can consider a slightly more general situation by letting F' vary at each
peS.

Let S = {oo,p1,...,pr}. For each p € S, take T, € GL,(Qp) and let F, €
Q@p[X1,...,Xy] be a decomposable form of degree d. Define

A(F,:pe S m) = {(xp)p e A% [T 1FGxp)lp <m . Ixply = 1 for p so}.
peS

Write
A(F,:peS):=A(F,:pe S, 1).

The first fact we notice is that the volume of A(F), : p € S, m) is homogenecous in m.
Lemma 1.3.1. For m € R>q, we have

/L"(A(Fp :p €S, m)) = m”/du"(A(Fp 'p € S))
Remark 1.3.2. The statement is also true if p"(A(F), : p € S)) is infinite.

Proof of Lemma[1.3.1. We can write A(F), : p € S,m) as a disjoint union

" |Foo(Xoo)| < mpi ... pir, }

AFipesm= ] {<xp)p e A%

21500520 €L20 [Fp(Xp)lp: =i (i =1,....7)

Therefore
.

pMAF peSm) = > i {lFo(xeo)l < mpit - pi} [ [ i A1 Fp ()l = b}

212>0,...,2,>0 i=1

T
= Y m {Faxo)l <ot pi [ [ i A1 Fp ) = 17
21>0,...,2,>0 i=1

:m”/d-,u”(A(Fp:p € S))
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]

The next lemma tells us how p"(A(F, : p € S)) changes under the action of T), €
GL,(Qp),p e S.

Lemma 1.3.3. Let T, € GL,(Q,) for each p € S. Then

W (AF)r, e ) = ([ 1t ) - u" (A p e 5).
peS
Proof. Let k = (k, : p € S) € Z"™! with ke = 0 and |So| = 7. Put kK’ = (k, : p € Sp).
Define
80) = { o)y € A% TT I Gl < 1, 17,66l = for p € S0}
peS

Then we can write

A(Fp:pes) = ] AK).

k'eZr
Let a = HpGSo pFr. For each p € S, define a map o, - Qp — Q) by é,(xp) = an_l(xp).
This gives a product map ¢ = HpeS br, - AY — A Foreachp € S, puty, = anfl(xp).

Then we have
oK) = {5 € A% TTIFToo) b < 1 Iyply = laly -2 = 1for pe S }
peES

So we have

[T éxa®)) = A(F)r, v € 9).

k'eZr
Therefore
W(AF)z, ip e 8)) = D w(de(AK)) = > T Idet b, [pip (AK)
k'ezZr k'eZ peS
=[] le"det T,  ppp(AK)) = Y [ I det T, ' (AK))
k'eZr peS k'eZr pesS
= ([T 1det Tlp) ™" - u"(A(F, : p € ).
peS

31



Corollary 1.3.4. Let A\, € Q forp € S. Then

P (A - p € S)) = (H Aplp) ™ p(A(F, :p € 9)).
peSs

Proof. Let Ty = <<Hp65' IAplp) /) - 1d € GLy(R) and T}, = Id € GL,(Q,) for p € Sp. By

Lemma [1.3.3], we have

HNANE, p e 8)) = (][I det Tplp) ™ - n™(A((Fp : p € 9))
peS

= ([T Polo) ™" ™ (A(E, : p € 9)).
peS

1.4 Analysis of the small solutions

In this section, we use the sup-norm of x = (z1,...,x,) € R" defined by
I = max{lol, ... eal}.
Given By > 0, we define
Ars(m, Bo) = {(x,)p € Ars(m) : x| < Bo).

We estimate the difference between the volume p" (A g g(m, By)) and the number of integer
points in Ag g(m, By), i.e., |Ap g(m, Bo)NZ"|. First, we need the following generalization
of [19, Lemma 14].

Lemma 1.4.1. Let Fy,...,F, € R[Xy,...,X,]. Suppose that F; has total degree d; for

t=1,...,r. Let By, my,...,m, be positive reals and
A={xeR" |FXx)|<m;,i=1,...,r}
Assume that A C {x € R" : ||x|| < By}. Then we have

| (A) = [ANZP] | <n27dy -+ dy - (2Bg + 1)L
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Proof. The proof is by induction on n.
Let n =1. If F € R[X] and deg F' = d, we know that the set

{zeR:|F(z)| <m}={zecR: F}z) <m?
is a disjoint union of at most 2d closed intervals. So
A={reR:|F(@)|<m;,i=1,...,r1}

is a disjoint union of at most 2"d; - - - d, closed intervals. For each interval I we know that
|ptoo(I) — I NZ| | < 1. Hence

| too(A) = JANZ"| | < 27dy -+ d.

Let n > 2. Let v" be the counting measure of Z", that is v"(B) = |B N Z"| for a

subset B of Z". For x = (x1,...,2,), let X' = (21, ...,2,—1) and define

AX) ={z, e R: (X, x,) € A},
A= {x' e R AX) # 0},
A(zy) = {x e R (X 2,) € A},
A" ={x, e R: A(zy,) # 0}.

By our assumption A C {x € R" : ||x|| < By}, we have
A(x') € [=Bo, Bo] , A" C [~Bo, Bo]"™" . Alan) C [~ Bo, Byl
and A" C [—By, By]. Hence we can apply the induction hypothesis to

AX) ={ap e R: |Fix(zp)| <my,i=1,....r}
with deg Fj x/(Xy,) < degF; =d; fori=1,...,r

and
A(xy,) = {x/ eRVL |, (X)) <mi,i=1,... ,r}
with deg Fj 2, (X1,..., Xpn—1) <degF; =d; fori=1,...
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By the Fubini-Tonelli Theorem (see [2], 41.1]), we have

oo (A) = [ANZP] | = |5 (A) — o™ (A)]

A) =
‘/ /X,eA dyils H(x /)}dﬂéo(xn)_//{/anA(x/) dvl(l’n)}dvnl(xl)
‘/ Alwn))diio(zn) = /”{/x/eA(xn) " x >}d“°o<x”)
+ / { /x o) duio(:cn)}dv“(X’)— /A AR () |

This leads to
(A~ AN T |
<| / Al = [ Al o)
o [ A ) - / AR )
F] ] (am) = oae)den )

(Ao = 0" Ao i) + \uoo<A<x'>> 0 (AR))
A/

< ‘/// (/igoil(A(In)) — " (A(z)) dluoo n)

dvn_l(x')

< / (= 1)27dy - dy (2B + 1) 2dul () + / (@dy - dy) o™ (%)

< (n—1)2"dy---d.(2Bg +1)""2-2By +2"dy - - - d,. - (2Bp + 1)}
<n2'dy---d.(2Bg + 1)" 1,

]

Remark 1.4.2. We obtain a slightly weaker version of Thunder’s Lemma 14 in [19] by
putting F1(X) = F(X), F2(X) = X1, F3(X) = Xp,..., Fop1 = Xy and my = m,my =

.+ =m, = By.
We also need a lemma of Schlickewei.
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Lemma 1.4.3. Let A be any lattice in R™ and | - | a Euclidean norm on R™. Then
A has a basis {ay,...,an} with the property that for any x = yiay + -+ + ypay with
Yi,...,yn € R, we have

|%|oo = 2~ (/2)n max{|y1aifoc, - - [Ynllanloc}-
Proof. See [13, Lemma 2.2 |. O
Combining the previous two lemmas, we obtain the following:

Lemma 1.4.4. Let F € R[X,..., X},] be a polynomial of total degree d. Let m, By and

m;,t = 1,...,n be positive reals. Let
A={xeR": |F(x)|<m ,|z;| <m;,i=1,...,n}.
Let A CR"™ be a lattice of rank n and || - || be the sup-norm on R™. Assume
AC{x e R":|x|| < Bp} and inf{||x]|: 0 #£Ax€ A} =6>0.

Then
1150 (A)
| det A

— |ANA] ‘ <nd- (2@ + 1)

Proof. Choose a basis {ai,...,a,} of A as in Lemma and let A be the matrix with
columns ai, . ..,a,. For the set A’ = A" A= {y € R": Ay € A}, we have

A ={yeR": |F(Ay)|<m ,|<a;,y>|<mfori=1,...,n}

where <, > is the usual inner product of vectors. By Lemma [1.4.3] for each y =
S yia; € A’ we have that

) ~ .
2] 0

Hence A’ C{y e R": |ly|| < +/nd4"By/0}. We know that
pio (A = pl (A)/|det Al , A NZ"=ANA.
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Now an application of Lemma to A’ gives

fg@iﬁ AN | = )~ 1A Az | < - @V e

]

We use Lemma to analyze the set Ap g(m, By). Without loss of generality, we
assume that F'is primitive.

For p € Sy, let E, be the splitting field of F' over Q). Choose a factorization F' =
Lyt -+ Lpg with Ly; = api 1214+ +apinen € Ep[Xq, ..., X;]. We can fix the factorization
such that

=1G=1,..d).
Let ep be the ramification index of E,/Q,. Then ep|[Ep : @] and hence e, < d!. For

every x;, € Zy with [x|, = 1, there are zp, ..., zpq € Z>¢ such that

|Lpilp = max{|api1lp, - - -, [apin

| Lpi (Xp)|p = p—zm-/ep’ 1=1,...,d.

For a tuple z 1= (2p; : p € Sp, i =1,...,d) € Z‘éro, we define

AF,S<m7BO7§) = {(Xp)p € AF,S(maBO) : ‘Lpi(xp)’p = pizpi/ep (p € 5072. = 17 s 7d)} :

Then AF,S("% BO) = HgEZ% AF,S(m, By, g).
Define m(z) = m - Hpeso p(zi'i:l zi)/er  Then

(xp)p € Apg(m, By, z) implies [F(%00)| < m(2).

For each x € Ap g(m, By,z) NZ" and q € P \ Sy, we have |F(x)|, < 1. By the product

formula, we have || |F(x)|p = 1, hence [] g [F(x)[p > 1. Therefore

peMg
H pEZimz)/e < |F(x)| < nY2Hoo(F) - B = H(F) - BL.
PESH

This implies

Z Z Zpi <log (nd/QH(F) . Bg)/log 2,



hence
log (nd/z”;'-[(F) : Bg)

d
YOS s g3 (1.4.1)

PpESy 1=1
Let Z be the set of tuples z = (zp; : p € Sp,1 <i < d) € Z%To that satisfy condition (|1.4.1)).
Then Ap g(m, By, z) N Z™ # () implies that z € Z. Note that

dr dr
12| < (d! log (n%/21(F) - BY) /10g2) < (1 +log (H(F)B0)> (1.4.2)

where the implicit constant depends only on n, d and |S|. So we can write Ap g(m, Bo)NZ"

as a finite disjoint union

Aps(m, Bo)NZ" = [ [ (Ars(m, Bo,z) N Z").

zZEZ

Lemma 1.4.5. With the notation above, we have

|1 (Aps(m, Bo, 2)) — [Ap.s(m, Bo,2) N Z"|| < (Bo + 1)"!
where the implicit constant depends only on n, d and |S)|.
Proof. Write Ap g(m, By, z) as follows:

|[F(Xo0)| < m(2), [[%ee|| < B,
AF;S(TTL,B(),&) = (Xp)p S Ag : |Lpi(Xp)|p = pizm’/elx 1 S Z S d7p € SOv
Xplp = 1,p € So.

Let Lygr1 = X1, ., Lypgen = Xp and 2, g11 = - = 2p g4n = 0 for p € S. Then

F(%00)| < m(2), [[%s0]| < Bo,
AF,LS*(m,Bo,z){(xp)peAg- |[F(%00)] < m(2), [xeoll < Bo }

. |Lpi(Xp)|p:p7zpi/ep ,i1=1,...,d+n,p € Sy.
Put Ip = {(p,i) : p € So,1 <i <d+n}. For I C Iy, define

| F(X00)| < m(2), [[Xool| < Bo,
AF,S(maB(hga I) = (Xp)p S Ag’ : ’Lp,i(xp)’p < p_zpi/ep«pai) € I)7
| Lp,i(xp)|p < p~203/%((p, i) € Ig \ I).
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Then Ap g(m, By, z) = Aps(m, By, z,0) — ﬂ|1|:1 Ap s(m, By, z,I). Hence by the rule of
inclusion-exclusion
1 (Aps(m, By, z)) = 1" (Aps(m, Bo, z,0)) = 3 =1 1" (Ap,s(m, Bo, 2, 1))
+ Z|[‘:2 :U’n(AF,S(m7 BOu 2, I)) -t

and

|AF,S(m7 B07§)| = ’AF;S(TH, BO,%, @)’ - Z|]|:1 ’AF7S(m7 BO,%, I)‘
+Z|[|:2 ’AF,S(ma BOaga I)‘ -
where both sums are over all subsets of Iy. Therefore
|:un<AF,S(m7 BO?&)) - ‘AF,S(ma BO?&) N Zn| ‘

< Z ‘Nn(AF7S<m7BO>§7 [)) - ’AF,S<m7 BO)§> [) mZn| ‘
I1CIy

The set Iy has at most 217l = 2(d+7)r gyhgets. Hence we are left to show that for each
non-empty subset I C [

1" (Aps(m, Bo,z,1)) — |Aps(m, By, 2, I) N Z"| | < (Bo +1)""%.

Note that the set

|Lpi(x)], < p~2/, (pi) € I
xeZm: | Lpi(x)]p < p_”‘m/ep, (pi) € Ip\ I;
x|, <1l,peP\S

defines a lattice A = A(z,I) C Z". So we have § = inf{||x|| : 0 # x € A} > 1. Define
S =5(z,By) = {xeR":|F(x)| <m(z),||x]| < Bp}. Then

AF’kg(m,B(),g, ]) NZ" =SNA.

Since

1 (Aps(m, Bo,z, 1)) = pio(5) /[ det Al,

we are left to show that for each lattice A € Z"

IU'QO(S> n—1
—|SNA By +1 )
| det A| | || < (Bo+1)

But this follows from Lemma [.4.4l O
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With the lemma above, we finally arrive at the next Proposition which allows us
to estimate the difference between the volume p"(Apg(m, By)) and the cardinality of
Apvs<m, Bo) NZ".

Proposition 1.4.6. With the notation above, we have

dr
| 1" (Aps(m, Bo)) — |Aps(m, Bo) NZ"| | < (Bo+1)" " (1 + log (H(F)Bo))
where the implicit constant depends only on n,d and |S].

Proof. Since Ap g(m, By) = ngz% Apg(m, By, z), we have

| 1" (Aps(m, Bo)) — [Aps(m, Bo) N Z"| |
< Z | 1" (Ap,s(m, Bo,2)) — |Aps(m, By, 2) N Z" |

2€EZ

<3 B+ 1) < (Bo+ 1) (1 + log (H(F)BO))
2€Z

dr

where in the estimates we have used (1.4.2) and Lemma [1.4.5 O
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Chapter 2

Asymptotic estimates for the
number of solutions of decomposable

form inequalities

2.1 Statements of the Theorems

Same as in Chapter |1}, we define

b(L;) := the number of times that L; appears in some element of I(F),
b(F) := b(L
(F):= max, b(L)
|{L; € span {L;,, ..., L} }|
a(F) = max max _ :

(Lil,...,Lin)GI(F) ]-S]Sn_]- ]
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Apg(m) = {(Xp)p €AY H |F(xp)|p <m , |xplp =1forpe So},

peS
Apg:=Apg(1),

Nrsm) = |{x € 2" TTIFGI, < m s gedaaz, . coamm-pr) = 1]
peS

In this chapter, we prove the following theorems. From now on, all the implicit constants

depends only on n, d and S, unless explicitly stated otherwise.

Theorem 2.1.1. Let F' € Z[Xy,...,X,] be a decomposable form of degree d. Suppose
F(x) # 0 for every non-zero x € 2" and a(F') < %. Then p™(Apg(m)) < m™/<.

Remark 2.1.2. By Lemma we know that p""(Apg(m)) is homogeneous in m.
Hence for Theorem , it suffices to prove p"(Apg(m)) < m™ for some positive real

m of our choice.

Theorem 2.1.3. Let F' € Z[X1,...,X,] be a decomposable form of degree d. Suppose
F(x) # 0 for every non-zero x € Z". Also suppose a(F|r) < ﬁ for every linear
subspace T of dimension at least 2 of Q™. Then Npg(m) < mn/d,

Theorem 2.1.4. Let F € Z[Xy,...,Xy] be a decomposable form of degree d. Suppose
F(x) # 0 for every non-zero x € Z". Also suppose a(F|r) < di% for every linear

subspace T of dimension at least 2 of Q™. Then
Nis(m) = mip"(Apg) + Ops(m#2007) as m — oo.

Remark 2.1.5. By the notation Of g, we mean that the implicit constant in Theo-
rem depends on F' and S. In some cases, we can get rid of the dependence on F'.
(See Chapter [4] and Chapter [5] )

Remark 2.1.6. The conditions on F' in Theorem are effectively decidable. (See
Chapter [3])
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2.2 Auxiliary Lemmas

Lemma 2.2.1. Let p € S and let Ly, Lo, ..., Ly, be n linearly independent linear forms
with coefficients in @p. For x € Q) \ {0}, We have

max |L2(X)|p > n—d(p)-n/Z . |X|p ) | det(LlanL2> S ,Ln)|p
1<i<n |Ll|p Hizl |L1|p

where d(oco) =1 and d(p) =0 for p € Sp.
Proof. For the case p = oo, see [19, Lemma 4].
Now let p € Sy. First, the inequality to be proved remains unaffected if we multiply

x, Ly, ..., L, with arbitrary scalars. So without loss of generality, we may assume that

x|, =1 and |L;|, = 1fori=1,...,d. Then the inequality to be proved is

ax |Li(x)[p > |det(Ly, Ly, ..., Ly)|p.

Let T be the matrix with rows Ly, Lo, ..., L, and put

m = min |Ty|, , M = max |Ty|,
lylp=1 lylp=1

where the minimum and maximum are taken over y € @g Choose x1 € Z; such that

T(x1)|, = m. Then |x1|, = 1, hence there are xs,x3,...,X, € Z" such that
P P p
| det(Xl,Xg, v 7Xn>‘p =1.

Therefore,

|det T'|, = | det T'|, - | det(x1,X2,...,Xn)|p = |det(Tx1, T%2,...,T%p)|p
n n
<[ Imxilp = m [ [ ITxilp < mar =1,
i=1 i=2

By assumption, we have

M = |H‘1ax Ty, = |H‘1ax max{]LZy|p} < ‘max max{\L plylp} =1
ylp=1 ylp=1 p=1
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and

m = |}r’nln Ty, < |Tx|p, = max{|L (x)[p}-

Hence

|det(Ly, Lo, ..., Ly)|p, = |det T|, < mM"™ ! <m < max |Li(x)|,.
1<i<n

We also need the following elementary lemma from linear programming.

Lemma 2.2.2. Let n > 0 be an integer and A > 0. Let a1 < ao < --- < ay, be a

non-decreasing sequence of real numbers and define

n J
T = {(xl,xg,...,xn) € Ry : in:nA, le < jA, j= 1,...,n}.
i=1 i=1

Then

(:chm:,r.l..i?cn)e’r(xlal + xoag + -+ + Tpay) = Z Aa;.
Proof. See [19, Lemma 1]. O
Lemma 2.2.3. Let n > 0 be an integer and A > 0. For any real numbers Ay, ..., \p with

0< A <X <<\, we have

HX“ (HA) for all (x1,xa,...,2,) € T.

=1

Proof. By Lemma [2.2.2],

n n n

log(H A = sz log \; > ZAlog)\ = log(H A,

1=1 =1 1=1 =1
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Lemma 2.2.4. Suppose I(F) # 0 and a(F) < d/n, then for every (xp), € A% there are
n-tuples (Lp1, Lpz, ..., Lpy) € I(F) (p € S) such that

[T L (xp)p |F(xp)], \ Ve .
H | det(Lil’leZj s Lpn)lp < (H ||d—]:m(pF)) ~H(F) (F) (2.2.1)
pe pes 1 Xplp
where
o(F) = b(F)(d— (n a—( ;))a(F)) -1 992)

Proof. Let (xp), € A%. Assume Hpes |F(xp)|p # 0, otherwise there is nothing to prove.
Let p € S. Define Ay1, ..., Ap, as follows. Let

Aot = i {14005, |/ Ll

and choose Ly € {L1, ..., Lq} such that |Ly1(xp)|p/|Lptlp = Ap1. For 5 =2,...,n, Let

Apj i= min{| Ly(xp)|p/|Lalp}

where the minimum is taken over all linear forms L; such that L; is not in the QQ,-span
of Lip1, Ly, ..., Ly j—1. Choose Ly; from these L; such that \,; = |Ly;i(xp)|p/|Lpjlp-

Let ap1 denote the number of vectors L; which are linearly dependent on Ly; over
Qp. Let ap; denote the number of vectors L; which are in the span of Ly, Lpg, . .., Lp;
but not in the span of L1, Ly, ..., Ly j—1. Then ZZ‘ 1 pi is the number of L; which
are in the span of Ly, Ly, ..., Ly; for j = 1,...,n. By the definition of a(F'), we have
Zzzl ap; < ja(F) for j=1,...,n—1. So Z?:_ll api < (n—1)a(F) and > | ap = d.
Now let

1 = Gpp—1 + ((n — Da(F) - (305 apz))
G = apn — (0= Da(F) ~ (1) i) = d — (n— a(F)

o - _
apj—apjforj—l,...,n 2.

Thus, we have Z?:_ll al; = (n—a(F), Y7 a, =d, a

’
=1 "p1 p,n—1 > pn—1, apn < Apn for
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p € S. This leads to

I,cqlE(xp)] |Li(x)] g
e 11 |L|p">HHA

peS i=1 peS j=1
>HHWH( SRt
peS j=1 peS

and by Lemma [2.2.3

n a(F)
na a na L
T T - T ()

peES peS i=1 peES
By Lemma this is
d—na(F) a(F)
> H| %0 d na( H <|det(Llp_1[;LLp2aI; '.->Lpn)p> H (H |Lf£ Xiv p)
pes pes J=117P11P pes pjlp
S H‘ s H <|det(Lp1,an2, = >Lpn)p>d . . H ( [T5—1 10 (xp)l )a(F)'
v iy szl |Lpjlp e | det(Lp1, Lp2, ..., Lipn) |p
By Lemma this is
d na( H?:l | Lpj (xp)|p ") —b(F)(d—(n—1)a(F))/n!
>>pl;[9‘xp pl;[g (det(Lpl,Lpg,...,Lpn)p> HE) e
This implies . [

Definition 2.2.5. We say that two decomposable forms F,G € Z[X1,...,X,] are S-
equivalent if there evist T € GL(n,Zs) and t € Zg such that G =t - Fr.

Lemma 2.2.6. Let F € Z[Xy,...,Xy] be a decomposable form such that I(F) # () and
H(F) < H(G) for any decomposable form G € Z[X1,...,Xy] that is S-equivalent to F.
Suppose F(x) # 0 for every x € Z™ \ {0}. Then for every (x,), € A%, there are n-tuples
(Lp1,Lypa, ..., Lpn) € I(F) (p € S) such that

n/d
H T 1L ()1 [Tyes 1)l
|det (L

P1>LP2>"'7LPH)|P H(F)l/d
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Proof. We only need to show the lemma for those (x,), such that Hpe g | F(xp)]p # 0,
since otherwise there is nothing to prove.

For (xp), € A%, consider the convex body

C::{(yp)pEA” : ;EE ;|§<1(p65 izl,...,d)}.

Let A1 < Ay < --- < )\, be the successive minima of C. By Lemma [1.2.10, we have an
upper bound for their product:

det(L;, ,L;,,.... L;
M Ay K max | et rZLN Tl Zn)’p'
21,22, ,’Ln EI szl |L'L] (Xp>|p

For each p € S, we choose a tuple (Lp1, Lp2, ..., Ly,) € I(F) such that | det(Ly1, Ly, . .., Lyn)|p

is maximal. Then

H H?:l | Lpj (xp)p < 1
pes ’det(Lp]_;Lp27,Lpn)|p )\1)\2)\n

Now we need to give a lower bound for A; - Ao ---\,. By a Theorem of K. Mahler

in [I1], we have a basis {a1,as,...,a,} of Z¢ such that
a; € max{1,i/2} - NCfori=1,...,n
Since a; € \C, we have
Li(ar)]p < MP|Li(x,)|, fori=1,....d peS

where d(co) = 1 and d(p) = 0 for p € Sp. Since a; € Z§, we have
L<[[IF@) <M ]TIF)IL
peS peS

Hence
~1/d

[T1F) : (2.2.3)

peS
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We need a larger lower bound for A,. Let G =t - Fp with t € Z§ and T € GL(n, Zg).
Let ay, ..., a, be the columns of 7. By the minimality of H(F'), we have

H(F) < H(G) = H(tFr)

d
=TIt J ] 12X -0+ + X - an)l,

peS i=1
d
L;
< JI1I pmas IL:i@y)ly
pGS =1
= max |Li(a;)|eo - H H max |L;(aj)|p
L1<isn 1<j<n

peSy i=1

<<H)\|L Xoo|oo HH'L XP
PESH i=1
< Afi H | (%)l

Hence

HF) 1/d
An > (Hpes \F(Xp)\p> |

Together with the lower bound for A in (2.2.3)), this gives

d
H TT7 1Ly (%) ! | [T es |F )
\detL

< < <
i Lp2s o Lpn)lp [T N~ AP, H(F)V/d

]

We have proved two lemmas for points (x,), € A% giving inequalities of the shape

H H?:l | Lypj (xp)p < A
| det (L L,,)| '
ves pn)|p

( plaLp27"‘7

As it will turn out to be inconvenient to work with linear forms L; whose coeflicients
lie outside @Q,, we must reduce these inequalities to similar ones with linear forms with

coefficients in Q).
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We first need a simple lemma from algebraic number theory (see e.g. [12]). Let K,
be a finite extension of Q, of degree d. Let Op = {x € K, : |z], < 1}. It is well-known
that O, is a free Zy,-module of rank d. Let {wi,wa, ..., wq} be a Zy-basis of O,. Let
o : K, — @p, [ =1,...,dbethe Q, embeddings of K, into @p. Let Q = (o7(wj))1 j=1,..d-

Lemma 2.2.7.
| det Q\g > (pd)*d.

Proof. Let Dk, g, be the discriminant of K, over Q). Then Dk ,q, = (det 0)2.
The different Dy /g, of K, over Q, is given by

Dy, /q, = {7 €Ky : Trg, g, (2y) € Zy for all y € O},

The different Dy /g, is an ideal of Op and Dy /g, = Nk, q,(Pk,/q,)-

Let p = {x € K, : |z[, < 1}. Then p is the maximal ideal of O,. Let f = [Op/p :
Zyp/(p)]. We have Ng_ g (p) = p!. Let e be the ramification index of K, over Q,. Assume
Dk, /g, = " for some 7 and e = p®e’ with p { ¢/,a > 0. Then by [I2, Chapter 3, Thm

2.6] we have
Dy, 0, = Nx,/0,(®x,/0,) = Nk,/0,()" =p/" and

e—1<r <e—1+a-e<e(l+a).

Therefore

| det Qfp = | D, jq,lp = p~/" 2 p U = p~i(p) ! = p~lem > (pd) .

[]

Lemma 2.2.8. Let K, be a finite extension of Qp of degree d. Let Ly ,Lo,...,L, €
K, [ X1, ..., Xy] be linearly independent linear forms. Then there exist linearly independent
linear forms My, Ma, ..., My € Qp[X1, ..., Xp] such that for every x € Q) we have

n
Hj:l ‘Mj(x)’p < (p )nd/2 . H?zl |LZ(X>|p _
‘det(Ml,Mg,...,Mn)lp B ‘det(Ll,LQ,...,Lan
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Proof. Recall that Oy is a free Z,-module of rank d and {wy, w2, ..., wg} is a Zy-basis of
Op. So for every © € Oy, there exist unique ay, ag, ..., aq € Zy such that x = Z;‘l:1 a;w.
d . n
Then L = ijl w; Wy W_lth Wy = Zi:l agi; Xi € Qp[Xl, e Xl
Recall that o; : K, = Q,,1 =1,...,n are the Q, embeddings. We extend them in a
natural way to embeddings K, [X1,..., X,] — @p[Xl, ..., Xy]. Then

d

d
Ul(Li) = UZ(Z ijij) = Zal(wj)wij for ’i,l = 1, cee ,d.
j=1 J=1

Write
Q = (o1(w;))1j=1...a and Q1 = (my;)1j=1.._a-
Let C := max; j [m; j|p. Since wj € Oy, we have |oj(wj)|, = |wj|p, < 1 for all [, j. Hence

max; j{]€;]p} PN
|detQ[, 7 |detQ],

where €2;; is the minor of €2 associated with m;;. Then for every x € QZ, we have

C:

max{|Wir (%) |p, Wiz (x)lp, - -, [Wia(x)|p} < € max|oy(Li(x))lp = C - [Li(x)p-
By Lemma [2.2.7 we have
| det Q]% > (pd)~¢, implying C' < (pd)d/Q.
Hence, for : = 1,...,n we have

d
max [Wij(x)lp < C- |Lix)lp < (pd) | Li(x)ly

Moreover,

d d d
0< | det(Ll, Lo, ... ,Ln)|p = | det(z ij1j7 ijWQj, R ijwnj)|p
j=1 j=1 J=1

d d d
- ‘ Z Z o Z Wj Wiy + = Wi, - det(wl,jww?,jw e an,jn) )

Ji=1j2=1 Jn=1

IN

omax  |wjwy, - wy, |p - | det(Wrj,, Wao gy, Wi )y
1S]1,]2,---,]n§d

< det(W1,, . Wo. ... W, .
_1§j1£?.)fjn§d| WL Wagar oo Wago)lp
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Choose (M; ,Ma,...,M,) among
{(W1, Wap, .. , Wy ) i 1< 1, 2,000, Jn S d}
such that

|det(M1 ,MQ,...,Mn)|p = - Inax. |det(W17j1,W2,j2,...,Wn,jn)|p.
1§]17]25"'7]ngd
Then M , M, ..., M, € Qy[Xi,...,X,] are linearly independent linear forms and we

have

[T 13600, (™2 T, Lol
| det(My, Mo, ... ,Mn)|p = | det(Ly, Lo, ... ,Ln)|p ‘

Lemma 2.2.9. [Archimedean Orthogonalization/

Let {My, My, ..., M,} C C"[Xy,...,X,] be a set of n linearly independent linear forms.
Then there is a collection L of cardinality at most n!, consisting of linearly independent
sets of linear forms {N1, Na, ..., N,} C C"[Xy,..., X,] with

(a) |N1|oo = |N2|OO =...= |1\In|OO =1 and |det(N1,N2,...,Nn)| =1,

(b) For every x € R™ there exists a set of linear forms {N1, Na, ..., Ny} € L with

n
ot = Ty il
paiey ! = ’det(Ml,Mg,...,Mn”oo

Proof. This follows from the proof of [19, Lemma 7]. O

Lemma 2.2.10. [Non-archimedean Orthogonalization]

Let p be a prime. Let {My, My, ..., My} C Qp[X1,...,Xp] be a set of n linearly inde-
pendent linear forms. Then there is a collection L of cardinality at most n!, consisting of
sets of linearly independent linear forms {N1, Na, ..., Np} C Qp[X1, ..., Xp] such that

(a) |N1], = |Na|, = - = |N,|, = 1 and | det(Ny, No, ..., N,)|, = 1,
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(b) for every x € Q) there exists a set of linear forms {N1, Na, ..., Np} € L with

n

H |N (X)| < H?:l ’MZ<X) |p

7 >~ .
i1 p |det(M1,M2,...,Mn)|p

Proof. The proof is by induction on n. For n = 1, the assertion is trivial.

Let n > 2. Take x € @Z We may assume without loss of generality that |[M;|, =
IMs|, = --- = [M,|, = 1 and |x|, = 1. Further, we may assume that |M(x)|, =
ming <<y |M;(x)|,. Take Ny := M;.

Since M|, = 1, we can augment M to a basis of Zy, {My, Og, ..., Oy}, say. Then
there is a matrix C' € GL(n, Z,) such that

CMl = e, COQ =€, ..., COn = ey (2.2.4)

where {e,...,e,} denotes the standard basis of Q. Hence |det C|, = 1.
Define

M, =CM; =e;, My=CM,, ... , M, = CM,.
Let x' = (CT)~'x where C7 is the transpose of C. Then

<M x'>=<OM;, (CT) x>=<M;,x> (i=1,...,n).

Hence
[T, <Mix>|, _ 2yl Ty | < M, X > | _ 2 |p Ty | < MG, X > |,
| det(M7, My, ..., M,)| | det(M7, My, ..., M,)|,| det C| | det(eq, M), ..., M")|
p p p 2 p
(2.2.5)
Write x' = (z1,...,2,) and M, = (mj1, my2, ..., m4y,) for i = 1,...,n. Let M/ :=
M; —mjrep for i = 2,...,n. Then
| <M/ X' >, =] < (M, —mjer),x > |, <max{] < M}, x" > |, | <mje,x >|,}

<max{| < M;,x > |y, | <My, x>y}

=] <M;,x > |p,
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since | < M, x" > [, = | < M;,x > |, and

| <mier,x' >, = | <M,x' >, = | <Mpx> |, <| <M;,x> |
SO / n / / / n /! /
2 [p [Timo | < M, x >|p> 211 [ Tme | < MY, X" >, (2.2.6)
|det(er, MY, ..., M), — |det(e;,M],....M}),
Let M; = (Mg, ...,miy) for i =2,... . nand X = (x2,...,2,). Then
| <M/, x' >, = | <M;, x>, , |det(e;,Mj,....M})|, = |det(Mg,..., M,)|, .
Since My, Ma, ..., M, are linearly independent, we know that ey, MY, ..., M) are linearly

independent and hence M, ..., M, are linearly independent. Then by the induction
hypothesis, there exists a collection £ of cardinality < (n — 1)!, consisting of tuples
(N2, N3, ..., N,) of linear forms in Q,[Xa, ..., X, with

|N2|p = |N3|p == |Nn|p =1 and |det(N2,N3, . ,Nn)’p =1,
For every y € Qg_l, there exists (]\72, N, ... ,Nn) e L such that

ﬁ [T, [Mi(y),

= Tdet(My, My, .. M,

Take the tuples (]\72, Na, ... ,Nn) corresponding to y = x. Then

|$/1|pH?:2|<M;/aX/>|p ’9‘71|pH2 2|<M2>X>‘p > |o
[det(er, M, -, M), | det(Mz, M, ... .My,

|pH | <Ny > .

(2.2.7)
Let N;:(O,Ni) € Zy for i =2,...,n. Then

|Nl‘|p:|N"p:1 | <Nj,2' > |, = <N, &> |,

| det (e, Nb, ..., NJ)|, = | det(Na, N3, ..., N,)|, = 1.

Finally, put Ny = M; and N; = C’*lNi’ for 2 < i < n where C is the matrix defined

by (24). Then

INil, = NG|, =1, |det(Ny,Na,...,Ny,)|, = |det C_1|p| det(e;,N5,...,N)|, = 1.
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Hence
n n
24l [T INp = [Mi(x rpH [N/ (x)]p = | N >|pH IN(CT) ),
=2 i

= |Mi(x |pH O™ (x H | Vi(x (2.2.8)

Now (2.2.5)), (2.2.6)), (2.2.7) and (2.2.8)) give

1M -
[T | U

| det(My, Mo, ...

7

Lemmas [2.2.8 and [2.2.10] can be combined as follows:

Lemma 2.2.11. Let p € Sy and let K, be a finite extension of Qp of degree d. Let
Ly, Lpa, ..., Ly, be linearly independent linear forms in K,[Xi,...,X,]. Then there
exists a collection L of cardinality at most n!, consisting of sets of linearly independent
linear forms {Np1, Npa, ..., Npn} in Qp[Xy, ..., Xp] with:

(a) INpilp == |Npplp =1 and | det(Np1, Np2, ..., Npp)|p =1,

(b) For every x € Q, there exists {Np1, Np2, ..., Npn} € L such that

(-

‘ det(Lpl, Lp27 L 7Lpn>|P

Lemma 2.2.12. [Main Lemma/
Forpe S, let Kpi,Kpa,...,Kp € @p[Xl, .., Xy] be linearly independent linear forms
i n variables. Let A >0, C' > B >0 and D > 1. Consider the set

H 7, 1‘K1m(xp)|p < A
|det pls pg,...,Kpn)|p - ’

M= (xp)p €AL: P ;-

.

B§|Xoo’oo§07 |Xp|p:17p650 J
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If BC™=! > p"/2p) (Hpeso (pd)”d/Z) - ADISI(=1) then the set M can be covered by

at most i )
n—1)—1
Bcnfl
_ 1\p2lS].

sets of the form

C={(xppes € Ag : |K,;(xp)lp < api (pe S,i=1,...,n)}

K/

!/
where K P2

ol , Ky, are linear forms in Qp[X1, ..., Xp] with

|det( pl> p27" K/ >| 17 |KII)1’P::|K}I)H|I7:1

and the ap; are positive reals with
- CA
_ n/2, ) nd/2  ~ 41 1|S|-(n—1)+1
HHam<n n.H(pd) BD
peS i=1 p€ESo

Otherwise, M can be covered by at most (n!)|5| sets of that form.

Proof. By Lemma and Lemma [2.2.11} we can cover M by at most (n!)/ sets of the
shape

( n 3\
TTIT 5l < nt T ] )™/ - A

M/ — (Xp)p c Ag peS i=1 pESo \

BS |XOO|OO§C ’ |Xp|p:]- ) pGSO )

\

where K;, K o, ..., K}, are linear forms in Qp[X7, ..., Xp] with
|det< pls ;727 .- 7K1/m)|P =1, |K1/71’p == |K;m|p =1

By Lemma [2.2.1] for every (x,), € M’ there exist i, € {1,...,n} for p € S such that

|Kéo,i (Xo0)|oo = 10 n/2|X00|oo , |K/,zp( p)lp = [Xplp , P € S0
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Thus, for (x,), € A% we have

! d)nd/2. A
H H ’ Xp |p < n HPESO(p ) < nn/2n| H (pd)nd/Q . é

2 .
peS i#iy, n/ |XOO‘OO HpESO ’XP‘P pESH B

We fix the linear forms K]’gi and subdivide the corresponding set M’. Define reals
{npi :pe S,i#iy} by

|K. i(x00)| = D7"'C for i # o , |K;(xp)|p = D" for p € Sp, i # ip.

L
Note that
B n—1
SNt oy |y o
peS iy neene H pd A
Hence
2D il =D > e
[pi] > (npi — 1) > logp 5
| d/2 S|-(n—1
pES iFip pES iy n"/2n H pd ynd/ - ADIS|-(n=1)

Denote this last quantity by (). We see that ) > 0 if and only if

BC™ 1 > /2y H (pd)"¥/? . AD!SIn=1),
PESo
Suppose ) > 0. We choose non-negative integers z,; < [np;] for each ¢ # 4, such that
> wi=10)
PES iFip

Since zp; < npi, we have
|Kli(Xo0)| < D75=C for i # o, |K);(xp)|p < D7 for p € Sp, i # ip.

In order to unify notation, we put zp;, = 0 for p € S. Further, if Q <0, we put z; := 0
forpe S, i=1,...,n. This leads to a subdivision of M’ into sets of the shape

C = {(xp)p € AG 1 [KLi(xo0)| £ D*C, |Ki(xp)lp < D77 (p € Sp, 1 < i <)}
(2.2.9)
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/
Ky, ...

| det (K,

where K’

ol K, are linear forms in Q,[X1, ..., X;] with

pls ;/)27"'7K;/m)|p: L, |K1I)1|p: = |K1/m|p: 1

and the z); are integers with

2D i = max{[Q],0}

peS =1
Let aoo; = D™*<iC and a,; = D™#. Then we have
! CA
H Hapi <D Rl - onpl-Q « 22 n/2) H (pd)nd/2 . plSkn=1)+1
- - B
peS i=1 pESo

The number of tuples z = (2pi)pes,i=1,..n of nonnegative integers with 2pi, = 0 for

p € S satistying

is at most ([Q] + |S|(n — 1) — DISI=D=1/(1S|(n — 1) — 1)!. Counting the n different

possibilities for each 7,, we see that the total number of possible z is at most

nSl ([Q] + |S|(n — 1) — 1)I8I(=1)~1 _ ISl (Q +15|(n — 1))Sltn—D-1
(IS](n = 1) = 1)! (1S](n — 1) = 1)!

So if @ > 0, this number is equal to

B 1 |S|(n—1)-1
n 10 BC™
(IS[(n —1) = 1)! 8D\ Ln/zp) I1,cs, ()42 - A :

Counting the (n!)l*! different sets M’, we see that M can be divided into at most

- 1S](n—1)—1
—1). 280,
|S|(’I’L 1) n (10gD ( n/zn‘ H pd nd/2 A>>

sets of the type C as in (2.2.9), where we have used

(ISIn =1 = ((n=1)+ -+ (n=D) > (n—1)!- (n— 1)l = ((n — )Y,

57



We will also need the following variation.

Lemma 2.2.13. Forp e S, let K1, Kpa, ..., Kpy € @p[Xl, .., Xy] be linearly indepen-
dent linear forms in n variables. Let A,C >0 and D > 1. Consider the set

H Z 1|Kp2(xp)‘p < A
|det ol pg,...,Kpn)|p_ ’

M= (xp)p €AL: P > .

( \

\ |XOO|OO§07|Xp|p:17p€SO

If C™ > n! (H s pd ”d/z) - ADISI" then the set M can be covered by at most

on |S|n—1
|S|n - (logp ( H s pd nd/2 A))

C = {(xp)pes € A 1 [K};(xp)lp < api, (p€S,1<i<n)}

sets of the form

where Ky, Ko, ..., K}, are linear forms in Qp[X1, ..., Xp] with

|det( pl> 1/)2""7K1/m)|p:17 |K1/)1|p:"':|Kzlm|p:1

and the ap; are positive reals with
n
T 11 ew <n [ @wdme?- Aptsir,
peS i=1 pESo
Otherwise, M can be covered by at most (n!)|5| sets of that form.

Proof. The proof is similar to the proof of Lemma [2.2.12, We first cover M by at most
(n))9! sets of the shape

( )

HH\ i (Xp)lp <n'H (pd)" /2 . A

M/ — ¢ (Xp>p e Ag peS i=1 pESo \

Xeoloo £C , |xplp =1, p€ Sy
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where the K; € Qp[X1,..., X,] are linear forms with

[det (K] Kplly =1, Kl =+ = K}y = 1for p e 8.

!/
pl’ p2,...,
Define reals {ny; : p € S,i=1,...,n} by
|K1/n-(xp)|p =D™ (pesS, i=1,...,n).

Note that

n On
Ny > log
ZZ P D (n! HpESO<pd)nd/2 . A)

peS i=1

and so

n n Cn
5l 323w 2 s ( )

peS =1 peS i=1
Denote this last quantity by ). Then @ > 0 if and only if
¢ zal [ [ (pd)"*/? - ADIS.
pESo

If @ > 0, we find non-negative integers zp; < [n;] for p € S,i =1,...,n such that

Since zp; < nyp;, we have

[Kli(Xoo)| S D7*'C, 1< i<, [Kpi(xp)lp S D7 (p € 8o, 1<i<m).

IfQ <0, weput 2z, =0forpe S;i=1,...,n
So we can subdivide M’ into at most (n!)/*l subsets of the form:

C = {(xp)p € AG: [KLi(xo0)| < D75C, |K(xp)lp < D77 (p € Sp, 1 < i < m)}

with
‘det( pl?K;Q?""KIIm)‘p ’ 1’17_ :‘K;;n‘pzl ) pES,

ZpGS Zi:l zpi = max{[Q)], }
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Let aoo; = D™*<iC and a,; = D™*. Then we have

ap < C"D7IA < 0" DI@ <t TT (pa)"¥/? - ADISI7H1,
pi (pd)
pesS i=1 pESH

The number of tuples z = (2pi)pes.i=1,... n of nonnegative integers satisfying Zpe s D i i =
(@] is at most

CRAED
(1S[n — 1)!

([Q] + ISIn — 1)*I*=1/(|Sn = 1)! <
So if ) > 0, the last number is equal to

|SIn—1
—1 lo ¢ )
(S {1oent n! ], cs, (pd)"0/2 - A '

Taking into consideration the (n!)l! different sets M’, we see that M can be divided into

is at most

C’fl
11‘[ pes pd nd/2 A
sets of the type C. O

))|S\n—1

1S|n - (logp(

Remark 2.2.14. For S = {c0}, Lemma [2.2.12 and [2.2.13| are Thunder’s Lemmas 7 and
7 in [19].

2.3 Proof of Theorem 2.1.1]

In this section, we prove Theorem . Recall our assumptions: F' € Z[X1,...,X,] is a
decomposable form of degree d such that I(F) # 0, a(F) < d/n and F(x) # 0 for every
non-zero x € Z.".

Define log™ 2 = max(0, log z) for x € R>.

Assume m > 1. Let

By = ml/d=a(F) < 1.
B = elB() , O = By = €l+lBo for [ € Zzo, (2.3.1)

=(d—na(F)) —(d—na(F))l

Ay = ml/a(F)Bo " H(F)C(F) , Ap=e < 4.
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We separate the solutions x of (1.1.1)) into small ones with norm |x|, < By and large

ones with norm |x|s > By. Let

Vo i= 1" ({(p)p € Ars(m) : [Xoole < Bo} ).
Vig1 = u”({(xp)p €A% Hpes |F(xp)|p < m, B; < |Xoo|oo < Cl}) for | € Z>y.

Note that the difference between V) and A r.5(m, By) is in the different norms that we

use. Here in V{ we use the Euclidean norm, while in Ag g(m, By) we use the sup-norm.

Lemma 2.3.1. Suppose that I(F) # () and that H(F) < H(G) for every decomposable
form G that is S-equivalent to F. Suppose that F(z) # 0 for allz € Q™ \ {0}. Then

log By |SIn—1
o<m (14 (i) )
o< U Nogu(F)

Proof. By Lemma [2.2.6, for every (x,), € A% there are tuples (Lpi,Lp2,...,Lp,) €
I(F) (p € S) such that

H H;'L:1 | Lpj (%p)|p & HpES |F(xp) Z/d mn/d (2.3.2)
L ety Lo, L)y @AENYL T M)V "~

We use Lemma [2.2.13|to give a bound for the volume Vy. Put A = m™?/(2H(F))"/,
C = By and D = (2H(F))Y/4SI7+1) " Then the set of (x,), € A% satisfying inequal-
ity (2.3.2) and |Xoo|oo < By can be covered by at most

n

8. |S|n—1 log B |S|n—1
: il |Sln—1 _ 50
< 14 |S|n (logD (A)) < 1+ (logp C) <14+ (log(ZH(F)))

sets of the form

C = {(xp)p €AY |Ki(xp)lp < api forpe S,i= 1,...,n}

where K1, K o, ..., K}, are linear forms in Qp[X7, ..., Xp] with
|det( ;1, ;z,...,K;n”p:l, |K;1|p:---:|K;1|p:1f0r pGS
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and the a,; are reals with

n
H Hapi < n! H (pd)"¥/% . ADISINHL « /@,

peS i=1 PESo
By Lemma [1.2.5] we have
n
"e) < [T ] aw < m™
peS i=1

Hence the volume 1} is at most the sum of the volumes of the sets C, that is,
|S|n—1
log BO
Vo < n/d 1+ ———— .
e log(2H(F))

Lemma 2.3.2. With the notation above, we have

d—na(F)

Z Vil < ml/a(F)BO a(F) 'H(F)C(F)(l + log BO)|S|(R_1)_1.

Proof. By Lemma [2.2.4] for every (x,), € Apg(m) with B} < |Xa|oo < C) there are
tuples {(Lp1,Lp2, ..., Ly,) € I(F)(p € S) such that

Lyi(x F( 1/a(F)
J1|W r) (| Xp|p) ()P
];[9 | det( Lpl,Lpg,... << ];IS | p’g na( H(F)

p p

Hpes |F(xp) |p 1/a(F)
— . o(F)
_ ( M ) H(F)

< (HPES |F<Xp>|p) 1/a(F) . H(F)C(F)

Bld—na(F)
m 1/a(F)
< () SO
d—na(F)
Bl
—(d—na(F)) —(d—mna(F))l
_ ml/a(F)BO‘ a(F) H(F)C(F)e% = A
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By Lemma 2.2.12| with A = A, B = B;,C = C}, D = e, the set of (xp), € Apg(m)
with B < |Xoo|eo < C] satisfying the inequality

H H?:l | Lpj (xp)p < 4
S A
s | det(L Lyn)lp

( plaLPQa"'7

can be covered by at most

Blcn—l
n™/2n) H pd nd/2 A,

201 (110 1Sln=1)=1 1S](n—1)-1
< |S|(n—1)n -(log ( )) < (14I1+log By)

sets of the form

C={(xp)pes € AG: |K;(xp)lp < api forpe S;i=1,...,n}

where K1, K o, ..., K}, € Qp[X1, ..., X,] are linear forms with
|det(Kp17Kp27 s aK;)n)| - |K 1|p = |K |p 1 for pE S
and

HH“PZ < w20t TT (pdy/2 ClAlD\S\ (n—1)+1 <<%<<A < U1 4

peS i=1 pESo :

In the last inequality, we have used the facts that if a(F) < d/n then d-
since a(F') is a fraction of denominator < n — 1.
By Lemma [1.2.5] each set C has volume
Cl4;
l

1(C) < 2 pIS](n=1)+1 < e l/(n_l)Ao.

Hence for each [ > 0, we have

Vigr < e /=D Ag . (141 +log BO)‘S|("—1)—1

(1 + l>|S\(n—1)—1
S T /D

. Ao(l + log Bo)|5|(n_1)_1.
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As a consequence

(0. ]
ZVZH < Ag(1 +log Bo)lSIm=D=1. 371 . lSin=1)=1=1/0=m)
=0

1=0
—(d=na(F))

< Ao(1+ log By) =071 = /) B2y () (1 log Bg) *I =0~

]

Proof of Theorem [2.1.1]. First, by Lemma we see that 4" (Ap g(m)) is homogeneous
in m. So if the claim holds for some m of our choice, it also holds for any other m/.
By Lemma [2.3.1] and [2.3.2] we know

log By o
n/d [ T o I
Vo <m ( + (10g(2H(F))> )

and
—(d=na(F))
Z Vigr < mM o) By <@y (F)) (1 4 log By) Sl D=1,
—(d—na(F)) S
Using (2.3.1), we have ml/a(F)Bo “ = m@am . Choose m such that

n—1

md—a(F) . H(F)C(F) — md+1/2?n—1)2 .

Hence we have log m >< log H(F') and

Vo < m™? and Z Vil < m a1 (1 4 log By)ISIn=D=1 « ypn/d.
=0

Therefore

e}
pM(Aps(m) < Vo+ > Vig <m?.
=0

This proves Theorem [2.1.1} O
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2.4 Large solutions

In this section, we assume that I(F') # () and a(F) < d/n. We use the same notation as

in @3

By = m/(d=na(F)) 5 |

B = elB() , O = Bl+1 = €l+lBo for [ € Zzo,

=(d=na(F)) —(d—na(F))l

Ay = ml/a(F)Bo " H(F)C(F) , Ap=e < A

We focus on the large solutions x to the inequality (1.1.1)) with |x|s > Bg. The idea is as
follows. We use the p-adic Subspace Theorem to deal with the solutions with |x|., > C,
for some ;. We deal with the solutions with By < |X|s < €y, similarly as what we did

for 37,20 Vi
To be precise: for every solution x with |x|s > €}, we have by Lemma m

’H(F)C(F)

Lp].a Lpz, .. >Lpn)|p - |X|go_na(F)

< 1 ( m 1/a(F)
- d—na(F))/(2a(F e d—naF)Q)
|X|£>o (£))/(2a(F)) Cl( (£))/

1/a(F)
smxmmﬂfa(——f;—) H(F)E) (2.4.1)

C«l(d*na(F))/2

H \c‘let(l_[?_1 ikl <ec- (M)w(ﬂ _
peS

CH(F)AE)

where ¢ is a constant depending only on n,d and S.

1a(F)
) H(F)F) < 1. Thig

Let lp be the smallest integer [ such that c - (W
implies

lo < 1+logm + logH(F).

Let I; be the smallest integer [ such that C; > max{m!/?C;,, m"%H(F)}. This implies

lo <li <1+logm+logH(F). (2.4.2)
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Define

Li={xeZ": [JIF®) <m, By < Xl < Cyy, [x[, = 1 for p € Sp},
peS

Lo={xeZ": [[IF&)|p < m,|xloc > Ci,, [x]p = 1 for p € So}. (2.4.3)
peS

Lemma 2.4.1. Ly is contained in a union of a finite set Q of cardinality

d—na(F)

0] < ml/a(F)BO a(F) 'H(F)C(F)(l +log Bo)|5‘(n_1)_1

and at most
< (1 +logm +log H(F))(L +logm + log H(F) + log By) ¥~V
proper linear subspaces of Q™.

Proof. The proof is similar to the proof of Lemma We use Lemma [2.2.12] with
A = A;,B = B;,C = Cyand D = e. Then the set of x in £ with B; < [x|o < (]
satisfying the inequality

H H?:l | Lpj (%p)|p <4
> A
s | det(Lpl, Ly, ... ,Lpn)|p

can be covered by at most < (1 + 1 + log B)!SI("=D=1 gets of the form
C— {(xp)pes € ALKy (xp)lp < api for pe Syi=1,... n}

with
n
[[]]an<e VA
peS i=1
By Lemma|1.2.5] if there are n linearly independent lattice points in C, the number of

1-n)

the integer points in C is < !/~ Ay, which is the same as the upper bound of 1”*(C).
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Let Q be the union of the sets of integer points occurring in the set C as above having n
linear independent lattice points. Then the cardinality of 2 is at most
1 00 d—na(F)

€ 32 Vi € 3 Viay < Vo) 5y T Y1 4 g S0
=0 1=0

We now consider the sets C that do not contain n linearly independent integer points.
Then the set of integer points in such a set C is contained in a proper linear subspace of

Q™ that is related to C.
Recall that I} < 1+logm+log H(F'). So L can be covered by the set 2 and at most

< S0 (L4 1+ 1og Bo)SI=D=1 « (1 4+ 1)(1 + Iy + log By)!SI(n=D~1
< (1 +1logm +log H(F))(1 + logm + log H(F) + log By)!SI(n=1)-1

proper linear subspaces of Q. O
Lemma 2.4.2. Ly is contained in at most < 1 proper linear subspaces of Q™.

Proof. For any x in Lo with [ [ g [F'(x)]p # 0, we have [[ ¢ [F(x)|, = 1. So it remains
to consider those x in L9 with HpGS |F(x)|, > 1. Let x be such a solution with x = gx’
where x’ is primitive and ged(g, [[;_; pi) = 1. Then

m > [[IF®)p =g [[I1FE), > o

peS peS

Thus ¢ < mY?% As a consequence |X'|o0 = g7 xX|oo > m~Y9C), > max{C),, H(F)}.
Since |x/|o0 > Cp, by inequality (2.4.1]) we have

H H?;l | L (x| < ¥ —1/C(n=1)
vy | det(Lpl, Lpz, . ,Lpn)|p

By Lemma [1.1.6] we may assume that each Ly; here is defined over a number field of
degree at most d. So we have [Q(Ly;) : Q] < d and

How,,) (Lpi) < H(F) < [X|oc.
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Therefore we can apply a version of the quantitative Subspace Theorem such as [6, Corol-
lary] which implies that the primitive integer solutions of the inequality above lie in the
union of < 1 proper linear subspaces of Q". Taking into account of number of possible

tuples in I(F'), all the x in L9 with |x|o > (7, lie in < 1 proper subspaces. m

2.5 Proof of Theorems 2.1.3 and 2.1.4

We consider again inequality ((1.1.1)):

H |F(x)], <m in x € Z" with ged(z1,22,..., 20, p1--pr) = 1.
peS

Assume F(x) # 0 for every non-zero x € Z". Also assume a(F|r) < ﬁ for every linear
subspace T of dimension at least 2 of Q™.
In the proof, it will be important to keep the following fact in mind. Considering the

integral solutions to the inequality (1.1.1]) for F' restricted to a proper linear subspace of

Q™ is equivalent to considering integral solutions to a similar inequality in fewer variables.

Proof of Theorem [2.1.5. The proof is by induction on n.
Let n = 1 and F(x) = ca? with ¢ € Z. We consider the solutions of

H lcx?|, <min x € Z with |z|, = 1.
peS
For every solution z, we have m > Hpes |cxd|, = HpeS lclp - 7|4 > |z|% So it is clear
that Npg(m) < m!/<.
Let n > 2. Assume that the number of integral solutions restricted to any proper

linear subspace of Q" of dimension n’ < n is < m™/4. We have to distinguish two cases:
(a) H(F)E)mpn=D/(d=a(F)) < MG (See (2.2.2)) for the definition of ¢(F).)
Then we have log(H(F)) < logm and

H(F)C(F)m(n—l)/(d—a(F))(1 + log BO)\Sl("—l)—l < mhd
where By is defined in (2.3.1)).
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By Proposition and Theorem [2.1.1} we have "(Agg(m)) < m™/? and
dr
[ s(m, Bo) V2| < " (Aps(m, Bo)) + By~ (1-+ log (H(F) o)
dr
< W (Aps(m)) + Byt (1 + log (’H(F)BO)) <m

By Lemma and Lemma [2.4.2) the large solutions of (1.1.1)), i.e., those with

|x|so > By lie in the union of a set of cardinality

d—na(F)

< ml/a(p)BO a(F) H(p)C(F)<1 + log BO)\SKn—l)*l < 7nn/d

and
< (1+logm 4 log H(F))(1 +log m + log H(F) + log Bo)¥1"= D=1 « (1 4 log m)!SI(»=1)

proper linear subspaces of Q™. Using the induction hypothesis, these subspaces together
contain at most

< m(nfl)/d(l + logm)\Sanl) < mn/d

solutions. So N g(m) < m™/<.
(b) H(F)F)pn=1)/(d=a(F)) > m@1/@n % Then we have log(H(F)) > 1+ logm.
Choose [1 as in (2.4.2). So we have
l1 < 1+logm + logH(F).

By Lemma |2.2.6], for every solution x with |x|s < Cf,, there are tuples {(Lp1, Ly2, ..., Lpn) €
I(F) :pe S} such that

) PR [es [FEOB™ _
s ety Ly L)l (QH(F)VT = (@H(E))

Put A = m™4/(2H(F))Y/4, C = €, and D = (2H(F))"/4151741)  Then by Lemmal2.2.13]

the solutions lie in

|S|n—1
C’n
< |S|n - | log7 < (log}, C)lIn—1
( D nl HpESo(pd)nd/z A D
|S|n—1 |S|n—1
log Cy, logm + 1
o o 1
< (1og<2H<F>>> < (1og<2H<F>>> <
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sets of the form

C={(xp)p €AY : |K ( p)lp <apiforpe S;i=1,...,n}
where Kpl’ K;JZ, e Kpn are linear forms in Q,[X7, ..., X, ] with
|det(KplaKp2a"°7K;7n)| - |K 1|p_ |K 1|p_1f0r pES
n
H Ham- < n! H (pd)"¥? . ADISINHL « /e,
peS i=1 PESo

If such a set C contains n linearly independent integral points, then by Lemma [1.2.5
the total number of integral points in C is < HpeS [T ap < m™®, Thus, we see that
the integral solutions with |x|. < €}, lie in the union of < 1 proper linear subspaces of
Q™ and a set with cardinality < m™/<.

By Lemma 2.4.2] the integral solutions with |x|s > C}, also lie in < 1 proper rational

subspaces. By the induction hypothesis, each subspace contributes < mn—1)/d integral
solutions.
Therefore Ngg(m) < m™?. O

Proof of Theorem |2.1.4]. By Lemma [2.3.2] we have

|1 (A (m) =" (Ar.s(m, Bo))| < ) Vigy < mm D3 (7)) (1410g By) Sl

1=0
By Proposition [1.4.6] we have
‘ |(Ap,s(m, Bo) N Z")| — p"(Ap,s(m, Bo))‘ < mt D= ED (1 4 log (H(F) By)) ™
Hence
1"(Aps(m)) —|(Aps(m, Bo) N Z™)|

< m(n—l)/(d—a( ))}[(F)C( )(1 + log By)!SI(n=1=1 4y (n=D/(d=alE)) (1 4 log(H(F)By))™
< mPD/(d=alB)) (1 4 1og m) U] maX{H(F)C(F), (1 + log H(F))451}

= Opg(m+120-07) as m — oo.
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By Lemmas[2.4.1|and [2.4.2] we know that the set of integral solutions with x|~ > By

is covered by a finite set €2 and at most
(14 logm + log H(F))(1 + log m + log H(F) + log By)!¥(n=1~1

proper linear subspaces of Q™. By Theorem we know that the number of solutions
in each subspace is at most m("~1/4 Let £, L5 be the sets defined by (2.4.3). Then

|NEs(m) = |(Aps(m, Bo) NZM)| | < |£1] + [ L2l
< m=D/d=alD)q(yelF) (1 4 log By)lo1=1-14
+m D1 L logm + log H(F))(1 + logm + log H(F) + log By)!¥!m=1—1
< mPD/d=aE)) (1 1 1og m) WS max{H(F)*F), (1 + log H(F))4h

= Opg(mdt1/2-0%) as m — oo.
Therefore, we have

|Nrs(m) — @ (Aps(m))]
< |Nps(m) = [Apg(m, Bo) NZ"| | + | |[Aps(m, Bo) N Z"| — " (Ap,g(m))]
< m=D/d=al?)) (1 L 1ogm) WS max{H(F)“), (1 + log H(F))51}

= OF7S(md+l/2?n—1)2> as m — oo. (2.5.1)

]
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Chapter 3

An effective finiteness criterion for

decomposable form inequalities

In this chapter, let F' € Z[X1,...,X,] be a decomposable form of degree d and S =
{00, p1,...,pr} where p1,...,p, are distinct primes. We assume F(x) # 0 for every

non-zero x € Q", which implies that I(F') # (). Recall that
{L; € span {L;,,...,L;, }}|

a(F) = max max
(Liy ..l )€I(F) 1<j<n—1 J
N <
0££C{Ly, Ly} Tank (L)
rank(c)<n
By Theorem [2.1.3] the inequality
HpeS |F(x)]p <m in x=(x1,22,...,2,) € ZL"

with ged(x1, o, ..., 2p,p1-  pr) =1

has only finitely many solutions, provided

a(F|r) < for every linear subspace T of dimension at least 2 of Q™.

dim T
The question that immediately arises is how to effectively test this criterion, that is,
whether there is an algorithm that, given the coefficients of F' and its linear factors,

checks in finitely many steps whether the criterion is satisfied.
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Besides a(F'), we also define

£]
F) = =
alf) @#Lgrﬁff..,Ld} rank (£)
We notice that, under the condition I(F) # 0,
d
dim T dim T

Hence, throughout this chapter, we equivalently use a(F') and a(F'). We answer the ques-

a(Fl|r) <

e a(F|T) <

tion above in two steps. In the first section, we assume F to be a norm form, which is a
special type of decomposable form. In this case the question turns out to be standard.
We can find the answer in the book [15] of W. Schmidt. In the second section, we have
collected some basic facts about finite étale algebras. In the third section, we consider
the general case, when F' is an arbitrary decomposable form. This turns out to be similar

to the norm form case. Our argument is based on arguments from [§].

3.1 Norm forms

In this section, let K be a number field of degree d. Denote by IL its normal closure over
Qand let z — 2 = z,..., 2 — (D be the embeddings of K in L. Consider the norm

form
F =c- Ngjg(w1 X1 + -+ +wyXn) = ¢- Ng (L) = ¢- L .. LD € Q[x]

where ¢ € Q*, K = Q(wr, ..., wp), L = w1 X1+ - -+w, X, and L) = 2221 wj(.i)Xj for i =
1,....d
We assume that F(x) # 0 for all x € Q™ \ {0}. This implies that wy, ..., w, are

linearly independent over Q. Hence
rank]L{L(l), . 7L(d)} =n.

Let G := Gal(L/Q). We know that G acts transitively on {L() ... L@} That is
for each o € G, there is a permutation ¢ of {1,...,d} such that

o(LW)y = LEW) for i=1,...,d
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and for each 4,j € {1,...,d} there is 0 € G with 6(i) = j.
For each non-empty subset S of {1,...,d}, define

r(S) :==rank{L® : i € S} and ¢(S)= %

Definition 3.1.1. A non-empty subset S of {1,...,d} is called extremal if
e ¢(S) < q(S) for all non-empty S" C{1,...,d},
e ¢(5) < q(S) for all non-empty S" C S.

Remark 3.1.2. (a) Extremal subsets exist. Indeed, let o := min{q(T) : T C {1,...,d},T #
0} and {S1,S52,...,5n} = {5 : ¢(S) = qo}. Choose ig such that |S;)| = mini<;<p |Si|.
Then S;, is an extremal subset. Indeed, for every non-empty 7' C S;, we have T ¢
{51, 59,...,5p} since |T| < |S;,|. Hence q(S;,) < q(T).

(b) We know that ¢({1,...,d}) =n/d. So {1,...,d} is extremal if and only if ¢(S) >
n/d for all non-empty S C {1,...,d}.

Lemma 3.1.3. Suppose that S1 # S are two different extremal subsets. Then S1NSy = ().
Proof. Assume S1 NSy # 0. Let ¢(S1) = q(S2) = qo. Then since

|S1 N Sa| +1S1 U Sa| = |S1| + |Sel,
7“(51 N SQ) + T(Sl U SQ) < 7’(51) + 7’(52),

we have

|S1 N Sal - q(S1 N S2) =r(S1 NS?)
< r(S1) 4+ 7(S2) — r(S1 U S2) = [Silgo + |S2]g0 — ¢(S1 U S2)|S1 U Sa|
<1S1]go0 + [S2]q0 — |:S1 U S2|g0 = [S1 N S2|qo.

So q(S1 N S2) < go. This is in contradiction with the extremality of S; and Ss.
O

Lemma 3.1.4. Let S be an extremal subset of {1,...,d}. Then the extremal subsets form
a partition of {1,...,d} and q(S) =n/d.
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Proof. 1f S is a extremal subset, then so is 6(S) for each 0 € G. Indeed, since we have
|S] = [6(S5)| and r(S) = r(a(S)), we have also ¢(S) = ¢(6(9)).

Since G acts transitively on {1,...,d}, the collection {5(S5) : o € Gal(IL/Q)} covers
the set {1,...,d}. Let 61(S5),...,6¢(S) be the distinct sets in this collection. Then

(1,...,d} = 61(S)U---U&(S)

and by Lemma these sets are pairwise disjoint.
Note that for every L; which lies in the span{L; : j € S}, we have i € S. Since

otherwise we would have

(s ih = oo < T —y(s)

which contradicts the extremality of S. This implies

Hence

n_ S r(6i(S)  t-r(S)

d S jes) s =q(5).

Let S be the necessarily unique extremal subset with 1 € S.

Define Gg = {0 € Gal(LL/Q) : 6(S) = S}. Let M be the number field with Q C M C
L and Gal(L/M) = Gg.

Recall that {1,...,d} = 61(S)U---Ud(S) where o1, ...,0, € G and 61(S5), ..., 5:(5)
are pairwise disjoint. So

|Gs| = |Gal(L/Q)|/t

and hence
[M: Q] = |Gal(L/Q)|/|Gal(L/M)| = |Gal(L/Q)|/|Gs| = t.
Lemma 3.1.5. Suppose that S is an extremal subset with 1 € S. Then M C K.

76



Proof. We first show that
Gal(L/K) = {o € Gal(L/Q) : 6(1) = 1}.
Indeed, since L = LM and K is generated by the coefficients of L we have
6(1)=1 <= o(L) =L <= o € Gal(L/K).

If ¢ € Gal(L/K), then 6(1) = 1 which implies 6(S) = S by Lemma [3.1.3] Hence
Gal(L/K) < Gal(IL/M) which implies M C K. O

Consider the Q-vector space

V=A{riwi+ - +aawy:x; €Qfori=1,... n}

For each subfield E of K and every Q-linear subspace W of V', define

WE.={veW:e.veW forall e € E}.
Lemma 3.1.6. Let E be a subfield of K. Then we have the following:
(a) WE is a Q-linear subspace of W.
(b) (VE)E =VE.
(c) VE =V if and only if E C M. In particular, VM =V,

Proof. (a) Clear.

(b) By (a), we have (VE)E C VB, For every o' € VE, we have (e -v') = (ue) - v/ € V
for all u,e € E. This implies € - v' € VE for all € € E. Hence v € (VE)E and therefore
VIE C (VIE)IE

(¢) This is Lemma 7D from [15]. We will prove a more general result for decomposable

forms. O

Recall that S .
af(F) = max 5] max = ——.

p£SCAl,....d) 7(S) a 0£SC{1,...d} q(5)

Now we formulate our criterion for a(F).
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Lemma 3.1.7. Let F' = c- Ngg(w1 X1 + - + wpXy) € Z[X] be a norm form of degree
d such that F(x) # 0 for every x € Q™ \ {0}. Lett > 2 be a integer. Then the following

statements are equivalent:
(a) a(F) < d/n.
(b) For every subfield Ml with Q C M C K, we have VM C V.
Proof.
a(F) <d/n <= q(S) > n/d for every non-empty S C {1,...,d},
<= {1,...,d} is an extremal subset (By Remark [3.1.2](b)]),

<= there does not exist an extremal subset S with 1 € S and |S| = d/t,

— VM CV for every subfield M with Q C M € K (By Lemma B-L.6[(c)]).
O
For a linear subspace T of Q™ (possibly Q" itself), we define
vT = {z1w1 + -+ zpwy, : (21, ..., 2y) € T}
We apply Lemma to obtain the following criterion.
Lemma 3.1.8. The following are equivalent:

(a) a(F|r) < d/dimT for every linear subspace T' of dimension at least 2 of Q",

(b) (VOEC VT for every subfield E with Q C E C K and every linear subspace T of

dimension at least 2 of Q",
(c) VE ={0} for every Q C E C K.

Proof. We only have to show that (b) and (c) are equivalent.

(b) = (c) Assume that there is a subfield Eq with Q C Eq € K, VEo £ {0}. Then
either VEo = V or VEo = y/To C V for some non-zero linear subspace Ty of Q™. Now by
Lemma [3.1.6] we have

(VTo)Bo — (yEoyEo — yEo _ /T
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contradicting (b).
(¢) = (b) Assume that (VT)Er = VTt £ {0} for some subfield Eq with Q C E; C K
and some linear subspace T of Q™. It is clear that (V71)E1 C VB1 hence VB #£ {0}. O

3.2 Finite étale algebras

In this section, we have collected some basic facts about finite étale algebras.
A finite étale Q-algebra is a Q-algebra that is isomorphic to a direct product of finitely
many algebraic number fields. Let Ky,..., K, be algebraic number fields and € their

direct product, i.e.
Q=K x--- xK;={(a1,...,a9) a; € K; fori =1,...,¢}

endowed with coordinatewise addition and multiplication.

Let L be the normal closure of the compositum K; ...K,.

Fori=1,...,q let d; := [K; : Q] and 0y1,...,0;4, the embeddings of K; in L. Let
d:=di + - +dy = dimg Q. In this way, we get d Q-algebra homomorphisms

a=(a,...,a9) 2 0ii(a;): Q=L (t=1,...,¢,=1,...,d;).

We denote these homomorphisms by o1, . . ., o4 and write a® for oi(a).
Let G := Gal(IL/Q). For each o € G there is a permutation & of {1,...,d} such that

c(a®) =al® (i=1,...,q0€Gacq)

This defines an action of G on the set of indices {1,...,d}.
For o € G we define maps o, : LY — L¢ by

o(x) = (o(z1),...,0(xq))
o(x) = (T5(1)s -+ +» To(a)) for x = (z1,...,1q) € LY.

Note that for any 01,092 € G, the maps 01 and gy commute.
Define
A={xel?:o(x)=0d(x)for o € G}.

Then A is a Q-vector space.
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Lemma 3.2.1. Let S be a subset of A. Then
rank 1,(S) = rank g(S).

Proof. Clearly, ranky, () < rankg(S).
Assume ranky,(S) < rankg(S) = r. Then there are QQ-linearly independent elements

ai,...,a, in S such that
Aag + -+ Aa, = 0 with ()\1,...,>\7=) E]LT\{O}.

Without loss of generality, assume A; = 1. Then for each o € GG, we have

Za aZ—UZ)\aZ—

which after permuting coordinates gives Z i—17(Ai)a; = 0. Hence

XT: (Zam))aizzim o —

i=1 oeG oeq i=1
with Y ~o(A) € Qand ) .o = |G| # 0. This contradicts the linear indepen-
dence of ay, ..., a, over Q. ]

Define the map
P:0—-LYa— (a(l),...,a(d)).

If we endow L% with coordinatewise multiplication, ® becomes an injective Q-algebra

homomorphism.

Corollary 3.2.2. We have
d(02) =A.

Proof. Clearly ®(Q) C A. Further, dimg ®(Q2) = d, and by Lemma [3.2.1]
dimg A = rank gA = rank A < d.
Hence ®(Q2) = A. O
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Definition 3.2.3. A subspace W of IL? is called special if 6= (o(x)) € W for all x €
W,oe@.

Lemma 3.2.4. Let W be an L-linear subspace of LY. Then W is special <= W is
generated by W N A. Further in this case, we have dimp, W = dimg W N A.

Proof. For the first implication, let ap,...,a, be a Q-basis of W N A. Let x € W and
write x = 22:1 Nia; with \; e Lfori=1,...,r. Then

T
:ZJ(Ai)& ZO‘ i)a; € Wfor o € G.
i=1

So W is special. Further, in that case we have by Lemma [3.2.1
dimp, W = rank /W N A = dimg W NA.

For the second implication, assume W is special. Let [L : Q] = m and take a Q-basis
{wy,...,wp} of L. Write G = {o1,...,0n}. Let x € W and put

vi= Y oj(w)o; (oj(x) fori=1,...,m.
Then for o € G,i=1,...,d, we have

ooj(w;)g™! oo} Loj(x ZO’O'j w;i)o 0 oo;(x)

>
—
P
3
Il
{7

<
Il
_

~—1
ooj(w;)oo; ooj(x) =yi,

.F"ﬂg

7=1

hence y; € A. Therefore y; € W N A.
It is well-known that the matrix (o;(w;))1<i j<m is invertible. Hence x is an [L-linear

combination of y1,...,ym,. So W is generated by W N A. ]

For a Q-linear subspace V of Q, denote by V the L-linear subspace of L generated
by ®(V).
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Lemma 3.2.5. The map V +— V defines a bijection between the Q-linear subspaces of £
and the special L-linear subspaces of L, and we have dimy (V) = dimg V.

Proof. Let W be a special linear subspace of ¢ and put V := ®~1(IW N A). We show
that W = V. Indeed, ®(V) = W N A and, by Lemma [3.2.4 W is generated by W N A.

Conversely, let V be a Q-linear subspace of Q. Clearly, V is special as it is generated
by a subset of A. We show that ®(V) = V N A. Clearly, (V) C V N A. Further by

Lemma [3.2.4]
dimg, V = dimg VN A

while by Lemma [3.2.1} dimy, V' = ranky,®(V') = dimg ®(V). Hence ®(V) =V N A.
This shows that the maps V + V, W — ®~1(IW N A) are each other’s inverses and

also dimy, (V) = dimg V. O

Definition 3.2.6. Let V' be a Q-linear subspace of Q2. Define

d
VE={y =, ..,va) €L ) ya® =0 foralla eV},
i=1

d

<Xay>::inyi fO?"X: (xla--'7$d)7y: (ylv"'ayd) ELd‘
i=1

Let W be a L-linear subspace of L¢. Define
Wh={xell:<x,y>=0foralyeW}

Lemma 3.2.7. (a) Let V be a Q-linear subspace of 2. Then
d
V={acQ: Zyia(i) =0 forally € VL}
=1

and dimg V4 =d — dimg V.

(b) V = VL defines a bijection from the Q-linear subspaces of Q to the special linear
subspaces of L%
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Proof. (a) We have

Vl:{yGLd:<x,y>:0 for all x € V}

={yeL?:<d(a),y >=0 forallac V}
d

={y € Le: Zyia(i) =0 forallaeV} = VL.
i=1

Hence

V = (VL)L ={x e LY:<x,y>=0 forally € VJ_}.

Then by elementary linear algebra, we know
V=01 VNnA)={acQ:<®a),y>=0 forally ¢ VL}
d

={acQ: Zyia(i) =0 forall yeV*t}
i=1

(b) For a Q-linear subspace V of 2, by Lemma we know that V is special. It
is easy to show that V' s also special. By (a), we know that V+ = V" and hence is
special. We also have (V+)+ = (VL)L =V and therefore

O HVHENA) =tV A =W

Let W be a special L-linear subspace of L% Then W+ is also special. Let V =

d~Y (WL N A). Then since W+ is generated by W N A = ®(V), we have
Vi={yelL!:<®(a),y>=0 forallacV}
—{yelLl:<x,y>=0 forallxc W} =W.

]

Definition 3.2.8. A symmetric partition of {1,...,d} is a collection P = {Py,..., P}
of non-empty subsets of {1,...,d} such that

PU---UP,={1,...,d},

PiNP;j =0 for eachi,j € {1,....d} withi# j,

o(P)eP fori=1,...,t,0 €Qq.
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We say that a property holds for each pair 1 Z j if it holds for each pair {i,j} C
{1,...,d} such that i, j belong to the same set of P.

For a symmetric partition P, we define the set
P . . P .
A" ={x=(z1,...,2q) € A : 2; = xj for each pair i ~ j}

and put Q7 := ®~1(AP). Then A” is a Q-subalgebra of A and Q7 a Q-subalgebra of .

Conversely, we have the following Lemma.

Lemma 3.2.9. For each Q-subalgebra B of Q, there is a symmetric partition P of
{1,...,d} such that B = QF. Further, dimg B is equal to the number of sets in P.

Proof. For a vector x = (21,...,24) € L, we define supp(x) := {i : 2; # 0}. Let B be a
Q-subalgebra of Q. We call a subset P of {1,...,d} a minimal set of B+ if P # (), there
is x € B+ with supp(x) = P and there is no non-zero y € B+ with supp(y) C supp(x).
We call x € B+ minimal vector if supp(x) is minimal.

We first observe that Bt is generated by its minimal vectors. Indeed, let x € B+
be not minimal. Choose a minimal vector y € B+ such that supp(y) € supp(x). By
multiplying y with a scalar we can assume that x,y have a coordinate in common, then
supp(x —y) € supp(x). By induction we can express x —y as a sum of minimal vectors.

Next, we show that each minimal set of B+ has cardinality 2. Let P be a minimal set.

Let y € B* with supp(y) = P and take b € B. Then for every a € B, we have

Z ybWal) = o,

ieP
hence ®(b) -y € B+. Suppose |P| > 3 and there are i,j € P with b() # bl). Then
®(b) -y — by € Bt but supp(®(b) -y — bPy) C P. Hence ®(b) - y = by which
implies that all b(® (1 € P) are equal. This holds for all b € B, so the minimal sets
of B+ are pairs, and the minimal vectors corresponding to a pair {i,;} are multiples of
a;; =e; —ej.

Now define a partition P = {P,..., P} of {1,...,d} in such a way that 7, j belong to

the same set of P if {i,j} is a minimal set of B*. Then B is generated by the vectors
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e; — e; for each minimal set {7, j}. If follows that
B={acQ:a® =al for each pair i Z i} =0q”.

Put
W = {x e L?: 2; = x; for all pairs i R]}

Then W is special, since P is a symmetric partition. So by Lemma |3.2.4

t = dimy, W = dimg W N A = dimg ® (W N A) = dimg B.

3.3 Decomposable forms

In this section, let F' € Z[X1,...,X,] be a decomposable form of degree d. Write

q
F=c [N oL
=1

where ¢ € Q*, K, is a number field of degree d; and L; = a7 X1 + -+ + a;n X, with
Qait, - am) =K; fori=1,...,q.

Assume F(x) # 0 for every x € Q™ \ {0}. Then a1, ..., a;, are linearly independent
over Qfori=1,...,q.

Let L be the normal closure of the compositum K; - - - K, and define G := Gal(IL/Q).

By writing Nk, g(L:) as the product of the conjugates of L; we obtain

i=1

1=1

where L) e L[Xy,...,X,] for i = 1,...,d. Then G acts on {L1) ... LD} that is,

every o € (G gives a permutation ¢ of {1,...,d} such that
o(LDYy =L (=1, .., 4d).
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Definition 3.3.1. Let I be a non-empty subset of {1,...,d}. Then we call I (in)dependent
if {LY - i € I} is linearly (in)dependent over L.

Denote the rank of {L() : i € I'} over L by r(I). Define ¢(I) = %
Definition 3.3.2. A non-empty subset I of {1,...,d} is called extremal if

e q(I) < q(S) for all non-empty S C{1,...,d};

o q(I) < q(S") for all non-empty S" C 1.

Remark 3.3.3. Using the same arguments as Remark and Lemmas [3.1.3]and [3.1.4],

we obtain that

(a) Extremal subsets always exist.

) o({1,...d}) = d/n
(c) If I} # Iy are two distinct extremal subsets, then I3 N Is = (.

(d) If I is an extremal subset, then &(I) is also an extremal subset for each o € G.

Lemma 3.3.4. Let Py, ..., P; be the extremal subsets of {1,...,d} and P ={Py,..., P}.
Then

(a) P is a symmetric partition of {1,...,d}.
(b) r(P1)+---+r(P) =n.
(c) q(P;) =n/d fori=1,...,t.

Proof. Let Py, ..., P; be the extremal subsets of {1,...,d} and ¢(P) =--- = q(F) = qo-
Let S = U'_, P;. By Remark , we know that ¢(S) = S for every o € G.

Recall that F' = ¢ [[{_; Nk, /o(Li) = c- H?Zl L@ Suppose that Nk, jo(Li) =
Hj T, LY. Then if one of the indices j € T; belongs to S then T} is contained in S. We
first show that

r(Ty) =rank {LY) : je Ty} =nfori=1,....q.
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Recall that {L(j) : j € T;} are the conjugates of L; = aj1 X1 + -+ + a;n X, and that
a;l, - .., aip are linearly independent over Q. Hence we can augment {a;,...,a;} to a
Q-basis {ai1, ..., a;q,} of K;. Let T; = {1,...,d;}. Then

(1) (1)

g ey
det : : #0
(di) (di)
ag’
50 oW
a;’ ...,
rank : : =n.
d;) (d;
“2(1 .. .am)

Hence the set of linear forms {Lgk) = al(-f))ﬁ + 4+ GES)XH :k=1,...,d;} has rank n.
So r(T;) =n fori=1,...,q, which implies r(S) = n. Therefore,

E<T(S)_7"(P1)+"'+T(Pt)_q
d=18] ~ Pl++

But ¢0 < q({1,...,d}) = n/d, so we have q9 = n/d and |S| = d. This implies

(a), (b) and (c).
[

Define the finite étale Q-algebra Q = K; x --- x K. Let

V = {(L1(x),...,Ly(x)) : x € Q"}.

Then V is a Q-vector space contained in 2. Since the coefficients of each L; are linearly
independent over QQ, we have dimg(V) = n.
For a = (L1(x), ..., Ly(x)) € V, let a®) = LO)(x). Then

d

VE={y = ya) €L D ya =0forac V)
1=1

and V1 is an L-linear subspace of L%

87



Lemma 3.3.5. Let P := {Py,..., P} be a symmetric partition of extremal subsets of
{1,...,d}. Then we have

d ya® =0 (j=1,....t) forall yeV*tacV. (3.3.1)
1€P;
Proof. By part (b) of Lemma we have

r(P)+ -+ r(P) =n.

Let I; be a maximal independent subset of P;. So {L) : i € I;} is L-linearly
independent and L) (i € P;\I;) are linear combinations of { L) : i € I;},for j = 1,...,t.
Then U§:1{L(i) .1 € I;} is L-linearly independent and has cardinality n. Without loss
of generality, let U7_,I; = {1,...,n}. So LW ... L™ are L-linearly independent and
Lt ,L(d) are linear combinations of L(l), e ,L(”).

Then for each i € P,N{n+1,...,d} and k =1,...,t, we can write

L = Z ai]’L(j) with a;; € L.

NS
Define vectors
a; = (ail,...,am,O,...,—l,...,O), t=n+1,....d
where —1 is the i-th coordinate of a; and a;; = 0 if j ¢ I. Then {a,41,...,a4} forms a
basis of V. Now (3.3.1) is satisfied for y € {a,11,...,a4} hence for all y € V. O

For a symmetric partition P := {Py,..., P;} of {1,...,d}, define
B:=qF = {a € Q:al) =al®) if {i;,iy} € P; for some z}

Then B is a Q-subalgebra of Q). For every b € B and each j = 1,...,t, we know that b®
is fixed for all i € P;. Hence, by (3.3.1]) we have

Zyl-b(i)a(i) = b(i)(z yia(i)) =0 (j=1,...,t) forally € ViaeV

iGPj iGPj
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Hence B -V C V. By Lemma [3.2.9, we know that dimg B = t.
Recall that

1
a(F) :max{m.lg {1,...,d}, I #0}.

Lemma 3.3.6. The following statements are equivalent:
(a) a(F) > 4.
(b) There exists a Q-subalgebra B of Q with dimg B > 1 such that B-V C V.

Proof. By definition a(F) > % is equivalent to {1,...,d} not being extremal, hence

equivalent to that the symmetric partition of extremal subsets of {1,...,d} contains
t > 1 sets. By Lemma [3.2.9] this in turn is equivalent to the existence of a (Q-subalgebra
B of Q with dimg B =t > 1 such that B-V C V. O

Let T be a subspace of Q™. Define
W= {Li(x),...,L¢(x) :x € T}.

Lemma 3.3.7. The following are equivalent:

(a) There exists a subspace T of dimension at least 2 of Q™ such that a(F|p) > dinchlT'
(b) There exists a Q-subalgebra B of 0 such that dimg B > 1 and B-W C W.
Proof. Apply Lemma [3.3.6] O
To a Q-subalgebra B of Q, we associate VB = {a € V : B-a C V}. It is easy to show
that
VB .= U W,

{(WCV: BWCW}

We finally arrive at our effective criterion.

Theorem 3.3.8. Let F' € Z[X,..., X,] be a decomposable form of degree d. The follow-

ing statements are equivalent:
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(a) a(F|r) < ﬁ for every linear subspace T' of dimension at least 2 of Q",
b) for every non-trivial Q-subalgebra B of Q with dimg B > 1, we have VB = {0}.
Q

Proof. By Lemma [3.3.6| and Lemma [3.3.7], it is enough to show that the assertion
VB = {0} for every Q-subalgebra B of Q with dimg B > 1
is equivalent to

B-W C W for non-zero Q-linear subspace W of V" and
every Q-subalgebra B of  with dimg B > 1.

If VBo =£ {0} for some By, then either VB> =V or VB = W, for some subspace Wj.
Since ByVBo = VBO, we have either BoV =V or BoWy = Wj.

If By - Wy = Wy # {0} for some proper linear subspace W; of Q" and some Q-
subalgebra By of Q with dimg By > 1, then {0} # W' C VB O

Remark 3.3.9. Criterion (b) can be checked effectively as follows. Let x1,...,x4 be a
Q-basis of Q. The Q-algebra Q has finitely many Q-subalgebras. Compute a Q-basis for
each (Q-subalgebra B of 2, as Q-linear combinations of x1, ..., X4. Given a Q-subalgebra

B with basis y1,...,¥yp, we have
VB—{aeV:y;-aecViori=1,...,b}.

Then it can be checked by straightforward linear algebra whether V2 = 0.
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Chapter 4

Decomposable form in n variables of

degree n + 1

Recall that Theorem in Chapter [2| provides an asymptotic formula for the number
of solutions of a decomposable form inequality in n variables of degree d. Unfortunately

in this formula, the error term depends on the coefficients of F'.

A lot of work on removing the dependence of the error term on F' has been done by
Thunder. We recall some results of his below. The following notation is needed. Consider

the inequality

|F(x)] <m in x=(z1,22,...,2,) € Z".
Define the discriminant D(F') of a decomposable form F' = alq,..., Ly € Z[X1,...,X}]
to be

p(F)=a®) T (det(Li,....L;))".

1<) <-<in<d

Put Ap(m) = {x € R" : |F(x)| < m}) and Ap = Ap(1). Denote the volume of Ap by
pl (Ap) and the number of integer solutions in Ap(m) by Np(m).

Theorem 4.0.10 (Thunder [I§] ). Let F' € Z[X,Y] be a binary cubic form in two vari-
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ables that is irreducible over Q. Then

2008m1/2

Bt 1/3
+ DGR + 3156m~"° for all m > 1.

[Np(m) — m*32 (Ap)| < 9

Later, Thunder proved a Theorem concerning decomposable forms F' € Z[ X1, ..., X}]
of degree n + 1 of finite type (hence D(F) # 0).

Theorem 4.0.11 (Thunder [20]).

m(n—l)/n
|D(F) | 1/(2n(n+1))

+ m(n—l)/(n+1)(1 + log m)n—l.

|INp(m) — mn/”H,ugo(AFﬂ < (1+log m)”_2+

where the implicit constant depends only on n.

The goal of this Chapter is to prove a p-adic generalization of Theorem [4.0.11] removing
the dependence on F of the error term in Theorem [2.1.4 Thunder’s main idea is to find
an equivalent form G of F such that it is possible to give a upper bound for H(G) in
terms of its discriminant D(F'). In our proof, we first give the p-adic generalization of

this idea.

4.1 Statement of the Theorem

Let F(X) € Z[ Xy, ..., X,] be adecomposable form of degree n+1. Let S = {c0,p1,...,pr}
be a finite subset of Mg. We consider the inequality

H|F(x)]p <m in x=(r1,19,...,7,) € Z"
peS

with ged(zy1,z2,...,Zn,p1-- pr) = 1. (4.1.1)
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Recall the notation

I(F) := the set of all ordered linearly independent n-tuples among Ly, ..., Ly,
{Li € span {L;,, ..., Li; }}|

a(F) = max max
(Liy ooy, )EI(F) 1<j<n—1 J
t=1]9.
peS

Arsm) = { ) € A% [T 1IP0I < m  xoly = 1Hor pe S0},
peES

Nps(m) := ‘{x e Z": H |F(x)|p, <m, ged(xr,22,..., 20,01 Dr) = 1}’

peSs

Recall that pis is the normalized Lebesgue measure on R = Q4 such that ps ([0, 1]) =
1 and that p, is the normalized Haar measure on QQ, such that j,(Z,) = 1. Define the
product measure " = HpeS py on A

For each p € S, we can decompose F' as
F=apLpi-- Lpny1

where a, € Q;; and {Lp1,...,Lpnt1} are linear forms in @p[Xl, ..., Xp] such that the
decomposition is Q-symmetric. It means that each element of Gal(Q,,/Q,) permutes the
linear forms Ly1,..., Lpni1-

For p € S, put Ag = Ap1 -+ Ap pt1 where

Api =det(Lpt, -+ Ly, -+ Lppg1) fori=1,...,n+1.

Then
n+1

D (=1) A, - Ly; = 0. (4.1.2)
j=1

In what follows, the constants implied by the occurring Vinogradov symbols < and
> will be effectively computable and depend only on n and S. We prove the following

Theorem.
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Theorem 4.1.1. Let F € Z[ X1, ..., X,] be a decomposable form of degree n+ 1. Suppose
F(x) # 0 for every non-zero x € Z". Also suppose a(F|r) < ﬁ for every linear
subspace T' of dimension at least 2 of Q™. Then we have D(F) # 0 and

(n=1)/n |S|(n+1) _—
m (1 +logm) : - mEE 1+ logm)ISI=D).
(HpeS |D(F)|p) 2D

[NEs(m) — p"(Aps(m))| <

4.2 About discriminants of decomposable forms

In this section, we collect some facts about discriminants of decomposable forms. We can

be more general by letting F' vary for each p € S and K be a field with charK = 0.

Definition 4.2.1. Let F = alLq,...,Ls € K[X1,...,X,] be a decomposable form where
a € K* and Lq,..., Ly € K[Xl, ..., Xy] are linear forms. We say that F is in general
position if det(Ly,,...,L; ) # 0 for each {iy,...,in} C{1,...,d}.

Definition 4.2.2. The discriminant D(F) of a decomposable form F = aly,...,Lq €
K[X1,..., Xy in general position is defined to be

p(F)=a?) . T (det(Li,....,L;)"

1<iy < <in<d

It is easy to check that D(F) is independent of the choice of a, L1, ..., Lg.
Lemma 4.2.3. Let F € K[X1,..., X,,] be a decomposable form of degree d. Then
(a) D(F) € K*.
(b) DOF) = (V262D D(F) for A € K.
(¢c) D(Fr) = (det T)2C) D(F) for T € GLo(K).

Proof. (b) and (c) are straightforward.
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(a) For every o € Gal(K/K) there is a permutation & of {1,...,d} such that o(L;) =
AiLs(y with A; € K and Ay --- g = 1. Hence
d—1 2
o(D(F)) = o221 H Ny - i) (det(Lgy, -, Lsny)

1<ig<<in <d
d—1

= (a)\l ce )\d)Q(nfl) H (det(L&(h)? .. ,L&(in)))Z

1<ii<-<in<d
=02 ] (det(Lis,.... L))" = D(F).
1§i1<"'<ivzgd

]

Let (Fp : p € S) be a system of decomposable forms with F, € Qp[Xi,..., X,] of
degree d. For each T}, € GL,(Qy), define (Fy)7,(X) = F(1X).

Recall that

A(F,:peS) = {(xp)p e A% [T 1EGo)ly < 1, Ixplp = 1for p e So}.
peS

Lemma 4.2.4. Let (F, : p € S) with F, € Qp[X1,...,Xy] forp € S be a system of
decomposable forms of degree d in general position. Let Ny € Qy and T), € GLn(Qp) for
p€S. Then

(Lo ) - (A Fr, p e 8) = (TTIDEIED ) - " (A p e 5))

peS peES

(where possibly both sides of the identity are infinite).

Proof. This is a combination of Lemmas [1.3.3] and [4.2.3] m

Lemma 4.2.5. For p € S, let F, € Q,[X1,...,X,] be a homogeneous polynomial of
degree d. Assume that |F,|, =1 for p € Sy. Then

1| S ppes € A% [ 1F(o)lp < Lixplp =1 (€ S0) p | =
peSs

d—1
i ({0 € R [Poclxo) < 11 ) - T { S0/ iy ({0 € @3 1Byl = 777}

pESo T’p:O
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Proof. We can express the set under consideration as a disjoint union

H {(Xp>p€S €AY Fooloteo)| < l:lpesop } .
(Z0)!%0!

_ kp o
k:(kp)pESOG |FP(XP)‘P =D ) ’Xp‘p =1 for pE SO

Thus, the measure to be computed can be expressed as

X — pF»
D (e € R [F(xoo) < [T #73) -Hu3<{><pe@$; ()l = p })

kE(Zzo)‘SO| PESo PESH |Xp|p =1
|Ep(xp)lp ="
(e € B [Pl < 13) - TT D20 ”/d"({x”e@g‘ o
pESo kp=0 |%plp =

We have to rewrite the sums occurring in the product. Write &, = dl, +r, with 0 < r, <
d — 1. Then

| (%p)lp = p " . Fy(yp)lp = p7
M;}z XPEQZ: p\2p/lp =p nlp'ug ypeQZ: p\JYp pl .
|Xplp =1 Vplp = %

So

pn/d X o
- P w “Z ({yl) < @Z LYy =07 |yplp > 1 })

= p’"”"/duﬁ ({YP < QZ D Fp(yp)lp=p7"" })

since if [y,| < 1/p then |F(y,)|, < p~? contradicting |F(y,)|, = p~™. This implies the

lemma. OJ
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Let p € Sp. Further, let F' € Q,[X1,...,X,] be a decomposable form of degree n + 1
with |F|, =1 and D(F') # 0. We compare

Apr(F) =y ({xp € Qp - [F(xp)[p =" })
with |D(F)|,. Notice that for T' € GL,(Q)), we have
Apr(Fr) = | det T|, T Ap 1 (F).
We prove the following:

1

Lemma 4.2.6. A, (F)|D(F)|;"""" < 1 where the implicit constant is effectively com-

putable and depends only on n and p.

Proof. Let [E, be the splitting field of F' over Q. Denote by e the ramification index of
E,. Then e divides [E, : Q,], so e < (n+ 1)L

We factor F' as F' = Ly ... Ly41 with L; a linear form in E,[Xy,..., X,].

Let 0; := det(Ljs1,...,Lp41, L1, ..., Li—1) and put L] = 6;L; for i = 1,...,n+ L.
Then

Li+--+ L, =0, (4.2.1)
L)L, =+D(F)Y?F, (4.2.2)
the coefficients of L', ..., L), are integral over Z,, (4.2.3)
{L},..., L], 1} is up to sign Gal(E,/Q,)-symmetric (4.2.4)

(see 2.9 for definition).

Only (4.2.3) and (4.2.4]) require some explanation. As for (4.2.3), by the ultrametric

inequality and Gauss Lemma, we have
’L;‘p = | det(LH_l, o ,Ln_|_1, Ll, o aLi—1)|p‘Li|p < |F|p =1 (Z =1,....,n+ 1).

As for (4.2.4), for every o € Gal(E,/Q),) there is a permutation ¢ of {1,...,n+ 1} such
that o(L}) = )‘a,iLg(i) for some A\, ; € E), where Ay 1 -+ Ag =1 = 1. Thus,

UL; = det()\g7i+1L&(i+1), e )\071',1[/&(1-_1)))\0,2'1—1&(1-) = :i:L&(Z-) for o € Gal(Ep/Qp).
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Let |D(F)|'/? = p~#/¢. Notice that for x € Qp with [Fy(x)|, = p~" we have

1
max{| L} (x)[p, -, [Lp 1 () |p} = [L1(x) - Ly ()1
—(er+s)

_ (|D(F) },/QF(X))"“ _ et

So in fact,

l—(er+s)
max{|L} (x)|p, ..., |Lyp1(x)|p} = p <+ with | € Zx. (4.2.5)

Further, we may write

l—(er+s)—m,

|Li(x)|p=p <+0  withm; € Zsgfori=1,...,n+1. (4.2.6)
We have collected some properties of the integers mq, ..., my41 :

Myt 4 magn = (04 Dby ([22)), (4.2.7)

at least two among myq,...,mu11 are 0 ( by (4.2.1), (4.2.5))), (4.2.8)

m; = my if there is 0 € Gal(E,/Q,) with (i) = j. (4.2.9)

We consider the set of x € QZ satisfying (4.2.6)) for some tuple of integers m = (my, ..., mMyu41)
with " " and " . Since {Lllv s 7L;7,-|—1} is up to Sign7 a Gal(EP/QP>_

symmetric system, we have
n n ' l—(er+s)—m; .
Iy ({XEQP DLy (xp)| =p c0FD forzzl,...,n—i—l})

l—(er+s)—m;
< 1y ({XEQZ C|Li(xp)| <p D for i = 1,...,n—|—1})

nlfn(er+s)72i¢j m;

. p e(n+1)
< min
1<j<n+1 | det(Lj+1, . 7L7’L+17 Ll, . ,Lj—1>|p
e(:zj—sl) 1 -1 1
< p—1/z P = |D(F)|ZD . peen |
[D(E)p
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Summing over all [ € Z>o and all tuples m with (4.2.7)), (4.2.8)) and (4.2.9)), we get

py({x € Qp: |F(x)l,=p""})

o0

—1 —
< |D(F )’2(n+1) Z Z 1 pe(”rHl»l)

=0 \m with @27), @#23), #2.9)

ZOO 1)i l
< |D( ) 2(n+1) ((n + ) + n)pe(n—_H)
=0 "
00
— —1 —(n+1) -1
<< ’D 2(n+1) E ( ) e(n+1)2 — (1 _pw) n |D(F) ;(n+1)

=0

—1

< D).
[

Lemma 4.2.7. Forp € S, let [, € Qp[X1,...,Xy] be a decomposable form of degree
n+ 1 with D(F)) # 0. Assume that |F,|, =1 for p € Sy. Then

(JT1DF)p) C Dy (A(F, : p € 8)) < C

peS

where C' is an effectively computable number depending only on n and S.

Proof. Combine Theorem of Bean and Thunder in [I] (for p = co) with Lemma and
Lemma [4.2.6| (for p € Sp). O

Remark 4.2.8. This is a p-adic generalization of the result of Bean and Thunder [I] on
n-variable decomposable forms of degree n 4+ 1 with non-zero discriminant. In the case
S = {00}, Bean and Thunder [I] proved a more general result: for arbitrary decomposable
forms F' € C[Xy,..., X,] of degree d, we have

(d—n)!n!

[D(F)| 2 o (Ap) < C

where C' is an effectively computable number depending only on n. It is still open to

generalize their result in the p-adic setting.
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4.3 Auxiliary Lemmas

In this section, let F' € Z[X1,...,X,] be a decomposable form in n variables of degree
n+ 1 in general position. Assume that I(F) # () and F(x) # 0 for x € Z™" \ {0}.

Recall that: we say that two decomposable forms F,G € Z[Xy,...,X,]| are S-
equivalent if there exist T € GL(n,Zg) and t € Z§ such that G = t - Fp. For the
definition of H(G), see [1.1.2]

Lemma 4.3.1. There ezists a decomposable form G € Z[X1, ..., X,] in the S-equivalent
class of F such that

H(G) <1 ([[ID@G)]p) =

peS

where c1 1s an effectively computable constant depending only on n and S.

Proof. For p € S, we choose a factorization F' = apLy,1 -+ Ly pne1 where a, € Q;; and
{Lp1,..., Lpnt+1} is a Qp-symmetric system of linear forms.

For p = oo, we assume that

Loi €C" (i=1,...,2r), Lo e R" (i =2r+1,...,n+1)
Loci = Locigr (i=1,...,7). (4.3.1)

If r is even, put
M1 = Re(Aso1Lioot); Mooz = Im(Asc1Liot)s - - -, Moo 2r—1 = Re(AoorLisor),
Moo 2r = Im(AsorLioor)s Mooi = Asoilioei (1 =2r+1,...,n+1).
M, = ApiLyi (pe€So,i=1,...,n+1). (4.3.2)

If r is odd, put
Moot = Im(AsiLoot1); Mooz = Re(AsiLiot)s - - -, Moo ,2r—1 = Im(Aser Loy ),
Moo 2r = Re(AsorLioor), Moci = Aocilinei (1 =2r+1,...,n+ 1),
M, = ALy (p€ Soi=1,...,n+1). (4.3.3)
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With these choices, we have rank{M,yg,..., My, 41} = nfor p € S. Consider the

following symmetric convex body:

n o IMooi(Xeo)| <1 (i =2,...,n+1),
C:=1 (xp)p € AG : . :
|IMpi(xp)lp <1 (1=2,...,n+1, pe S

Let A1,..., A, be the successive minima of C with respect to Z%.
By a Theorem of K. Mahler in [11], Z¢ has a basis {aj,--- ,a,} such that

|Mooi(aj)] <max{l,j/2}\; fori=2,....n+1, j=1,...,n,
|ApiLpi(aj)l, <1 fori=2,....n+1, peSy, j=1,...,n

By Lemma 3.3.5 in [4, Chap. 4], there exist a permutation o of {1,--- ,n} and another
basis {a],--- ,a,} of Z% such that

|Mooiv1(a))| < nd"min{,;), Aj} fori=1,...,n, j=1,...,n. (4.3.4)
Further, a),...,a/, are Z-linear combinations of ajy,...,a,. As a consequence
[Mpiv1(a))|, <1 fori=1,...,n, peSy, j=1,...,n. (4.3.5)
Denote the matrix with columns af,--- ,aj, by
T :=(al},---,a). (4.3.6)

Write G = u - Fr where T' € GLy(Zg) and u € Z§ such that G is primitive. Then
D(G) = u®" - det(T)?D(F)

and hence

[T 2@ =]T1E), =] laZ1AL2 (4.3.7)

peS peSs pesS
Consider again C. By Lemma [1.2.10] we know that

Mo < [ [ detMya, . M) < T 1AL (4.3.8)
peS peS
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and also

M > [T1AL

peS

(4.3.9)

We bound Aq from below and )\, from above. There is a non-zero x € Zg such that

|Mooit1(x)| <A1 fori=1,...,n
| Mpit1(x)], <1 fori=1,...,n, p€Sp.

By our assumption that F'(x) # 0 for x € Q™ \ {0}, we have HpeS |F(x)|p > 1.

Since

|AcoitrLoo,itr(X)] = [AsciLooi (X)]| = [Moo,2i—1(X)+V —1- Mo 2i(x)| < Ay for i =2,...,r

we have
n+1
|AoolLool | < Z |AOO]LOO] | < )\17
therefore
T2k < TT1ar Pl
peSs peS
n+1
=TT 1wl - (|8001 Lot GO T ] 1800j Lo ) - T (1401 L (x
peS 7j=2 PESH
< H |ap|p . n/\l . ()\1)21“—1 . (/\1)7L+1—2r
peS
< H laplp - ()"
peS
This implies
ALS (Hpes |A5‘p>ni1
Hpes |aplp
and
H es ‘Azﬂp H eS ‘ 2
R sl | R (R

peS peS
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(4.3.10)
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Since

|Mooiv1(a])| < min{ Xy, Aj} fori=1,. ., J=1,...,n,
we have
’MOOI |<ZZ I‘MOO’H‘l( )’<<)\ fOr] 1 N
!Moo7z+1( j)|<<)‘02) fori=1,...,n, j=1,...,n,
and hence

‘(Moo1<a/1)’ o Moci(ay,)) oo < An,
\(MOO’Z-H(a’l), ey Mooﬂ'_,_l(a%))‘oo <K Ao(i) for 1 = 1, o, n.

This leads to

n+1
TT1a51- 7@ =TT tapl - TT (TT (12miEi@). - ApiLpta)) )
peS peS peS i=1
n+1
< H laplp - H Hmax{\Mpi(allﬂp, ey |Mpi(a;z)|p}
peS PpESH i=1
n+1 n
H‘ZMOOQ’L 1 X + V- ZMOOQZ ’ ‘ZMOO’L
=1 j=1 1=2r+1 j=1
n—r+1
<[] lanlp- 22 H NI v
peS i=n—r+2 J=r+1
A2 T, A2 A2 T, A2
< H|ap‘p )\2.1_[” r+1 H‘ap|p )\TLZ-H 7
peS =1"% i=r+1 Z peS

By (4.3.8), (4.3.10) and (4.3.11)), the last expression is at most

1 =t [Tpeslaply
< H aplp - (H ’Alﬂp)"ﬂ (H |aplp) =+ (H ‘Ag‘p)Q . Hpew'
peS I=PIp

peES peS peS peS

Hence we get

H(G) < ([ laply) ™ - (T 12p1) 7

peS peS
and then an application of (4.3.7)) completes the proof.
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From now on, we will work with the decomposable form G as in Lemma Since
F,G are Zg-equivalent, we have Np g(m) = Ng g(m) and p"(Apg(m)) = p"(Ag,s(m))
by Lemma [4.2.4. So for proving Theorem [4.1.1] we may as well work with G.

Recall that we have chosen a decomposition F' = apLp -+ Lppq1 for each p € S.

These lead to decompositions G = ubp = a L’ -L;m 41 Where a;, = uap € Q;; and
L;Z-(X) = Z?:l Lp,-(aj)Xj. Note that formula still holds for G.

Lemma 4.3.2. Let (Xp)pes € Ag such that x, # 0 for each p € S. Then there is a set
of indices J = {jp € {1,..,n+ 1} : p € S} such that

L .(xp)]
#]pl pi Xp)lp Gp)lp
H | det(L <c H 1/2(n+1)

pi)itinlp ves Xplp| D(G)lp

where ca is an effectively computable constant depending only on n and S.

Proof. Put y, = Tx, for p € S where T is given by (4.3.6). Using (4.3.7)), it suffices to
show that

H | Z#] ’Lpz Yp)‘p < H ‘F(Yp)lp (4‘3‘12)

det(Lpi )iz, |p peS Ty lp| D(F)|p Hf2ntl)

Define the linear forms M), := MyT = Zj:l Mpi(a})X; (p € Sii=1,...,n+1)
where the linear forms My; (p € S,i=1,. + 1) have been defined by (4.3.2)). Recall
that by our choice of o and af,...,al, in , we have

|M ’H—l‘oo < )‘() (i:17"'7n)7

Further, by (4.3.9) we have

Mo >< ] IdetMya, . Mpir)|p = [ [ [det(Mpo, ... M, 0)lpe (4.3.14)
peS peS

hence

HH|M Z+1|p<<HA )< [T det(Mps, ..., M, )

peS i=1 peS
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On the other hand, by Hadamard’s inequality we have

n
H|det( v M3, .. ;,n+1)|p<<HH’M/,i+1|p-

peS peS i=1
So in fact,
n
[T 1 detM Mg, MG ) < [T MGl (4.3.1)
peS peS i=1

By Lemma 2.2.1] there is a set of indices {i, € {2,...,n+ 1} : p € S} such that

M (x,)]
H\M—/_Z,)p >]11

peS iplP peS Hi=1 | p,¢+1|p

Thus ) and (4.3.16)) imply
H |M;, (yp)lp = H 1] o) |p > [ [ ol M L = [T 1T wploI MG e (4.3.17)

peS peES peS peS

By , we also have
11 H |M;z+1\<<HA H

peS  iF#l 1=2
7,+17£7,p

|%plp| det(M] 1\/[;3,.. M;nJrl)‘

p2

(4.3.16)

and together with (4.3.14)), (4.3.15]) this implies

peS

Together with (4.3.10)), this implies

HpGS ‘AF’P
Hpes |aplp

™1 > ( ).

peS

Inserting this into (4.3.17]), we obtain

[Les 120 1p o 11
LT 1M )l > (=)= [T "yl
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For each p € S there is a j, € {1,...,n+ 1} such that [M,; (yp)| < [Apj,Lp.j,(Yp)lp-

So we have

HGS’ F‘p
L1120, s, 50l > (= H|T "Yolp

peS HpGS’ pp

By multiplying this on both sides with

[T anls TT 120 Lpi(y0)l)

peS i#Jp
we get
‘ pi YP ’p 1+1 1)
AFF(y,)l, > woeen 7 iz, AP/ H) TT oty
LT 7 s Tl T i, 507 T I s
peS peS peS peS

which implies (4.3.12)). O]

4.4 Proof of Theorem [4.1.1]

We separate the proof into two cases: the small discriminant case and the large discrimi-

nant case.

4.4.1 The small discriminant case

Assume

Put

Note that By > 1.
For | € Z>, let
By =¢By, C=e¢ B, A= 2 g1

where ¢9 is the constant from Lemma |4.3.2]
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We recall that
Ag s(m, Bo) = {(%)p € Ag,5(m) : [Xoo|oo < Bo}-
By Proposition [1.4.6] we have
||Ag,s(m, Bo) N Z"| — u™(Ag,s(m, Bo))| < By (1 + log(H(G)By)) ™ 1%l (4.4.1)

Now by Lemma for each (x,), € Ag s(m) with x, # 0 for p € S and [xx|sc > By,
there is a set of indicies J := {j, : p € S} such that

i, [ Lpi (%) |p 1G(x,))| m B
H |d§ il 2H€ DT = ] Thyes IR = S
Note that
n—1

1S|(n — 1) - n2I51. (log(—7 HB;C e Al>)|s|(n_1)—1

< 9] 2SI (log(BerH(” 1)(z+1)>)|s|(n_1)_1

< |S| - 0281 (log By + (n + 1)(1 + 1)) SIe=D1
and

15| - 0?5 (log By + (n + 1)(1 + 1))/S1=D=1 > (p1) IS,

Using Lemma [2.2.12| and counting the possibilities of j, (p € S), we deduce that for every
{ > 0 the set

S = Xp S An H ’ Z#jp )|p

det (L <A, B < |Xooloo < C
€ pz Z#Jp|P

can be covered by at most
(n+ D)8 S-S+ (log By + (n+ 1)(1 + 1))SI=D=1
sets of the form
C:={(xp)p € AG 1 [Ni(xp)lp < apiy i=1,...,n, p€ S} (4.4.2)
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where Nzgl, Nzlﬁ’ ..., N, are linear forms in Q,[X7, ..., X;] with
’det( pl> ;27" )’p_l |N 1|P_ ’N;/nn|10:1 fOI‘pES
and the ap; (p € S,i=1,...,n) are reals with
ClA
HHQPZ < # nn/2n| H (pd)nd/Q . 6\S|-(n—1)—|—1 < e_le.
peS i=1 pEeSo

Further, Lemma [1 implies

"C) < Hﬁapi < e A

peS i=1
Hence
S < Y (log B+ (n+ 1)1+ 1)1 ey
=0 =0

< (log By + 1)|S|(n—1)—1 - Ap.

Therefore we have

1" (Ag.s(m)) — 1" (Ac,s(m, Bo))| < Y p"(8) < (log By + 1)SI=D=1 . 4
=0

and
1" (Ags(m)) — [Ag,s(m, Bo) N Z"]]
< |u"(Ag.s(m)) — 1 (Ag,s(m, Bo))| + ||Ag,s(m, Bo) N Z"| — " (Ag,s(m, By))|
< (log By + DIPI=D=1 4 4 B2 (1 4 log(H(G) By)) "+ 15
< By~ (1 4 log(H(G) By))*1++1). (4.4.3)

We next estimate the cardinality of the set

L=xeZ": H |G(x)|p < m,|x|eo > By, |x|p =1 for p € Sy
peS
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Lemma 4.4.1. The set L can be covered by a union of a finite set Q0 of cardinality
9] < (log By + 1)/*l(r=1-1. gn—1
and
< (1 +logm)®In=1)

proper linear subspaces of Q™.

Proof. Similarly as in Lemma [2.4.1] we can estimate the cardinality of €2 by

e¢]
2 < D 1"(S1) < (log By + 1) =H=1 B,
=0

Let
lo =[2log(ca - By)], U1 =1lo+ [log(c -m5)]

where ¢ is the constant from Lemma |4.3.1]
Define

Li={xeZ": [[IGE) <m, By < Xl < Ciy, [x[, = 1 for p € S},
peS

Ly={xeZ": [[IGE) <m [xX|e > Ciy, [x], = 1 for p € So}. (4.4.4)
peS

For any x in £y such that [[ ¢ [|G(x)[p # 0, we have [] 5 |G(x)|, > 1. Let x be

such a solution and write x = gx’ with x’ is primitive and ged(g, [[;_; pi) = 1. Then

m > [[I6&)), =g []I6E)], > g

peS pES

Thus g < m/ (1),

By Lemma {4.3.1| we have

H(G) < e ([T ID@) )= <m?.
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Hence %[00 = g7 HX|oo > m Y0 > m~ V0 De) - mdCy, > max{C;,, H(G)}.
Using Lemma [4.3.2] there is a set of indices J := {j, : p € S} such that

L, (x| Br Bn _
| det 1 p)l#‘]p |p |X |OO | /| / /

By Lemma , we may assume that each linear form L], occurring here is defined over

a number field of degree at most d. So we have
[Q(Ly,;) : Q] < d and Hoq, (L) < H(G) < [x'|oc

where Q(L;n) is the extension of Q generated by the coordinates of L;n-. Therefore we
can apply a version of the quantitative Subspace Theorem such as [0, Corollary] which

implies that the primitive integer solutions the inequality (4.4.5) with
X'|e > max{Cyp, H(G))

lie in the union of < 1 proper linear subspaces of Q". Taking into account of the number
of possible tuples {j, : p € S}, we conclude that the elements of Ly lie in < 1 proper
subspaces.

A similar estimate as that for ™ (S;) gives that the elements x € £ with B; < |x|x <

Cj lie in the union of at most
(log By + (n + 1)(I + 1))ISI=1D-1

convex sets C of the form (4.4.2)). The set of integer points in each such kind of set C is
contained in a proper linear subspace of Q" that is related to C. Hence the solutions x
with By < |x|s < €}, that are not counted in € lie in the union of

I

<Y (log By + (n+ 1)(I + 1)ISI"D71 < (log By + (n + 1)(Iy + 1))!5In=D =1
=0

< (14 logm)!SIn=1)

proper linear subspaces of Q". O
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By Theorem [2.1.3, we know that the number of integral solutions of (4.1.1)) in a proper
subspace is < ma+ . Hence Lemma implies

L] < (log By + 1)/*1=0=1. gn=L 1 (1 1 1og m)ISIn=L)py (n=1)/(nH1), (4.4.6)

Combining (4.4.3) and , we conclude our proof of Theorem [£.0.10| for the small

discriminant case.

4.4.2 The large discriminant case

Fix € with 0 < € < 1. One may take e =n/(n +1).

Assume

Then [[ 5 |D(G)]p > m?.

Choose A with 0 < A < €/4 and let By = m"/ "D /H(G)*, B, = d'By, C; = eB;. So
By < ml/n—l—l_

By Lemma 4.3.2 for every solution x of inequality (4.1.1)) with |x|s > By, there are
indices J := (jp)pes such that

176] |p |G<X>|p c2m
H < CQH D) = 1/2(nt1
!det pi Z#Jp‘p 225 X DG T o - TT e IDG) /20
com
= /2(n+1)
Bol,es 1D(G)lp
czmnﬂ?-[(G))‘ czm%

e—4N °

- HpeS | D( ) €/2(n+1) — ; ‘D 2<n+1)
II pe
Let
4(14))

[1 = max < log H ’D ("H )-|- 210g(62 m) log c1- H ’D 2(n+1))
pGS pGS
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Then by Lemma {4.3.1]
Cy, > Bymax{H(G)(cz - m)?, H(G)} = m" "D max{(cy - m)?, H(G)}.

Define the sets L1, Lo as in (4.4.4). We first count the cardinality of L£o. Let x € Lo. As

before, we write x = gx’ with 2’ primitive. Then we have

1/(n+1)

g<m and |x'|00 > i > max{(co - m)%, H(G)}.
g

Again by Lemma , we have

Z;Ajp (x)[p co-m co-m 1
< < < . (4.4.7)
H | det(L Zp ngp\p x| [1 s ID(G)|L 1/2(n+1) = |x/| |x|é</)2

By the p-adic Subspace Theorem, the set of primitive integer solutions of lies in the
union of < 1 proper linear subspaces of Q™. Taking into account the number of possible
tuples {jp : p € S}, the integer solutions of with |x|e > O, lie in < 1 proper
subspaces. By Theorem each subspace contains < mn1 solutions of , leading

to

|Lo| < mineT, (4.4.8)
We next estimate the cardinality of L.
Set
n—1
. n+1 __ e—4XN
A=—2"" B—By,, C=Cpand D= [T 1D(G)ppesmm.

HpeS |D( ) ;(HH) peS

Using Lemma [2.2.12) and taking into consideration the number of tuples {j,,p € S}, we

deduce that £; can be covered by at most

|S|n—1
< | lo ¢
gD ol HpeSo (pd)”d/2 A

< ( n(logm + 1) )'Sn_l
(€/2 =20 log(T [ e s 1 D(G)lp)

< (/2 —2))~(SIn=1)
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sets of the form

C:={(xp)p € AG : N);(xp)|p < api fori=1,....n, pe S}

where N/, N’ ..., N/ are linear forms in Q,[X1,...,X,] with
pl> = "p2 pn 47
|det( pl p27" N/ >|p:17 |N1/71|P:"':|N1/m‘1):17 pes

and the a,; are reals with

n
H H(Ipi < A-nl H (pd)nd/Q . pISIn+1 < mZT_—}

peS i=1 PESo

By Lemma [1.2.5] a convex set C that contains n linearly independent integral points
contains < m integral points. For the other convex sets, the number of elements of
L1 that are contained in a proper subspace is < ma# and the number of such proper

subspaces is < (e — 4\)~(5I"=1) S we have
1£1] < (€ — 4\) 18I 57 (4.4.9)

It remains to bound the cardinality of Ag g(m, Bo) NZ". According to Lemma m,
for every decomposable form G € Z[X1, ..., X,] of degree n + 1 with D(G) # 0, we have

(JT12(@)[p) 2 pm (A s(1)) < 1.

peS
By Lemma p'(Ag,s(m)) = m™/ (D -yt (Ag g(1)), hence
mn/ (n+1) mn/ (n+1) .
/Ln(AQS( < =mnt (m >1). (4.4.10)

H hes |D(G)],)1/2(n+D) ml/(n+1)

Using Lemma [1.4.6, we have

[1Ag5(m, Bo) N Z7] — 1 (Ag s(m, Bo))| < (Bo + 1)} (1 + log(H(G) Bo) "+ VIS
< m%(l + log m) W+ IS0l
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and hence

|Aq.5(m, Bo) N Z"| < ma1 (1+ log m)™ VISl 4 n(Ag o(m, By))
< mat (14 logm)PH0ISl 4 yn (A g(m))
< mir1 (1 + logm) ISl (4.4.11)

Combining (4.4.8)), (4.4.9) and (4.4.11]) and choosing appropriately €, A, we have

Ng.s(m) < |Ag.s(m, Bo) N Z"| + |L1] + | £a] < m#1 (1 + log m)(n IS0l
and therefore
INe.s(m) — 1™ (Ac.s(m))] < Na.s(m) + 1" (Ag.s(m)) < ma (1 + logm) ISl

Together with the result in [4.4.1] this completes our proof of Theorem [4.1.1}
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Chapter 5

Decomposable form inequalities with
coprime degree and number of

unknowns

Let F' € Z[X;,...,Xy] be a decomposable form of degree d and put
Ap(m)={xeR": |F(x)| <m}and Ap = Ap(1).

We denote the volume of Ap by p” (Ap) and the number of integer solutions in Ap(m)
by Np(m). Thunder proved the following result:

Theorem 5.0.2 (Thunder [22]). Let F' € Z[ X1, ..., Xy] be a decomposable form of degree
d of finite type. If n and d are relatively prime, then

[Np(m) — m™ 2l (Ap)| < m™ (Y 0=05 (1 4 log m)n—2

o0

where the implicit constant depends only on n and d.
In this chapter, we prove a p-adic generalization of Theorem [5.0.2 We are interested

in the solutions to
Hpes |F(x)], <m in x=(x1,22,...,2,) € Z"

(5.0.1)
with ged(x1, o, ..., 2p,p1- pr) =1
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Recall the notation

Aps(m) == {(xp)p e A% [T 1FG)lp <m . [xply =L forp e so},

peS

Nps(m) := ‘{X ez H |F(x)|, <m, ged(xr, 22, ..., 20, p1° Dr) = 1}’
peS

Theorem 5.0.3. Let F' € Z[X1,...,Xy] be a decomposable form of degree d. Suppose
F(x) # 0 for every non-zero x € Z". Also suppose a(F|r) < di% for every linear

subspace T of dimension at least 2 of Q™. If n and d are relatively prime, we have
[Nrs(m) = u"(Ars(m))| < m™ /DI (1 4 logm)*!S!

where the implicit constant depends only on n, d and S.

5.1 Preliminaries

5.1.1 Notation

Let F' = H?Zl L; € Z[Xy, ..., X,] be a decomposable form with linear forms L1, ..., Ly
with coefficients in Q. Let S = {oo,p1,...,pr} and Sg = S\ {oco}.

Denote (ap)pes € [[,csQ@p by a € Ag. Define |as := [] cqlaplp. For a € Ag,
denote (apF)pes by a- F.

Denote (Tp)pes € HpeS GL,(Qp) by T € GLy(Ag). For T € GL,(Ag), denote
(Fr,)pes by I and define

| det T|s := [ [ | det T,
pes

Recall the definition of our heights:

Hoo(F) = [T, [Liloos Hy(F) =TT, |Lilp,
H(F) = [1es Hp(F).
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For a system of polynomials (F), : p € S) with F), € Q,[X;,...,X,], we also define

H(EF,:peS): HpeSH (Fp).

Further, we define

Pr,
my(F) := in f{W:TpEGLn(Qp)},
m(Fy:p€S) = Hpes myp(Fp),
and for decomposable forms F' € Z[ X7, ..., X;)]
F)i= [ mo(F)

peS

Lemma 5.1.1. Let F € Z[X;,..., X,,] be a decomposable form. Then

=inf ¢ [[ Hp(Fr,) : T = (Tp)pes € GLn(As) with | det T|g = 1
peS

Proof. By definition,

F)Hmp(F)Hmf{ﬂTd;n T, € GL, (Qp)}

peS peS |d 1 |

= inf HM T, € GL,(Q,) for p € S

ves | detT) |d/n

For T), € GL,,(Q,) (p € 5), let

= ([ ] 1det Tp|,) " 7o and Ty, = T;, (p € So).
peS
Then [[ g |det Tpl, =1 and
H Hp(Fr;) = (H | et Tp|p)_d/n ' H Hy(Fr,).
peS peS peS

This proves Lemma [5.1.1}
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5.1.2 Orthogonality in Q)

In this section, we give a p-adic analogy of Gram-Schmidt process. For the convenience

of the readers, we give the proofs.

Definition 5.1.2. We say that a1, ...,a, € QZ are orthogonal if
\z1a1 + - - + zparlp = max{|z1|plailp, . . ., [zrplarlp} for all zq,... x, € Q.
If in addition |ai|, = --- = |a,|p = 1, we say that ai,...,a, are orthonormal.

Let r <mnand I4,... ,I(n> be the subsets of {1,...,n} of cardinality r, ordered lexico-
graphically, i.e., [y = {1,...,r}, b ={1,...,r — 1,r+1},...,l(n) ={n—r+1,...,n}

Given vectors ap,...,a, € QZ, we denote by a; A --- A a, the vector (Al, e ,A(n)) ,

where A; is the subdeterminant of the n x r matrix (ay,...,a,) with rows from I;.
Lemma 5.1.3. Let aj,...,a, € @z be vectors. Then we have

(a) [ar A= Naplp < arlp. . [arp,

(b) lai A Naplp = lailp ... a], <= ai,...,a, € Q) are orthogonal.

Proof. (a) Obvious.

(b) Without loss of generality, we may assume that |ai|, = --- = |a,|, = 1. It is
clear that |a; A --- A a.[, < 1if and only if ay,...,a, are linearly dependent modulo
p. This means that there exist z1,..., 2, € Z, with max{|z1]p,...,|z,|p} = 1 such that

ria; +---+zra, =0 mod p, i.e.
|z1a; + - + zrap|p, < 1 = max{|z1|p, ..., |zr|p}-

Hence |aj A+ Naylp <1 < ay,...,a € @g are not orthogonal.
]

Lemma 5.1.4. Let V be a linear subspace of Qp and x € Qp,x ¢ V. Lety € V such
that |x —y|, = min{|x — z|, : z € V'}. Then x —y is orthogonal to everyz € V.
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Proof. We have to show that
la(x — y) — bzl = max{Jalylx =y, blylz],} for all a,b € Q,, z € V.

It suffices to prove this for a = b= 1.

Clearly, if [z[, > [x — y[p, then |(x —y) + z[, = max{|x — y|p, [z[p}-

Suppose that |z|, < |x—y|,. Then |[x—y+2z|, < |x—y]|, by the ultrametric inequality
and |x —y|, < |[x —y +z|, by assumption. Hence |(x —y) +z|, = max{|x—y|p, |z|,}. O

Lemma 5.1.5 (Orthogonalization). Let by,...,b, € QZ be linearly independent. Then
there is a lower triangular matriz T = (€;5)i j=1,..r with € € Q, such that
7
a; = Z €ijbi (1 =1,...,7)  are orthonormal. (5.1.1)
j=1
Proof. The proof is by induction on r.

First, let r = 1. Take €11 € Q, with |e11]p = |b1|;1 and let a; = €11b;.

Second, let r > 2. Suppose that Lemma [5.1.5 is true for fewer than r vectors. So
there are (€;5)ij=1,..r—1 with ¢; € Q, such that holds for 7+ = 1,...,7r — 1.
We have to find a, of the shape a, = ma; + --- + 18,1 + b, with ny,..., 7, €
Qp and ay, ..., a, orthonormal.

Let V = span{ay,...,a,—1} = span{by,...,b,_1}. Choosey € V such that |b,—y|,
is minimal, then by Lemma [5.1.4] b, — y is orthogonal to every z € V. Let ¢, = b, —y.
Choose €, € Q, with |e.,|, = |cr|p and put a, = €..tc.. Hence la,|, = 1.

It remains to prove that ay,...,a, are orthonormal. By construction of a,, we have

Imai + -+ - + nraylp = max{[ny|plar|p, [mar + -+ mr_1ar-ap}

By the induction hypothesis, we have [n1a1+- - -+n,—1a8,—1|p = max{|mi|plailp, .. ., |[7r—1lplar—1]p}

and hence

|may + -+ nrar|p = max{|77r|p|ar|pv ) |77T|p|av“|p}‘
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5.2 Preparations

Lemma 5.2.1. Let F € Z[Xy,...,X,] be a decomposable form. For a € Ag and T €
GLp(Ag), we have

(a) Hy(apF) = |ay|pHy(F) (p € S) and H(a- F) = |a|sH(F),

(b) mp(apl’) = |aplpymy(F) (p € S) and m(a - F) = Hpes myp(apF) = |a|sm(F),
() my(Fr,) = |det Tply "my(F) (p € S) and m(Fr) =[] cgm(Fr,) = |det T|¥ "m(F).
Proof. (a) is obvious. (b) follows directly from (a).
For (c¢), notice that

my(Pr) — inf {M

: Sy € GL,(Q))
| det Sp|g/n ! Y }
Hy(Fr,s,)

= inf
{ | det Tyl “/™| det T, S, |2/

d
= [det T | "myy(F).

11,8y, € GLn(@p)}

]
Recall that for a system of decomposable forms Fj, € Q,[X1,...,X,] (p € S), we have

defined

A(Fp:peS)=A(F,:pe S)(1):=q (xp)p € Ay : H [Fp(xp)lp < 1, [xplp =1 (p € So)
peS

For each p € S, define

AR m) = { (%) € Q) 1Fyf,)lp < m and A(F) 1= A(F) (L)

Here and below, constants implied by the Vinogradov symbols and constants ¢, ¢; (i > 1),

cf (1 >1,p € S) depend only on n,d, S and are all effectively computable.
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Lemma 5.2.2. Let (F), : p € S) be a system of non-zero decomposable forms with F), €
QplX1,....Xy] (peS). Then we have

WAE, p e 8) >< [ ] uAE).
peS

Proof. 1t suffices to show Lemma for the case |F,l, = 1 (p € Sp). Indeed, let
F,=a, -Gy, (peS) with |Gp|p =1 (p € Sp). First, by Lemma we have

—n/d

HNA(E, p € 8)) = p"(A(ayGy:p € S)) = | [[laly "(A(Gy p e S)).

peS
Second, for each p € Sy we claim that
d
i (A(F)) >< laply ™ 1 (AGy)).

Then Lemma for the case |Gp|, = 1 (p € Sp) implies Lemma [5.2.2]
Now we prove the claim. Let |a,|, = p®@*" with a,r € Z,0 < r < d. We have

iy (A(F)) = py ({xp € Q) = [Fp(xp)|p < 1}) = sy ({3 € Qp = [Gp(3p)[p < lapl, ' })
= Z({Xp € Q) [Gp(xp)lp <P~ T})
=p "y ({xp € Q1 1Gp(xp)|p < p7"})
>< Japlp " iy ({xp € @} |Gp(xp)lp <p77})

where
y ({xp € Q)+ Gp(xp)lp <077 }) <ty ({%p € Q) : |Gp(xp)lp < 1}) = 11 (A(G)))

and

Ky ({Xp € Qp 1 |Gp(xp)lp < p_r}) > fi, ({Xp € Qy : |Gp(xp)lp < p_d})
=p " p ({X:D S @Z HGR(xp)]p < 1}) = p_”,uZ(A(Gp)).

Hence the claim is true.
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Next we show Lemma assuming |F,|, = 1 (p € Sp). We start with rewriting
W (A(F,,p € S)). We have

W (A(F,,pes)) Z Z 1 ({Xoo € R™ [ Foo(x00)] < PN .. pF})x
=0 kr=
H'up ({xp, € Qp, « [Fp, (xp.)[p, = '_ki7 %Xpilp = 1})
= Z U Z <pgo (A(Foo)(plfl H#’pl {sz < @n : | pz(sz)|pz pz'_ki’ |Xpi|pi = 1}))
k1=0 k»=0
= Hoo(A(Fx)) Z o Z ((pllﬁ ) HMPZ {xp, € Qp, « [Fpi (%) p: :pi_kiy [%pilp; = 1}>)
k}1=0 k)r:O =1

ks
pi =P ‘Xpi

= (A E) TT (D w0 v (fen € Q2 By () » = 1)

ZP i {Xpe@ [ Fp(xp)lp = _k7|Xp|p:1}) for p € So.

We rewrite C( p). Let k =td + s with t,s € Z,0 < s <d—1 and y, = p 'x,. Then

d—1
C(F (me 3 (0 € Q£ 1B (xp)lp = 27 Il = 13) )
s=0
= me (ZMZ {yp € @ Ep(yp)lp =2 % yolp :pt}))
d—1
= ZP Iy {Yp € Qy : 1Fp(yp)lp = _S}) (since if |yp| < 1/p, [Fp(yp)lp <p~°).

Hence
d—1

d—1
ZMp {YPGQ 1Fp(yp)lp =D~ }) <C(Fp) < pn@;l)(z ({YPGQ [Fp(yp)lp =P~ }))
s=0
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Further we have

=) w{ v € Q1B v =1 ")

s=0 t=0
d—1 oo

= Zp_mﬂn({< p)p € Qp 1| Fp(2p)lp = p~°}) writing z, = p~'yp
s—Olt—O o

=7 _p—n( 1y ({(2p)p € Qp : [Fp(2p)lp = p°})).

s=0
So we have
Lo A(F) < CF) < L i (A(F) for p e S

This implies that

[T AE) <u (A, p e 8) = wi(A(F)) [T ) < [ mp(al

peS PESH peS

]

Lemma 5.2.3. Let F € Z[ X1, ..., X,)] be a decomposable form. Suppose that F(z) # 0 for
allz € Q" \ {0}. Let T € GL,(Ag) with |det T|g = 1. Then there exists M € GLy(Zg)
with H(Far) < H(Fr)" and

H(FT)il/d H Yplp < H |Tp71M<YP)|p < ’H(FT)(nil)/d H Vplp for (yp)pes € A.
peS peS pES

In particular, H(Fr) > 1.
Remark 5.2.4. This implies m(F) > 1.

Proof of Lemmal[5.2.3. For T € GL,(Ag) as in Lemma |5.2.3] define

C(T) := {(Tpap)pes cap = (ap1,. .. apn) € Q" with [apilp <1 (i =1,....n) for p S}.
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We know that C(T) is a symmetric S-convex body in A% (see|l.2.7)). Let Aq,..., A, denote
its successive minima. By a Theorem of K. Mahler in [I1], there is a basis {z1,z2, ..., 2}
of Z% such that:

z; € max{1,i/2} - NC(T) (i=1,...,n).
This means that

T ' 2i 0o < max{1,i/2}\; (i=1,...,n), |T, 'z, <1 (p€Sp,i=1,....n).

Let M be the matrix with columns z1,...,z,. Write
Then
a7 | < jAjfori=1,....,n,j=1,...,n,
|afj|p§1forizl,...,n,j:1,...,n,p€50. (5.2.1)

Using Cramer’s rule, we have

— DT

il lforz'zl,...,n,jzl,...,n,
| det T M|

1
Wl <——  fori=1,..mj=1,....n pcSy
| z]|p— \detTp_lM\p J p 0

Then, by
ILiM |0 = |LiToo - T Moo < M|LiTooloo (i =1,...,d)
L M|, < |LiTplp (i=1,...,d,p € Sh).
Hence
H(Fy) < MU (Fr), (5.2.2)
while by Lemma H(Fy) > 1.
Let (yp)pes € A% and u, = Tp_lMyp for p € S. Then we have

|To:>1M(YOO)|oo < AplYooloos ’Tp_lM(yP)‘p < |yplp (p € So),

n
_ oAl _
|M 1Too(uoo)‘oo<<l_[l;2’uoo‘ooa (M T(uy)

u € 50),
| det T M| [uply (€ So)

< - -
b= | det T, M,
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and thus

H |Tp71M(Yp)’p < An H Volp, (5.2.3)
peS peES

n
_ oAl
H Vplp = H |M 1Tp(up>|p < Ll H upp

—1
peS peS HPGS | det Tp M|p peS

<[> 1175 ' M)l (5.2.4)
=2

peS
Let F=1Ly...Lg. Forp€ S, let t],... th be the columns of the matrix 7). Then
for every (Tpap)pes € C(T), we have

d d
[T1E@a) =TT @anl, = [T T 12D - am + -+ Li(t) - apnly

peS peS i=1 peS i=1

d
<n']] iji?.}fn ILi(69)], < n? ] Hp(Fr,) = H(Fr) (5.2.5)

peSs i=1 peS
and thus

[T 1FGo)lp < H(Fr) for all (xp)pes € C(T).
peS

Since z1 € MC(T) NZY% and F(z1) # 0, we have

1< [[1F()], < AH(Fr)
peS

and hence

AL > H(Fp)~Ve, (5.2.6)
By Lemma [1.2.8] we have

Mo < J[1det 7,71, =1,

peS
implying
A An < AL H(FD) Y N, < ATV <« (Pp) D/ (5.2.7)
Finally, (5.2.2) (5.2.3)), (5.2.4), (5.2.6) and (5.2.7)) imply the lemma. O
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Lemma 5.2.5. Let (F), : p € S) be a system of non-zero decomposable forms with F), €
QplX1,....Xy] (p € S). Suppose that "(A(F), : p € S)) is finite. Then m(F, :p € S) is
an attained minimum and " (A(F, :p € S)) > m(F,:p € S)~"/.

Proof. By Lemma , we know that p"(A(Fp : p € 5)) > [],cqmy(A(F})). For
each p € Sp, it is easy to see that i (A(F})) > 0. Hence, under the assumption that
W (A(Fy,p € S)) < oo, we also have p (A(Fy)) < 0o. Then by [22, Lemma 2], we know
that mso(Foo) can be attained. For p € Sp, the numbers H((Fy)r,) (1) € GLn(Qy)) form
a discrete set of positive reals and hence the minimum m,(F}) is attained. Therefore
m(Fy :p € S) =[] ,cgmp(Fp) is an attained minimum.

For T = (T))pes € GLn(Ag) , define

C(T) := {(Tpap)pes cap = (ap1, .. apn) € Q7 with [apilp <1 (i =1,....n) for p S},
Cp(T) := {Tpap ray, € Q) with Jayl, <1 (i=1,... ,n)} (pes).

Then

pM(C(T)) = [ ] up(Cp(T)) = 27| det Ts.
peS

Let F, = Lp1 - - - Lpq where Ly, ..., Ly are linear forms in @p[Xl, ..., Xy]. For each
p€ S, let t],... th be the columns of the matrix 7). Then by (5.2.5)), we have for every
(Tpap)pes € C(T)

d
[[15@ap)ly < [TTT max 1Lu(t)ls < 0 [T Hal(Fo)r,) = n"H(F)x, - p € 9).
peS peS i=1 I peS

Choose A, € @; (p € S) such that ||, = n?4P) H,((F,)r,) where d(co) = 1 and d(p) = 0
for p € Sp. Then we have

" (A (%ﬁ 'p € S)) > u"(C(T)) = 2" det T|g.
p

Further, by Corollary we have

r (A (“*% e 5)> = (TIMR) - atsy v e 5)).

peS
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Therefore

| det T|g

pHA(E, p e S)) > H(Fp)r, - p € S

- for every (Tp)pes € GLn(Ag).

Taking the supremum over T of the right hand side, we get
WA(E, :p € 8)) > m(E, pe S)
O

Lemma 5.2.6. Let p be a prime and ay,...,aq € @p with |ay...aq|p = 1. Let F), €
Qp[X1, ..., Xy,] be a decomposable form and let Fy = Ly1 - -+ Lypq with Ly, . .., Lyq linear

forms with coefficients in @p. Then

max  |det(ay, L, ..., ai,Li, )|, > my(F)"<.

1<iy <--<in<d
Proof. Write F = a [}, Nk, /g, (L;) where a € Qy and Lj is a linear form in K;[ X7, ..., X)]
with K; an extension of @, of degree d; fori =1,....q.
Choose a’ € Q, with |d/[, >< |a|11,/d and let L = ¢/L; (i = 1,...,q). Then F =
c[T, Nk, g, (LY) with |c|, >< 1. Let F/ = ¢ 'F = Hle LY. Tt suffices to prove
" " nn/d
1§i1??§in§d |det(a;, Ly, ..., a;,L; )|p > my(F )”/ (5.2.8)
forall ai,...,aq € @p with |a; ...aq|p = 1. Hence, we may assume F' = ngl Nk, /q,(Li)
without loss of generality.
Let E be the normal closure of K; ...K,. We have a factorization F' = [}, Hjeli L;

where the L;j(j € I;) are conjugate linear forms over Q, and []..; L; = N, q,(L:) for

jel;
1=1,...,q.

For i = 1,...,q, choose b; € Q, such that |b;], >< (Hjelj |ajl,)V/% and b; =
b; for 5 € I;.

We know that every o € G := Gal(E/Q,) gives a permutation of {1,...,d}, also
denoted by o, such that o(l;) = I; (i =1,...,q). Further, G acts transitively on each I;.

127



If iy € I, we have o(i;) € I for every 0 € G. Also, among the linear forms
0(Liy) = Lo, (0 € G), each conjugate of L;, occurs [E : K; ] times. Hence each
index of I occurs [E : K;,| times among {o(i1) (0 € G)} and

K E:Q,
T oty = 1 TT ast®5d s o, 7.

ceG jeh

Thus, we have

det (i Loiys - - -+ s Los
max | det(ag(i,) Lo (i) -+ Go(in) Lioti,) ) o

= I;leaé( ]aa(il) ce aa(in)\p\ det<La(i1)a ce >La(in))|p

> (H |a'a(i1) < Qo (i) Z[;E@p]> | det(Lin s ’Lin)|p

ce@

> ’bzl - bzn|p| det(Lil, o ,Lin)‘p = ‘ det<bi1Li17 - 7banzn)|p

Hence maxi<j, <...<i,<d | det(a; Lj,, ..., a;, L, )|p > | det(b;, Ly, ..., b;, L)
by ... bdlp ><L ag ... ad|p =1.

Let L =b,L; (i=1,...,d) and F/ =by...bgF = Hle L!. Tt suffices to show ([5.2.8))
with L}, F" instead of L;, F. So it suffices to prove that for F = []’_, Hjeli L; =
[T, Nk, /q,(Li) we have

p and we have

det(L;. ... L Fyn/d,
1Si1g~l.z.l§in§d| etlLar, - Li)lp > mp(F)

Fori=1,...,q, let {w;1,...,w;q,} be a Zy-basis of Ok, and denote the embeddings
of K; in E by 1,...,04, Write

d;
k=1

with M1, ..., My, € Qp[X1, ..., X,] linear forms. We have
d;
0'@1([4) = Zgi,l(wik)Mik (Z = 1, e ,q,l = 1, e ,dz)
k=1
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with [0 (wig)lp < 1 and | det(o 1 (wik))1 k=1....d:

p> 1

By reindexing, we put

d d
L; = ZwikMk and M; = ZwikLk fori=1,...,d.
k=1 k=1
with [wikl, <1 (i,k=1,...,d), |detwy|, > 1 and |w*|, < 1 fori,k=1,...,d.

Let M be the d x n matrix with rows My,...,My and let mq, ..., m, be the columns
of M. By Lemma [5.1.5] there is a lower triangular matrix T' = (e;;) with €;; € Q, such
that m} = 23:1 ei;m; (j =1,...,n) are orthonormal. Thus,

L= max |mjl, = max [MiT],> max [LT],
d
> ([ arty®) = Hy(Fr)/? > | det Ty my, (7)1,
i=1
Hence | det T, < my,(F)~"/.

Further, since m; = 22‘21 e;;mj (j =1,...,n) are orthonormal, we have

l=mjA---Am)|,= max |det(M;T,....M; T)|,

1<i) <+ <in<d

= |det T, Lo max | det(M;,, ..., M;,)|p, < |det T, Lo ax | det(Ly,, ..., Li,)lp

—njd, max | det(Lj,, ..., Li,)|p-

F
< my(F) 1<iy <+ <in<d

]

Lemma 5.2.7. For each p € S, let F), € Q,[X1, ..., X,] be a decomposable form and let
Fp =Ly -+ Lpg with Ly, ..., Lyg linear forms with coefficients in @p. Assume p"(A(F) :
p €S)) is finite and let

Aty oy Apd € Q with Ap1 ... Apg =1 (p € S).

Then we have

ST detOroi Lo s Ao, Loy )12 > 6o (Fao)"/,

1<ip<-<in<d

d
1§211<na§7,n§d | det()\pailevil’ R /\p7ian,in)|p Z Cqmp(Fp)n/ <p S SO)’
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where ch denotes an effectively computable positive number depending on n,d,p for each

pES.
Proof. For p = oo, see [22, Lemma 3]. For p € Sy, use Lemma |5.2.6] ]

Lemma 5.2.8. Let (F, : p € S) be as in Lemma [5.2.7 Assume p"(A(F, : p € 5)) is
finite and m(F, : p € S) =H(F, :p € S). Let (Ap)pes € Ag with |Apl, <1 (p € S) and
j€{l,....n—1}. Then there are effectively computable constants ¢ (p € S) depending
only on n,d,p with & > & (p € S) and with the following property:

Suppose that for each p € S there exist S, C {1,...,d} with |S,| = [jd/n] + 1 such

that
’Lp A

AL
pislp <|Aplp for allix,... ij+1 € Sp. (5.2.9)
[ Lip.in Ip NLipijialp

Then for each p € S, there is a factorization F, = Hle ApiLpi with Ap1 ... Apg = 1 such
that

5 o n(ljd/nl+1)—jd n/d

\/21§i1<~~<in§d | det(Aso,i Lioo,ins - - - 5 AcoinLioo,in )2 < €37 Aco| 00 miog (Foo)™,
n([]'d/n]-f-ld)—jd p

maxi<j <--<i,<d ‘ det()‘p,ile,im s 7)‘p,ian,in)‘p < Cg‘Ap‘p " mp(Fp)n/ (p € SO)-

Proof. First, m,(Fy) = H,(F)p) for p € S. Indeed. Since m,(F,) < H,(F)) by definition,
we have
m(Fy:pe8)=]m(F) <[ Ho(Fy Lipeds).
peS peES

Then our assumption H(F), : p € S) = m(F) : p € S) implies m,(F,) = H,(F,) (p € S).

Without loss of generality, we assume that |Li|, = --- = |Lgl, = 1 (p € S). Thus
myp(Fp) = Hp(Fp) =1 (p € 5).

For p = oo, use [22, Lemma 4]. For p € Sy, choose a,, b, € @p such that

[jd/n]ﬂd—d
|ap|p = |Ap|p "

and |ayp ]d/n]+1|b Ip “ld/ml=1 _

Then

B/l 1)
laplp > 1, [bplp <1, |ap|‘7|bp n = = laply|Aplp = [Aplp ™
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Let A\yi = ap if i € S, and \j; = b, otherwise. For tuples 41,...,7, with [ of them in

Sp, we have

| deto\p,ilLil; ..

s Aprin Liin ) |p < |ap|§>|bp Z‘l ifl<j+1,
| det()\p,ilLila .. L

S Apin Ly )p < |ap|§)|bp g_l|Ap|p < |ap|g‘f4p|p ifl>5+1

]

Combining Lemma [5.2.7] we see that condition (5.2.9)) in Lemma can hold

only if

(n—j)d

&\ wGamTH—5d
|Aplp > ?} for p € S. (5.2.10)
2

We now give the definition of ¢’(F). In fact, we first define a/(F), : p € S) for a system
of decomposable forms (F), : p € S), under the assumption that p"(A(F), : p € 9)) is
finite.

Assume m(F, : pe S) = H(Fp, :pe S). For j =1,...,n—1, let sg(Fp) be the
cardinality of the largest subset S, C {1,...,d} such that

__(n—jd
’LPZ& JARERNA Lp’ij+1|p - ﬁ n([jd/nl+1)—5d)
e

for all iy, .. i1 €5,
|Lpai1|p"'|Lp,ij+1|p or all 71, y Ui+1 D

By Lemma s?(Fp) < [jd/n] for p € S. For each p € S, define

sP(F,
sP(Fp) :—max{ J(,p) :j—l,...,n—l}.

J

We define

d(Fy:p € 8) = maxmax{"(Fy), )}

where the maximum is taken over all T = (T)),cs € GLy(Ag) with |det T|g = 1 such
that m(Fy : p € S) = H((Fp)1, : p € 5).

For a decomposable form F' € Z[Xj, ..., X,], under the assumption that p"(Apg) <
oo, we define

d (F) := max max{s”(Fr,)}
T peS
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where the maximum is taken over all T = (T))pes € GLy(Ag) with |det T|g = 1 such
that m(F) = H(Fr). By definition, 1 < sP(Fr,) < d/n. Also, if s?(Fr,) < d/n, we have

L
n nn-—1)

~—~

Sp(FT) S

P

So we have 1 < d/(F) < d/n and

d(F) < gﬁa’(F) <

d 1
n n

T n(n—1)
Moreover, if n fjd for all j =1,...,n — 1 i.e., if n and d are coprime, then o'(F) < d/n.
Recall that

|{Ll E Spafl {Liu e 7L’L]}}|
a(F) ‘= max max ; .
1<j<n—1 (Lij,....Li, JEI(F) J

Since, for every 1 < j < n—1, the wedge product of any j+1 vectors in span {L;,,...,L;,}
is 0 for every (L;,,...,L;,) € I(F), we have

e ke € span (L, Ly P < 77(F)

and thus a(F) < d/(F).

Lemma 5.2.9. Let A be an (N + 1) x (N + 1) matriz with complex entries. Suppose that
all the rows have length < 1. Let C be a column of A. Then

|det A] < VN 4+ 1|C|xo
Proof. Let C = (c1,...,cn41)T. Then
det A=dic1 + -+ dyyieny1

where up to sign dy,...,dy11 are determinants of N x N submatrices of A. The rows
of these submatrices are subrows of A, hence have Euclidean length at most 1. So by
Hadamard’s inequality, |d;| < 1fori=1,...,N +1. Let D = (di,...,dx41)". Then by
the Cauchy-Schwarz inequality,

|det A] < |Do|Clos € VN 1/Clac.
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—M —M
Lemma 5.2.10. For each p € S, let Kp1,..., Kpyy € Q, and Ly,...,Lyny1 € Q,
with |Lyilp, =1 (=1,...,N+1) and N +1 < M. For p = oo, we have

N+1
|Kool/\‘ . '/\KooN|oo"Lool/\' . ~/\Loo,N+1’oo < ( > (Z |K001 FANRIRIWAN KooN /\LOOjlgo>-

For p € Sy, we have

|Kp1 A A KpN|p . |Lp1 A A Lp,N+1|p < j:f??“%H |Kp1 A /\KpN A ij|p-

Proof. Let L,; = (a?l, . ,a?M)(j =1,...,N+1,p € S). One may assume that K,; =
e1,..., K,y = ey are the first NV unit vectors.

For p = o0, it suffices to show that

N+1 M

|Loo1/\---/\Loo7N+1|gO§< )N+1 > e (5.2.11)

j=1 k=N+1
Since the coordinates of Lot A -+ A Lo n41 are the determinants of (N + 1) x (N + 1)
matrices, it is easy to conclude (5.2.11)) by using Lemma [5.2.9]
For p € Sy, it suffices to show that

Lo Ao ALpNialp < max - max [ajilp, (5.2.12)

which is obvious. O
We write d(oo) = 1 and d(p) = 0 for p € Sp.

Lemma 5.2.11. For each p € S, let F, € Qu[X1,...,X,] be a decomposable form
and suppose I = Lp1 -+ Lpg with Ly, ..., Lyq linear forms in @p[Xl, ooy Xp). Assume
pHA(E, - p e S)) is finite and m(F, : p € S) = H(F, :p € S). Let (Bp)pes € Ag with
|Bplp > 1 (p €5) and Ly, (), -
p € S there is a set Sy, C {1,...,d} with |Sy| = [jd/n] + 1 such that

-y Ly i (p) are linearly independent. Suppose that for each

’Lp 21
|L

A Lpiy) A Ll
A Lp ij(p |p|prl |p

<|B |p for alll € 5.
pyir(p
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Then (n—j)d
AP\ nGa/m+D—jd
| Bylp > C(n)~ ") (?%) forpe s
2
where C(n) = maxi<j<y, (?) (j+1)3/2.

Proof. Without loss of generality, we may assume that |Lpi|, = -+ = [Lyglp =1 (p € 5).
Hence my(F) = Hy(F) =1 (p e S5).
Let l1,...,lj41 € Sp (p € S). By Lemma [5.2.10, we have
J+1

2 2

n . |Looi1(oo)/\"'/\Looi-(oo)/\Loolk|oo
’L ’ll/\"'/\L Ry 1‘2 S() (]+1)QE ’ 2] )
> e J —1 |Loo,i1(oo) ARERNA Loo,z](oo)lgo

2
n .
< (j) (j +1)®|Boo|? < C(n)?| Boo |2

where C(n) = maxi<j<p (?) (74 1)3/2 and for p € Sy

L AL, ; ()AL
Lty Ao ALpy o lp < max ooy piste) Lot < [Bplp-
k=1t |Lp21 AL i)l
Then, using Lemma [5.2.8/ and (5.2.10]), we complete the proof. O

Lemma 5.2.12. Let (F, : p € S) be a system of decomposable forms of degree d with
Fye QpX1,...,Xy) and Fy = Ly ... Lyq. Assume m(F, :p € S)=H(F,:peS).
L

(a) For every (xp)pes € A%, there are linear independent linear factors L

p,ir(p)r 0 Hpsin(p)
of Fy, for p € S such that
a'(Fp:pes)
H |Lp ir( )(Xp)|p T |Lp,in(p) (xp)lp < s H cs |Fp(xp)|p
bes |det(Lp i1(p)r - :Lp,in(p))|p B Hp€5’ ’g na!(Fpes) -m(Fp p e S)

where cg s effectively computable and depends only on n,d, S.
(b)Let F' € Z[X1,...,Xy] be a decomposable form of degree d. Assume m(F) = H(Fr)
for some T € GLy(Ag) with |det T|g = 1. Then for every (x,)pes € A%, there are linear

independent linear factors Ly; ;- Ly, (0 € S) of I such that
a (F)
H ’Lp,zl )(Xp)|p T |Lp,in(p)(xp)‘p < e H €S [F'(xp)p '
s ety L)l T es 1T Sxly " (R
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Proof. Note that (b) follows from (a). Indeed, given such T € GL,(Ag) as in (b) and
(xp)pes € A%, apply (a) to (Fp, : p € S) and (T, 'xp)peg € A%. So we are left to prove
(a).

We may assume that m(F, : p € S) = H(F, : p € §) = 1. Indeed, suppose that
m(F,:peS)=H(F,:peS)#1. Let a € Ag such that |ay|, = H,(F) (p € S) and let
Gp = 5—;’ (p € S). Then we have H,(Gp :p € S)=1,m(G,:pe S) = Hpes ZIL”E g =1
and o/ (Fp : p € S) =d'(Gp : p € S). It is clear that the statement (a) for (G, : p € S5)
implies the statement (a) for (F, : p € S).

By homogeneity we may also assume that [Lyi|, = = |Lpalp =1 (p € 5).
For j=1,...,n—1, choose C’f € @p (p € S) such that

(n—j)d

A\ nd/m+n—jd
|C’§7|p = C(n)~4P) (j) with d(oco) = 1,d(p) =0 (p € So).
2
Let p € S. Choose i1(p) € {1,...,d} such that |L,; ) (Xp)|p = minj=1,_. a[Lpi(xp)|p (p €
S) and let ST C {1,...,d} (p € S) be the subset of indices [ such that
Ly o) A Liptlp < [CTlp (p € 9).

For j = 2, let | Ly, ;,p) (%p)|p = mingggr [ Ly i(xp)]p (p € S) and let S5 C {1,...,d} (p € 5)
be the subset of indices [ such that

|L A LP ia(p)
) A L

ALy,

pi1(p)
|L

= <|Cly (p € 9).

pi1(p p,iz(p) |P

Continue in this manner up to S? ;. Then by definition, S C --- C S¥ | and

|S§]§j-a'(Fp peS)<[jd/n] <dforj=1,...,n—1.
Hence we can choose Ly, ;. () ¢ Sn_y (p € S) and let |Sp| =d.
By this constructlon we have | Lpin ) ) |p < -+ < UL () (Xp)|p and

|Fp( >| > |Lpn (Xp) ;1 "'|Lp,in(p)(xp) ;ﬁ (p € S)
where 27 = [ST] (p € S) and 2% = [S7| — |S} 4| (1 =2,...,n) (p € S).
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Note that zf—l—~--+z§:|5§?|Sja’(Fp:pES) (7=1,...,n—1). Let

e :=(n—-1)d(F,:peS)—|S" j|forpes.

21

i + p_ P
|&()|>Mm1Gwp'ﬂ%mﬂ@@M;ﬂ%Mﬂﬂ%m)1q%%@@M? (p €9).

Then Lemma implies that

a'(Fp:peS d—na'(Fp:peS
) > (H L, ) (%) 5 77€ >> ALy ()5 P (p e ).
j=1

By Lemma [2.2.1] we have

L () (%) |p > n=dPIn/2 x, | det(Lp i (p)s - - Lpin())lp (P € S)
and thus

(er ) 0o i) <xp>rp> @ (Frpes) dna’(Fyipes)

ndP)(d=nd(FypeS))n/2| f (x|, - |Xp|p

<

| det(Liy iy )5 - - > Lipin ()l [ det(Lip (p)s - L) 0 D7 #ES)
Further, for each p € S we have
| det(Lp,il(p), ce 7Lp,in(p )p = | 1|P‘Lp inp) NN Lp,in—l(p))’P
> | 1|p| 2|p|Lp i1 ( ) A Lp,in72(P)>|p
p
- =TT
j=1

Then Lemma [(.2.12 follows with

¢q = pld—nd (Fypes))n/2 H 1:[ |C§»|;d+(n—1)a’(Fp:peS)'

peS j=1
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5.3 Fundamental propositions
Define log” z := max{1,log z}.

Proposition 5.3.1. Let F € Z[ X1, ..., X,] be a decomposable form of degree d. Choose
T = (Tp)pes € GLy(Ag) such that H(Fr) =m(Fr). Let 1 < B < C, D > 1, and

Hpes [F(xp)lp <m, [xplp =1 (p € So),

(fEy )l/dB<Hp€S|T Xp|p (o )UdC}

M = {(Xp)pes € A
m(F) m(F)

Then

d—(n—1)a’ (F) _1)— —d+(n—1)a’(F)
(G,) ,Un(M) << (logB(B‘al(F) Cn—l))|5|(n 1) 1CB +a’(F) D|S|(n—1)+1<%)n/d

(b) MNZ" is contained in the union of

d—(n—1)d’ (F)

< (logE(BWOn—l))ISI(n—l)—l

proper linear subspaces of Q™ and a finite set of cardinality

d=(n=1a'(F) —-1)— —dt(n—1)d/(F)
<<(10g’b(B o7 (F) C”—l))|5|(n b L. cB G D|S|~(n—1)+1<mmF))n/d'

Proof. (a) For every z = (2p)pes, € Z!*l, define

Hpes |F(xp)[p < m,

M, =< (Xp)pes € AG 1 [xplp = 1, T, Ix,|, = p™ for p € S,
(%F))l/dB < HpGS |Tp 1Xp|p — (%)Udc

Then M = ngZlSO‘ M&‘
For (xp)pes € My, let y, = (quso q*7)xp for p € S. It is clear that the volume of

M is equal to the volume of

HpES |F(YP)| <m,
MI; = (Yp)peS € AS: Yplp = |T Yp|p 1 for p € So,
(m7(n ))l/dB < HpES |T yP|P ( 7(71 ))l/dc
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Also, we have
M NZ = |M,NZY| = |y eZs: |yl,=p ™ |T y|p 1 for p € Sy,
(mr(n ))1/dB < HpeS |T Y|p ( 7(n ))UdC

Let

[Les | Fyp)lp <m, |T_IYp|p =1 (p € So),
M, =< (yp)pes € A 7PC m
H B { o (mT(nF))l/dB < Hpes T, Yolp < ( m(F ))l/dC

H cS ‘FTp(Tpil}IpMP S m7 |Tp713’p|p = 1 (p € 50)7
p .

() V1B < [T Yscloo < () 1/4C

§€Z|SO‘

= {(Yp)pes € Ay :

Then we have p"(M) = p*(M’) and (M NZ"| = (M ' NZYE.
For every (yp)pes € M’, by Lemma [5.2.12] there are linear independent linear factors
i)+ Lpiin(p) € @p[Xl, ..., Xy) of F for p € S such that

H Lpist) (p)lp |Lp’in(p)(3’p)|p < ey Hpes |F'(yp)lp o

nes pyir(p)c 0 Hpyin(p) peS |Tp_1yp P

/ n/d
—d+na’ (F) m
<ap S (L)

L

m(F)

1/d/ (F)

where ¢y = max{1l, c3
B < T Yooloo < C and

}. By homogeneity, we may assume that m = m(F') = 1. Then

H |(Lp,i1(p))Tp (Tp_lyP)|p e |(Lp,in(p))Tp (Tp_lyp)‘p —d+na’ (F)

< B (5.3.1)

—d+na’ —d+na’ (F)

Applying Lemma [2.2.12| with B,C, D and A = ¢4B~ @ | the set of (yp)pes € Ag with
B < T 'yooloo < C satisfying (5 can be covered by at most

d—(n—1)a’ (F)

< (10g*D(BWC«n—1)) |S|(n—1)-1

. BC™ L {|s|(n-1)-1
< (1ogp 25 )
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sets of the form

C={(xp)pes € AG : [K (T, yp)lp < api (p €5, 1<i<n)}

where K{Dl, K{DQ, ..., K, are linear forms in Qp[X, ..., X;] with
|det( ;717 ;327 s 7K;m)|p =1, |K;)1|p == |K;m|p =1

and ay; are positive reals with

—d+(n—1)a’(F)

= CA
] < FDlSHn_UH < OB~ @@ plsie=h+1 (5.3.2)
peS i=1

For such a convex set C, by Lemma and |det T|g = 1 we have

u"(C) < C’B%WDISHH*I)H( m )n/d_

e (5.3.3)

Hence we have

p"(M) = p"(M') <<(logB(BWCnﬂ))lSl(n—l)—lx

—d+(n—1)a’ (F) m
B~ J® D\S|«(n71)+1 e n/d.
x C (m(F)>

b) For a convex set C with n linearly independent points in C N Z%, we can estimate
( y indep p ,

the cardinality of C N Z%. For each p € S, define
Cpi={yp € Qp : |K,T, Hyp)lp < api (i =1,...,n)}
where the a; satisfy . Then
c=]]¢ andCcnZi=conA

peS

where, by Lemma [1.2.2) A = {x € Z% : x € C, (p € Sp)} is a lattice. By Lemma [1.2.5]

we know that
—d+(n—1)a’ (F) m
cCNZi <cB™ «m  pISH=D+ " yn/d 5.3.4
cnzy < o)) (53.4)
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Hence M’ N Z" is contained in

d—(n—1)d’ (F)

< (logh(B— @™ Cn71>)|5|(n—1)—1

proper linear subspaces of Q" and a finite set with cardinality at most
A1) g [8](n—1)—1 sdtn D) gl n—1)+1, M \n/d
< (logh(B— @@ ¢! .CB~ «®  pISe-D+1_"" yn/d
This implies Proposition [5.3.1] (b). O

Proposition 5.3.2. Let F € Z[ X1, ..., X,] be a decomposable form of degree d. Assume
d(F) < d/n and let T = (Tp)pes € GLn(Ag) such that m(Fr) = H(Fr). Further, let
Bo>1and D > 1.

(a) We have
< =
o (Lo s e, DestFolb<mbol=1@es |}
p)peS S - 0 |T‘1X > (L) B
pes IFp 2plp = \ m(F) 0
- " —d+na(F) ) o
( T(nF)) (1+10g*DBo)|S|(n—1)—1BO ) pISln=1)+2 (Z(l—Fl)S(nl)lDW)'
m
=0

(b) For any integer 11 > 0, the set

[Les F(@)p <m.lzlp =1 (p € So)

zc /" 1/d . » -
(87) " B < Tlyes 1Ty 12hy < () /1 BoD

can be covered by a finite set 0 with

—d+na’(F)
m
ll /
=0

and at most
< (1 +log}, Bo)®Itn==1(p; 4 1)I8ln=1)

proper linear subspaces of Q™.
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Proof. (a) For 1 >0, let B; = D'By, C; = DB; = D" By. By Proposition [5.3.1} we have

HpGS ‘F(Xp)‘p < m, ’Xpl =1 (p € 50)7 }
1/dCl

(%)UdBl < HpGS TpXplp < (%)

d—(n—1)a’ (F) —d+(n—1)a’ (F) n/d
% o d ) ~m—1\ S (n=1)—1 e m
< (lOgD(Bl ) Cln 1))| |(n—1) . ClBl (F) D\S| (n—1)+1 <m( )>

u ({(x,»pes e AY:

_1)— —d+na’ (F) —dl4nld (F)
< (L + 1)(1 +log) By))SIm=D=1. g v plskn-142 o= ( <F>
m

Hence

HPGS |F(Xp)|p S m, |Xp| =1 (p S S()),
1/d

Hpes | TypXplp = (%) By

n/d —dtnad (F) * —dl+4nld (F)
( T(n )) (1 + log”b BO)|S|(7L*1)*1BO a/ (F) D|S"("*1)+2 . Z(l + 1)|S|(”*1)*1DW .
m(F
=0

(b) As we have seen in Proposition for | =0,...,l; the set

{Z _ g, s |F@ly <m. Jaly =1 (v € o) }

(mr(n )l/dBl<HpeS|T Z|p ( T(n))l/dcl

n

jz (Xp)pes € Al : <

is contained in at most

d—(n—1)a’ (F)

* o (F n— Sl(n—1)—1
<<(logD(Bl 0 1))' [(n=1)

< ((1+1)(1 + logh By))SIn=1~1

proper linear subspaces of Q" and a finite set ; with

M —di+nld (F) n/d
] < ((1+1)(1 + logh, B))SI D=1 g+ piskn=h+2 p =i (%) |
m

Let Q = U?:o ;. Then we have

I —d+na (F)

n/d
_m « pISIn=1)=1 g~ (m  plS|-(n—1)+2
o <)l < (m(F)> (1 + log? Bo) B, D

=0
h —dl+nla (F)
x Z(l —+ 1)|S|(n_1)_1D o (F) )

=0
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Lemma 5.3.3. Let T € GL,(Ag) with |det T|g = 1. Then
{zeZ": | [|Tyzly < Azl =1 (p € So)}| < A™.
peS
Proof.

{Z c Tn HPGS‘TPZ’P S A> }' _ |{X€ Zg . HPGS ’TpX|p < A’ }

|2l =1 (p € So) xlp=1(p € So)

xezp . Les Ty =4, cezn: TexI<A

<

Further, we know that

Toox| < A,
x € L% : Toox| < ={x e R": |Toex| < A}NA
Tyx]p < 1 (p € So)

where A = {x €L : |Tx|, <1 (peSo } is a lattice. Then by Lemma|1.2.3] we have

{x € R": |Toox| < A} NA| < A"/| det T|g = A"
and hence Lemma [5.3.3] holds. O

Proposition 5.3.4. Let F' € Z[ X1, ..., X,] be a decomposable form of degree d. Assume
d(F) <d/n and F(z) # 0 for allz € Q"\{0}. Then for any D > e, the set Ap g(m)NZ"

lies in the union of a set Z with

n/d
_mo |S|-(n—1)+2
1Z| < (m(F)) D

and at most

< (14 logh m + logh m(F))SI=1

proper linear subspaces of Q™.
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Proof. Suppose m(F') = m(Fr) = H(Fr) for some T € GL,(Ag) with |det T|g = 1. By
Lemma [5.2.3] there exists M € GLy(Zg) with H(Fpr) < esm(F)™.
Let € € Z§ such that G := eFy € Z[ X7, ..., X,). Then

Nrs(m) = Ng,s(m), p"(Aps(m)) = 1" (Ag,s(m)), a'(G) = d'(F)

and

m(G) = m(eFy) = m(F) = H(Fr) = H(eFr) = H(Gp—11)-

Write T/ = M~!'T € GL,(Ag). So |detT'|g
Lemma [5.2.3], we have

= 1 and m(G) = H(G1). By

H(G) = H(Fr) < esm(F)" = esm(G)",

C6m(G)7l/d H [%plp < H |T;/771(Xp)|p < C7m(G)(n71)/d H [%plp for (Xp)pes € Al

pES pES pES

(5.3.5)

Choose 1 minimal such that \/Dh+1(m/m(G))/4 > max{A, B, C} with

(C7m(G)(n_l)/d)l/chlm(G)l/d,
(C7m(G)(nfl)/d)1/2Cé/2m1/(2d)m(G)n/27

A
B (5.3.6)
C = (csm/m(Q)) T

Then we have [; < 1+ logp m + logp m(G).
Let z € Ag s(m) N Z" with

11752l > () Veph,

> (5.3.7)
s m(G)

Then by (5.3.5), we have

VIzlo = [T ] Il = max{cg 'm(G)"?, ¢/ *m! @D (G2},

peS
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Hence again by ([5.3.5))
mH U (G) < lzloo = [ [ Il < [T 175215

peS peES

For z € Ag g(m) N Z" with (5.3.7)), by Lemma [5.2.12] there are linearly independent

linear factors Ly, ; (p)s - - - Lp i, (p) of G for p € S such that

a(G)
H pu 'le,in(p)(Z>|p < s HpeS|G(Z)|p < c3m
|det p,i1(p 7Lp7in(p))|p B Hpes‘Tz/;lem(G) B Hpes‘Tzlflzbm(G)
< 1 < 1
- (d—na'(GQ))/2 — (d—na'(G))/4"
HpES|T/ 1 ’ )/ HpES‘ ‘p "(G))/
Thus
pll : |Lp,in(p)<z)|p < 1 -5
H |det pise) - Lpan )l T [T g [z O < Jeles (538)
p

Write z = gz’ with 2’ primitive. Then g < m'/? and |2/|o = |2|oo/g = (Ilpes 2lp) /9 =
H(G). Tt is clear that 2z’ also satisfies (5.3.8)). Hence we can apply a version of the
quantitative Subspace Theorem such as [0, Corollary] which implies that the primitive
integer solutions of the inequality (5.3.8)) with |z’|oc > H(G) lie in the union of <« 1
proper linear subspaces of Q™.

For z € Ag g(m)NZ" with ( TG) )l < HpeS Tz, < (%)Ulel“, we apply
Proposition to G and T, as m(Gy) = H(G7/). Then

Zn . HpES‘G( )‘p <m ‘Z‘p: 1 ( E )
z < ' ( m )1/dB < H |T Z| < ( m )1/dB ph+l
m(G) 0 pes () 0

can be covered by a finite set {2 with

l
0| < n/dD|S| (n—=1)42 [+1 |S|(n—1)— 1, < n/dD|S| (n— 1)+2
9 < () <l§_%< ) <)
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and at most

S](n=1) 1S](n—1)

< (I1+1) < (1 +logp m +logp m(G))

proper linear subspaces of Q™.
At last, by Lemma [5.3.3, we know that the number of z € Ag g(m) N Z" with

[les T, Val, < (%)Ud and |z|, = 1 for p € Sy is at most < (m/m(G))"/<. O

5.3.1 Theorems about the volume

In this section, we generalize some results from Thunder’s paper [2I] to the p-adic set-
ting. Let F € Z[Xy,...,X,] be a decomposable form and for p € S write F =
H?Zl Ly with Ly, ..., Lyq linear forms in @p[Xl, o Xl Let apt, ... apg € @p with
lapt - .. apalp = 1 (p € S). Let M, be the d x n matrix with rows ap1Lp1, ..., apgLlipqg-

Denote by myy1, ..., my, the columns of M.
Definition 5.3.5. For each p € S, define
Qp(F) = min [myy A--- Ay,
where the minimum is taken over all (ap1, ..., apq) € @z with |apy ... apglp = 1. Define

QF) = [J @u(F).

peS

Lemma 5.3.6. Suppose that p*"(Apg) is finite. Then
W (Arg) > QF) ™.

Proof. By Lemma , we have p"(Apg) > m(F)™/? By Lemma [5.2.7, we have
m(F)"? < Q(F). O

Define
M(F) :=min {H(Fy): M € GL,(Zg)} .
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Lemma 5.3.7. Let F € Z[X,...,Xy] be a decomposable form of degree d. Suppose that
W (Apg) is finite and F(z) # 0 for allz € Q™ \ {0}. Then

M(F)Y <« Q(F) < M(F)™.
Proof. By Lemma5.2.7, we have m(F)"¢ < Q(F). By Lemma [5.2.3, we have
m(F)" > H(F,y,) > M(F).

Hence Q(F) > M(F)Y4.
For p € S;i = 1,...,d, let ap € @p such that |ayl, = Hp(F)Y¢/|Ly|,. Then
lapt ... apalp =1 (p € S). By Hadamard’s inequality, for each p € S we have

| det(ap,th,iu e ’ap7ian7in>|p < Hp(F)n/d

for all (L, -, Lpi.) € I(F). Hence H(F)"% > Q(F). Since it is clear that Q(F) =
Q(Fy) for every M € GLy,(Zs), we have M(F)"% > Q(F). O

For p € S, let (ap1,...,apq) € @p with |ap,1...ap4dlp = 1. Assume that a(F) < d/n.
So F' has n linearly independent linear factors. For each p € S, choose ap;,,...,ap, as
follows:

Choose i1(p) such that |a

pii1(p
that ]amj 1(p)lp 18 maximal among those |a,|,’s where L, is linearly independent of
L

pir(p)r -+ Lpiis(p)- pir(p) TOT
2 < j <mn,let ¢,; denote the number of L,; in the Q -span L Ly ;. (p) which

, L

Jlp = max{lapilp, ... apalp}. Choose iji1(p) such

Let ¢p1 denote the number of L,; in the Q -span of L
pir(p)r -
pija(p)- Thenfor 1 < j <n, cp1+4---+cpyis
pii(p) -+ Lpii;(p)- By the definition of a(F'), we know
cppt+ ot <jra(F) (1< j<n)and cpy+ -+ cpp = d for p € S. So for each

are not in the Q -span of Ly, ; ), -

the number of L, ; in the span of L

p € S, we have

F)— ,++ n— d F
1—H|aw|p<l_[|%z] v = (H s (o ) Bintlp T g gl .
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Finally, by Lemma [2.2.3] we have

n a(F)
d—na(F
(H <>> Japi,ly " 2 1forpe s (5.3.9)
j=1
For p € S, we define the normalized semi-discriminant by

det(Lyy, ..., Ly
NS(F), = I1 | de (Hp,:bl, \L-’ ‘p,zn)|p
(LP7i17-~7Lp,in)GIp(F) 7=1 15 1P

where I,(F) is the set of all ordered n-tuples (Ly;,,...,L,;,) which are @p-linearly
independent. Define
NS(F) = [ NS(F),.
peS
Lemma 5.3.8. Suppose that a(F') < d/n is finite and let (xp)pes € A% such that x, #

0 (p € S). Then there are linear independent linear forms Ly, ; (), - - - Ly, p) for p € S

such that
a(F)
H |Lpi1(p) (Xp)|p T |Lpin(p) (Xp)|p < Hpes |F(Xp)|p
v | det(Lp,il(p): . ,Lp’in(p)”p HpGS ‘Xp|gfna(F) - H(F) (Ns(F))d—(n—l)a(F)
Proof. Without loss of generality, we may assume that |Lp1|p, = - -+ = |Lpg|p = 1 for each

pe S, so Hy(F)=1 (peS). Since both sides are homogeneous in x, for each p € S, we
—d

may also assume |F'(x)], = 1 (p € S). For each p € S;i = 1,...,d, let ay € Q, such

that |ayilp = |Lpi(xp)l, '

By (5:39), we have

n a(F')
(H |Lp,ij(p) (Xp)|p> |Lp,in(p) (Xp)‘g_m(F) <1l(pes).
j=1

By Lemma [2.2.1] we have

|Lp,in(p) (xp)|p = Jgaxn |Lp,ij(p) (xp)lp > [%plp] det<Lp7il(p)7 e 7Lp,’in(p))|p (pebs).
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Hence

a(F)

i 1
H H |Lp7ij(p) (Xp> |p < d—na(F) )’d na(F')’
p

peS j=1 peS ‘ P‘p | det(Lp,il(p)a s 7Lp in(p

(5.3.10)
By Hadamard’s inequality and |Ly|, = 1 (p € S, = 1,...,d), we know that each
factor of NS(F) is < 1 and hence NS(F) <] ves | det(Ly i p)s - Ly i ) |p)- Inserting

this into (5.3.10)), we complete the proof. O

Lemma 5.3.9. Suppose that a(F) < d/n and let (xp)pes € AY. Then there are linearly

independent linear forms L p) Jor p €5 such that

pir(p)> -+ Ly

n/d
T L) (%) |Lp,in<p) )y Tles | F)l

| det(Lp 11(p)s - Lp,in(p))|p Q(F>

peS

—d
Proof. For each p € S,i=1,...,d, let ay; € Q, such that |ay|, = |F(xp) 1/d|LpZ(xp)\_1.
By definition of Q(F'), we have

(F) < [ [ 1det(ap,i, ) Lpis - - -+ i) B9l
peS

for some (Ly,; (p)s -+ s Lpin(p) € Ip(F) (p € 5). Lemma follows from this. O

Let By=0,4p=1. For [ > 1, put
(d—(n— _ _ —UWd=na(F))
B, = (NS(F)) (d=(n=1)a(F))/(d—na(F)) Sl LC/=eBjand 4; = e o
Define

) n . I1 IS [F(xp)lp < m, [xplp =1 (p € So),
M= {(Xp>pes SAS F)~'/np < < mMdQ(F)~YnC }
m/4Q(F) [ Hpes [Xooloo < m/Q(F) 1

We consider how well the set M can be covered by sets of the form
C={(xppes € Ag : [Kpi(xp)lp < api (p € 5,1 <1 <n)} (5.3.11)
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where Kp1, Kpo, ..., Kpy are linear forms in Q,[X7, ..., X;] with
| det(Kp1, Kpo, ... . Kpn)lp =1, [Kpilp = = [Kpn[p = 1

and ay; are positive reals with

11 H i <<

peS i=1

Lemma 5.3.10. Assume a(F) <d/n. Let 1 < B < C, D > 1.
(a) If 1 =0, M can be covered by at most < (1 + |log(NS(F)NSI"=1 convex sets C

of the form (5.3.11]) with

[T1Ten < o

peS i=1
(b) If 1 > 0, M can be covered by at most < (I + |log(NS(F)))EI=D=1 conver sets
C of the form (5.3.11)) with

11 H i <<

peS i=1

Proof. (a) Let I = 0 and (xp)pes € Apg(m). By Lemma [5.3.9, for each p € S there are

linearly independent linear factors L L such that

pyir(p): -+ Hpiin(p)

n/d n
H |Lp i1 ( )(Xp)|p"'|Lp,in(p)(xp)|p < Hpes | F'(xp)p < m /d (5.3.12)

S ¢ < .
pes ’det(Lpu( )y 7Lp,in(p))|p Q(F) Q(F)

Applying Lemma [2.2.13| with A = %,C = %C’o, we know that the set of

(xp)pes € Apg(m) with [Xeo|eo < Q(%)/fm(?o satisfying([5.3.12)) can be covered by at most
< (14 |log(NS(F))])I5I"=1 convex sets C of the form (5.3.11)) with

[ = 2

peS i=1

For the tuples (L L,i.(») (p € S), we have < 1 possibilities. Hence (a) follows.

pyir(p)r -
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ml/d

. 1/d
(b) Let I > 0 and (xp)pes € Apg(m) with WBZ < Xooloo < o(F )1/nCl By
Lemma W, there are linear independent linear forms Ly, ; () - - - » Ly, (p) for p € S such

that

1/a(F)
H |Lp711 )( )|p"'|Lp,z'n(p)(Xp)’p HpGS |F'(xp)p
(F))d—(n—D)a(F) '

<
s 140ty L)l (Hpes Sy M(F)(NS(F))d-

By Lemma we have M (F) > Q(F)¥™ and hence

n/d

H ’Lp,’u )(Xp)|p"‘|Lp,in(p)(xp)‘p <A m (5.3.13)

> C A=
s | det(Lp i(p)r - 7Lp,in(p))|p ZQ(F)

where ¢ is a constant depending only on n,d, S.

Apply Lemma [2.2.12| with A = c’AlQ(n/d) B = Q( 1)/;1/7131,0 = Z”l)/ld/nCl and D = e.
Then the set of (xp)pes € Apg(m) with WBZ < [Xooloo < Q?}l)/f/ncl satisfy-

ing (5.3.13)) can be covered by < (log %ﬂl)‘s'(” D=1 <« (I + |log(NS(F))|)sl(n=1-1
convex sets C of the form ([5.3.11)) with

n/d

e <5 < g

peS i=1

]

Theorem 5.3.11. Let F' € Z[X1,...,X,] be a decomposable form of degree d. Assume
a(F) <d/n and F(z) # 0 for allz € Q™ \ {0}. Then we have

(a) Q(F)™ < p"(Aps) < Q(F) ™M1+ |log(NS(F)))IS 1,
(b) M(F)Y4 < Q(F) < M(F)"*.
(c) M(F)—n/d < ,Un(AF,S) < M(F)_l/d(l + ]logM(F)])'Sm_l.
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Proof. (a) By Lemma [1.2.5] for convex set C of the form (5.3.11) we have p"(C) <
Hpe ¢ 11—, api- Applying Lemma |5.3.6| and |5.3.10|7 we have

mn/d
o) < Aes)
mn/d mn/d
<o [log(NS(F)IEF=1 + o (Z A+ log(NS(F)))S(n1)1>
>1

< mn/d(1 T [log(NS(F)) ISt [ $ gistin-n-1, =75
Q(F)

>1

n/d

< (1 + | log(NS(F))|)Si.

Q(F)
(b) This is Lemmal5.3.7]
(¢) By Lemma we have |log NF(S)| < log H(F). Then (a) and Lemma
imply that

M(F) ™ < Q(F)™" < p"(Ars) < Q(F) "M (1 +[log(NS(F))|)lsI"!
< M(F)"Y4(1 4 log M(F))SI" 1.

]

Theorem 5.3.12. Let F € Z[X1,...,X,] be a decomposable form of degree d. Suppose
F(x) # 0 for every non-zero x € Z". Also suppose a(F|r) < dl% for every linear

subspace T of dimension at least 2 of Q™. Then we have

(a) Aps(m)NZ" is contained in the union of a set @ with
mn/d

Q(F)

Q] < (1 + log H(F))l5In=1

and at most
< (1 +logm)I¥1=1 4 (log H(F))ISIn—1
proper linear subspaces of Q™, and
n/d

W(l-{-log 'H(F))|S|n—1+mn771 (1+10gm‘5|(”_1)+(log?—[(F))|5|n—1)'

NF’S(TTL) <
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(b) Let € >0 and assume H(F)'=¢ > m™. Then Apg(m)NZ" is contained in at most
< (14 e YHYISI=1 proper linear subspaces of Q", and

Npg(m) < m™@ (14 ¢ HSi=1,

Proof. (a) Let Q be the set consisting of solutions of ([5.0.1)) lying in the convex sets C of
the form ([5.3.11)) that contain n linearly independent points. Similarly as the estimation

of 41" (Ap,g(m)) in Theorem [5.3.11] we have

0 2 Aot + log(NS(F)IS L+ T (Z Al + | 1og<Ns<F>>>S<““>

Q(F) Q(F) =
mn/d
< ——(I+ |log(NS(F))|)sI"—1,
Q(F)( | log(NS(F))])
Let x € Apg(m)NZ" with |x|s > %Bl. Write x = ¢gx’ with x’ primitive. As

usual, we have ¢ < m!'/? and hence |x/|o = %|X|oo > %. Applying Lemma |5.3.8| to x/,

there are linearly independent linear factors L

pit(p)r s Lpiin(p) (p € S) of F such that
/ / a(F) ,
H |Lpz1 ( )|p"'|Lp,in(p)(X>|p < CHp€S|F X)|p
| det(Lipi, () - - - » Lipin () Ip /|45 (F) (N S(F))d—(n—Da(F)
< c-m
- Cna (d—a(F))/2 '
x| () H(F)(NS(F))d—n—1a(F)
Let [y be minimal such that
c-m Blo

< 1and |x|o0 > O0F) > H(F).

By )<d—a<F>>/z
(at

H(F)(NS(F))i=(r=DalF)
Then lp < 1+ logm + |log(NS(F))| + log H(F).

Now every x € Ap g(m) N Z" with |x|s > %Bl is proportional to a primitive x’
with |x'|o > H(F) which satisfies

L / L ) X/ _d—na(F)
HI pir () X)p - Ly () (X ) < x| " (5.3.14)
| det(Ly i, )y - - Lpin ()

peS
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Now we apply a version of the quantitative Subspace Theorem such as [6, Corollary] which
implies that the primitive solutions x’ of (5.3.14)) with |[x/|cc > H(F) lie in the union of
< 1 proper linear subspaces of Q™.

Now we deal with x € Ap g(m) NZ" with |x| < %Bl. Lemma [5.3.10] implies

that these solutions outside of €2 can be covered by at most

=1

lo
< (14 [log(NS(F))IEn=1 4 (Z(l +| log(NS(F)))S(”1)1>

< 1+1logm*1=1) 4 (log H(F))ISIn—1

proper subspaces of Q".
Applying Theorem [2.1.3] we know

Npg(m) < |9 + mnT_l(l + log mlSIn=1) (log H(F))|S|"_1)

mn/d

—H(F)Ud(l+10gH(F))|S|”_1+mn;1(1+logm|s|(”_1)+(1ogH(F))ISIn—1)‘

<

(b) Let x € Ap g(m)NZ". Using Lemma/5.3.7|and [5.3.9, there are linearly independent

linear forms L Ly ;. p) for p € S such that

pyia(p)r -

n/d
[ e 1pr  Thoes Pty
peS ‘det(Lp,il(p)ﬂ""Lp,in(p))|p Q(F) H(F)l/d_

Apply Lemma [2.2.13 with A = /H(F)"9/? and D = H(F)@s+#0. Then x €
Apg(m) N Z" with |x|oc < C, where C is chosen later, can be covered by at most
< 10g3(%)|5‘”_1 sets of the form C with

d
ITT]w < A5t <1
peS i=1
Let x € Apg(m)NZ" with |x|o > C. Applying Lemma to x, there are linearly
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independent linear forms Ly, ; (p)s - -+ Lpi.(p) (P € S) such that
a(F)
H p7z1 T |Lp7in(p) (X)|p < ¢ HpeS |F(X)|p
| det(Lyi, (p)s -+ > Lipio () x| 4" E) 2 (F)(NS(F))d—(n=D)a(F)

c-m

| |d=nalFNR Ga—a(F))/2 . 44 (FY(NS(F))d—(n—Da(F)

Let
C = max{m""H(F), (c(NS(F))tn=DaE)=d)2/(d=na(E).
First, we have log},(5)!%I"=1 < (1 + ¢ 1)I¥I"=1. Hence by Lemma [2.2.13] the set of
x € Apg(m) NZ" with |x|oe < C lie in at most (1 + ¢ 1)IS"~1 convex sets of the form
C (defined in (5.3.11))) with J] ¢ H?:l api < 1. By Lemma [1.2.5, we know that if C
contains n linearly independent points then C N Z" <« Hpe g H?zl ap; < 1. Thus the set

of x € Apg(m)NZ" with [x|o < C is contained in at most (1 + e~ 1)ISI"~1 proper linear
subspaces of Q".
Second, for x € Ap g(m) N Z" with |x|o > C we have

1/a(F)
P i1(p ) |Lp,in(p) (x) |p m - *(d;a’(l;gF»
H \det . )’ < (d—na(F))/2 - |X|00
P x| H(F)

s pir(p) o L (o)

Write x = ¢gx’ with x primitive. As usual, we have g < m/? and [x/|o = é\x|oo > H(F).
Also

S N H Ly ()Xo - !Lp,z'n@) )l
00 = 00
| det (L, in(p ; Lp,in(p)) lp
L Lo
> H‘ p,i1(p ( )|p | p,ln(p)( )lp (5315)

|det( pyi1(p)r - -7Lp,in(p)>|10

Now we apply a version of the quantitative Subspace Theorem such as [6, Corollary] which
implies that the primitive solutions of ([5.3.15)) with |x/|oc > H(F') lie in the union of < 1
proper subspace of Q"

Now Theorem [2.1.3] allows us to complete the proof. O
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5.3.2 Solutions in subspaces

Proposition 5.3.13. Let F' € Z[ X1, ..., X,] be a decomposable form of degree d. Suppose
F(x) # 0 for every non-zero x € Z". Also suppose a(F|r) < di% for every linear
subspace T of dimension at least 2 of Q™. Let W be a linear subspace of Q™. There are
effectively computable positive constants cg,ci1p,c11 depending on n,d, S and 0 < cg < 1
depending on n,d such that the following holds:

(a) Ny 5(m) < csm™ ",

(0) if dimW =n —1 and M (F|w) < m®, then

crom" "V (Apy, §) < Npjy s(m) < com™ =90 Ay, ).

Proof. (a) This follows directly from Theorem [2.1.3
(b) Let for the moment cg be any constant with 0 < ¢ < 1. If M(Flw) < m®,

applying Theorem m (see formula (2.5.1))) to F|y, we obtain

| Npp s(m) = m™=D/dn 1Ay o] < A o e(Flw)

for some 0 < € < 1. By Theorem [5.3.11] we know
m(nfl)/dunfl(AF‘Wﬂ) > m(nfl)/dM<F|W)f(n71)/d > m(nfl)(lfq;)/d.

Choose cg such that 0 < cg < %. Then (b) follows. O

Corollary 5.3.14. Let F' € Z|X1,...,X,] be a decomposable form of degree d. Assume
F(x) # 0 for every non-zero x € Z". Also assume o' (F) < d/n and a(Fr) < d/dimT
for every proper linear subspace of dimension at least 2 of Q™. If m(F) > m2/™, then
Ngg(m) < mn=0/d,

n 1
Proof. Let D = m(F)20S-0+5 . Then m(F) > m?™ implies D > ms=-10+2, By
Proposition [5.3.4] the set Apg(m)NZ" is contained in the union of a set Z with

n/d
_M nfdplSln-D+2 _ M (n=1)/d
2] < (m(F)) b m(F)n/(2d) — m
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and at most

< (14 1logh m +logh m(F)¥I=1) « 1
proper linear subspaces of Q™. Then Theorem implies Corollary |5.3.14] m

Proposition 5.3.15. Let F' € Z[ X1, ..., X,] be a decomposable form of degree d. Suppose
F(x) # 0 for every non-zero x € Z". Also suppose a(F|r) < di% for every linear
subspace T of dimension at least 2 of Q™. Letm >1 and 1 < B <m®. Let Wh,...,Wn
be distinct subspaces of Q™ of dimension n — 1 with M(F|w,) < B (i = 1,...,N) and
(%)Ud > c12(N —1) where 1o = 2ff Then the number of integer solutions x to
with X € Uf\il W; is at least 5 Zi:l Npyy. s(m). In particular,

N
: : F|W7

Proof. 1t is easy to see that the number of integer solutions x to ((5.0.1)) with x € Ulj\il W

is at least
N N—1 N
> Nepy,s(m) = ( > NFWWJ,SW)) :
i=1

i=1 \j=i+1

Nps(m

l\.’)lH

By Proposition [5.3.13] we have

Z NEw.aw.,s(m) < cs(N — Dm™= 2/ for i =1,... N — 1.
[ Ve
j=i+1
Hence the number of integer solutions that we are considering is at least

N
Npgy. g(m) — 08m(n_2)/d . 5.3.16
lw,,S

1=1
On the other hand, by Proposition [5.3.13| and Lemma [5.2.5| we have

(n=1)

n—1 n—1 —
Npjy, s(m) > ciom @ p"(Ap, s) > cum @ m(F)” 4
lw; |

n-1 (=) m
>ciym 4 M(F) > ciim T (Bn—l)l/d
> QCSm%1 for all 7.
This together with (5.3.16|) completes the proof. O
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Proposition 5.3.16. Let F' € Z[ X1, ..., X,] be a decomposable form of degree d. Suppose
F(x) # 0 for every non-zero x € Z". Also suppose a(F|r) < ﬁ for every linear
subspace T of dimension at least 2 of Q™. Let W be a collection of subspaces of Q" o
dimension n — 1 with |W| = N. Suppose that maa > M(F)ﬁ > c12(N —1). Then there

18 a constant ci13 depending on n,d such that

> Nijy s(m) < m’ T N(m"T M(F)"4 4 m"T (1 + logm)l¥In1),
Wew

Proof. Let B = M(F)% where co = min{g2, 4n } Define

Wy = {W eW: M(F|y) < B},
Wo = {W eW:B< M(Fly) <
W3::{W€W:M(wa)2m "1

First, let m = M(F)ﬁ Then since B < M(F)4"<T1L*1> , we have (%)Ud > M(F)ﬁ >

c12(N —1). Also, since B < M(F)z < m®, Propositions [5.3.13 and [5.3.15| imply that

crom”T Z 1" (App, s) < Z Nppy s(m) < 2Ngg(m).
Wewr Wewr

Then by Theorem [5.3.12| (b) (take € = 1/2), Apg(m) N Z" lies in the union of at most
c1y < 1

proper linear subspaces of Q", while Proposition [5.3.13[tells us that in each proper linear
subspace there are at most < cagmnT_1 solutions. Therefore, again by Proposition |5.3.13]

n—1
clom T Z w AF\WS ) < Z Npjy,s(m) <2Npg(m) < ciq-cgm 4
Wewr Wew,

and hence

> 1N Apy,.s) < 1L (5.3.17)
Wews
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Now, let m > M(F)z«. By Proposition [5.3.13| and (5.3.17), we have

Z Npjyy 5(m) < cpm =1/ Z WA py,.s) < mD/
Wem Wews

For W € Ws, by Theorem [5.3.12| (a) we have

NF| S(m) <<M(1 +10gM(F|W))|S‘(”*1)*1+
v M(F|y)1/d
m T (1 + log mlSl(n=2) | (log M(F|W))|S("1)1)
(n—1)/d
m__ nrl [S](n—1)—1
Spijpa M (1+10gm |(n=1) )
Thus,
(n—1)/d
m a2 o
Z Npjy,s(m) < N - (W—i-m a <1+logm|5( 1) 1)) '
Wews

For W € W3, by Theorem [5.3.12 (b) we have Npy,, 5(m) < m"@ . Hence

Z NF|WVS(m) < N - m%.
Wews

Proposition [5.3.16| follows from (5.3.18)), (5.3.19) and ((5.3.20)) with c¢i13 = %.

5.4 Proof of Theorem [5.0.3

(5.3.18)

(5.3.19)

(5.3.20)

Theorem 5.4.1. Let F € Z[Xy,...,X,] be a decomposable form of degree d. Suppose

F(x) # 0 for every non-zero x € Z". Also suppose a(F|r) < ﬁ for every linear

subspace T of dimension at least 2 of Q™. Then we have
—1
m d—al (F)
|NF75(777,) - :U’n(AF,S(m)N < T () (1 + IOg m)2d|s|'
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Proof. Similarly as in the proof of Proposition|[5.3.4] there is T € GL,,(Ag) with | det T|g =
1 such that
m(F) =m(Fr) = H(Fr), H(F) < m(F)"

com(F) ¢ H [Xplp < H |Tp71(xp)|p < erm(F)" D/ H [xplp for (xp)pes € Al
peS peS peS

Fix By > 1 for now. We choose By optimally later in (5.4.1). By Proposition [1.4.6]
we have
‘ |(Aps(m, cg'm"/"Bo) N Z")| — i (Aps(m, Célml/dBo))}
< (m"Bo)" (1 + log(H(F)m"By)) ™" < (m"/*By)" " (1 + log(m(F)"m"/ By)) "
< (MY By)" (1 + logm + log By))?".

If (xp)pes € Apg(m) with [Xeo|oo > g 'm!/? By, we have Hpes 15 %, | > (mT(nF))l/dBO'

Hence we have

. <{<xp>pes e ay . Tes POl < m.gly =1 (p € 50) }>

|Xo0|oo > cglml/dBo
I1 €S [F'(xp)|p < m, [xplp =1 (p € So),
p

<" (Xp)pes € Ag 1/d
[Les T, %plp > (#) Bo

—d+nad (F)
< (%)n/d(l + log Bo)|S‘(”_1)_1BO “( by Proposition with D = e).
Therefore,
m n/d —d+/na./(F)
‘,U/n(AF,S(m))_Nn<AF,S(m7 Cglml/dB()))} < <m> (1+10g BO)|S|(n71)leO ol (F)

Let 1 be the same as in ([5.3.6). Then we have
l1 < 1+logm+logm(F) < 1+ logm.

Similar to the proof of Proposition [5.3.4] using the p-adic Subspace Theorem, we know
that these z € Ag g(m)NZ" with Hpes ]Tp_1z|p > Boelﬁ’l(%)l/d are contained in the

m

union of < 1 proper linear subspaces of Q".
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By Proposition [5.3.2} the set

Zn . HpES |F<Z)|p S m, |Z|p =1 (p S SO)7
z < ’ ( m )1/dB < H |T—lz| < ( m )1/dB l1+1
m(F) 0= 1lpes¥p “lp = \n(Fy 0€

can be covered by a finite set ) with

mo\n/d |S|(n—1)—1 ﬂmfimw)
10| < (W) (1+log By) B

and
< (14 log Bo)P1=0=1(1; 4+ DI « (1 4 1og By)!*I*=D=1(1 4 log m)1¥I(=D

proper linear subspaces of Q™. Let W be the collection of these proper subspaces and
N = |W|.
Choose By such that

m n/d ,d+,na’(F)
(Bom!/) = (m(F)) By © (541)
Then /
By = (%) e , (Bom! =t = %

m(F) dd=a’(F))
Since m(F') < ml/”, we have By > 1.
Suppose that M(F) > mai. If mY/2d > M(F)ma > c15(N — 1), then by Proposi-
tion [5.3.16, we have

1

> Npjysm) <m™@ + N(m" T M(F)™ +m"@ (1+logm)¥$I"~1) <« m ™7
wew

If M(F)ma > m'/2? then m < M(F)2 < m(F)Y2 < m2 and hence m < 1. If
M(F)ma < c1a(N — 1), then mieZi < M(F)ma < e1a(N — 1) < (1 + logm)2SIn=1-1
hence also m < 1. Moreover, since m < 1 implies N < 1, we have

n—1

Z NF\W,S(m) < N- m T <m 4. (5.4.2)
wew
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Suppose that M(F) < mti. Then m(F) < mar and hence

n—1
m, d—a’ (F) ne1 3a'(F)(n—1)

(Boml/d>n*1 — >m d mddd—d () > m%(l T lOg m)2|S\(n71)71.

n(n=1)a’ (F)
m(F) d(d—a’(F))

Therefore
Z NF|W,S(m) < NmnT_l < mnT_l(l + 10gm)2‘5|(n_1)_1 < (Boml/d)”_l_
wew

Finally, we have

|Nps(m) — " (Aps(m)| < | (Aps(m)) — p" (Aps(m, cg'm"/*Bo))|+

‘ |(AF,S(m,C6_1m1/dBO) ﬂZ”)| - M”(ARS(m,cﬁ_lml/dBo))‘ + |Q| -+ Z NF|W,S(m)
Wwew

n—1

m d—a’(F)
< —M,(F) (1 -+ IOg m)2d|s‘.
m(F)

O

Theorem 5.4.2. Let F' € Z[X1,...,X,] be a decomposable form of degree d. Suppose
F(x) # 0 for every non-zero x € Z". Also suppose a(F|r) < ﬁ for every linear
subspace T of dimension at least 2 of Q™. If a/(F) < d/n, we have

Np7s(m) < (W) +m'T.

Proof. If m(F) > m?/™, then Corollary |5.3.14] implies Theorem |5.4.2|
If m(F) < m?™, then Proposition m (with D = e) implies that Ap g(m) N Z" lies

in the union of a set Z with
m n/d
z e
E (m(F))

< (1 +log* m + log* m(F)1"=1) « (1 4 log* m)1¥I(»=1)

and at most
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proper linear subspaces of Q". Let W be the collection of these proper subspaces. Without

loss of generality, we assume all these proper subspaces are of dimension n—1. If M(F) >

m'/* by (5.4.2), we have

Z Npjy.s(m) < m"T
Wwew

If M(F) < m'/*" by Theorem we have

n/d n/d n/d
1 « AISln—1) . ™ mn 2
erwwa,s(m) <m T -(1+log" m) < s = (M F)) = (m(ﬂ) '

Proof of Theorem [5.0.9. Note that if ged(n,d) = 1 then o' (F) < d/n. If m(F) < m'/",
Theorem implies Theorem [5.0.3| If m(F) > m!/", Lemma implies that

n/d
n _ ,n/d,n m— n771
1 (Aps(m)) = m™ " (Apg) < m(F)yn/d <m

Theorem implies that Npg(m) < m®~ /4 Thus

|Nps(m) = " (Aps(m))] < m"= D/
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Abstract

Let F € Z[ X1, ..., X,] be a decomposable form, that is, a homogeneous polynomial of
degree d which can be factored into linear forms over C. Denote by Ng(m) the number
of integer solutions to the inequality |F'(x)| < m and by Vp(m) the volume of the set
{x € R" : |F(x)|] < m}. In 2001, Thunder [I9] proved a conjecture of W.M. Schmidst,

stating that, under suitable finiteness conditions, one has

Np(m) < m™4
where the implicit constant depends only on n and d. Further, he showed an asymptotic

formula

Np(m) = mn/dV(F) -+ OF(mn/(dJrn—z))

where, however, the implicit constant depends on F'. In subsequent papers, Thunder’s
concern was to obtain a similar asymptotic formula, but with the upper bound of the
error term | Ng(m) —m™ @V (F)| depending only on n and d. In [20] and [22], he managed
to prove that if ged(n, d) = 1, the implicit constant in the error term can indeed be made
depending only on n and d.

The main objective of this thesis is to extend Thunder’s results to the p-adic setting.

Namely, we are interested in solutions to the inequality

|F(x)]| - |[F(x)|p, .- |[F(X)|p, <m in x=(x1,292,...,2,) € L"

(5.4.3)
with ged(21,22,...,2n,p1- - pr) = 1.

where p1,...,p, are distinct primes and | - |, denotes the usual p-adic absolute value.
Chapter 1 is devoted to the p-adic set-up of this problem and to the proofs of the auxiliary
lemmas. Chapter 2 is devoted to extending Thunder’s results from [19]. In chapter 3,
we show the effectivity of the condition under which the number of solutions of is
finite. Chapter 4 and chapter 5 generalize Thunder’s results from [20], [2I] and [22].
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Samenvatting

De resultaten in dit proefschrift bouwen voort op eerder werk over de zogenaamde
Thue-ongeligkheid

|F(z,y)| <minz,y € Z (5.4.4)

waarbij F' € Z[X,Y] een homogeen polynoom is dat irreducibel is over Q. Als F' van

graad 1 is of van graad 2 en van positieve discriminant, dan heeft voor alle voldoend

grote m oneindig veel oplossingen. Als F' van graad 2 is en van negatieve discriminant,

dan geeft het binnengebied van een ellips aan, en heeft dus maar eindig veel

oplossingen. Uit een beroemd resultaat van de Noorse wiskundige A. Thue [I7], naar wie

ongelijkheid is genoemd, volgt dat maar eindig veel oplossingen heeft als F’
graad d > 3 heeft. In 1933 bewees de Duitse wiskundige K. Mahler [10] een asymptotische
fomule voor het aantal oplossingen van (5.4.4), waarin het aantal oplossingen van
wordt vergeleken met de oppervlakte van het gebied in R? gegeven door |F(z,y)| < m.
Preciezer gezegd, bewees hij voor het aantal oplossingen Np(m) van dat

Np(m) = mQ/dVF + OF(ml/(d_l)) als m — oo
waarbij Vg de (onder de aannamen eindige) oppervlakte is van het gebied
{x e R2: [F(a,y) < 1},

Hierbij hangt de constante in het O-symbool af van F.
We bekijken nu een generalisatie van (5.4.4) waarbij F' een normwvorm is in n > 3

variabelen, dat wil zeggen een homogeen polynoom van het type
F = CN]L/Q()\le + XX+ -+ A X))

waarbij A1, Ao, ..., A\, algebraische getallen zijn, I het door deze getallen voorgebrachte

getallenlichaam, en ¢ een rationaal getal ongelijk aan 0 zodat F' gehele coéfficiénten heeft.
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In 1971 bewees de Oostenrijkse wiskundige W.M. Schmidt [14] dat voor normvormen
F' die aan een natuurlijke niet-gedegenereerdheidsvoorwaarde voldoen, de normwvorm-
ongeligkheid

|F(x)] <minx=(x1,...,2,) € Z" (5.4.5)

maar eindig veel oplossingen heeft. Bijvoorbeeld homogene polynomen in twee variabe-
len met gehele coéfficiénten die irreducibel zijn over Q van graad minstens 3 of van
graad 2 en met negatieve discriminant zijn normvormen die voldoen aan Schmidt’s niet-
gedegenereerdheidsvoorwaarde. Evertse gaf in [7] een expliciete bovengrens voor het aan-
tal oplossingen Np(m) van (5.4.5)), namelijk

<"+7)3 n+2?:2 i1 n(n+1)

Np(m) < (16d) 3 m~— a  (1+logm) = ,

waarbij d de graad is van F.

We bekijken nu meer algemeen ongelijkheden van het type waarbij F' een
zogenaamde ontbindbare vorm is, dat wil zeggen dat F' een homogeen polynoom met
gehele coéfficiénten is dat kan worden ontbonden als product van lineaire vormen met
coéfficiénten in de algebraische afsluiting van Q. Normvormen zijn speciale gevallen hier-
van, alsmede alle homogene polynomen in twee variabelen met gehele coéfficiénten, al of
niet irreducibel over Q. We geven weer met Np(m) het aantal oplossingen van

aan, en met Vp het n-dimensionale volume van het gebied

{xeR": |F(x)] <m}.
In 2001, bewees Thunder [19] een vermoeden van Schmidt dat zegt dat onder de noodza-
kelijke eindigheidsvoorwaarden

Vi <na 1, -

waarbij d de graad is van I’ en waarbij de constanten in de Vinogradov-symbolen alleen
afhangen van n en d en niet van de coéfficiéenten van F. Verder bewees Thunder een

asymptotische formule
Np(m) = Vp-m™?+ OF(m”/(dJ“”%)) als m — oo, (5.4.7)
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waarbij de constante in het O-symbool wel van de coéfficiénten van F' afthangt. In latere
artikelen bekeek Thunder het probleem om een dergelijke formule af te leiden met een
foutterm onafhankelijk van de coéfficiénten van F. In [20] en [22], slaagde hij hier in, in
het speciale geval dat n en d relatief priem zijn. Het geval dat n en d niet relatief priem
zijn is nog steeds open.

Het doel van dit proefschrift is om de resultaten van Thunder uit te breiden naar
p-adische absolute waarden. Preciezer gezegd zijn we geinteresseerd in afschattingen voor

het aantal oplossingen van de ongelijkheid

|F(x)] - |[F(x)|p, - |[F(X)|p, <m in x=(x1,22,...,2,) € L"

(5.4.8)
met ng('rwa? <oy In,P1 pr) =1

waarbij pi,...,p, verschillende priemgetallen zijn en | - |, de gebruikelijke p-adische ab-

solute waarde aangeeft. In hoofdstuk 1 geven we de benodigde definities en bewijzen we

enkele hulpresultaten. Hoofdstuk 2 is gewijd aan de generalisaties van ((5.4.6|) en ((5.4.7)).

In hoofdstuk 3 laten we zien dat de voorwaarden onder welke het aantal oplossingen
van eindig is effectief beslisbaar zijn. In hoofdstuk 4 en hoofdstuk 5 veralgemenen
we de resultaten van Thunder uit [20], [21] en [22] en leiden we, in het geval dat n en
d relatief priem zijn, asymptotische fomules van het tpye af waarbij de foutterm

onafhankelijk is van de coéfficiénten van F.
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Résumé

Soit F' € Z[X1, ..., X,] une forme décomposable, c’est-a-dire un polynéme homogene
de degré d qui peut étre factorisé en formes linéaires sur C. Notons Ng(m) le nombre de
solutions entieres a l'inégalité |F'(x)| < m et Vp(m) le volume de I'ensemble {x € R" :
|F(x)] <m}. En 2001, Thunder [I9] a prouvé une conjecture de W.M. Schmidt, énoncant

que, sous des conditions de finitude appropriées, on a

Np(m) < m™4

ou la constante implicite ne dépend que de n et d. En outre, il a montré une formule
asymptotique
Np(m) = mn/dV(F) + OF(mn/(dJrn—z))

ou, cependant, la constante implicite dépend de F. Dans des articles ultérieurs, la
préoccupation de Thunder était d’obtenir une formule asymptotique similaire, mais avec
la borne supérieure du terme d’erreur | Ng(m) — m™ @V (F)| ne dépendant que de n et d.
Dans [20] et [22], il a réussi a prouver que si ged(n,d) = 1, la constante implicite dans le
terme d’erreur peut en effet étre fonction uniquement de n et d.

L’objectif principal de cette these est d’étendre les résultats de Thunder au cadre

p-adique. A savoir, nous sommes intéressés par les solutions a 'inégalité

|F(x)] - |[F(X)|py - |[FX)|p, <m en x=(z1,22,...,2,) € Z"

(5.4.9)
avec ged(z1, 22, ..., Tn,p1---pr) = L.

ol p1, ..., pr sont des nombres premiers distincts et |-|, désigne la valeur absolue p-adique
habituelle. Le chapitre 1 est consacré au cadre p-adique de ce probleme et aux preuves
des lemmes auxiliaires. Le chapitre 2 est consacré a ’extension des résultats de Thunder
de [19]. Dans le chapitre 3, nous montrons 'effectivité de la condition sous laquelle le
nombre de solutions de est fini. Le chapitre 4 et le chapitre 5 généralisent les
résultats de Thunder dans [20], [21] et [22].
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