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Chapter 1

Stochastic Processes

1.1 Introduction

Loosely speaking, a stochastic process is a phenomenon that can be thought of as evolving
in time in a random manner. Common examples are the location of a particle in a physical
system, the price of stock in a financial market, interest rates, mobile phone networks, internet
traffic, etcetc.

A basic example is the erratic movement of pollen grains suspended in water, so-called
Brownian motion. This motion was named after the English botanist R. Brown, who first
observed it in 1827. The movement of pollen grain is thought to be due to the impacts of
water molecules that surround it. Einstein was the first to develop a model for studying the
erratic movement of pollen grains in in an article in 1926. We will give a sketch of how this
model was derived. It is more heuristically than mathematically sound.

The basic assumptions for this model (in dimension 1) are the following:

1) the motion is continuous.
Moreover, in a time-interval [¢,¢ + 7], 7 small,

2) particle movements in two non-overlapping time intervals of length 7 are mutually inde-
pendent;

3) the relative proportion of particles experiencing a displacement of size between § and d+dd
is approximately ¢.(0) with
e the probability of some displacement is 1: ffooo o (0)do = 1;
e the average displacement is 0: ffooo 0¢-(0)dé = 0;
e the variation in displacement is linear in the length of the time interval:

f_oooo 82¢,(0)dd = D, where D > 0 is called the diffusion coefficient.

Denote by f(x,t) the density of particles at position x, at time ¢. Under differentiability
assumptions, we get by a first order Taylor expansion that

of

flz,t+7)~ f(z,t) + Ta(m,t).
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On the other hand, by a second order expansion

flz,t+71) = /OO flz—9,t)p-(5)dd

0 0?

~ [ e -G+ 325 L w0l o)
2

~ f(l’,t)+%DT%($,t).

Equating gives rise to the heat equation in one dimension:

of 4 0*f

ot~ 27 92
which has the solution
_ #particles e

VA Dt

So f(xz,t) is the density of a N'(0,4Dt)-distributed random variable multiplied by the number
of particles.

Side remark. In section 1.5 we will see that under these assumptions paths of pollen
grain through liquid are non-differentiable. However, from physics we know that the velocity
of a particle is the derivative (to time) of its location. Hence pollen grain paths must be
differentiable. We have a conflict between the properties of the physical model and the
mathematical model. What is wrong with the assumptions? Already in 1926 editor R. Fiirth
doubted the validity of the independence assumption (2). Recent investigation seems to have
confirmed this doubt.

Brownian motion will be one of our objects of study during this course. We will now turn
to a mathematical definition.

f(z,t)

Definition 1.1.1 Let T be a set and (F, ) a measurable space. A stochastic process indexed
by T', with values in (E,€), is a collection X = (X;)ter of measurable maps from a (joint)
probability space (2, F,P) to (E,E). X; is called a random element as a generalisation of the
concept of a random variable (where (E,€) = (R, B)). The space (E,£) is called the state
space of the process.

Review BN §1

The index t is a time parameter, and we view the index set T as the set of all observation
instants of the process. In these notes we will usually have ' = Z4 = {0,1,...} or T =
R =[0,00) (or T is a sub-interval of one these sets). In the former case, we say that time is
discrete, in the latter that time is continuous. Clearly a discrete-time process can always be
viewed as a continuous-time process that is constant on time-intervals [n,n + 1).

The state space (F,E) will generally be a Euclidian space R?, endowed with its Borel
o-algebra B(Rd). If F is the state space of the process, we call the process E-valued.

For every fixed observation instant ¢ € T', the stochastic process X gives us an F-valued
random element X; on (2, F,P). We can also fix w € 2 and consider the map ¢t — X;(w) on
T. These maps are called the trajectories or sample paths of the process. The sample paths
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are functions from T to F and so they are elements of the function space ET. Hence, we can
view the process X as an ET-valued random element.

Quite often, the sample paths belong to a nice subset of this space, e.g. the continuous
or right-continuous functions, alternatively called the path space. For instance, a discrete-
time process viewed as the continuous-time process described earlier, is a process with right-
continuous sample paths.

Clearly we need to put an appropriate o-algebra on the path space ET. For consistency
purposes it is convenient that the marginal distribution of X; be a probability measure on
the path space. This is achieved by ensuring that the projection x — x;, where t € T,
is measurable. The o-algebra £, described in BN §2, is the minimal o-algebra with this
property.

Review BN §2

We will next introduce the formal requirements for the stochastic processes that are called
Brownian motion and Poisson process respectively. First, we introduce processes with inde-
pendent increments.

Definition 1.1.2 Let E be a separable Banach space, and £ the Borel-o-algebra of subsets
of B. Let T =[0,7] C R". Let X = {X;}yer be an (E, £)-valued stochastic process, defined
on an underlying probability space (€2, F, P).

i) X is called a process with independent increments, if o(X; — X;) and o(X,,u < s), are
independent for all s <t < 7.

o

ii) X is called a process with stationary, independent increments, if, in addition, X; — Xs =
Xt s — Xp, for s<t <.

The mathematical model of the physical Brownian motion is a stochastic process that is
defined as follows.

Definition 1.1.3 The stochastic process W = (W;);> is called a (standard) Brownian mo-
tion or Wiener process, if

i) Wh =0, as,;
ii) W is a stochastic process with stationary, independent increments;
i) W, — W, £ N0, — s);

iv) almost all sample paths are continuous.

In these notes we will abbreviate ‘Brownian motion’ as BM. Property (i) tells that
standard BM starts at 0. A stochastic process with property (iv) is called a continuous
process. Similarly, a stochastic process is said to be right-continuous if almost all of
its sample paths are right-continuous functions. Finally, the acronym cadlag (continu &
droite, limites a gauche) is used for processes with right-continuous sample paths having
finite left-hand limits at every time instant.

Simultaneously with Brownian motion we will discuss another fundamental process: the Pois-
son process.
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Definition 1.1.4 A real-valued stochastic process N = (N;);>0 is called a Poisson process if
i) N is a counting process, i.0.w.

a) N; takes only values in (Z,,2%+), t > 0;
b) t +— Ny is increasing, i.o.w. Ny < Ny, t > s.

c¢) (no two occurrences can occur simultaneously) limgj; Ny < limgy Ng+1, for all ¢t > 0.
ii) No =0, a.s;
iii) N is a stochastic process with stationary, independent increments.

Note: so far we do not know yet whether a BM process and a Poisson process exist at all!
The Poisson process can be constructed quite easily and we will do so first before delving into
more complex issues.

Construction of the Poisson process The construction of a Poisson process is simpler
than the construction of Brownian motion. It is illustrative to do this first.

Let a probability space (£2, F, P) be given. We construct a sequence of i.i.d. (R, B(R4))-
measurable random variables X,,, n = 1,..., on this space, such that X, 4 exp(A). This

means that
P{X, >t} =e™, ¢>0.

Put Sp =0, and S, = > " | X;. Clearly S,, n =0,... are in increasing sequence of random
variables. Since X, are all 7/B(R4)-measurable, so are S,,. Next define

Ny = max{n|S, <t}.

We will show that this is a Poisson process. First note that N; can be described alternatively
as

e’}
Nt - Z I{Sngt}
n=1

Ny maybe infinite, but we will show that it is finite with probability 1 for all ¢. Moreover,
no two points S, and S,+1 are equal. Denote by £ the o-algebra generated by the one-point
sets of Z.

Lemma 1.1.5 N; is F/2%+-measurable. There exists a set Q* € F with P{Q*} = 1, such
that Ne(w) < oo for allt >0, w € Q*, and Sy (w) < Sp+1(w), n=0,....

Proof. From the law of large numbers we find a set ', P{2'} = 1, such that Ny(w) < oo for
all t > 0, w € Q. Tt easily follows that there exists a subset Q* C ', P{Q*} = 1, meeting the
requirements of the lemma. Measurability follows from the fact that 15, <; is measurable.
Hence a finite sum of these terms is measurable. The infinite sum is then measurable as well,
being the monotone limit of measurable functions. QED

Since Q* € F, we may restrict to this smaller space without further ado. Denote the restricted
probability space again by (2, F, P).

Theorem 1.1.6 For the constructed process N on (2, F,P) the following hold.



1.1. INTRODUCTION )

i) N is a (Z4,E)-measurable stochastic process that has properties (i,...,iv) from Defini-
tion 1.1.4. Moreover, N; is F/E-measurable, it has a Poisson distribution with pa-
rameter Xt and S, has a Gamma distribution with parameters (n,\). In particular
EN; = Mt, and EN? = Xt + (\t)2.

ii) All paths of N are cadlag.

Proof. The second statement is true by construction, as well as are properties (i,ii). The fact
that IV; has a Poisson distribution with parameter A¢, and that S,, has I'(n, A) distribution is
standard.

We will prove property (iv). It suffices to show for ¢ > s that N; — Ny has a Poisson
(A(t — s)) distribution. Clearly

P{N: = N, =j} = Y P{N,=i,Ny— N, =j}
>0
= Z P{Sl < S,Si+1 > S, Si—i—j < t,Si+j+1 > t}. (1.1.1)
>0
First let 4,j > 1. Recall the density f, » of the I'(n, \) distribution:
)\nxn—le—)\m

fn,A(UC) = Tv

n#1

where I'(n) = (n—1)!. Then, with a change of variable u = s3 — (s — s1) in the third equation,

P{Nt — NS == j, Ns = ’L} = P{SZ < S, SH_l > s, Si—i—j < t, Si-i—j-‘rl > t}

s t—s1 t—so—s1
= / / / efA(l&fSS*S?fsl)fj_L)\(33)d53)\67)‘s2d52fi,>\(81)d51
0 Js 0

—581

s t—s t—s—u
= / / / e_)‘(t_s_“_53)f]-,l,)\(53)d83)\e_>‘“du . e_)‘(s_sl)fi)\(sl)dsl
0o Jo 0
P{Sj <t-— S,Sj+1 >t — S} . P{Sz < S,Si_H > S}
= P{N;—s = j}P{Ns; =i}. (1.1.2)
For i =0,1,7 = 1, we get the same conclusion. (1.1.1) then implies that P{N; — Ny = j} =
P{N;_s = j}, for 7 > 0. By summing over j > 0 and substracting from 1, we get the relation
for j = 0 and so we have proved property (iv).
Finally, we will prove property (iii). Let us first consider o(N,,u < s). This is the smallest

o-algebra that makes all maps w — N, (w), u < s, measurable. Section 2 of BN studies its
structure. It follows that (see Exercise 1.1) the collection Z, with

I:{Aeﬂ In€Zytg <t <ty<---<tyt;€[0,s],54€Zs,l=0,...,n,
such that A = {Ny, :z'l,l:(),...,n}}

a m-system for this o-algebra.
To show independence property (iii), it therefore suffices show for each n, for each sequence
0<ty< -+ <ty, and ig,...,i,,1 that

P{Ntl :il,l:O,...,n,Nt—Ns:i}:P{Ntl :’Ll,l:O,,n}P{Nt—NSZZ}
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This is analogous to the proof of (1.1.2). QED

A final observation. We have constructed a mapping N : Q@ — Q' C ZL?’OO), with ZL?’OO) the
space of all integer-valued functions. The space €’ consists of all integer valued paths «’, that
are right-continuous and non-decreasing, and have the property that w; < limg w), + 1.

It is desirable to consider ' as the underlying space. One can then construct a Poisson
process directly on this space, by taking the identity map. This will be called the canonical
process. The c-algebra to consider, is then the minimal o-algebra F’ that makes all maps
W'+ w] measurable, t > 0. It is precisely F' = £10°°) n Y.

Then w +— N(w) is measurable as a map Q@ — . On (2, F') we now put the induced
probability measure P’ by P’{A} = P{w | N(w) € A}.

In order to construct BM, we will next discuss a procedure to construct a stochastic process,
with given marginal distributions.

1.2 Finite-dimensional distributions

In this section we will recall Kolmogorov’s theorem on the existence of stochastic processes
with prescribed finite-dimensional distributions. We will use the version that is based on the
fact hat T is ordered. It allows to prove the existence of a process with properties (i,ii,iii) of
Definition 1.1.3.

Definition 1.2.1 Let X = (Xy)ier be a stochastic process. The distributions of the finite-
dimensional vectors of the form (Xy,, Xy,,...,Xy,), t1 < to < -+ < ty, are called the finite-
dimensional distributions (fdd’s) of the process.

It is easily verified that the fdd’s of a stochastic process form a consistent system of measures
in the sense of the following definition.

Definition 1.2.2 Let 7' C R and let (E, ) be a measurable space. For all n € Z and all
th < - <ty t; €T, i=1,...,n, let py . 4, be a probability measure on (E",&"). This
collection of measures is called consistent if it has the property that

Ntl,...,ti,l,tprl,...,tn(Al X XAy XAy X '><An) = Mty tn (Al X XA X EXAj X 'XAn),
for all Ay,..., Ai—1, Aiy1,..., Ap €E.

The Kolmogorov consistency theorem states that, conversely, under mild regularity conditions,
every consistent family of measures is in fact the family of fdd’s of some stochastic process.

Some assumptions are needed on the state space (E,E&). We will assume that E is a
Polish space. This is a topological space, on which we can define a metric that consistent
with the topology, and which makes the space complete and separable. As & we take the
Borel-o-algebra, i.e. the o-algebra generated by the open sets. Clearly, the Euclidian spaces
(R™, B(R")) fit in this framework.

Theorem 1.2.3 (Kolmogorov’s consistency theorem) Suppose that E is a Polish space
and & its Borel-o-algebra. Let T C R and for alln € Z,, t1 < ... <ty € T, let py, ..+,
be a probability measure on (E™,E™). If the measures pu, .., form a consistent system, then
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there exists a probability measure P on ET', such that the canonical (or co-ordinate variable)
process (X;); on (= ET, F = ET P), defined by

X(w) = W, Xt(w) = W,
has tdd’s s, ... ¢, -

The proof can for instance be found in Billingsley (1995). Before discussing this theorem, we
will discuss its implications for the existence of BM.

Review BN §4 on multivariate normal distributions

Corollary 1.2.4 There exists a probability measure P on the space (Q = R0 F = B(R)[0:%)),
such that the co-ordinate process W = (Wy);>0 on (@ = RI%®) F = B(R)[%*), P) has prop-
erties (i,i,iii) of Definition 1.1.3.

Proof. The proof could contain the following ingredients.
(1) Show that for 0 < tp < t1 < -+ < t,, there exist multivariate normal distributions with
covariance matrices

to 0 o 0
0 t1—+to 0 0
0 0 0 U O
and
to to ... ... to
t() tl tl T tl
Xipotn=|1% 01 t2 ... 12
to t1 ta ... tn

(2) Show that a stochastic process W has properties (i,ii,iii) if and only if for all n € Z,

0<tp<...<ty, the vector (Wy,, Wy, — Wyy,..., Wy, — Wy, ) 4 N(0, X).
(3) Show that for a stochastic process W the (a) and (b) below are equivalent:

a) foralln € Z, 0 <ty < ... <ty the vector (Wi, Wy, — Wiy,..., Wi, — Wy, ) = N0, %) ;

b) foralln e Z,0<ty<...<t, the vector (Wy,, Wy,,...,Wy,) 4 N(0, Xt 4,)-
QED

The drawback of Kolmogorov’s Consistency Theorem is, that in principle all functions on the
positive real line are possible sample paths. Our aim is the show that we may restrict to the
subset of continuous paths in the Brownian motion case.

However, the set of continuous paths is not even a measurable subset of B(R)) , and so
the probability that the process W has continuous paths is not well defined. The next section
discussed how to get around the problem concerning continuous paths.

[0,00)
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1.3 Kolmogorov’s continuity criterion

Why do we really insist on Brownian motion to have continuous paths? First of all, the
connection with the physical process. Secondly, without regularity properies like continuity,
or weaker right-continuity, events of interest are not ensured to measurable sets. An example
is: {sup;>o Wi <z}, inf{t > 0| W; = z}.

The idea to address this problem, is to try to modify the constructed process W in such a
way that the resulting process, W say, has continuous paths and satisfies properties (i,i1,iii),
in other words, it has the same fdd’s as W. To make this idea precise, we need the following
notions.

Definition 1.3.1 Let X and Y be two stochastic processes, indexed by the same set T
and with the same state space (E, &), defined on probability spaces (Q, F,P) and (', F',P)
respectively. The processes are called versions of each other, if they have the same fdd’s. In
other words, if for all n € Zy, t1,...,t, € T and By,...,B, € &

P{X;, € B1,Xy, € Ba,..., Xy, € B,} =P {Y,, € B1,Y}, € Bs,...,Y;, € B,}.

X and Y are both (F,E)-valued stochastic processes. They can be viewed as random
elements with values in the measurable path space (ET,£7). X induces a probability
measure Py on the path space with Py{A} = P{X1(A)}. In the same way Y induces
a probability R~ on the path space. Since X and Y have the same fdds, it follows for
eachneZ,andty < - - <ty, t1,...,t, €T, and Ay,..., A, € £ that

Pe{A} = R4},

for A= {x € ET |2, € A;,i = 1,...,n}. The collection of sets B of this form are a
m-system generating €7 (cf. remark after BN Lemma 2.1), hence Py = B, on (ET,£7)
by virtue of BN Lemma 1.2(i).

Definition 1.3.2 Let X and Y be two stochastic processes, indexed by the same set T" and
with the same state space (E, &), defined on the same probability space (€, F, P).

i) The processes are called modifications of each other, if for every t € T
X:=Y;, as.

ii) The processes are called indistinguishable, if there exists a set Q* € F, with P{Q*} =1,
such that for every w € Q* the paths t - X;(w) and ¢ — Y;(w) are equal.

The third notion is stronger than the second notion, which in turn is clearly stronger
than the first one: if processes are indistinguishable, then they are modifications of
each other. If they are modifications of each other, then they certainly are versions of
each other. The reverse is not true in general (cf. Exercises 1.3, 1.6). The following
theorem gives a sufficient condition for a process to have a continuous modification.
This condition (1.3.1) is known as Kolmogorov’s continuity condition.

Denote by C%[0,T)] the collection of R%valued continuous functions on [0, T7.
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Theorem 1.3.3 (Kolmogorov’s continuity criterion) Let X = (Xt);c(o,1) be an (R4, BY)-
valued stochastic process on a probability space (Q, F,P). Suppose that there exist constants
a, 8, K > 0 such that

E|X; — X,|* < K|t — s|'*P, (1.3.1)

for all s,t € [0,T]. Then there exists a (everywhere!) continuous modification X of X, i.o.w.
X (w) is a continuous function on [0,T] for each w € Q. Thus the map X : (Q,F,P) —
(C40,T], 40, T) N BRHOTY s an F/C40,T) N BRHOT measurable map.

Note: 5 > 0 is needed for the continuous modification to exist. See Exercise 1.5.
Proof. The proof consists of the following steps:
1 (1.3.1) implies that X; is continuous in probability on [0, 7T;
2 X, is a.s. uniformly continuous on a countable, dense subset D C [0,T7;
3 ‘Extend’ X to a continuous process Y on all of [0, 7.
4 Show that Y is a well-defined stochastic process, and a continuous modification of X.
Without loss of generality we may assume that T = 1.
Step 1 Apply Chebychev’s inequality to the r.v. Z = | X; — X,| and the function ¢ : R — R™
given by

<

o= o5

Since ¢ is non-decreasing, non-negative and E¢(Z) < oo, it follows for every € > 0 that

E|X: — Xs|* _ K|t —s"”

€* €

P{”Xt - Xs” > 6} S

(1.3.2)

Let t,t1,... € [0,1] with t, — t as n — oo. By the above,

l;m P{HXt — th ” > 6} = 0,

for any € > 0. Hence X;, LR X¢, n — oo. In other words, X is continuous in probability.

Step 2 As the set D we choose the dyadic rationals. Let D,, = {k/2" |k =0,...,2"}. Then
D,, is an increasing sequence of sets. Put D = U, D,, = lim,_,o D,,. Clearly D = [0, 1], i.e.
D is dense in [0, 1].

Fix v € (0, 5/a). Apply Chebychev’s inequality (1.3.2) to obtain

K2—n(1+5)
Q—Yno

P{I Xk on — X(g—1)j2n| > 277"} < — K9 n(+B—ay)

It follows that

IN

P{ max [ Xy — X(g_1)/2n| > 277"}

2774
Xion — X, " —yn
1<k<2n ]; P{] k)2 (k—1)/2n > 2 I}

S 277,K2—TL(1+B—OL’Y) — K2_n(ﬁ_a’y)
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Define the set A, = {maxi<p<on |[Xy/on — X(p—1)/2n| > 277"}, Then

1
—n(f—ay) _
S P4, <Y K2 =K <

since f—a7y > 0. By virtue of the first Borel-Cantelli Lemma this implies that P{lim sup,,, A, } =
P{N>_, U, A,} = 0. Hence there exists a set Q* C 2, Q* € F, with P{Q*} = 1, such that
for each w € Q* there exists N, for which w & U, >n_ Ay, in other words

n — n <27 > . 3.
. [Xon (@) = Xgeyze@] <277 n2 N, (1.33)

Fix w € Q*. We will show the existence of a constant K’, such that
X (w) — Xg(w)| < K'|t —s]7, Vs,teD,0<t—s<2 N (1.3.4)

Indeed, this implies uniform continuity of X;(w) for t € D, for w € Q*. Step 2 will then be
proved.

Let s,t satisfy 0 < t —s < 2~ Ne. Hence, there exists n > N,,, such that 2=("+1) <¢— 5 <
27",

Fix n > N,. For the moment, we restrict to the set of s,t € Up,>nq1Dm, with 0 <t —s <
27", By induction to m > n + 1 we will first show that

[Xe(w) = Xo(w)] <2 > 27, (1.3.5)
k=n+1

if s,t € Dyy,.

Suppose that s,t € Dy41. Then t — s = 2-(+1) Thus s,t are neighbouring points in
D11, i.e. there exists k € {0,...,2""1 — 1} such that ¢t = k/2""! and s = (k + 1)/2" "L
(1.3.5) with m = n + 1 follows directly from (1.3.3). Assume that the claim holds true upto
m > n + 1. We will show its validity for m + 1.

Put ¢ = min{u € D, |u > s} and ¢’ = max{u € D,,|u < t}. By construction s < s’ <
t <t and s —s,t —t' <27t Then 0 <t/ — s’ < t—s < 27" Since §,t' € D,,, they
satisfy the induction hypothesis. We may now apply the triangle inequality, (1.3.3) and the
induction hypothesis to obtain

[Xi(w) = Xs(@)] < [Xi(w) = X ()] + [ X (w) = Xo(@)] + [ X (w) = Xs(w)]

m m—+1
é 2—7(m+1) + 2 Z 2—’7k} + 2—7(m+1) — 2 Z 2—’7]{1.
k=n+1 k=n+1

This shows the validity of (1.3.5). We prove (1.3.4). To this end, let s,t € D with 0 < t—s <
2~ N As noted before, there exists n > N,,, such that 2=(®*1) < ¢ — s < 27" Then there
exists m > n + 1 such that ¢, s € D,,. Apply (1.3.5) to obtain

2

7 STt el
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Consequently (1.3.4) holds with constant K’ =2/(1 —277).
Step 3 Define a new stochastic process Y = (Y3)ic[o,1) on (€2, F, P) as follows: for w ¢ Q*, we
put ¥; =0 for all t € [0,1]; for w € Q* we define

X (w), ifteD,
Yi(w) = thft Xy, (w), iftg D.
tn€D

For each w € Q*, t — X;(w) is uniformly continuous on the dense subset D of [0,1]. It is a
theorem from Analysis, that ¢ — X;(w) can be uniquely extended as a continuous function
on [0,1]. This is the function ¢t — Y;(w), t € [0,1].

Step 4 Uniform continuity of X implies that Y is a well-defined stochastic process. Since X
is continuous in probability, it follows that Y is a modification of X (Exercise 1.4). See BN
85 for a useful characterisation of convergence in probability. QED

The fact that Kolmogorov’s continuity criterion requires K|t — s|'*# for some § >
0, guarantees uniform continuity of a.a. paths X (w) when restricted to the dyadic
rationals, whilst it does not so for § = 0 (see Exercise 1.5). This uniform continuity
property is precisely the basis of the proof of the Criterion.

Corollary 1.3.4 Brownian motion exists.

Proof. By Corollary 1.2.4 there exists a process W = (W}):>o that has properties (i,ii,iii)
of Definition 1.1.3. By property (iii) the increment W; — Wy has a N(0,t — s)-distribution
for all s < t. This implies that E(W; — W,)* = (¢t — s)?EZ*, with Z a standard normally
distributed random variable. This means the Kolmogorov’s continuity condition (1.3.1) is
satisfied with « = 4 and 8 = 1. So for every T' > 0, there exists a continuous modification
WT = (W{)epo.r) of the process (Wy)seo,r)- Now define the process X = (X;);>0 by

Xy =Y W10 ().
n=1

In Exercise 1.7 you are asked to show that X is a Brownian motion process. QED

Remarks on the canonical process Lemma 1.3.5 below allows us to restrict to continuous
paths. There are two possibilities now to define Brownian motion as a canonical stochastic
process with everywhere continuous paths.

The first one is to ‘kick out’ the discontinuous paths from the underlying space. This is
allowed by means of the outer measure.
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Let (2, F,P) be a probability space. Define the outer measure

P*{A} = inf P{B}.
(A=, i, PB)

Lemma 1.3.5 Suppose that A is a subset of Q with P*{A} = 1. Then for any F € F,
one has P*{F} = P{F'}. Moreover, (A, A,P*) is a probability space, where A = {AN
F|F e F}.

Kolmogorov’s continuity criterion applied to canonical BM implies that the outer measure
of the set C[0,00) of continuous paths equals 1. The BM process after modification is the
canonical process on the restricted space (RI>>) N[0, 00), B> N C[0, 00), P*), with P* the
outer measure associated with P.

The second possibility is the construction mentioned at the end of section 1.1, described
in more generality below. Given any (FE,£)-valued stochastic process X on an underlying
probability space (Q,F,P). Then X : (Q,F) — (ET,&T) is a measurable map inducing a
probability measure Py on the path space (ET,&7). The canonical map on (ET, &7, Py) now
has the same distribution as X by construction. Hence, we can always associate a canonical
stochastic process with a given stochastic process.

Suppose now that there exists a subset I' ¢ ET, such that X : Q — I' N ET. That is,
the paths of X have a certain structure. Then X is F/T' N £7-measurable, and induces a
probability measure Py on (I','NET). Again, we may consider the canonical process on this
restricted probability space (I, T N ET, Py).

1.4 Gaussian processes

Brownian motion is an example of a so-called Gaussian process. The general definition is as
follows.

Definition 1.4.1 A real-valued stochastic process is called Gaussian of all its fdd’s are Gaus-
sian, in other words, if they are multivariate normal distributions.

Let X be a Gaussian process indexed by the set T. Then m(t) = EXy, t € T, is the
mean function of the process. The function r(s,t) = cov(Xs, Xy), (s,t) € T x T, is the
covariance function. By virtue of the following uniqueness lemma, fdd’s of Gaussian
processes are determined by their mean and covariance functions.

Lemma 1.4.2 Two Gaussian processes with the same mean and covariance functions are
versions of each other.

Proof. See Exercise 1.8. QED

Brownian motion is a special case of a Gaussian process. In particular it has m(t) = 0 for
all t > 0 and r(s,t) = s A t, for all s < t. Any other Gaussian process with the same mean
and covariance function has the same fdd’s as BM itself. Hence, it has properties (i,ii,iii) of
Definition 1.1.3. We have the following result.
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Lemma 1.4.3 A continuous or a.s. continuous Gaussian process X = (X¢)¢>0 is a BM pro-
cess if and only if it has the same mean function m(t) = EXy = 0 and covariance function
r(s,t) = EX; Xy =sAt.

The lemma looks almost trivial, but provides us with a number extremely useful scaling and
symmetry properties of BM!

Remark that a.s. continuity means that the collection of discontinuous paths is contained
in a null-set. By continuity we mean that all paths are continuous.

Theorem 1.4.4 Let W be a BM process on (2, F,P). Then the following are BM processes
as well:

i) time-homogeneity for every s > 0 the shifted process W(s) = (Wits — Ws)>o0;
ii) symmetry the process —W = (=W4)>0;

iii) scaling for every a > 0, the process W defined by W = a VP Wy;

iv) time inversion the process X = (X;);>0 with Xo =0 and X; =tWy, t > 0.

If W has (a.s.) continuous paths then W (s), =W and W* have (a.s.) continuous paths and
X has a.s. continuous paths. There exists a set Q* € F, such that X has continuous paths

on (*, FNQ*,P).

Proof. We would like to apply Lemma 1.4.3. To this end we have to check that (i) the defined
processes are Gaussian; (ii) that (almost all) sample paths are continuous and (iii) that they
have the same mean and covariance functions as BM. In Exercise 1.9 you are asked to show
this for the processes in (i,ii,iii). We will give an outline of the proof (iv).

The most interesting step is to show that almost all sample paths of X are continuous.
The remainder is analogous to the proofs of (i,ii,iii).

So let us show that almost all sample paths of X are continuous. By time inversion, it is
immediate that (X;)¢>o (a.s.) has continuous sample paths if W has. We only need show a.s.
continuity at ¢ = 0, that is, we need to show that lim; g X; = 0, a.s.

Let Q" = {w € Q| (Wi(w))i>0 continuous, Wy(w) = 0}. By assumption 2\ Q* is contained
in a P-null set. Further, (X;);>0 has continuous paths on Q*.

Then limy o X;(w) = 0 iff for all € > 0 there exists d,, > 0 such that | X;(w)| < € for all
t < ,. This is true if and only if for all integers m > 1, there exists an integer n,,, such that
| Xq(w)|] < 1/m for all ¢ € Q with ¢ < 1/ny,, because of continuity of X;(w), ¢ > 0. Check
that this implies

o o
{w: 1gfgxt(w) =opn= U [ A{v:lXWw)l<1/m}na
m=1n=1¢€(0,1/n]NQ
The fdd’s of X and W are equal. Hence (cf. Exercise 1.10)
PIOU () {wixli<ymp=pP((\J [ {w:Wew)<1/m}}.
m=1n=1¢€(0,1/n)NQ m=1n=1¢€(0,1/n]NQ

It follows that (cf. Exercise 1.10) the probability of the latter equals 1. As a consequence
P{w : limy o X¢(w) =0} = 1.
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QED

These scaling and symmetry properties can be used to show a number of properties of Brow-
nian motion. The first is that Brownian motion sample paths oscillate between +o0o and —oc.

Corollary 1.4.5 Let W be a BM with the property that all paths are continuous. Then

P{i;g Wi oo,%rzlg Wy oo}

Proof. 1t is sufficient to show that

P{supW; = 00} = 1. (1.4.1)

t>0

Indeed, the symmetry property implies

sup Wy 4 sup(—Wy) = — inf W;.
t>0 t>0 t20

Hence (1.4.1) implies that P{inf;>o W; = —oo} = 1. As a consequence, the probability of the
intersection equals 1 (why?).

First of all, notice that sup, W; is well-defined. We need to show that sup, W; is a measur-
able function. This is true (cf. BN Lemma 1.3) if {sup, W; < z} is measurable for all z € R.
(Q is sufficient of course).

This follows from

{s%p Wy <z} = ﬂ {W, < x}.
q€Q

Here we use that all paths are continuous. We cannot make any assertions on measurability
of {Wy < x} restricted to the set of discontinuous paths, unless F is P-complete.
By the scaling property we have for all a > 0

1 1
sup W, 4 sup —= Wy = — sup W,.
t ¢ t

Vit~ Va

It follows for n € Z, that
P{sup W; < n} = P{n*sup W; < n} = P{supW; < 1/n}.
t t t

By letting n tend to infinity, we see that
P{sup W; < oo} = P{sup W; < 0}.
t t
Thus, for (1.4.1) it is sufficient to show that P{sup, W; < 0} = 0. We have
P{supW; <0} < P{W1 <0,supW; <0}
t t>1

< P{W; <0,supW; — Wp < oo}
t>1

P{W1 < 0}P{sup W; — W7 < oo},
t>1
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by the independence of Brownian motion increments. By the time-homogeneity of BM, the
latter probability equals the probability that the supremum of BM is finite. We have just
showed that this equals P{sup W; < 0}. And so we find

P{sup W; < 0} < iP{sup W, < 0}.
¢ t

This shows that P{sup, W; < 0} = 0 and so we have shown (1.4.1). QED

Since BM has a.s. continuous sample paths, this implies that almost every path visits every
point of R. This property is called recurrence. With probability 1 it even visits every point
infinitely often. However, we will not further pursue this at the moment and merely mention
the following statement.

Corollary 1.4.6 BM is recurrent.

An interesting consequence of the time inversion property is the following strong law of large
numbers for BM.

Corollary 1.4.7 Let W be a BM. Then

Wi

Proof. Let X be as in part (iv) of Theorem 1.4.4. Then
W
P{T—>0, t—oo} =P{X; =0, t—o0}=1

QED

1.5 Non-differentiability of the Brownian sample paths

We have already seen that the sample paths of W are continuous functions that oscillate
between +o0o and —oo. Figure 1.1 suggests that the sample paths are very rough. The
following theorem shows that this is indeed the case.

Theorem 1.5.1 Let W be a BM defined on the space (2, F,P). There is a set Qx with
P{*} = 1, such that the sample path t — Ww) is nowhere differentiable, for any w € Q*.

Proof. Let W be a BM. Consider the upper and lower right-hand derivatives

Wipn(w) — Wi(w)

DV (t,w) = lim sup
hl0 h
e Wign(w) = Wi(w)
Dy (t,w) = 1112¢énf . :

Let
A = {w] there exists ¢ > 0 such that D" (¢,w) and Dy (t,w) are finite }.
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Note that A is not necessarily a measurable set. We will therefore show that A is contained
in a measurable set B with P{B} = 0. In other words, A has outer measure 0.
To define the set B, first consider for k,n € Z, the random variable

Define for n € Z

Y, = min X, .
kE<n2n ’

A the set B we choose
o0 o0
B=|J ({ve<k2"}
n=1k=n

We claim that A C B and P{B} = 0.
To prove the inclusion, let w € A. Then there exists t = t,, such that Dy (t,w), DV (t,w)
are finite. Hence, there exists K = K, such that

—K < Dy(t,w) < DY (t,w) < K.
As a consequence, there exists 0 = d,, such that
[Ws(w) = We(w)| < K - |s—t|, seltt+d]. (1.5.1)

Now take n = n,, € Z, so large that

4
on < 0, 8K <mn, t<n. (1.5.2)
Next choose k € Z, such that

k—1 k

o SU< g (1.5.3)

By the first relation in (1.5.2) we have that

k+3 E+3 k-1 4
_tl < _ < =

’ omn t‘—‘ omn omn ‘—2n<67

so that k/2", (k+1)/2", (k+2)/2", (k+3)/2™ € [t,t+6]. By (1.5.1) and the second relation

in (1.5.2) we have our choice of n and k that

Xnp(w) < max {|Wiy1yon — Wil + W — Wijanls Wkg2y2n — Wil + [We — Wiy jan
(Wikt3)/2n — Wil + [We — Wiy /20 |}
n

4
< 2K2—n < o

The third relation in (1.5.2) and (1.5.3) it holds that k —1 < ¢2™ < n2". This implies k < n2"
and so Y, (w) < X, 1 (w) < n/2", for our choice of n.

Summarising, w € A implies that Y, (w) < n/2" for all sufficiently large n. This implies
w € B. We have proved that A C B.
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In order to complete the proof, we have to show that P{B} = 0. Note that [W1)/on —
Wijanls IW(ks2)/2n — Wiig1yj2n| and [Wigy3)jan — Wigy2)/on| are ii.d. random variables. We
have for any € > 0 and k£ =0,...,n2" that

P{Xok <€} < P{{Waiiiyjon — Wrio1yjonl <€i=1,2,3}

(P{We1)/20 = Weaayyel < €))° = (P{Wijan] < €)°
= (P{’Wl‘ < 2”/26})3 < (2 . 271,/26)3 _ 23n/2+1€3'

IN

We have used time-homogeneity in the third step, the time-scaling property in the fourth and
the fact that the density of a standard normal random variable is bounded by 1 in the last
equality. Next,

P{Y, <e} = P{UZ{Xni>el=0,....k—1,X,1 <e}}
n2m
S Z P{XnJg S 6} S n2n i 23n/2+1€3 — n25n/2+163.
k=1

Choose € = n/2", we see that P{Y,, < n/2"} — 0, as n — oo. This implies that P{B} =
P{lim inf, oo{Yn < n/2"}} <lim inf, o P{Y,, < n/2"} = 0. We have used Fatou’s lemma
in the last inequality. QED

1.6 Filtrations and stopping times

If W is a BM, the increment Wy, — W; is independent of ‘what happened up to time ¢’. In
this section we introduce the concept of a filtration to formalise the notion of ‘information
that we have up to time ¢’. The probability space (€2, F, P) is fixed again and we suppose that
T is a subinterval of Z; or Ry.

Definition 1.6.1 A collection (F)¢cr of sub-o-algebras is called a filtration if Fs C F; for all
s <t. A stochastic process X defined on (2, F, P) and indexed by T is called adapted to the
filtration if for every ¢ € T, the random variable X; is F;-measurable. Then (Q, F, (F)ieT, P)
is a filtered probability space.

We can think of a filtration as a flow of information. The o-algebra F; contains the events
that can happen ‘upto time t’. An adapted process is a process that ‘does not look into the
future’. If X is a stochastic process, then we can consider the filtration (F;¥);er generated
by X:

FX =0(Xs,s <t).

We call this the filtration generated by X, or the natural filtration of X. It is the ‘smallest’
filtration, to which X is adapted. Intuitively, the natural filtration of a process keeps track of
the ‘history’ of the process. A stochastic process is always adapted to its natural filtration.

Canonical process and filtration If X is a canonical process on (I, T NET) with T' ¢ E7,
then FX =T n &0

As has been pointed out in Section 1.3, with a stochastic process X one can associate a
canonical process with the same distribution.

Indeed, suppose that X : © — I' 1 E7. The canonical process on I' N E7 is adapted to
the filtration (€047 N T),.
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Review BN §2, the paragraph on o-algebra generated by a random variable or a stochas-
tic process.

If (Fi)ter is a filtration, then for t € T' we may define the o-algebra

Fey = () Fesi/n
n=1

This is the o-algebra F;, augmented with the events that ‘happen immediately after time ¢’.
The collection (Fit)ier is again a filtration (see Exercise 1.16). Cases in which it coincides
with the original filtration are of special interest.

Definition 1.6.2 We call a filtration (F})ier right-continuous if Fyp = F; for all t € T.

Intuitively, right-continuity of a filtration means that ‘nothing can happen in an infinitesimal
small time-interval’ after the observed time instant. Note that for every filtration (F), the
corresponding filtration (Fi4) is always right-continuous.
In addition to right-continuity it is often assumed that Fy contains all events in Fo, that
have probability 0, where
]:oo = 0'(.7:,5,75 > 0)

As a consequence, every J; then also contains these events.

Definition 1.6.3 A filtration (F;)er on a probability space (€2, F,P) is said to satisfy the
usual conditions if it is right-continuous and Fy contains all P-negligible events of F.

Stopping times We now introduce a very important class of ‘random times’ that can be
associated with a filtration.

Definition 1.6.4 An [0, co]-valued random variable 7 is called a stopping time with respect
to the filtration (F3) if for every t € T' it holds that the event {7 < ¢} is Fi-measurable. If
T < oo, we call T a finite stopping time, and if P{7 < oo} = 1, then we call 7 a.s. finite.
Similarly, if there exists a constant K such that 7(w) < K, then 7 is said to be bounded, and
if P{r < K} =17 is a.s. bounded.

Loosely speaking, 7 is a stopping time if for every ¢t € T" we can determine whether 7 has
occurred before time ¢ on basis of the information that we have upto time ¢. Note that 7 is
F/B([0, 0c])-measurable.

With a stopping time 7 we can associate the the o-algebra ¢” generated by 7. However,
this g-algebra only contains the information about when 7 occurred. If 7 is associated with
an adapted process X, then o7 contains no further information on the history of the process
upto the stopping time. For this reason we associate with 7 the (generally) larger o-algebra
Fr defined by

Fr={AcF : An{r <t} e FforallteT}.

(see Exercise 1.17). This should be viewed as the collection of all events that happen prior to
the stopping time 7. Note that the notation is unambiguous, since a deterministic time ¢t € T
is clearly a stopping time and its associated o-algebra is simply the o-algebra F;.

Our loose description of stopping times and stopped o-algebra can made more rigorous,
when we consider the canonical process with natural filtration.
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Lemma 1.6.5 Let Q C ET have the property that for each t € T and w € Q there exists

W € Q such that Wy = wsny for all s € T. Let F = ET N Q. Let X be the canonical process on

(Q, F). Define FX = o(Xy,t € T). The following assertions are true.

a) Let AC Q. Then A € FX if and only if (i) A € FX and (i) w € A and Xs(w) = X4(w')
for all s € T with s <t imply that W' € A.

b) Galmarino test T is an F{X-stopping time if and only T is F -measurable and 7(w) < t,
Xs(w) = Xs(') for s €T, s <t implies T7(w') < t, for allt € T, and w,w" € Q.

c) Let T be an F7<-stopping time. Let A C Q. Then A € FX if and only if (i) A € FX and
(it) w € A and Xs(w) = Xs(w') for all s < 7(w) imply that ' € A.

Proof. See Exercise 1.24. QED

If the filtration (F%) is right-continuous, then 7 is a stopping time if and only if {7 < t} € F;
for all t € T (see Exercise 1.23). The latter defines another type of random time called
optional time.

Definition 1.6.6 A [0, co]-valued random variable 7 is called an optional time with respect
to the filtration (F) if for every t € T it holds that {r < t} € F;. If 7 < oo almost surely, we
call the optional time finite.

Check that 7 is an optional time if and only if 7 4 ¢ is a stopping time for each t € T', t > 0.

Lemma 1.6.7 7 is an (F;)i-optional time if and only if it is a (Fy+)i-stopping time with
respect to (Fiy). Every (Fi)i-stopping time is a (Fi)i-optional time.

Proof. See Exercise 1.25. QED

The associated o-algebra F_ + is defined to be
Frr ={A € Fs : ANn{r <t} € Fpr,t > 0}.

For an {F;}-optional time 7 it holds (cf. Exercise 1.34) that F,.+ is a o-algebra, with respect
to which 7 is measurable. Moreover F,+ = {A € F : AN{7T <t} € F,t > 0}.

Special stopping and optional times The so-called hitting and first entrance times form
an important class of stopping times and optional times. They are related to the first time
that the process visits a set B.

Definition 1.6.8 Let X = (X;);>0) an (F,&)-valued stochastic process defined on the un-
derlying probability space (2, F, Prob). Let B € £. The first entrance time of B is defined
by

op =inf{t > 0| X; € B}.
The first hitting time of B is defined by

g = inf{t > 0| X; € B}.

Lemma 1.6.9 Let (E,d) be a metric space and let B(E) be the Borel-o-algebra of open sets
compatible with the metric d. Suppose that X = (Xi)i>0 is a continuous, (E,B(E))-valued
stochastic process and that B is closed in E. Then op is an (ftx)—stoppz'ng time."

L As is usual, we define inf ) = co.
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Proof. Denote the distance of a point = € E to the set B by d(z, B). In other words
d(z, B) = inf{d(z,y) |y € B}.

First note that  — d(z, B) is a continuous function. Hence it is B(E)-measurable. It follows
that Y; = d(X;, B) is (F;¥)-measurable as a composition of measurable maps. Since X; is
continuous, the real-valued process (Y;); is continuous as well. Moreover, since B is closed,
it holds that X; € B if and only if Y; = 0. By continuity of Y;, it follows that o > ¢ if and
only if Y5 > 0 for all s <t. This means that

(o5 >0 = (> 00<s <= [ N> 1 = U N5 > 1) e 7Y

n=1g€eQ: n=1qgeQ:

where Q; = {tq|q € QN [0, 1]}. QED

Lemma 1.6.10 Let (E,d) be a metric space and let B(E) be the Borel-c-algebra of open sets
compatible with the metric d. Suppose that X = (Xi)i>0 is a right-continuous, (E,B(E))-
valued stochastic process and that B is an open set in E. Then, Tg is an (]—"tX)—optz'onal
time.

Proof. By right-continuity of X and the fact that B is open, 7p(w) < t if and only if there
exists a rational number 0 < ¢, < ¢ such that X, (w) € B. Hence

{TB < t} = qu(O,tﬁQ{Xq € B}

The latter set is F/X-measurable, and so is the first. QED

Example 1.6.1 Let W be a BM with continuous paths and, for > 0, consider the random
variable
T, = inf{t > 0| W} = x}.

Since x > 0, W is continuous and Wy = 0 a.s., 7, can a.s. be written as
Tp = inf{t > 0| Wy = z}.

By Lemma 1.6.9 this is an (F}")-stopping time. Next we will show that P{7, < oo} = 1.
Note that {7, < co} = U2 {7 < n} is a measurable set. Consider A = {w : sup;>¢ W} =
00, infy>0 Wy = —oo}. By Corollary 1.4.5 this set has probability 1. -
Let T' > |z|. For each w € A, there exist T, T, such that Wp, > T, Wp» < —T. By
continuity of paths, there exists ¢, € (T, AT, T, V T},), such that Wy, = z. It follows that
A C {7y < oo}. Hence P{r, < o0} = 1. QED

An important question is whether the first entrance time of a closed set is a stopping time for
more general stochastic processes than the continuous ones. The answer in general is that this
is not true unless the filtration is suitably augmented with null sets (cf. BN §10). Without
augmentation we can derive the two following results. Define X; = lim inf s X.
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Lemma 1.6.11 Let (E,d) be a metric space and let B(E) be the Borel-o-algebra of open sets
compatible with the metric d. Suppose that X = (X¢)i>0 is a (everywhere) cadlag, (E,B(E))-
valued stochastic process and that B is a closed set in EE. Then

vp =inf{t > 0| X; € B, or X;_ € B},
is an (F;X)-stopping time.

Lemma 1.6.12 Let (E,d) be a metric space and let B(E) be the Borel-o-algebra of open sets
compatible with the metric d. Suppose that X = (X¢)i>0 is a right-continuous, (E,B(E))-
valued stochastic process and that B is closed in B(E). Let X be defined on the underlying
probability space (2, F,P).

Suppose further that there exist F-measurable random times 0 < 11 < 19 < ---, such that
the discontinuities of X are contained in the set {11, 72,...}. Then

a) 71, 7,... are (F/X)-stopping times;

b) op is an (F{X)-stopping time.
Proof. We prove (a) and check that {r; <t} € FX. Define for Q; = {qt|q € [0,1] N Q}

=N U fu-sl< X, x) >}

m>1n>1u,s€Q¢

Claim: G = {r; <t}.
Let w € G. Then there exists m,, such that for each n there exists a pair (un ., Spnw) With
[Un,w — Snw| < 1/n for which d(X,, ,, X, ) > 1/me.

If w ¢ {m <t}, then (w) > ¢, and s — Xs(w) would be continuous on [0, ¢], hence
uniformly continuous. As a consequence, for each for m,, there exists n,, for which d( X, X,,) <
1/my, for |u — s| < 1/n,,. This contradicts the above, and hence w € {m; < t}.

To prove the converse, assume that w € {m < t}, iow. s = 7(w) < ¢. By right-
continuity this implies that there exists a sequence ¢; T s, along which X3 (w) 4 Xs(w).
Hence there exists m, such that for each n there exists t;(,y with [s — #;,,)| < 1/n, for which
d( Xy, (W), Xs(w)) > 1/m.

By right-continuity, for each n one can find ¢, > t,,) and ¢ > s, gn,q € Qq, such that
| — qu| < 1/n and d(X,(m)(w), Xq(w)) > 1/2m. Tt follows that

w e ﬂ Uq,q(n)GQt{’q - Q(n)‘ < 1/”? d(Xq(n)an) > 1/2m}
n>1

Hence w € G.

To show that 75 is a stopping time, we add the requirement u,s > 71 in the definition of
the analogon of the set G, etc.

Next we prove (b). We will consider only the case that {7x(w)}r does not have an ac-
cumulation point in [0,¢] for any w € Q. Figure out yourself what to do in the case of an
accumulation point! We have to cut out small intervals to the left of jumps. On the remainder
we can separate the path Xg(w),s <t and the set B, if og(w) > t. To this end define

1
Ik’n:{u’Tk—*§u<Tk§t}.
n
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For each w € Q this is a subset of [0,t]. Now, given u € [0, ],
1
{wIgnw) 3> u} ={wlu < 7p(w) <tA(u+ ﬁ)} e F~.

Check that )
{op>t}=) U N [[g ¢ Ten} n{d(X,,B) > —il:

n>1m>1qeQ: k
QED

Measurability of X, for 7 an adapted stopping time We often would like to consider
the stochastic process X evaluated at a finite stopping time 7. However, it is not a priori clear
that the map w — X, (,)(w) is measurable. In other words, that X; is a random variable. We
need measurability of X in both parameters ¢ and w. This motivates the following definition.

Definition 1.6.13 An (FE, £)-valued stochastic process is called progressively measurable with
respect to the filtration (F) if for every ¢ € T' the map (s,w) — Xs(w) is measurable as a
map from ([0,¢] x Q, B([0,t]) x F;) to (E, ).

Lemma 1.6.14 Let (E,d) be a metric space and B(E) the Borel-o-algebra of open sets com-
patible with d. Every adapted right-continuous, (E, B(E))-valued stochastic process X is pro-
gressively measurable.

Proof. Fix t > 0. We have to check that
{(s,w) | Xs(w) € A,s <t} € B([0,t]) x Fr, VAeB(E).

For n € Z define the process

n—1

X2 = X(pvye/n LGt/ (et e/mpy (5) + XoLgoy(s).
k=0

This is a measurable process, since

{(s,w) | X (w) € A, s < t} =

n—1

U (s € (kt/n, (k + 1)t /n]} x {w] Xpaym(w) € AN ({0} x {w ] Xo(w) € A}).

k=0

Clearly, X7'(w) — Xs(w), n — oo, for all (s,w) € [0,t] x Q, pointwise. By BN Lemma 6.1,
the limit is measurable. QED

Review BN §6 containing an example of a non-progressively measurable stochastic pro-
cess and a stopping time 7 with X not Fr-measurable.

Lemma 1.6.15 Suppose that X is a progressively measurable process. Let T be a stopping
time. Then 1(; oy X: is an Fr-measurable random element.
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Proof. We have to show that {1;..}Xr € B} N{r <t} = {X; € Byn{r <t} € F, for
every B € £ and every t > 0. Now note that

{X;ne€ B} ={X, € B,7 <t}U{X, € B,7 > t}.

Clearly {X; € B,7 > t} € F;. If we can show that {X;n, € B} € F, it easily follows
that {X; € B,7 < t} € F;. Hence, it suffices to show that the map w — X )ae(w) is
JFi-measurable.

To this end consider the map ¢ : ([0,¢] x €, B([0,t]) x F;)) — ([0, ] x €2, B([0,t]) x F¢)) given
by ¢(s,w) = (7(w) A s,w) is measurable (this is almost trivial, see Exercise 1.26). Using that
X is progressively measurable, it follows that the composition map (s,w) — X(é(s,w)) =
X (w)ns(w) is measurable.

By Fubini’s theorem the section map w — X ()¢ (w) is Fi-measurable. QED

Very often problems of interest consider a stochastic process upto a given stopping time 7.
To this end we define the stopped process X by

Xt, t<7’,

X;:XT“:{X t>1

Using Lemma 1.6.15, and the arguments in the proof, as well as Exercises 1.18 and 1.20, we
have the following result.

Lemma 1.6.16 Let X be progressively measurable with respect to (F;) and T an (Fy)-stopping
time. The following are true.

1. The stopped pocess X is progressively measurable with respect to the filtrations (Frat)t
and (ft)t'

2. (Fri)t is a filtration, and the shifted process {X 44}t is progressively measurable with
respect to this shifted filtration.

The proof is left as an exercise. The Lemma is important lateron, when we consider processes
shifted by a stopping time.

In the subsequent chapters we repeatedly need the following technical lemma. It states
that every stopping time is the decreasing limit of a sequence of stopping times that take only
countably many values.

Lemma 1.6.17 Let 7 be a stopping time. Then there exist stopping times T, that only take
either finitely or countably many values and such 1, | T.

Proof. Define
n2™—1

k
Tn = Z 271{76[%—1)/2"716/2")} +001{rony,
k=1
to obtain an approximating stopping time taking only finitely many values. Or

ok
=2 on Hltkh=1)/20 k/2m)} + 00 Lrmoo},
k=1

for an approximating stopping time taking countable many values. Then 7, is a stopping
time and 7, | 7 (see Exercise 1.27). QED
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Optional times Similarly, for a progressively measurable process X, and 7 an adapted
optional time, it holds that X is F_.+-measurable. This follows directly from Lemma 1.6.7.
We can further approximate 7 by a non-decreasing sequence of stopping times: take the
sequence from the preceding lemma. Then 7, > 7,41 > 7 for n > 1. By virtue of the
preceding lemma 7, is an (F;);-stopping time for all n with lim,,_,~, 7, = 7. Moreover, for all
A € Fr+ it holds that AN{7, = k/2"} € Fyjon, n,k > 1. Furthermore, if o is a (F¢);-stopping
time with 7 <o and 7 < ¢ on {7 < oo}, then F,+ C F, (cf. Exercise 1.35).

Finally... Using the notion of filtrations, we can extend the definition of BM as follows.

Definition 1.6.18 Suppose that on a probabillity space (2, F, P) we have a filtration (F;)¢>0
and an adapted stochastic process W = (W;)i>0. Then W is called a (standard) Brownian
motion (or a Wiener process) with respect to the filtration (Fy); if

i) Wy =0;

ii) (independence of increments) Wy — Wy is independent of F for all s < t;
iii) (stationarity of increments) W; — Wy Y (0,t — s) distribution;

iv) all sample paths of W are continuous.

Clearly, process W that is a BM in the sense of the ‘old’ Definition 1.1.2 is a BM with respect
to its natural filtration. If in the sequel we do not mention the filtration of a BM explicitly, we
mean the natural filtration. However, we will see that it is sometimes necessary to consider
Brownian motions with larger filtrations as well.
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1.7 Exercises

Exercise 1.1 Show the claim in the proof of Theorem 1.1.6 that the system Z described
there is a m-system for the o-algebra o(Ny,u < s).

Exercise 1.2 Complete the proof of Corollary 1.2.4. Give full details.

Exercise 1.3 Give an example of two processes that are versions of each other, but not
modifications.

Exercise 1.4 Prove that the process Y defined in the proof of Theorem 1.3.3 is indeed a
modification of the process X. See remark in Step 4 of the proof of this theorem.

Exercise 1.5 An example of a right-continuous but not continuous stochastic process X is
the following. Let Q = [0, 1], F = B([0,1]) and P = X is the Lebesgue measure on [0,1]. Let
Y be the identity map on €, i.e. Y (w) = w. Define a stochastic process X = (X¢)e(o,1] by
Xt = l{Ygt}- Hence, Xt(w) = 1{Y(w)§t} = 1{[0’t]}(w).
The process X does not satisfy the conditions of Kolmogorov’s Continuity Criterion, but
it does satisfy the condition
E|X: — Xs|* < K|t — s,

for any o > 0 and K = 1. Show this.

Prove that X has no continuous modification. Hint: suppose that X has a continuous
modification, X’ say. Enumerate the elements of Q N [0,1] by ¢i1,¢2,.... Define Q,, = {w :
Xy, (W) = Xg (w)}. Let Q° = My>19,. Show that P{Q*} = 1. Then conclude that a
continuous modification cannot exist.

Exercise 1.6 Suppose that X and Y are modifications of each other with values in a Polish
space (F,E), and for both X and Y all sample paths are either left or right continuous. Let
T be an interval in R. Show that

P{X; =Y, forallt € T} = 1.
Exercise 1.7 Prove that the process X in the proof of Corollary 1.3.4 is a BM process. To
this end, you have to show that X has the correct fdd’s, and that X has a.s. continuous
sample paths.
Exercise 1.8 Prove Lemma 1.4.2.

Exercise 1.9 Prove parts (i,ii,iii) of Theorem 1.4.4.

Exercise 1.10 Consider the proof of the time-inversion property of Theorem 1.4.4. Prove
that

P{ﬂU M fw: !<1/m}}—P{ﬂU () {w: Wy < 1/m}} =1

m=1n=1¢e(0,1/n]NQ m=1n=1¢e(0,1/n]NQ
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Exercise 1.11 Let W be a BM and define X; = Wy, — W for ¢ € [0, 1]. Show that (X¢)e(o1]
is a BM as well.

Exercise 1.12 Let W be a BM and fix ¢ > 0. Define the process B by

Wy, s<t

Draw a picture of the processes W and B and show that B is again a BM. We will see another
version of this so-called reflection principle in Chapter 3.

Exercise 1.13 i) Let W be a BM and define the process X; = W;—tW1, t € [0, 1]. Determine
the mean and covariance functions of X.

ii) The process X of part (i) is called the (standard) Brownian bridge on [0,1], and so is
every other continuous Gaussian process indexed by the interval [0,1] that has the
same mean and covariance function. Show that the processes Y and Z defined by
Vi = (1 =t)Wya-y), t €[0,1), and Y1 = 0 and Zy = 0, Z; = tW(y5—1, t € (0,1] are
standard Brownian bridges.

Exercise 1.14 Let H € (0,1) be given. A continuous, zero-mean Gaussian process X with
covariance function 2EX,X; = (127 + 52 — |t — 5|2H) is called a fractional Brownian motion
(fBM) with Hurst indexz H. Show that the fBM with Hurst index 1/2 is simply the BM. Show
that if X is a fBM with Hurst index H, then for all @ > 0 the process a= X,; is a fBM with
Hurst index H as well.

Exercise 1.15 Let W be a Brownian motion and fix ¢ > 0. For n € Z, let m, be a partition
of [0,t] given by 0 =t <t} < --- <t =t and suppose that the mesh |m,| = max [t} —t}_,
tends to zero as n — co. Show that
L2
> Wy =Wy )51,
k

as n — oo. Hint: show that the expectation of the sum tends to ¢ and the variance to 0.
Exercise 1.16 Show that if (F;) is a filtration, then (F:y) is a filtration as well.

Exercise 1.17 Prove that the collection F, associated with a stopping time 7 is a o-algebra.
Exercise 1.18 Show that if o, 7 are stopping times with ¢ < 7, then F, C F..

Exercise 1.19 Let o and 7 be two (F;)-stopping times. Show that {c < 7} C F, N F;.

Exercise 1.20 If o and 7 are stopping times w.r.t. the filtration (F;), show that o A 7 and
o V 7 are stopping times as well. Determine the associated o-algebras. Hint: show that
A € Fyyr implies AN{o < 7} € F;.

Exercise 1.21 If o and 7 are stopping times w.r.t. the filtration (F;), show that o + 7 is a
stopping time as well. Hint: for ¢ > 0 write

{o+7>t}={r=00>t}U{0<7<to+7>t}U{r>t,o=0}U{r >t 0 >0}

Only for the second event on the right-hand side it is non-trivial to prove that it belongs to
Fi. Now observe that if 7 > 0, then o + 7 > t if and only if there exists a positive ¢ € Q, such
that ¢ <7 and o+ ¢ > t.



1.7. EXERCISES 27

Exercise 1.22 Show that if 0 and 7 are stopping times w.r.t. the filtration (F;) and X is

a

an integrable random variable, then 1, _,E(X | F;) =4 1{;—»}E(X | ;). Hint: show that
1{T:U}E(X | ]:7-) = l{T:U}E(X ‘ F-N .7:0).

Exercise 1.23 Show that if the filtration () is right-continuous, then 7 is an (F;)-stopping
time if and only if {7 <t} € F; forall t € T.

Exercise 1.24 Prove Lemma 1.6.5. Hint for (a): use BN Lemma 3.10.
Exercise 1.25 Prove Lemma 1.6.7.

Exercise 1.26 Show that the map w — (7(w) A t,w) in the proof of Lemma 1.6.15 is mea-
surable as a map from (€2, F;) to ([0,¢] x €, B([0,t]) x F)).

Exercise 1.27 Show that 7, in the proof of Lemma 1.6.17 are indeed stopping times and
that they converge to 7.

Exercise 1.28 Translate the definitions of §1.6 to the special case that time is discrete, i.e.
T — Z+.

Exercise 1.29 Let W be a BM and let Z = {t > 0| W; = 0} be its zero set. Show that with
probability 1 the set Z has Lebesgue measure 0, is closed and unbounded.

Exercise 1.30 We define the last exit time of z:
L, =sup{t >0 : W, =z},
where sup{0} = 0.

i) Show that 7y is measurable (79 is defined in Definition 1.6.8).

ii) Show that L, is measurable for all z. Derive first that {L, <t} = Ny {|Ws—2| > 0,¢ <
s < n}. I had mistakenly and in a hurry changed it, but it was correct as it was!!l.

iii) Show that L, = oo a.s. for all x, by considering the set {sup;>, W; = oo, inf;>o Wy = —oo}
as in the proof of Example 1.6.1.

iv) Show that for almost all w € € there exists a strictly decreasing sequence {t,(w)}n,
lim,, ¢, (w) = 0, such that W(t,)(w) = 0 for all n. Hint: time-inversion + (iii). Hence
t = 0 is a.s. an accumulation point of zeroes of W and so 79 = 0 a.s.

Exercise 1.31 Consider Brownian motion W with continuous paths, defined on a probability
space (Q, F,P). Let Z(w) = {t > 0, W;(w) = 0} be its zero set. In Problem 1.30 you have
been asked to show that ¢ = 0 is an accumulation point of Z(w) for almost all w € Q.

Let A denote the Lebesgue measure on [0,00). Show (by interchanging the order of inte-
gration) that

/ A(Z(w))dP(w) = 0,
Q

and argue from this that Z a.s. has Lebesgue measure 0, i.e. A(Z(w)) =0 for a.a. w € Q.
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Exercise 1.32 Let W be a BM (with continuous paths) with respect to its natural filtration
(FV)i. Define for a > 0
Se =inf{t >0: W; > a}.
i) Is S, an optional time? Justify your answer.
Let now o, = inf{t > 0: W; = a} be the first entrance time of a and let
M, = sup{t > 0: W; = at},
be the last time that W; equals at.
ii) Is M, a stopping time? Justify your answer. Show that M, < co with probability 1 (you
could use time-inversion for BM).

iii) Show that M, has the same distribution as 1/0,.

Exercise 1.33 Let X = (X;):>0 be a Gaussian, zero-mean stochastic process starting from
0, i.e. Xo = 0. Moreover, assume that the process has stationary increments, meaning that
for all t1 > s1,ta > s9,...,tn > Sy, the distribution of the vector (Xy, — X, ..., X, — Xs,,)
only depends on the time points through the differences t; — s1,...,t, — sp.

a) Show that for all s, >0
EX.X; = 5(v(s) +u(t) —v(|t — s)),

n

where the function v is given by v(t) = EX?.

In addition to stationarity of the increments we now assume that X is H-self similar for some
parameter H > 0. Recall that this means that for every a > 0, the process (X4 ); has the
same finite dimensional distributions as (a? X;),.

b) Show that the variance function v(t) = EX? must be of the form v(t) = Ct*# for some
constant C' > 0.

In view of the (a,b) we now assume that X is a zero-mean Gaussian process with covariance
function

EX, X = 3(s* + 42—t — 5?1,
or some H > 0.

c) Show that we must have H < 1. (Hint: you may use that by Cauchy-Schwartz, the
(semi-)metric d(s,t) = \/E(Xs — X¢)? on [0, 00) satisfies the triangle inequality).

d) Show that for H = 1, we have X; = tZ a.s., for a standard normal random variable Z not
depending on ¢.

e) Show that for every value of the parameter H € (0, 1], the process X has a continuous
modification.

Exercise 1.34 Let 7 be an {F;};-optional time. Show that F,+ is a o-algebra, with respect
to which 7 is measurable. Show F,+ = {A € F : An{r <t} € F,t > 0}. Let 0,7 be
{F}i-optional times. Prove that F,a+ = Fp+ N Fri. If additionally o < 7 everywhere,
then finally show that F,+ C F+.

Exercise 1.35 Show the validity of the assertion in the paragraph on optional times below
Lemma 1.6.17.



Chapter 2

Martingales

2.1 Definition and examples

In this chapter we introduce and study a very important class of stochastic processes: the so-
called martingales. Martingales arise naturally in many branches of the theory of stochastic
processes. In particular, they are very helpful tools in the study of BM. In this section, the
index set T' is an arbitrary interval of Z, and R.

Definition 2.1.1 An (F;)-adapted, real-valued process M is called a martingale (with respect
to the filtration (F;)) if

i) E|M;| < oo for all t € T}
ii) E(M;|Fs) = M, for all s <t.

If property (ii) holds with ‘>’ (resp. ‘<’) instead of '=’, then M is called a submartingale
(resp. supermartingale).

Intuitively, a martingale is a process that is ‘constant on average’. Given all information up to
time s, the best guess for the value of the process at time ¢ > s is smply the current value M.
In particular, property (ii) implies that EM; = EM, for all ¢t € T'. Likewise, a submartingale
is a process that increases on average, and a supermartingale decreases on average. Clearly,
M is a submartingale if and only if —M is a supermartingale and M is a martingale if it is
both a submartingale and a supermartingale. The basic properties of conditional expectations
give us the following result and examples.

Review BN §7 Conditional expectations.
N.B. Let T' = Z.. The tower property implies that (sub-, super-)martingale property
(ii) is implied by (ii") E{My11 | Fn} = Mp(>,<) a.s. forn € Z,..

Example 2.1.1 Let X,,, n = 1,..., be a sequence of i.i.d. real-valued integrable random
variables. Take e.g. the filtration F,, = o(X1,...,Xy). Then M, = >}, X} is a martingale
if EX; = 0, a submartingale if EX; > 0 and a supermartingale if EX; < 0. The process
M = (My),, can be viewed as a random walk on the real line.

If EX; = 0, but X is square integrable, M/ = M? — nEX? is a martingale.

29



30 CHAPTER 2. MARTINGALES

Example 2.1.2 (Doob martingale) Suppose that X is an integrable random variable and
(F)ier a filtration. For ¢ € T, define M; = E(X | F;), or, more precisely, let M; be a version
of E(X | F:). Then M = (M;)ier is an (F;)-martingale and M is uniformly integrable (see
Exercise 2.1).

Review BN §8 Uniform integrability.

Example 2.1.3 Suppose that M is a martingale and that ¢ is a convex function such that
E|¢(M;)| < oo for t € T. Then the process ¢(M) is a submartingale. The same is true if M
is a submartingale and ¢ is an increasing, convex function (see Exercise 2.2).

BM generates many examples of martingales. The most important ones are given in the
following example.

Example 2.1.4 Let W be a BM. Then the following processes are martingales with respect
to the same filtration:

i) W itself;

i) W2 -t

iii) for every a € R the process exp{aW; — a*t/2};
You are asked to prove this in Exercise 2.3.

Example 2.1.5 Let N be a Poisson process with rate A. Then {N(¢) — At} is a martingale.

In the next section we first develop the theory for discrete-time martingales. The generalisa-
tion to continuous time is discussed in section 2.3. In section 2.4 we continue our study of
BM.

2.2 Discrete-time martingales

In this section we restrict ourselves to martingales (and filtrations) that are indexed by (a
subinterval of) Z . We will assume the underlying filtered probability space (2, F, (Fn)n, P)
to be fixed. Note that as a consequence, it only makes sense to consider Z -valued stopping
times. In discrete time, 7 is a stopping time with respect to the filtration (Fy,)necz,, if
{r<n}eF,forallnecZ,.

2.2.1 Martingale transforms

If the value of a process at time n is already known at time n— 1, we call a process predictable.
The precise definition is as follows.

Definition 2.2.1 We call a discrete-time process X predictable with respect to the filtration
(Fn)n if X, is Fp—1-measurable for every n.

In the following definition we introduce discrete-time ‘integrals’. This is a useful tool in
martingale theory.
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Definition 2.2.2 Let M and X be two discrete-time processes. We define the process X - M
by (X -M)p =0 and forn >1

(X M)y => Xp(My, — My_y).
k=1

We call X - M the discrete integral of X with respect to M. If M is a (sub-, super-)martingale,
it is often called the martingale transform of M by X.

One can view martingale transforms as a discrete version of the Ito integral. The
predictability plays a crucial role in the construction of the Ito integral.

The following lemma explains why these ‘integrals’ are so useful: the integral of a predictable
process with respect to a martingale is again a martingale.

Lemma 2.2.3 Let X be a predictable process, such that for all n there exists a constant K,
such that | X1|, ..., | Xn| < Ky. If M is an martingale, then X - M is a martingale. If M be a
submartingale (resp. a supermartingale) and X is non-negative then X - M is a submartingale
(resp. supermartingale) as well.

Proof. Put Y = X - M. Clearly Y is adapted. Since X is bounded, say | X, | < K a.s., for all
n, we have E|Y,| < 2K, >, o, E[My| < co. Now suppose first that M is a submartingale and
X is non-negative. Then a.s.

E(Yn | ]:n—l) - E(Yn—l + Xn(Mn - Mn—l) |]:n—1)
= Yp1+ XnE(Mn - Mp ’fnfl) > Yy, as.

Consequently, Y is a submartingale. If M is a martingale, the last inequality is an equality,
irrespective of the sign of X,,. This implies that then Y is a martingale as well. QED

Using this lemma, it is easy to see that a stopped (sub-, super-)martingale is again a (sub-,
super-)martingale.

Theorem 2.2.4 Let M be a (Fp)n (sub-, super-)martingale and T an (F,),-stopping time.
Then the stopped process M™ is an (Fp)n (sub-, super-)martingale as well.

Proof. Define the process X by X, = 1(;5,y. Verify that M7 = My + X - M. Since 7 is
a stopping time, we have that {r > n} = {7 < n —1}¢ € F,,_1. Hence the process X is
predictable. It is also a bounded process, and so the statement follows from the preceding
lemma.

We will also give a direct proof. First note that E[M]| = E|Mr,| < 3L E[M,| < 0o
for t € T. Write

t—1

M{ = M, = (Z loopy + 1{th}>Mt/\r
n=0
t—1

= Z Mn]_{,,_:n} + Mt]—{’th}'
n=0
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Taking conditional expectations yields

t—1
E(M | Fro1) =Y Mul—py + Loy E(M | Fioy),
n=0
since {7 >t} € F;_1. The rest follows immediately. QED

The following result can be viewed as a first version of the so-called optional sampling theorem.
The general version will be discussed in section 2.2.5.

Theorem 2.2.5 Let M be a (sub)martingale and let o,7 be two stopping times such that
o <71 <K, for some constant K > 0. Then

E(M; | Fo)(2) = My,  as. (2.2.1)
An adapted integrable process M is a martingale if and only if
EM. =EM,,

for any pairs of bounded stopping times o < T.

Proof. Suppose first that M is a martingale. Define the predictable process X, = 1175,y —
1(5>n). Note that X, > 0 as.! Hence, X - M = M"™ — M?. By Lemma 2.2.3 the process
X - M is a martingale, hence E(M] — M7) = E(X - M),, =0 for all n. Since 0 <7 < K as.,
it follows that

EM, = EMj = EMg = EM,.

Now we take A € F, and we define the ‘truncated’ random times
UA:UI{A}+K1{Ac}, TA:TI{A}+K1{Ac}. (2.2.2)
By definition of F, it holds for every n that

{04 <n}=(An{o <n})U(A°N{K < n}) € Fo,

and so o4 is a stopping time. Similarly, 74 is a stopping time and clearly 0 < 74 < K a.s.

By the first part of the proof, it follows that EM_4 = EM_a, in other words

/ MydP + MpdP = / M. dP+ My dP, (2.2.3)
A Ac A Ac

by which [, MydP = [, M.dP. Since A € F, is arbitrary, E(M, | F,) = M, a.s. (recall that
M, is F,-measurable, cf. Lemma 1.6.15).

Let M be an adapted process with EM, = EM,. for each bounded pair o < 7 of stopping
times. Take 0 = n — 1 and 7 = n in the preceding and use truncated stopping times o4 and
74 as in (2.2.2) for A € F,,_1. Then (2.2.3) for A € F,,_; and stopping times o and 74
implies that E(M,, | Fr—1) = M,—1 a.s. In other words, M is a martingale.

If M is a submartingale, the same reasoning applies, but with inequalities instead of
equalities.

As in the previous lemma, we will also give a direct proof of (2.2.1). First note that

E(MK | ]:n) > M, a.s. < EMKl{F} > EMnl{F}, VE € Fp, (2.2.4)
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(this follows from Exercise 2.7 (a)). We will first show that
E(Mk | F5) > M, as. (2.2.5)
Similarly to (2.2.4) it is sufficient to show that El;m M, < Elypy Mg for all F' € F,;. Now,

K
Elppy My = ELrp (D Loma) + ooi) | Mo
p n=0
= D Elirnio—npMn
n=0

K
< D Elrngo—anMi
n=0

K
ELpy (3 Lomnp + Lionr) ) Mic = E1 gy Myc.
n=0

In the second and fourth equalities we have used that E1;, gy My = E1lg,- 3 Mg = 0, since
P{c > K} = 0. In the third inequality, we have used (2.2.4) and the fact that FnN{oc = n} € F,
(why?). This shows the validity of (2.2.5).
Apply (2.2.5) to the stopped process M7™. This yields
E(Mg | Fy) > M.

Now, note that M} = M, a.s. and M] = M, a.s. (why?). This shows (2.2.1). QED

Note that we may in fact allow that 0 < 7 < K a.s. Lateron we need o < 7 everywhere.

2.2.2 Inequalities
Markov’s inequality implies that if M is a discrete time process, then
AP{M,, > \} < E|M,,|

for all n € Z4 and A > 0. Doob’s classical submartingale inequality states that for submartin-
gales we have a much stronger result.

Theorem 2.2.6 (Doob’s submartingale inequality) Let M be a submartingale. For all
A>0andn eN

Proof. Define 7 = n Ainf{k| My > A}. This is a stopping time (see Lemma 1.6.9) with 7 < n.
By Theorem 2.2.5, we have EM,, > EM,. It follows that

EMn EMT]'{manSn Mkz)\} + EMT]'{mangn Mk<)\}

>

This yields the first inequality. The second one is obvious. QED
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Theorem 2.2.7 (Doob’s L? inequality) If M is a martingale or a non-negative submartin-
gale and p > 1, then for alln € N

E(maX]Mn|p> < (71 P )pE|Mn|p,
- P

k<n

provided M 1is in LP.

Proof. Define M* = maxy<, |M|. Assume that M is defined on an underlying probability
space (2, F,P). We have for any m € N

E(M* Am)P = / (M*(w) A m)PdP(w)

M*(w)Am
= // prP L dzdP(w)
wJO

= /w/O pa:p_ll{M*(w)Zx}dde(w)
_ / paP \PUM* > z}da, (2.2.6)
0

where we have used Fubini’s theorem in the last equality (non-negative integrand!). By condi-
tional Jensen’s inequality, |M| is a submartingale, and so we can apply Doob’s submartingale
inequality to estimate P{M* > z}. Thus

E(|Mn|1{rr+>a)

P{M* > 2} < .
x

Insert this in (2.2.6), then

E(M* Am)P < / paPPE(|Mu|1iarspy)da
0

m
= / pxP? / | M, (w)|dP(w)dz
0 w:M* (w) 2z
M*(w)Am
= P/ |Mn(w)!/ 2P 2dx dP(w)
w 0
= p% CE(IM (M Am)).
By Holder’s inequality, it follows that with p_1 + q_l =1
B[N AmlP? < L (E[M )P (E|M A |00,
p—
Since p > 1 we have ¢ = p/(p — 1), so that
E|M* Am|P < LI(E|Mn‘p)1/P(E|M* A m‘p)(p—l)/p'
p J—
Now take pth power of both sides and cancel common factors. Then

E|M* AmP < (L)paMn\p.
p—1

The proof is completed by letting m tend to infinity. QED
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2.2.3 Doob decomposition

An adapted, integrable process X can always be written as a sum of a martingale and a
predictable process. This is called the Doob decomposition of the process X.

Theorem 2.2.8 Let X be an adapted, integrable process. There exists a martingale M and
a predictable process A, such that Ag = Mo =0 and X = Xog+ M + A. The processes M and
A are a.s. unique. The process X is a submartingale if and only if A is a.s. increasing (i.e.
P{A, < An11}=1).

Proof. Suppose first that there exist a martingale M and a predictable process A such that
Ag=My=0and X = Xg+ M + A. The martingale property of M and predictability of A
show that a.s.

E(X,— X1 |Fno1) =4, — Ap—1  as. (2.2.7)
Since Ay = 0 it follows that
Ay = E(Xp — Xpo1 | Fima)s (2.2.8)
k=1

for n > 1 and hence M,, = X,, — A, — Xy. This shows that M and A are a.s. unique.
Conversely, given a process X, (2.2.8) defines a predictable process A. It is easily seen
that the process M defined by M = X — A — Xj is a martingale. This proves the existence
of the decomposition.
Equation (2.2.7) shows that X is a submartingale if and only if A is increasing. ~ QED

An important application of the Doob decomposition is the following.

Corollary 2.2.9 Let M be a martingale with EM?2 < oo for all n. Then there exists an
a.s. unique predictable, increasing process A with Ag = 0 such that M? — A is a martingale.
Moreover the random variable A1 — Ay is a version of the conditional variance of M, given
fn_l, i.e.

An = Any = E((My = E(My | Fot))? | Fact) = E((My = Ma-1)? | Fat) a5,
It follows that Pythagoras’ theorem holds for square integrable martingales
EM} = EMG + ) E(M; — My_1)*.
k=1

The process A is called the predictable quadratic variation process of M and is often denoted
by (M).

Proof. By conditional Jensen, it follows that M? is a submartingale. Hence Theorem 2.2.8
applies. The only thing left to prove is the statement about conditional variance. Since M is
a martingale, we have a.s.

E(M, — My,_1)*| Fuo1) = E(M?—2M,M, 1+ M> || Fn_1)
= E(M?|Fn_1) —2M, 1E(M, | Fn_1) + M>_,
= E(M]|For) — My,
- E(Mg - Mvzz—l |}—n71) = A, —A,_1.

QED
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Using the Doob decomposition in combination with the submartingale inequality yields the
following result.

Theorem 2.2.10 Let X be a sub- or supermartingale. For all A >0 and n € Z

/\P{r]?<ax | X| > 3A} < 4E|Xo| + 3E|X,,|.
<n

Proof. Suppose that X is a submartingale. By the Doob decomposition theorem there exist
a martingale M and an increasing, predictable process A such that My = Ay = 0 and
X = Xy + M + A. By the triangle inequality and the fact that A is increasing

Plmasx | Xy| > 30} < P|Xo| = A} + Plmax [My| > A} + P{4, > A}

Hence, by Markov’s inequality and the submartingale inequality (|M,,| is a submartingale!)

AP{max | Xy| > 3A} < E| Xo| + E[M,| + EA,.
<n

Since M,, = X,, — Xo — A,, the right-hand side is bounded by 2E|X,| + E| X,,| + 2EA,,. We
know that A, is given by (2.2.7). Taking expectations in the latter expression shows that
EA, =EX, — EXy <E|X,|+ E|Xo|. This completes the proof. QED

2.2.4 Convergence theorems

Let M be a supermartingale and consider a compact interval [a,b] C R. The number of
upcrossings of [a, b] that the process makes upto time n is the number of time that the process
passes from a level below a to a level above b. The precise definition is as follows.

Definition 2.2.11 The number Uy,[a,b] is the largest value k € Z., such that there exis
0<s1 <t1 <s3< - <5 <t <nwith My, <aand My, >b,i=1,...,k.

First we define the “limit o-algebra

Fso :O'<U]:n>.

n

Lemma 2.2.12 (Doob’s upcrossing lemma) Let M be a supermartingale. Then for all
a < b, the number of upcrossings Uyla,b] of the interval [a,b] by M upto time n is an Fp,-
measurable random variable and satisfies

(b —a)EU,[a,b] < E(M, —a)".

The total number of upcrossings Usoa, b] is Foo-measurable.

Proof. Check yourself that Upla,b] is Fp-measurable and that Us[a,b] is Foo-measurable.
Consider the bounded, predictable process X given by Xo = 1(37,<4) and

Xn=1x, =031 {m, <0y + Lx, =0} 1M, 1<}y N E L.
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Define Y = X - M. The process X equals 0, until M drops below level a, then stays until M
gets above b etc. So every completed upcrossing of [a, b] increases the value of Y by at least
b — a. If the last upcrossing has not yet been completed at time n, then this may reduce Y
by at most (M,, —a)~. Hence

Y, > (b—a)Uy,a,b] — (M, —a)". (2.2.9)

By Lemma 2.2.3, the process Y = X - M is a supermartingale. In particular EY,, < EYp = 0.
The proof is completed by taking expectations in both sides of (2.23). QED

Observe that the upcrossing lemma implies for a supermartingale M that is bounded in L'
(i.e. sup, E|M,| < oo) that EUxla,b] < oo for all @ < b. In particular, the total number
Usola, b] of upcrossings of the interval [a,b] is almost surely finite. The proof of the classical
martingale convergence theorem is now straightforward.

Theorem 2.2.13 (Doob’s martingale convergence theorem) If M is a supermartin-
gale that is bounded in L', then M, converges a.s. to a finite Fuo-measurable limit My,
as n — oo, with E|My| < co.

Proof. Assume that M is defined on the underlying probability space (€2, F, P). Suppose that
M (w) does not converge to a limit in [—o0,00]. Then there exist two rationals a < b such
that lim inf M, (w) < a < b < lim sup M, (w). In particular, we must have Uyla, b|(w) = oc.
By Doob’s upcrossing lemma P{Uxla,b] = co} = 0. Now note that

A :={w| M (w) does not converge to a limit in [—o0, 00|} C U {w]Uxla, bj(w) = oo}.
a,beqQ:
a<b
Hence P{A} <} beq P{Ux[a,b] = oo} = 0. This implies that M, a.s. converges to a limit
a, :

a<b
M in [—00,00]. Moreover, in view of Fatou’s lemma

E| M| = E(lim inf |M,]) < lim inf E|M,,| < sup E|M,| < oo.

It follows that M, is a.s. finite and it is integrable. Note that M, is F,-measurable, hence
it is Foo-measurable. Since My, = lim,_,o M, is the limit of F,-measurable maps, it is
Foo-measurable as well (see MTP-lecture notes). QED

If the supermartingale M is not only bounded in L! but also uniformly integrable, the in
addition to a.s. convergence we have convergence in L'. Moreover, in the case, the whole
sequence My, ..., My is a supermartingale.

Theorem 2.2.14 Let M be a supermartingale that is bounded in L*. Then M, L—1> My,
n — oo, if and only if {M, |n € Zi} is uniformly integrable, where My, is integrable and
Foo-measurable. In that case

E(Ms | Frn) < My, a.s. (2.2.10)

If in addition M is a martingale, then there is equality in (2.2.10), in other words, M is a
Doob martingale.
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Proof. By virtue of Theorem 2.2.13 M,, — My, a.s., for a finite random variable M.
BN Theorem 8.5 implies the first statement. To prove the second statement, suppose that

1
M, L M. Since M is a supermartingale, we have
El{A}Mm < EI{A}Mn, Ae Fn,m>n. (2.2.11)

Since [LigyMm — 1iayMoo| < 1gay[My — Moo| < [Mpy — M|, it follows directly that
1 ay My, L 14y Mo Taking the limit m — oo in (2.2.11) yields

El{A}MOO < EI{A}Mn, A€ Fp.
This implies (see BN Exercise 2.7(a)) that E(M | Fr) < M, a.s. QED

Hence uniformly integrable martingales that are bounded in L!, are Doob martingales. On
the other hand, let X be an F-measurable, integrable random variable and let (F,), be a
filtration. Then (Example 2.1.2) E(X | F,,) is a uniformly integrable Doob martingale. By
uniform integrability, it is bounded in L'. For Doob martingales, we can identify the limit
explicitly in terms of the limit o-algebra F...

Theorem 2.2.15 (Lévy’s upward theorem) Let X be an integrable random variable, de-
fined on a probability space (0, F,P), and let (Fy), be a filtration, F,, C F, for all n. Then
as n — o0

E(X[Fn) = E(X | Foo),

a.s. and in LL.

Proof. The process M, = E(X|F,) is uniformly integrable (see Example 2.1.2), hence
bounded in L' (explain!). By Theorem 2.2.14 M,, — My, a.s. and in L, as n — oo with M,
integrable and F..-measurable. It remains to show that M. = E(X | Fx) a.s. Note that

E]-{A}Moo = E]-{A}Mn = El{A}X, A e Fy, (2212)

where we have used Theorem 2.2.14 for the first equality and the definition of M, for the
second. First assume that X > 0, then M,, = E(X |F,) > 0 a.s. (see BN Lemma 7.2 (iv)),
hence M, > 0 a.s.

As in the construction of the conditional expectation we will associate measures with X
and My and show that they agree on a m-system for F,,. Define measures @)1 and Q2 on
(2, Foo) by

Q1(A) =E1l; X, Q2(A) = Elgyy Moo,

(Check that these are indeed measures). By virtue of (2.2.12) @1 and Q2 agree on the 7-system
(algebra) U, F,. Moreover, Q1(Q2) = Q2(Q)(= EX) since Q € F,,. By virtue of BN Lemma
1.1, @1 and Q2 agree on o(U,F,). This implies by definition of conditional expectation that
My =E(X | Fx) a.s.

Finally we consider the case of general F-measurable X. Then X = X — X~ is the
difference of two non-negative F-measurable functions X+ and X~. Use the linearity of
conditional expectation. QED



2.2. DISCRETE-TIME MARTINGALES 39

The message here is that one cannot know more than what one can observe. We will also
need the corresponding result for decreasing families of o-algebras. If we have a filtration of
the form (F,)ne-z,, i-e. a collection of o-algebras such that F_(, 1) € F_p, then we define

Fro = ﬂ]—"_n.

Theorem 2.2.16 (Lévy-Doob downward theorem) Let (F_,|n € Zy) be a collection
of o-algebras, such that F_(, 1y © F_pn for every n, and let M = (---,M_3,M_1) be a
supermartingale, i.e.

E(M_p | F-p) < M_,, as., forall —n<-m<—1.
If supEM_,, < 0o, then the process M is uniformly integrable and the limit

M_o = lim M_,

n—oo

exists a.s. and in L'. Moreover,
E(M_,, | F-xo) < M_» a.s. (2.2.13)

If M is a martingale, we have equality in (2.2.13) and in particular M_o = E(M_1 | F_x).

Proof. For every n € Z the upcrossing inequality applied to the supermartingale
(an, M—(n—l)a s 7M71)

yields (b —a)EUy[a,b] < E(M_; —a)~ for every a < b. By a similar reasoning as in the proof
of Theorem 2.2.13, we see that the limit M_., = lim,,_,_,, M_,, exists and is finite almost
surely.

Next, we would like to show uniform integrability. For all K > 0 and n € —Z, we have

/ |M_,|dP=EM_, — / M_,dP — / M_dP.
|M_p|>K M_,<K M_,<-K

The sequence EM_,, is non-decreasing in n — —oo, and bounded. Hence the limit lim,, oo EM_,,
exists (as a finite number). For arbitrary € > 0, there exists m € Z, such that EM_,, <
EM_,, + ¢, n > m. Together with the supermartingale property this implies for all n > m

/ |M_p|dP < EM_p,+e— / M_,,dP — / M_,dP
|M_p|>K n<K M_p,<—K

< / |M_,,|dP + €.
|M_p|>K

Hence to prove uniform integrability, in view of BN Lemma 8.1 it is sufficient to show that we
can make P{|M_,,| > K} arbitrarily small for all n simultaneously. By Chebychev’s inequality,
it suffices to show that sup,, E|M_,| < oc.

To this end, consider the process M~ = max{—M,0}. With g : R — R given by g(z) =
max{z,0}, one has M~ = g(—M). The function ¢ is a non-decreasing, convex function.
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Since —M is a submartingale, it follows that M~ is a submartingale (see Example 2.1.3). In
particular, EM~-, <EM~, for all n € Z. It follows that

E|M_,| = EM_, + 2EM~,, < sup EM_,, + 2E|M_,].

Consequently
1
P{M_p| > K} < —(sup EM_p, + 2E|M_]).
n

Indeed, M is uniformly integrable. The limit M_ ., therefore exists in L' as well.
Suppose that M is a martingale. Then M_,, = E(M_;|F_,) a.s. The rest follows in a
similar manner as the proof of the Lévy upward theorem. QED

Note that the downward theorem includes the “downward version” of Theorem 2.2.15 as a
special case. Indeed, if X is an integrable random variable and F; D F5 D -+ - D My JFpn = Foo
is a decreasing sequence of g-algebras, then

E(X|Fn) 2 EX|Fx), n— 0

a.s. and in L'. This is generalised in the following corollary to Theorems 2.2.15 and 2.2.16.
It will be useful in the sequel.

Corollary 2.2.17 Suppose that X,, — X a.s., and that | X,| <Y a.s. for all n, where Y is
an integrable random variable. Moreover, suppose that F1 C Fo C --- (resp. F1 D Fa D ---)
is an increasing (resp. decreasing) sequence of o-algebras. Then E(X,|F,) — E(X|Fx)
a.s., where Foo = 0(UpJFy) (resp. Foo = NpFn).

In case of an increasing sequence of g-algebras, the corollary is known as Hunt’s lemma.

Proof. For m € Z, put Uy, inf,,>,,, X, and V;;, = sup,,~,,, X». Since X,,, — X a.s., necessarily
Vin — Uy — 0 as., as m — oo. Furthermore |V, — m| < 2Y. Dominated convergence
then implies that E(V,, — U,) — 0, as m — oo. Fix € > 0 and choose m so large that
E(Vin — Upn) < €. For n > m we have

Upn < X <Vp  as. (2.2.14)

Consequently E(U,, | Fn) < E(X,, | Frn) < E(Vi | Fn) a.s. The processes on the left and right
are martingales that satisfy the conditions of the upward (resp. downward) theorem. Letting
n tend to co we obtain

E(Un | Foo) < lim inf E(X,, | F) < lim sup E(Xy, | F) < E(Vin | Foo) a5, (2.2.15)
It follows that
0 < E((lim sup E(X, | Fo) — lim inf E(X, | F)) < E(E(Vin| Foo) = E(Un | Foc))
< E(Viy—Un) <e

Letting € | 0 yields that lim sup E(X,, | F,,) = lim inf E(X,, | F,,) a.s. and so E(X,|Fy)
converges a.s. We wish to identify the limit. Let n — oo in (2.2.14). Then U,, < X <V,

a.s. Hence
E(Un|Fx) CEX | Foo) SE(Vin | Foo)  a.s. (2.2.16)
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Equations (2.2.15) and (2.2.16) impy that both lim E(X,, | F,,) and E(X | F) are a.s.between
Vi and Up,. Consequently

E|UmE(X,, | Fp) — E(X | Fo)| € E(Vi — Up) < .

By letting € | 0 we obtain that lim, E(X,, | F,,) = E(X | Fo) a.s. QED

2.2.5 Optional sampling theorems

Theorem 2.2.5 implies for a martingale M and two bounded stopping times ¢ < 7 that
E(M; | Fs) = M,. The following theorem extends this result.

Theorem 2.2.18 (Optional sampling theorem) Let M be a uniformly integrable (su-
per)martingale. Then the family of random wvariables {M; | T is a finite stopping time} is
uniformly integrable and for all stopping times o < T we have

E(M; | Fs) = ()M, as.

Proof. We will only prove the martingale statement. For the proof in case of a supermartingale
see Exercise 2.14.

By Theorem 2.2.14, My, = lim,, oo M,, exists a.s. and in L' and E(My | Fp) = M, a.s.
Now let 7 be an arbitrary stopping time and n € Z. Since 71 An < n, Fran C Fp. By the
tower property, it follows for every n that

E(Moo | Fran) = E(E(Moo | Fp) | Fran) = E(My | Fran)  a.s.
By Theorem 2.2.5 we a.s. have
E(Moo |]:T/\n) = M:pn.

Now let n tend to infinity. Then the right-hand side converges a.s. to M,. By the Levy
upward convergence theorem, the left-hand side converges a.s. and in L! to E(My | G), where

g = U(LT_LJFTM).

Therefore
E(Mx |G) = M, as. (2.2.17)

We have to show that G can be replaced by F,. Take A € F,. Then
Eliasy Moo = Elfsn{r<oc}} Moo + Bl an{r—co}y Moo-
By virtue of Exercise 2.6, relation (2.2.17) implies that
El{an{r<co}t Moo = ELan(r<oc}y M.

Trivially
El{an{r=co}} Moo = ELan{r=0c}} M-
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Combination yields
E]-{A}Moo = E].{A}MT, AeF,.

We conclude hat E(My | F;) = M, a.s. The first statement of the theorem follows from BN
Lemma 8.4. The second statement follows from the tower property and the fact that F, C F.
QED

For the equality E(M;|F,) = M, a.s. in the preceding theorem to hold, it is necessary
that M is uniformly integrable. There exist (positive) martingales that are bounded in L'
but not uniformly integrable, for which the equality fails in general (see Exercise 2.27)! For
nonnegative supermartingales without additional integrability properties we only have an
inequality.

Theorem 2.2.19 Let M be a nonnegative supermartingale and let o < T be stopping times.
Then

E(M;|Fs) <M, as.

Proof. First note that M is bounded in L! and so it converges a.s. Fix n € Z_. The stopped
supermartingale M™\" is a supermartingale again (cf. Theorem 2.2.4). Check that it is
uniformly integrable. Precisely as in the proof of the preceding theorem we find that

E(Monn | Fo) = E(MI" | Fp) < MM = Mop,  aus.
Since the limit exists, we have M:1(,_o} = M1{;—). By conditional Fatou

E(M.|F,) < E(liminf M, | Fy)
< lim inf E(Man | Fy)
<

lim inf Myp, = My, a.s.

This proves the result. QED

2.2.6 Law of Large numbers

We have already pointed out that martingales are a generalisation of sums of i.i.d. random
variables with zero expectation. For such sums, we can derive the Law of Large Numbers,
Central Limit Theorem, and law of Iterated Logarithm. The question is then: do these Laws
also apply to martingales? If yes, what sort of conditions do we need to require.

Here we discuss a simplest version. To this end we need some preparations.

Theorem 2.2.20 Let S = (S, = > 1) Xk)n=1,2,.. be a martingale with respect to the filtra-
tion (Fn)n=1,2,... Assume that ES, =0 and that ES,% < oo for alln. Then S, converges a.s.
on the set {372 | E(X? | Fx-1) < oo}

Proof. Let JFo be the trivial o-algebra. Fix K > 0 and let 7 = min{n | Y70 E(X? | Fr_1) >
K}, if such n exists. Otherwise let 7 = co. Clearly 7 is a stopping time (check yourself).
Then S7 is a martingale.



2.3. CONTINUOUS-TIME MARTINGALES 43

Note that S} = Sran = D 5oy 154} Xk. Using the martingale property and the fact that
{r > k} € Fi_1, we obtain

ES?,, = E Zl{'r>k}Xk>

(
- E(ZE (Lrory X2 | Fi 1))
_ E(Zl{T>k}E X2| Fi_ 1))

(

S E(x? |}'k_1> < K.
k=1

By Jensen’s inequality (E|S7[)? < E(S7)? < K?2. As a consequence S” is a martingale that
is bounded in L!. By the martingale convergence theorem, it converges a.s. to an integrable
limit S, say. Thus S,, converges a.s. on the event 7 = oo, in other words, on the event
S E(X? | Fro1) < K} Let K 1 0. QED

Without proof we will now recall a simple but effective lemma.

Lemma 2.2.21 (Kronecker Lemma) Let {x,},>1 be a sequence of real numbers such that
> Tn converges. Le {b,}, be a non-decreasing sequence of positive constants with b, T oo as
n — 0o. Then byt > 1_ by — 0, as n — oo.

This allows to formulate the following version of a martingale Law of Large Numbers.

Theorem 2.2.22 Let (S, = > p_; Xk)n>1 be a martingale with respect to the filtration
(Fu)n>1. Then Y 7_ Xi/k converges a.s. on the set {d po k™2E(X?|Fr—1) < oo}. Hence
Sp/n =0 a.s. on the set {> oo k2E(X? | Fr—1) < oo}

Proof. Combine Theorem 2.2.6 and Lemma 2.2.21.

2.3 Continuous-time martingales

In this section we consider general martingales indexed by a subset T" of R. If the martingale
M = (My)¢>0 has ‘nice’ sample paths, for instance they are right-continuous, then M can be
‘approximated’ accurately by a discrete-time martingale. Simply choose a countable dense
subset {t,} of the index set T' and compare the continuous-times martingale M with the
discrete-time martingale (M, ),. This simple idea allows to transfer many of the discrete-
time results to the continuous-time setting.

2.3.1 Upcrossings in continuous time

For a continuous-time process X we define the number of upcrossings of the interval [a,b] in
the bounded set of time points 7' C Ry as follows. For a finite set F' = {t1,...,t,} C T we
define Up[a,b] as the number of upcrossings of [a, b] of the discrete-time process (X, )i=1,...n
(see Definition 2.2.11). We put

Urla,b] = sup{Urla,b] | F C T, F finite }.
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Doob’s upcrossing lemma has the following extension.

Lemma 2.3.1 Let M be a supermartingale and let T C Ry be a countable, bounded set.
Then for all a < b, the number of upcrossings Ur|a,b] of the interval [a,b] by M satisfies

(b —a)EUr[a,b] <supE(M; —a)".
teT

Proof. Let T,, be a nested sequence of finite sets, such that Ur[a,b] = lim,,_,o Ur, [a, b]. For
every n, the discrete-time upcrossing inequality states that

(b—a)EUr, [a,b] < E(M, —a)™,

where t, is the largest element of 7,,. By the conditional version of Jensen’s inequality
the process (M — a)~ is a submartingale (see Example 2.1.3). In particular, the function
t — E(M; — @)~ is increasing, so

E(M:, —a)” =sup E(M; —a)™.
teTh

So, for every n we have the inequality

(b —a)EU7, [a,b] < sup E(M; —a)™.
teT'IL

The proof is completed by letting n tend to infinity. QED

Hence Urla,b] is a.s. finite! By Doob’s upcrossing Lemma 2.2.12 Urla, b] is F;-measurable if
t =sup{s|se T}

2.3.2 Regularisation

We always consider the processes under consideration to be defined on an underlying filtered
probability space (2, F, (F)t)ier, P). Remind that Foo = o(F,t € T'). We will assume that
T = R. For shorthand notation, if we write lim(4);, we mean the limit along non-increasing
(non-decreasing) rational sequences converging to ¢t. The same holds for lim sup /lim inf.

Theorem 2.3.2 Let M be a supermartingale. Then there exists a set Q2 € Fg of probability
1, such that for all w € O the limits

Iim M, (w) and lim M, (w
i M () and lim My )

exist and are finite for every t € (0,s] and t € [0, s) respectively, for any s < oo.

Is the set of discontinuities of each path M (w) = (M;(w))ser,, w € Q*, at most count-
able? This is not (yet) clear.

Proof. We give the proof for s = co. Fixn € Zy. Let a < b, a,b € Q. By virtue of
Lemma 2.3.1 there exists a set €2, 43 € F,, of probability 1, such that

U[o,n}mQ[aa bl(w) < oo, forallwe Qnap-
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Put
Qn = m Qn,a,b~
a<b,a,beQ
Then €2, € F,,. Let now ¢ < n and suppose that
lim M, (w
i M, ()

does not exist for some w € €2,,. Then there exists a < b, a,b € Q, such that

lim inf My(w) < a < b < lim sup My(w).
qdt qlt
Hence U njnqla, b](w) = o0, a contradiction. It follows that lim,; M, (w) exists for all w € €2,
and all ¢ € [0,n).

A similar argument holds for the left limits: limgy M, (w) exists for all w € Q,, for all
t € (0,n]. It follows that on €' = N, these limits exist in [—o0, 0o] for all ¢ > 0 in case of
left limits and for all ¢ > 0 in case of right limits. Note that ' € F, and P{Q)'} = 1.

We still have to show that the limits are in fact finite. Fix t € T, n > t. Let Q, =
[0,7] N Q and let Q, be a nested sequence of finitely many rational numbers increasing to
Qn, all containing 0 and n. Then (Mjy)scq,, ., is a discrete-time supermartingale. By virtue
of Theorem 2.2.10

)\P{sé%ax | M| > 3\} < 4E|My| + 3E|M,,|.

Letting m — oo and then A — oo, by virtue of the monotone convergence theorem for sets

sup |Ms| < oo, a.s.
SEQn

This implies that the limits are finite.

Put Q) = {w] sup,eq, |Ms|(w) < oo}. By the above, Q) € F, and P{Q;} = 1. Hence,
Q" =N, 0" is a set of probability 1, belonging to Foo. Finally, set Q* = Q" N Q’. This is a
set of probability 1, belonging to Fo. QED

Corollary 2.3.3 There exists an Foo-measurable set 0%, P{Q*} = 1, such that every sample
path of a right-continuous supermartingale is cadlag on 2.

Proof. See Exercise 2.22. QED

Our aim is now to construct a modification of a supermartingale that is a supermartin-
gale with a.s. cadlag sample paths itself, under suitable conditions. To this end read
LN §1.6, definitions 1.6.2 (right-continuity of a filtration) and 1.6.3 (usual conditions)

Given a supermartingale M, define for every t > 0

[ limgysgeq Mg(w),  if this limit exists and is finite
My (w) = { 0, otherwise.

The random variables M;+ are well-defined by Theorem 2.3.2. By inspection of the proof of
this theorem, one can check that M+ is F;+-measurable.
We have the following result concerning the process (M+)¢>0-
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Lemma 2.3.4 Let M be a supermartingale.
i) Then E|M+| < oo for every t and
E(My+ | Ft) < My, as.
If in addition t — EMy is right-continuous, then this inequality is an equality.

ii) The process (My+)i>0 is a supermartingale with respect to the filtration (Fi+)i>0 and it is
a martingale if M is a martingale.

Proof. Fix t > 0. Let g, | t be a sequence of rational numbers decreasing to t. Then the pro-
cess (Mg, )n is a backward discrete-time supermartingale like we considered in Theorem 2.2.16,

1
with sup,, EM,, < EM; < oco. By that theorem, M;+ is integrable, and M,, L M;+. Asin
the proof of Theorem 2.2.14, L'-convergence allows to take the limit n — oo in the inequality

E(qu |ft) < Mt a.s.

yielding
E(MtJr ’]:t) S Mt a.s.

L! convergence also implies that EM,, — EM,+. So, if s — EMj is right-continuous, then
EMy+ = lim, oo EM,, = EM;. But this implies (cf. Exercise 2.7 b) that EM+ | F) = M,
a.s.

To prove the final statement, let s < ¢t and let ¢/, < ¢ be a sequence of rational numbers
decreasing to s. Then

E(My+ | Fy ) = E(E(My+ | Fo)|Fy ) S E(My| Fy) < My as.

with equality if M is a martingale. The right-hand side of inequality converges to M.+ as
n — oo. The process E(M;+ | Fy ) is a backward martingale satisfying the conditions of
Theorem 2.2.16. Hence, E(M,+ | Fy ) converges to E(M;+ | Fg+) a.s. QED

We can now prove the main regularisation theorem for supermartingales with respect to
filtrations satisfying the usual conditions.

The idea is the following. In essence we want ensure that all sample paths are cadlag a
priori (that the cadlag paths are a measurable set w.r.t to each o-algebra F;). In view of
Corollary 2.3.3 this requires to complete Fy with all P-null sets in F,. On the other hand, we
want to make out of (M;+); a cadlag modification of M. This is guaranteed if the filtration
involved is right-continuous.

Can one enlarge a given filtration to obtain a filtration satisfying the usual conditions? If
yes, can this procedure destroy properties of interest - like the supermartingale property,
independence properties? For some details on this issue see BN §9.

Theorem 2.3.5 (Doob’s regularity theorem) Let M be a supermartingale with respect
to the filtration (Fi)e>0 satisfying the usual conditions. Then M has a cadlag modification
M (such that {M; — M, # 0}is a null set contained in Fy) if and only if t — EM; is right-
continuous. In that case M is a supermartingale with respect to (Fi)i>0 as well. If M is a
martingale then M isa martingale.
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Proof. ‘<=’ By Theorem 2.3.2 and the fact that (F;) satisfies the usual conditions, there exists
an event Q* € Fy (!) of probability 1, on which the limits
M,- =lim M,, M+ = lim M,
¢ qtt 1 t qlt 1
exist for every ¢. Define the process M by ]\A/ft(w) = M+ (w)1lig«)(w) for t > 0. Then
M; = M+ a.s. and they differ at most on a null-set contained in Fy. Since M+ is Fy+-
measurable, we have that M; is Fj+-measurable. It follows that My = E(M+ | F;+) a.s. By
right-continuity of the filtration, right-continuity of the map ¢ — EM,; and the preceding
lemma, we get that a.s. M; = E(My+ | Fi+) = E(My+ | Ft) = My a.s. In other words, M is
a modification of M. Right-continuity of the filtration implies further that M is adapted to

(Ft). The process M is cadlag as well as a supermartingale (see Exercise 2.23).
‘=" see Exercise 2.24. QED

Corollary 2.3.6 A martingale with respect to a filtration that satisfies the usual conditions
has a cadlag modification, which is a martingale w.r.t the same filtration.

We will next give two example showing what can go wrong without right-continuity of the
filtration, or without continuity of the expectation as a function of time.

Example
Let Q i {-1,1}, Fi = {Q,0} for t <1 and F; = {Q,0,{1},{—1}} for ¢t > 1. Let P({1}) =
P({-1}) =1/2.

Note that F; is not right-continuous, since F; # Fq+! Define

0, t<1 [0, t<1
Yt(w)_{w, t>1" Xt(w)_{w, t>1
Now, Y = (Y;): is a martingale, but it is not right-continuous, whereas X = (X;); is a

right-continuous process. One does have that EY; = 0 is a right-continuous function of ¢.
Moreover, Y;+ = X; and P{X; = Y1} = 0. Hence X is not a cadlag modification of Y,
and in particular Y cannot have a cadlag modification.
By Lemma 2.3.4 it follows that E(X;|F;) = Y%, so that X cannot be a martingale w.r.t
the filtration (F3);. By the same lemma, X is a right-continuous martingale, w.r.t to (Fj+);.
On the other hand, Y is not a martingale w.r.t. to (Fy+)!

Example
Let Q = {-1,1}, 7t = {Q,0} for t < 1 and F;, = {Q,0,{1},{—1}} for ¢ > 1. Let P{1}) =
P({—1}) = 1/2. Define

0, t<1 0, t<1
Yiw)y=¢ 1—-t, w=1t>1 |, Xi(w) =< 1—t, w=1,t>1
-1, w=-1,t>1 1, w=—-1,t>1

In this case the filtration (F;); is right-continuous and Y and X are both supermartingales
w.r.t (F¢)¢. Furthermore X; = limg, Yy for ¢ > 0, but P{X; = Y7} = 0 and hence X is not a
modification of Y.
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2.3.3 Convergence theorems

In view of the results of the previous section, we will only consider everywhere right-continuous
martingales from this point on. Under this assumption, many of the discrete-time theorems
can be generalised to continuous time.

Theorem 2.3.7 Let M be a right-continuous supermartingale that is bounded in L*. Then
My converges a.s. to a finite Foo-measurable limit My, as t — oo, with E|My| < oo.

Proof. The first step to show is that we can restrict to take a limit along rational time-
sequences. In other words, that M; — My, a.s. as t — oo if and only if

lim M, = M, a.s. (2.3.1)
q—0o0
To prove the non-trivial implication in this assertion, assume that (2.3.1) holds. Fix ¢ > 0
and w € Q for which M,(w) — My (w). Then there exists a number a = a,, . > 0 such that
|Mg(w) — Moo (w)| < € for all ¢ > a. Now let t > a be arbitrary. Since M is right-continuous,
there exists ¢’ > ¢ such that |My(w) — My(w)| < e. By the triangle inequality, it follows
that |My(w) — Mx(w)] < My (w) — Moo(w)| + |[Me(w) — My(w)| < 2e. This proves that
Mi(w) = Mo (w), t — oo.
To prove convergence to a finite F-measurable, integrable limit, we may assume that M
is indexed by the countable set Q. The proof can now be finished by arguing as in the proof of
Theorem 2.2.13, replacing Doob’s discrete-time upcrossing inequality by Lemma 2.3.1. QED

Corollary 2.3.8 A non-negative, right-continuous supermartingale M converges a.s. ast —
00, to a finite, integrable, Foo-measurable random variable.

Proof. Simple consequence of Theorem 2.3.7. QED

The following continuous-time extension of Theorem 2.2.14 can be derived by reasoning
as in discrete-time. The only slight difference is that for a continuous-time process X
L!-convergence of X; as t — 0o need not imply that X is UL

Theorem 2.3.9 Let M be a right-continuous supermartingale that is bounded in L'.

i) If M is uniformly integrable, then My — My a.s. and in L', and
E(Moo |]:t) § Mt a.s.
with equality if M is a martingale.

ii) If M is a martingale and My — My in L' ast — oo, then M is uniformly integrable.

Proof. See Exercise 2.25. QED
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2.3.4 Inequalities

Dobb’s submartingale inequality and LP-inequality are very easily extended to the setting of
general right-continuous martingales.

Theorem 2.3.10 (Doob’s submartingale inequality) Let M be a right-continuous sub-
martingale. Then for all A >0 andt >0

P{sup M, > A} < LE[M|.
s<t

Proof. Let T be a countable, dense subset of [0, ] and choose an increasing sequence of finite
subsets T, C T, 0,t € T, for every n and T;, T T as n — oo. By right-continuity of M we
have that

sup max My = sup My, = sup M.
n s€Tn s€T s€[0,t]

This implies that {maxser, Ms > ¢} T {sup,cr Ms > ¢} and so by monotone convergence of

sets P{maxger, Ms > ¢} 1 P{sup,cr My > c}. By the discrete-time version of the submartin-
gale inequality for each m > 0 sufficiently large

P{sup My >A—1} = P{supM,>\—1}
s€[0,t] seT

= lim P{maxM, >\ — 1}

n—oo s€Ty,

IN

17 EIMl.

Let m tend to infinity. QED

By exactly the same reasoning, we can generalise the LP-inequality to continuous time.

Theorem 2.3.11 (Doob’s LP-inequality) Let M be a right-continuous martingale or a
right-continuous, nonnegative submartingale. Then for allp > 1 and t > 0

p
E(sup M) < (2 ) Elbp.
s<t p—= 1

2.3.5 Optional sampling

We will now discuss the continuous-time version of the optional stopping theorem.

Theorem 2.3.12 (Optional sampling theorem) Let M be a right-continuous, uniformly
integrable supermartingale. Then for all stopping times o < 7 we have that M, and M, are
integrable and

E(M; | Fs) < M, as.

with equality if M is martingale.
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Proof. By Lemma 1.6.17 there exist stopping times o, and 7, taking only finitely many
values, such that o, < 7,, and o, | o, 7, | 7.
By the discrete-time optional sampling theorem applied to the supermartingale (M, jon )rez,,
(it is uniformly integrable!)
E(M,, | Fo,) < M, as.

Since o < g, it holds that F, C F,, . It follows that

E(My, | Fy) = E(E(My, | Fo,) | Fy ) < E(Mp, | Fy) s, (2.3.2)
Similarly
E(MTn ’F7n+1) S M7n+1 a.s.
Hence, (M), is a ‘backward’ supermartingale in the sense of the Lévy-Doob downward

theorem 2.2.16. Since sup,, EM,, < EM), this theorem implies that (M, )y is uniformly

integrable and it converges a.s. and in L!. By right-continuity M,, — M, a.s. Hence
M,, — M, in L'. Similarly M,,, — M, in L'. Now take A € F,. By equation (2.3.2) it holds

that
/MTndPg/MgndP.
A A

/MTdPg/ModP,
A A

if we let n tend to infinity. This completes the proof. QED

By L!-convergence, this yields

So far we have not yet addressed the question whether stopped (sub-, super-) martingales are
(sub-, super-) martingales. The next theorem prepares the way to prove this.

Theorem 2.3.13 A right-continuous, adapted process M is a supermartingale (resp. a mar-
tingale) if and only if for all bounded stopping times T, o with o < T, the random variables
M, and M, are integrable and EM,; < EM, (resp. EM, = EM, ).

Proof. Suppose that M is a supermartingale. Since 7 is bounded, there exists a constant
K > 0 such that 7 < K a.s.

As in the construction in the proof of Lemma 1.6.17 there exist stopping times 7, | 7 and
on | o that are bounded by K and take finitely many values. In particular 7,0, € D,, =
{K-k-27" k=0,1,...,2"}. Note that (D,), is an increasing sequence of sets.

By bounded optional stopping for discrete-time martingales, we have that E(M., | Fr,.,) <
a.s. (consider M restricted to the discrete time points {k-2-"t)) k € Z,}. We
)n is a uniformly

M

TTL+1 b}
can apply the Lévy-Doob downward theorem 2.2.16, to obtain that (M.,
integrable supermartingale, converging a.s. and in L' to an integrable limit as in the proof of
the previous theorem. By right-continuity the limit is M. Analogously, we obtain that M,
is integrable.

Bounded optional stopping for discrete-time supermartingales similarly yields that
E(M,, | M,,) < M,, a.s. Taking expectations and using L'-convergence proves that
EM, <EM,.

The reverse statement is proved by arguing as in the proof of Theorem 2.2.5. Let s < ¢t
and let A € Fs. Choose stopping times 0 = s and 7 = 1)t + 1(ge3s. QED
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Corollary 2.3.14 If M is a right-continuous (super)martingale and 7 is an (Fy)¢ stopping
time, then the stopped process is a (super)martingale as well.

Proof. Note that M7 is right-continuous. By Lemmas 1.6.14 and 1.6.16 it is adapted.
Let 0 < £ be bounded stopping times. By applying the previous theorem to the super-
martingale M, and using that o A 7, £ A 7 are bounded stopping times, we find that

EM;— = EMT/\O- S EMT/\£ == EMET

Since ¢ and £ were arbitrary bounded stopping times, another application of the previous
theorem yields the desired result. QED

Just as in discrete time the assumption of uniform integrability is crucial for the optional
sampling theorem. If this condition is dropped, we only have an inequality in general. The-
orem 2.2.19 carries over to continuous time by using the same arguments as in the proof of
Theorem 2.3.12.

Theorem 2.3.15 Let M be a right-continuous non-negative supermartingale and let o < T
be stopping times. Then
E(M; | Fs) < M,, as.

A consequence of this result is that non-negative right-continuous supermartingales stay at
zero once they have hit it.

Corollary 2.3.16 Let M be a non-negative, right-continuous supermartingale and define
7 = inf{t| My = 0or M- = 0}. Then P{M;441;c0y = 0,t > 0} = 1, where M- =
lim supgy, M.

Proof. Positive supermartingales are bounded in L'. By Theorem 2.3.7, M converges a.s. to
an integrable limit M., say.

Note that lim SUDgp¢ M = 0 implies that limg; My exists and equals 0. Hence by right-
continuity 7(w) < t if and only if inf{M,(w)|q € QN [0,¢]} = 0 or M;(w) = 0. Hence 7 is a
stopping time. Define

T = inf{t | My < n'}.

Then 7, is a stopping time with 7,, < 7. Furthermore, for all ¢ € Q, we have that 7+ ¢ is a
stopping time. Then by the foregoing theorem

EM;q <EM,, < iP{r, <oo}+EMyl{, oo
On the other hand, since 7, = oo implies 7 + ¢ = co we have
EMoclir,—c) € EMooliryg—oc}-
Combination yields for all n € Z4 and all ¢ € Q4+

EM’7'+q1{T+q<OO} = EMryq— EMool{T+q=00}
%P{Tn < 00}

IN
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Taking the limit n — oo yields EM;y¢1( 1 qc00y = 0 for all g € Q.. By non-negativity of M
we get that Mry 1i4oco0y = 0 as. for all ¢ € Q4. But then also P{N{M;1, = 0} U {7 <
oo}} = 1. By right continuity

Ng{Mr4q =0} N{r < o0} ={M;14 =0,7 < 00,t > 0}.
Note that the set where M;;; = 0 belongs to Fu! QED

2.4 Applications to Brownian motion

In this section we apply the developed theory to the study of Brownian motion.

2.4.1 Quadratic variation

The following result extends the result of Exercise 1.15 of Chapter 1.

Theorem 2.4.1 Let W be a Brownian motion and fitt > 0. Forn € Z, let m, be a partition
of [0,] given by 0 =ty <t} < ... <1} =t and suppose that the mesh |m,| = maxy, [t} —1}_,|
tends to zero as n — co. Then

2 L2
g (Wi —Wn )2 = t, t— o0.
k k—1
k
If the partitions are nested we have

S (Wi —Wip )25t t— o0,
k

Proof. For the first statement see Exercise 1.15 in Chapter 1. To prove the second one, denote
the sum by X,, and put F,, = 0(X,, Xp+1,...). Then F,y1 C F, for every n € Z;. Now
suppose that we can show that E(X,, | F41) = Xn41 a.s. Then, since supEX,, < oo, the
Lévy-Doob downward theorem 2.2.16 implies that X,, converges a.s. to a finite limit X,,. By
the first statement of the theorem the X, converge in probability to t. Hence, we must have
Xoo =t a.s.

So it remains to prove that E(X, |Fnt+1) = X,41 a.s. Without loss of generality, we
assume that the number of elements of the partition 7, equals n. In that case, there exists a
sequence t,, such that the partition m, has the numbers t1,...,t, as its division points: the

point ¢, is added to m,_1 to form the next partition m,. Now fix n and consider the process
W' defined by
Ws/ = Ws/\t - (Ws - Ws/\tn+1)'

By Exercise 1.12 of Chapter 1, W’ is again a BM. For W’ denote the analogous sums X}
by X;. Then it is easily seen for k > n + 1 that X} = Xj. Moreover, it holds that X, —
X/ 1 = Xpy1 — X (check!). Since both W and W' are BM’s, the sequences (X1, X»,...) and

(X1, X5, ...) have the same distribution. It follows that a.s.

E(X0 — Xus1 | Fast) = E(X, = Xy | Xy, Xigro )
E(X), — X1 | Xng1, Xy, .. 0)

E(Xn+1 - Xn | Xnt1, Xnt2, .- )
— —E(Xn+1—Xn|]:n+1).

n+1
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This implies that E(X,, — X411 | Fnt1) = 0 a.s. QED

A real-valued function f is said to be of finite variation on an interval [a, b], if there exists
a finite number K > 0, such that for every finite partition a = t9 < --- < t,, = b of [a,b] it
holds that

ST (t) = flte-1)| < K.
k

Roughly speaking, this means that the graph of the function f on [a,b] has finite length.
Theorem 2.4.1 shows that the sample paths of BM have positive, finite quadratic variation.
This has the following consequence.

Corollary 2.4.2 Almost every sample path of BM has unbounded variation on every interval.

Proof. Fix t > 0. Let m, be nested partitions of [0,¢] given by 0 =t <t} < ... < ty, =t
Suppose that the mesh |, | = maxy, [t} —¢}_;| — 0 as n — oco. Then

> Wy =W )? <max Wy = W |3 [Wep = W
k

k71"
k

By uniform continuity of Brownian sample paths, the first factor on the right-hand side
converges to zero a.s., as n — oo. Hence, if the Brownian motion would have finite variation
on [0, ] with positive probability, then Y, (Wi — W» ) would converge to 0 with positive
probability. This contradicts Theorem 2.4.1. QED

2.4.2 Exponential inequality

Let W be a Brownian motion. We have the following exponential inequality for the tail
properties of the running maximum of the Brownian motion.

Theorem 2.4.3 For everyt >0 and A >0

P{ sup W > A} < e/

s<t
and

P{sup W > A} < 2e7 X/

s<t

Proof. For a > 0 consider the exponential martingale M defined by M; = exp{aW; — a’t/2}
(see Example 2.1.4). Observe that

P{sup W, > A} < P{ sup M, > ea/\*azt/z}.

s<t s<t
By the submartingale inequality, the probability on the right-hand side is bounded by

eaQt/Q—aAEMt _ 611215/2—a>\E]\40 _ 6a2t/2—a)\‘
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The proof of the first inequality is completed by minimising the latter expression in a > 0.
To prove the second one, note that

P{ sup |W,| > )\} < P{sup W, > A} + P{inf W, < -}
s<t s<t

s<t

= P{sup W5 > A} + P{sup —W, > A}.
s<t s<t

The proof is completed by applying the first inequality to the BM’s W and —W. QED

The exponential inequality also follows from the fact that sup,<, W 4 |W¢| for every fixed t.
We will prove this equality in distribution in the next chapter.

2.4.3 The law of the iterated logarithm

The law of the iterated logarithm describes how BM oscillates near zero and infinity. In the
proof we will need the following simple lemma.

Lemma 2.4.4 For every a > 0

0 2 a 2
/ e~ 2y > e~ /2,
a “1+a?

Proof. The proof starts from the inequality

R 1 x5,
e 2y < = e 2dy.
a :'U2 _a/2 a

Integration by parts shows that the left-hand side equals

_/ e*w2/2d(l) = 1€a2/2+/ ld(e*ﬁ/?)
a € a

a X

= 1e_‘12/2 - /Oo e 24y,

)

Hence we find that

Thid finishes the proof. QED

Theorem 2.4.5 (Law of the iterated logarithm) It almost surely holds that

. Wy .. t
lim sup ——— =1, lim inf ————— = —1,
tlo  y/2tloglogl/t tl0 2tloglog 1/t
W, 1%
lim sup ‘ 1, lim inf ! —1.

oo /2tloglogt - t—oo 4/2tloglogt -
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Proof. 1t suffices to prove the first statement. The second follows by applying the first to the
—W. The third and fourth statements follow by applying the first two to the BM tWy
(cf. Theorem 1.4.4).

Put h(t) = \/2tloglog1/t. We will first prove that lim sup, , W(s)/h(s) < 1. Choose
two numbers 6,0 € (0,1). We put

an = (L+0)0"h(0"), fBn = h(0")/2.

Use the submartingale inequality applied to the exponential martingale M = exp{a, W, —

als/2}):

P{sup (Ws — ans/2) > Bn} P{sup M, > ¢“fn}
s<1 s<1
e_anﬁnEMl — e_an,Bn

<
< Kgn_(1+5),

for some constant Ky > 0 that depends on € but not on n. Applying the Borel-Cantelli lemma
yields the existence of a set Qf 5 € Foo, P{2 5} = 1, such that for each w € Q 5 there exists
n,, such that

Sup(Ws(W) - ans/2) S Bm

s<1
for n > n,,.

One can verify that h is increasing for ¢t € (0,e™¢] with ¢ satisfying ¢ = el/¢. Hence, for
n >mn, and s € [0, "1

s a1 146 1 146 1
< =22 = "< (— 4 = i
Wsw) < =+ < —5—+6n (29 +2>h(9)—( 20 +2>h(5)

It follows that for all n > n,, V —c¢/log 6

sup
I <s<gn-—1 h(S)

< = .
<(7 2
It follows that lim sup, o Ws(w)/h(s) < (H‘S %), for w € €2 5. Write 7, = (0

and put Q* = N,,Q;,. Then lim sup, o Ws(w)/h(s) < 1 for w € Q.
To prove the reverse inequality, choose 6 € (0, 1) and consider the events

0=1-1/m,6=1/m

Ay = {Won — Wynir > (1 = VO)h(0™)}.
By the independence of the incements of BM, the events A,, are independent. Note that

Wgn - W9n+l i

e SN0,

Hence,

Wor = Wonsr _ (1= \/é)h(en)}
Vor — gt = \Jgn — gntl

- 7x2/2d
e x,
V2T /a

P4} = Pf
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with
a:(l—\/é)h(H ):(1_\/5) 2loglog 6 '
N/ oy 1-6

By Lemma 2.4.4 it follows that

V2rP{A,} > —ema/2,

e
1+ a?
It is easily seen that the right-hand side is of order
(1-v0)?
n_ 1—-6 = ’]’L_a7

with a < 1. It follows that ) P{A,} = oo and so by the 2d Borel-Cantelli Lemma there
exists a set Qg € Foo, P{Q} = 1, such that

Won (w) > (1 — VO)W(O™) + Wens1 (w)

for infinitely many n, for all w € Qy. Since —W is also a BM, the first part of the proof implies
the existence of a set g € Foo, P{Q} = 1, such that for each w € Qy there exists n,, with

—W9n+1 (w) S 2h(9n+1), n Z Ny -
Note that for n > 2/log6~!
log 6~ = (n+1)log 07! < 2nlog 0 < n?(log6~)? = (log67™)%.

Hence
loglog 6~ "1 < log(log 8% < 2loglog 6~ ".

and so we find that
R(0™Y) < V20 D12, /210g log -7 < 2VOR(6™).
Combining this with the preceding inequality yields for w € ¢ N Qy that
Won(w) > (1 - VO)A(") — 20(6™) > h(6")(1 - 5v/6),
for inifinitely many n. Hence
hrrlleizup Wht(g) >1-5V0, weQny.
Finally put % = Qo N Ng>194 /5. Clearly P{Q*} = 1 and lim sup,, % > limgoo(1 —

5/VE) =1. QED

As a corollary we have the following result regarding the zero set of the BM that was considered
in Exercise 1.28 of Chapter 1.

Corollary 2.4.6 The point 0 is an accumulation point of the zero set of the BM, i.e. for
every € > 0, the BM wisits 0 infinitely often in the time interval [0, €).

Proof. By the law of the iterated logarithm, there exist sequences t,, and s, converging
monotonically to 0, such that

We, W,

— 1, — —1,
\/2t, loglog1/t, /2sn loglog1/sy,

The corollary follows from the continuity of Brownian motion paths. QED

n — oQ.
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2.4.4 Distribution of hitting times

Let W be a standard Brownian motion and, for a > 0, let 7, be the (a.s. finite) hitting time
of level a (cf. Example 1.6.9).

Theorem 2.4.7 For a > 0 the Laplace transform of the hitting time 1, is given by

Ee Mo = V2 A\ >0,

Proof. For b > 0, consider the exponential martingales M; = exp(bW; — b%*t/2) (see Ex-
ample 2.1.4. The stopped process M is again a martingale (see Corollary 2.3.14) and is
bounded by exp(ab). A bounded martingale is uniformly integrable. Hence, by the optional

stopping theorem
EM,, =EMJ =EMj* =EM, =1.

Since W, = a, it follows that
Eebasz‘ra/Q -1

The expression for the Laplace transform now follows by substituting 5% = 2\. QED

We will later see that 7, has the density

aefaQ/Qm

— 17,0
Vars

This can be shown by inverting the Laplace transform of 7.

T —

A formula for the inversion of Laplace transforms are given in BN§4.

We will however use an alternative method in the next chapter. At this point we only prove
that although the hitting times 7, are a.s. finite, we have E7, = oo for every a > 0. A process
with this property is called null recurrent.

Corollary 2.4.8 For every a > 0 it holds that Et, = c0.

Proof. Denote the distribution function of 7, by F'. By integration by parts we have for every
A>0

e = [ eMaP(@) = M F@|T - [T P@de) =~ [ Fade)
0 0 0
it follows that

Combination with the fact that -
. / d(e™>)
0
1 —Ee e 1

— = — T e_/\x = - — X G_Am Z.
=3 ] G- F@e) = [T Fa)ea

Now suppose that E7, < co. Then by dominated convergence the right-hand side converges
to Er, as A — 0. In particular

1 —Ee A

lim ———

A0 A
is finite. However, the preceding theorem shows that this is not the case. QED
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2.5 Poisson process and the PASTA property

Let N be a right continuous Poisson process with parameter p on (2, F, P). Here the space Q2
are right-continuous, non-decreasing integer valued paths, such that for each path w one has
wo = 0 as well as wy < limgy ws + 1, for all £ > 0 (cf. construction in Chapter 1.1). The path
properties imply all paths in € to have at most finitely many discontinuities in each bounded
time interval. The o-algebra F is the associated o-algebra that makes the projections on the
t-coordinate measurable.

As we have seen in Example 2.1.5 , {N; — pt}; is a martingale. This implies that N; has
a decomposition as the sum of a martingale and an increasing process, called Doob-Meyer

decomposition.

Lemma 2.5.1
Nt a.s.
e — W, t— o00.

Proof. See Exercise 2.34. QED

The structure of Poisson paths implies that each path can be viewed as to represent the
‘distribution function’ of a counting measure, that gives measure 1 to each point where N (w)
has a discontinuity. In fact, the measure v,,, with v, ([0,t]) = N¢(w) is a Lebesgue-Stieltjes
measure generated by the trajectory N(w), and v,(A) ‘counts’ the number of jumps of N (w)
occurring in A € B[0, c0).

Denote these successive jumps by S, (w), n =1,.... Let f : [0,t] = R be any bounded or
non-negative measurable function. Then for each w € 2, t > 0, we define

/ F(s)dN( Z (S Z J(Sn(w)) s, ()<t N (w)<oo} - (2.5.1)
This can be derived using the ‘standard machinery’.

The PASTA property Let us now consider some (F, E)-valued stochastic process X on
(Q, F, (Ft)t, P), where (E, ) is some measure space. Let B € £.

The aim is to compare the fraction of time that X-process spends in set B, with the
fraction of time points generated by the Poisson process that the X-process is in B. We need

to introduce some notation: Uy = 1¢x,cpy, and, as usual, A stands for the Lebesgue measure
on (R, B(R+)).

Assumption A U has ladcag paths, i.o.w. all paths of U are left continuous and have right
limits.

We further define
_ 1 [t
U, = / Usd\(s)
A = / UgdNg

Ay = 1{Nt>0}
Fio= (U875§t7N878St)'
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Here U, stands for the fraction of time during (0,t] that X spends in set B; A; is the amount
of Poisson time points before t at which X is in set B, and A; is the fraction of Poisson time
points upto time ¢ at which X is in B.

Assumption B Lack of anticipation property o(N;,— Ny, u > 0) and F; are independent
for all t > 0.

Theorem 2.5.2 Under assumptions A and B, there exists a finite random variable U o, such
that Uy 23 U, iff there exists a finite random variable Ay, such that Ay 2% A and then

A =T

The proof requires a number of steps.

Lemma 2.5.3 Suppose that assumptions A and B hold.
Then EAy; = MEU = AE [ UydA(s).

Proof. In view of (2.5.1) and the sample properties of N, this implies that we can approximate
At by

n—1
Ans =Y Upt[N i1y — Nie
=0 ™ n n

In other words, A, + 2% A;. Now, evidently 0 < Ap ¢ < Ny. Since E|Ny| = EN; < 00, we can
apply the dominated convergence theorem and Assumption B to obtain that

n—1

. .t
EA; = lim E4y, :JLH;OIZEU@ (2.5.2)
k=0 "
Similarly, one can derive that
" n—1 t
BENTEUL 3 | UsdA(s), n— oo
k=0 n 0
Using that
n—1
t
0< % kzo EUt;f < pt,

n—1 t
t
E tim XS Uy = ME/ ULd(s). (2.5.3)
0
Combining (2.5.2) and (2.5.3) yields

t
EA; = ME/ UsdA(s).
0

QED
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Corollary 2.5.4 Suppose that assumptions A and B hold. E(A—As | Fs) = ,uE(fSt UydA(v) | Fs)
a.s.

Proof. The lemma implies that E(A; — As) = puE [! U,d\(v). Define

Ansi = > Ust[Ngsny — Nat)-
ns/t<k<n—1 " n n

Then, analogously to the above proof, A, s, 24— A, = fst U,dN,.
We use conditional dominated convergence (BN Theorem 7.2 (vii)). This implies that
E(Ans:| Fs) = E(Ar — As | Fs) a.s. On the other hand

E(Anst | Fo) =E(E " U | Fo).

ns/t<k<n—1 n

By another application of conditional dominated convergence, using boundedness of the func-
tion involved, the right-hand side converges a.s. to E(u fst Uydv | Fs). QED

Next define R, = A;—utU,. By virtue of Corollary 2.5.4 { R;}; is an (F;)-adapted martingale.

Lemma 2.5.5 Suppose that assumptions A and B hold. Then R/t 2%0.

Proof. Note that {R,p}, is an (Fpp)n-adapted discrete time martingale for any h > 0. By

virtue of Theorem 2.2.22
Rnh

—0,
n
on the set
1
A= {Z ﬁE((R(kJrl)h — Ryp)? | Fin) < o0}
k=1
Note that
|Rt — Rs| < Ny — Ng + p(t — s). (2.5.4)
It follows that
E(R; — Rs)? < E(N; — N,)? + 3p2(t — )% = 4p%(t — 5)® + p(t — s). (2.5.5)
1

Consider the random variables Y,, = > ' 1 @ E(Ragyn —Rin)?| Frn), n=1,.... By (2.5.5),

E|Y,| = EY, < Z 4u2h2+uh)? < o0,
k=1

for all n, hence {Y,,}, is bounded in L;. Y,, is an increasing sequence that converges to a limit
Y., that is possibly not finite everywhere. By monotone convergence and Li-boundednes
EY, — EY. < oo. As a consequence Yo, must be a.s. finite. In other words, P{A} = 1. That
R(nh)/n %3 0.
Let Q* be the intersection of A and the set where N;/t — p. By Lemma 2.5.1 P{Q*} = 1.
The lemma is proved if we show that R;/t — 0 on the set Q*. Let w € Q*. Fix ¢t and let n,
be such that ¢ € [nh, (ny + 1)h). By virtue of(2.5.4)

|Rt(w) = Rp,n(w)| < Ni(w) — Npyn(w) + pih.
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By another application of Lemma 2.5.1

Ri(w) o muh Bnn(@) + N(tw) = Nogn)(w) + ph

— — 0, — oo.
t t nth

QED

Now we can finish the proof of the theorem. It follows from the relation

R A N, —
Tt = ﬁthl{NQO} — pUt,

whilst noting that (N;/t)1y,50p — p on Q.
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2.6 Exercises

Discrete-time martingales

Exercise 2.1 Prove the assertion in Example 2.1.2.
Exercise 2.2 Prove the assertion in Example 2.1.3.
Exercise 2.3 Show that the processes defined in Example 2.1.4 are indeed martingales.

Exercise 2.4 (Kolmogorov 0-1 Law) Let X;, X, ... be i.i.d. random variables and con-
sider the tail o-algebra defined by

T={)oXn Xn1,...).
n=1

a) Show that for every n, T is independent of the o-algebra o (X1, ..., X,,) and conclude that
for every A € T
P{A} = E(1qay | X1,..., Xn), as.

b) Give a “martingale proof” of Kolmogorov’s 0 — 1 law: for every A € T, P{A} = 0 or
P{A} = 1.
c) Give an example of an event A € 7.

Exercise 2.5 (Law of large Numbers) In this exercise we present a “martingale proof”
of the law of large numbers. Let X1, Xs,... be random variables with E|X;| < co. Define
Sn = Z?:l Xl and fn = O‘(Sn, Sn+1, .. )

a) Note that for i = 1,...,n, the distribution of the pair (X;,S,) is independent of 7. From
this fact, deduce that E(X,, | F,,) = Sn/n, and that consequently

E(2S,|Fn) = %HSnH, a.s.

ii) Show that S, /n converges almost surely to a finite limit.

iv) Derive from Kolmogorov’s 0 — 1 law that the limit must be a constant and determine its
value.

Exercise 2.6 Consider the proof of Theorem 2.2.18. Prove that for the stopping time 7 and
the event A € F; it holds that AN {7 < o0} € G.

Exercise 2.7 Let X,Y be two integrable random variables defined on the same space §2. Let
F be a g-algebra on (2.

a) Suppose that X,Y are both F-measurable. Show that X > Y a.s. if and only if Eliq X >
El{A}Y for all A € F.

b) Suppose that Y is F-measurable. Show that E(X | F) <Y a.s. together with EX = EY
implies E(X | F) =Y a.s.
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Exercise 2.8 Let M be a martingale such that {M,+1 — M, }»>1 is a bounded process. Let
Y be a bounded predictable process. Let X =Y - M. Show that EX,; = 0 for 7 a finite
stopping time with ET < oo.

Exercise 2.9 Let X1, Xo,... be an i.i.d. sequence of Bernouilli random variables with prob-
ability of success equal to p. Put F,, = o(X1,...,Xy), n > 1. Let M be a martingale adapted
to the generated filtration. Show that the Martingale Representation Property holds: there
exists a constant m and a predictable process Y such that M,, = m+ (Y - S),, n > 1, where

Sn = ZZ:l(Xk - p)'

Exercise 2.10 Let X7,... be a sequence of independent random variables with 02 = EX2 <
oo and EX,, = 0 for all n > 1. Consider the filtration generated by X and define the
martingale M by M, =" | X;. Determine (M).

Exercise 2.11 Let M be a martingale with EM?2 < oo for every n. Let C be a bounded
predictable process and define X = C - M. Show that EX2? < oo for every n and that
(X) =C?-(M).

Exercise 2.12 Let M be a martingale with EM?2 < oo for every n and let 7 be a stopping
time. We know that the stopped process is a martingale as well. Show that E(M])? < oo for
all n and that (M7),, = (M)par-

Exercise 2.13 Let (Cy,), be a predictable sequence of random variables with EC? < oo for
all n. Let (€,), be a sequence with Ee, = 0, Ee% = 1 and ¢, independent of F,,_1 for all
n. Let M, = > .., Cie;, n > 0. Compute the conditional variance process A of M. Take
p > 1/2 and consider N,, = >_,_, Cie;/(1 + A;)P. Show that there exists a random variable
Noo such that N,, — N a.s. Show (use Kronecker’s lemma) that M, /(1 + A,)? has an a.s.
finite limit.

Exercise 2.14 i) Show that the following generalisation of the optional stopping Theo-
rem 2.2.18 holds. Let M be a uniformly integrable supermartingale. Then the family
of random variables {M; |7 is a finite stopping time} is UI and E(M, | F,) < M,, a.s.
for stopping times o < 7. Hint: use Doob decomposition.

ii) Give an example of a non-negative martingale for which { M | T stopping time} is not UL

Exercise 2.14* Show for a non-negative supermartingale M that for all A > 0

AP{sup M,, > \} < E(Mp).

Exercise 2.15 Consider the unit interval I = [0, 1] equipped with the Borel-o-algebra 5([0, 1])
and the Lebesgue measure. Let f be an integrable function on I. Let for n =1,2,...

k2—"n
@ =2 [y (k-2 sz <k
(k—1)2-n

and define f,,(1) = 1 (the value f,,(1) is not important). Finally, we define F,, as the o-algebra
generated by intervals of the form [(k — 1)27" k27"), 1 < k < 2™,
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i) Argue that F,, is an increasing sequence of o-algebras.
ii) Show that (f,), is a martingale.
iii) Use Lévy’s Upward Theorem to prove that f, — f, a.s. and in L, as n — oo.

Exercise 2.16 (Martingale formulation of Bellman’s optimality principle) Suppose
your winning per unit stake on game n are €,, where the €, are i.i.d. r.v.s with

Ple, =1} =p=1—Ple, = -1},

with p > 1/2. Your bet a, on game n must lie between 0 and Z,,_1, your capital at time n— 1.
Your object is to maximise your ‘interest rate’ Elog(Zn/Zy), where N =length of the game
is finite and Zj is a given constant. Let F,, = o(ey,...,€,) be your ‘history’ upto time n. Let
{an}n be an admissible strategy, i.0.w. a predictable sequence. Show that log(Z,) — na is a
supermartingale with a the entropy given by

a=plogp+ (1 —p)log(l —p)+ log2.

Hence Elog(Z,/Zp) < na. Show also that for some strategy log(Z,) — na is a martingale.
What is the best strategy?

Exercise 2.17 Consider a monkey typing one of the numbers 0,1,...,9 at random at each
of times 1, 2, ... U; denotes the i-th number that the monkey types. The sequence of numbers
Ui,Us,..., form an i.i.d. sequence uniformly drawn from the 10 possible numbers.

We would like to know how long it takes till the first time T that the monkey types the
sequence 1231231231. More formally,

T = min{n|n > 10,U,—9gUy,_g--- U, = 1231231231}.
First we need to check that T is an a.s. finite, integrable r.v. There are many ways to do this.

a) Show that 7" is an a.s. finite, integrable r.v. A possibility for showing this, is to first
show that the number of consecutive 10-number words typed till the first occurrence of
1231231231 is a.s. finite, with finite expectation.

In order to actually compute ET, we will associate a gambling problem with it.

Just before each time t = 1,2,3, ..., a new gambler arrives into the scene, carrying €1 in
his pocket. He bets €1 that the next number (i.e. the ¢-th number) will be 1. If he loses, he
leaves; if he wins his receives 10 times his bet, and so he will have a total capital of €10. He
next bets all of his capital on the event that the (¢ + 1)-th number will be 2. If he loses, he
leaves; if he wins, he will have a capital of €102. This is repeated throughout the sequence
1231231231. So, if the gambler wins the second time, his third bet is on the number 3, and
so on, till the moment that either he loses, or the monkey has typed the desired sequence.
Note that any gambler entering the game after the monkey typed the desired sequence, cannot
play anymore, he merely keeps his initial capital intact.

b) Define a martingale {X;} — 1},,_o__, such that X is the total capital of the first gambler
after his n-th game and hence X}L — 1 his total gain. Similarly associate with the k-th
gambler (who enters the game at time k) a martingale X* — 1, where X is his capital
after the n-th number that the monkey typed. Write M,, = >}, X,]’f. Then argue that
(M,, — n), is a bounded martingale associated with the total gain of all gamblers that
entered the game at time n latest.
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c) Argue now that ET = 10'% + 107 4 10* + 10.

Exercise 2.18 Let X;, 0 = 1,2..., be independent, integer valued random variables, with
X1, ... identically distributed. Assume that E|X], EXl2 < o00. Let a < b, a,b € Z, and
assume that X; # 0. Consider the stochastic process S = (Sy)nen, with S, = >°7" ; X; the
(n + 1)-th partial sum.

We desire to show the intuitively clear assertion that the process leaves (a,b) in finite
expected time, given that it starts in (a,b). Define 7, = min{n |S, ¢ (a,b)} and

f(z) =P{S; € (a,b),i=0,1,2,... | Sy = z}.
Note that f(x) = 0 whenever x ¢ (a,b)! Let now Sy = ¢ € (a, b).
a) Show that (f(Snar,,))n is a martingale.

b) Show that this implies that 7,4 is a.s. finite. Hint: consider the maximum of f on (a,b)
and suppose that it is strictly positive. Derive a contradiction.

Fix ¢ € (a,b), let Sy = 9, and assume that X is bounded.

c) Show that 7, is an a.s. finite and integrable r.v. Hint: you may consider the processes
(Sp — nEX1)nen, and, if EX7 =0, (52 — nEX?),en.

d) Show that 7, is a.s. finite and integrable also if X; is not bounded.

e) Derive an expression for E7,; (in terms of xg, a and b) in the special case that P{X; =
1} =P{X; =-1} =1/2.

f) Now assume that EX; < 0. Let 7, = min{n > 0|S, < a}. Show that 7, is a.s. finite.
Hint: consider 75, and let n tend to oo.

Exercise 2.18 Another approach of the first part of Exercise 2.18. Let X;, i =0, ..., all be
defined on the same underlying probability space (€2, F,P). Let

= 1{s,c(ap),i=0,..}-

a’) The stochastic process M,, = E(f|So,...,S,) is a martingale that converges a.s. and in
L! to My = E{f|So,...}. Argue that

E{f|SO :xo,...,Sn:l’n} = E{f‘S() ::L’n},
for all zg,...,z,—1 € (a,b).
Use this to show for all z € (a,b) that
ax =Y P{X1=y}asyy,

Y

where ay = E{f|So = 2} (note: a, is a real number!).

b’) Show that this implies that a, = 0 for all z € (a,b). Hint: consider the point z* =
{z € (a,b) | az = maxye(,p) ay}. Let now So = x¢ € (a,b) be given. Conclude from the
previous that 7, is a.s. finite.
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Exercise 2.19 (Galton-Watson process) This is a simple model for population growth,
growth of the number of cells, etc.

A population of cells evolves as follows. In every time step, every cell splits into 2 cells
with probability p or it dies with probability 1 — p, independently of the other cells and of
the population history. Let N; denote the number of cells at time ¢, t = 0,1,2,.... Initially,
there is only 1 cell, i.e. Ny = 1.

We can describe this model formally by defining Z*, n = 1,..., N, t = 0,1,..., to be
i.i.d. random variables with

P{Zy =2} =p=1-P{Z] =0},
and then Ny = Zﬁzl Z{'. Let {F;}i—o0,1,.. be the natural filtration generated by {NN;}1—0,1,....

i) Argue or prove that

P{l{Nt+1:2y} | Fi} = E{l{Nt+1=2y} | Fi}
N, _
= E{1(n,, =29y [ N} = P{Nes =2y | N} = < yt>py(1 —p)Nev.
Hence, conditional on Fy, Ny41/2 has a binomial distribution with parameters N; and
p.
ii) Let u = E{N1}. Show that N;/u! is a martingale with respect to {F;}, bounded in L!.

iii) Assume that g < 1. Show that EN; = u! and that the population dies out a.s. in the
long run.

iv) Assume again that p < 1. Show that M; = aNtl{ N;>0} 18 a contracting supermartingale
for some « > 1, i.e. there exist @ > 1 and 0 < 8 < 1 such that

E(Myy1 | Fe) < BMy, t=1,2,....

v) Show that this implies that E(T") < co with 7' = min{¢t > 1| N; = 0} the extinction time.

Exercise 2.20 (Continuation of Exercise 2.19) From now on, assume the critical case
p =1, and so NV is itself a martingale. Define 79 y = min{¢| Ny = 0 or N; > N}. Further
define

My = N - LNy .. .Nee{1,.. .N-1}}-

.....

i) Argue that M, is a supermartingale and that there exists a constant o < 1 (depending on
N) such that
EMt+N < OéENt.

Show that this implies that P{rp y = oo} = 0.

ii) Show that P{N,, , > N} < 1/N. Show that this implies the population to die out with
probability 1.

iii) Is {N¢}+ Ul in the case of pp < 17 And if p = 17
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Exercise 2.21 Let X;,i =0,... be independent Z-valued random variables, with E| X;| < oc.
We assume that X1, Xo,... are identically distributed with values in {—1,0, 1}, that all have
positive probability. Then S, = > ; X; is a discrete time Markov chain taking values in Z.
Suppose that Xy has distribution v = d,, with z € (a,b) C Z;. Define 7, = min{n > 0 :
Sn =y} and let 7 = 7, A 7. We want to compute P{7, < 7.} and E{7} (recall that Sy = z!).
Let first EX; # 0.

i) Show that 7 is a stopping time w.r.t. a suitable filtration. Show that 7 is finite a.s. Hint:
use the law of large numbers.

ii) We want to define a function f : Z — R, such that {f(S,)}n is a discrete-time martingale.
It turns out that we can take f(z) = e**, z € R, for suitably chosen «.
Show that there exists o # 0, such that e** is a martingale. Use this martingale to

show that

QT _ poa

P{m, < 7o} = pr p—

_eaa'

IfP{X; =1} =p=1—-P{X; = —1} (that is: X, takes only values +1), then
_ p _

e =—= ora=log(l—p) —logp.

Show this.

iii) Show that S, — nEX; is martingale. Show that

B (eax _ eo‘b)(l‘ _ a) + (eax _ eo‘a)(b _ x)
B{r} = (eat — e@a)E X )

iv) Let now EX; = 0. Show that 7 < co a.s. (hint: use the Central Limit Theorem). Show
for x € (a,b) that

b—=x
P{re < 1} = -
and ( )(b— )
Tr—a — X
E = -
{7} Ex?

by constructing suitable martingales.

Continuous-time martingales

Exercise 2.22 Prove Corollary 2.3.3. Hint: we know from Theorem 2.3.2 that the left limits
exist for all £ on an F-measurable subset (2*of probability 1, along rational sequences. You
now have to consider arbitrary sequences.

Exercise 2.23 Show that the process constructed in the proof of Theorem 2.3.5 is cadlag
and a supermartingale, if M is a supermartingale.

Exercise 2.24 Prove the ‘only if’ part of Theorem 2.3.5.
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Exercise 2.25 Prove Theorem 2.3.9 from LN. You may use Theorem 2.3.7.

Exercise 2.26 Show that for every a # 0, the exponential martingale of Example 2.1.4
converges to 0 a.s, as t — oo. (Hint: use for instance the recurrence of Brownian motion)
Conclude that these martingales are not uniformly integrable.

Exercise 2.27 Give an example of two stopping times ¢ < 7 and a martingale M that is
bounded in L' but not uniformly integrable, for which the equality E(M, |F,) = M, a.s.
fails. (Hint: see Exercise 2.26).

Exercise 2.28 Let M be a positive, continuous martingale that converges a.s. to zero as t
tends to infinity.

a) Prove that for every z > 0

P{supM; > x| Fo} =1A % a.s.
£>0

(Hint: stop the martingale when it gets to above the level z).

b) Let W be a standard BM. Using the exponential martingales of Example 2.1.4, show that
for every a > 0 the random variable

sup(W; — Sat)
>0

has an exponential distribution with parameter a.

Exercise 2.29 Let W be a BM and for a € R let 7, be the first time that W hits a. Suppose
that a > 0 > b. By considering the stopped martingale W7 ™ show that
—b

P{r, <m) = P

Exercise 2.30 Consider the setup of the preceding exercise. By stopping the martingale
W2 —t at an appropriate stopping time, show that E(7, A 7,) = —ab. Deduce that E7, = cc.

Exercise 2.31 Let W be a BM and for a > 0, let 7, be the first time that |W| hit the level
a.

a) Show that for every b > 0, the process M; = cosh(b|W|) exp{b?t/2) is a martingale.
b) Find the Laplace transform of the stopping time 7.
c) Calculate E7,.

Exercise 2.32 (Emperical distributions) Let Xi,..., X, beii.d. random variables, each
with the uniform distribution on [0, 1]. For 0 < ¢ < 1 define

1 1 ¢
Gu(t) = —#lk<n|Xy <t} = ; Lix,<ty-
In words, G,(t) is the fraction of X}, that have value at most ¢t. Denote
Fn(t) = O'(]_{Xlgs}, ey 1{Xn§3}7 S S t}
and Gy, (t) = 0(Gn(s),s <t).
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i) Prove that for 0 <¢ < wu < 1 we have

E{Gn(u) | Falt)} = Gn(t) + (1 = Ga(1) T —.
Show that this implies that
E{Gn(u) | Ga0)} = Gult) + (1= Gul0) 1.

ii) Show that the stochastic process M, = (M, (t)).c[o,1) defined by

Go(t) —t

My (t) = =

is a continuous-time martingale w.r.t G,(t), t € [0, 1).
iii) Is M, UI? Hint: compute limy My ().

iv) We extend the process M, to [0, 00), by putting M, (t) = 1 and G, (t) = o(X1,..., Xy), for
t > 1. Show that (M, (t))se[0,00) is an L!-bounded submartingale relative to (G, (t))tef0,0)>
that converges in L', but is not UL

Exercise 2.33 Let (IW;); be a standard Brownian motion, and define
Xt = Wt + Ct,
for some constant c. The process X; is called Brownian motion with drift. Fix some X > 0.

i) Show that
Mt — e@Xt—At

is a martingale (with respect to the natural filtration) if and only if § = v/c? + 2\ — ¢

or = —vVc2+2\—c.
Next, let H, = inf{t > 0| X; = z}.
ii) Argue for z # 0 that H, is a stopping time.

iii) Show that
E(e My = ) €TV, e >0
e—x(—\/02+2)\—c)7 r < 0.

iv) Use the result from (iii) to prove that for z > 0

1, c>0
P{H, < oo} = { e—2lclz c < 0.

v) Explain why this result is reasonable.

Exercise 2.34 Let N = {N(t)}+>0 be a Poisson process (see Definition in Chl.1). Show
that {N(t) — AMt}4>0 is a martingale. Then prove Lemma 2.5.1. Hint: use the martingale LLN
given in Section 2.2.6.



Chapter 3

Markov Processes

3.1 Basic definitions: a mystification?

Notational issues To motivate the conditions used lateron to define a Markov process, we
will recall the definition of a discrete-time and discrete-space Markov chain.

Let E be a discrete space, and £ the og-algebra generated by the one-point sets: & =
o{{z} |z € E}. Let X = {X, }n=0,1,... be an (E, £)-valued stochastic process defined on some
underlying probability space (£, F, P). In Markov chain theory, it is preferred not to fix the
distribution of X, i.e. the initial distribution. In our notation we will therefore incorporate
the dependence on the initial distribution.

The initial distribution of the process is always denoted by v in these notes. The
associated probability law of X and corresponding expectation operator will be denoted
by P, and E,, to make the dependence on initial distribution visible in the notation.

If Xo = x a.s. then we write v = J, and use the shorthand notation P, and E, (instead
of B and Es ). E is called the state space.

Assume hence that X is a stochastic process on (2, F,P,). Then X is called a Markov chain
with initial distribution v, if there exists an E x E stochastic matrix P!, such that

i) P{Xo € B} =v(B) for all B € &,
ii) The Markov property holds, i.e. for alln =0,1,..., xo,...,Zn, Tny1 € E

Py{Xn—l—l = Tn+1 ‘ X() =20y -- ,Xn = :rn} = Py{Xn—H = Tp+1 |Xn = :L'n} = P(.T)n ,(L‘n+1).

Recall that

PAXnt1 = ns1 | 0(Xy)} = Eu{l{xn+1}(Xn+l) |o(Xn)}
is a function of X,. In the Markov case this is P(X,,xn+1). Then P{X, 1 = xpy1| Xn =
Tn} = P(xp,Tpt1) is simply the evaluation of that function at the point X, = x,. These
conditional probabilities can be computed by

Py{Xn+1 = Tn+1, Xn = J/'n}
PV{XTL+1 = Tn+1 |Xn = l‘n} = P{Xn = l‘n} ’
anything you like if P{X,=2,} =0

if P{X, =2,} >0

'The E x E matrix P is stochastic if it is a non-negative matrix with row sums equal to 1.

70
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We can now rephrase the Markov property as follows: for alln € Z, and y €
PAXu = | FX} = B{Xup1 =y 0(X0)} = P(Xoy), as. (3.1.1)
It is a straightforward computation that
PAXnsm =y Fi'} = P™ (X, y),

is the (X, y)-th element of the m-th power of P. Indeed, for m = 2

PAXni2 =y |F2} = E, (1g( n+2)|fX)
= E,(E,1( (Xnt2) | F50) | FY)
= E,(P(Xps1,9) | Fy) (3.1.2)
= E,(O_ 1 (Xns1) - P(Xny1,9) | FY)
el

= Y P(x,y)E, (11 (Xns1) [ F)

el
= > Pla,y)P(Xy,x) = P2(X,,p).

xeF

In steps (3.1.2) and after, we use discreteness of the state space as well linearity of conditional
expectations. In fact we have proved a more general version of the Markov property to hold.
To formulate it, we need some more notation. But first we will move on to Markov chains on
a general measurable space.

Discrete time Markov chains on a general state space The one point sets need not
be measurable in general space. The notion of a stochastic matrix generalises to the notion
of a transition kernel.

Definition 3.1.1 Let (E,&) be a measurable space. A transition kernel on E is a map
P: E x & —10,1] such that

i) for every xz € E, the map B +— P(z, B) is a probability measure on (E,£),
ii) for every B € &, the map = — P(z, B) is £/B-measurable.

Let X be an (FE, &) valued stochastic process defined on some underlying probability space
(Q,F,P). Then X is a Markov chain with initial distribution v if (i) B{Xo € B} = v(B) for
all B € &; (ii) if there exists a transition kernel P such that the Markov property holds:

P{Xps1 € B|FX} =P{Xns1 € Blo(Xn)} = P(Xn,B), Be&n=01,2.... (3.1.3)

Remark If F is a discrete space, and £ is the o-algebra generated by the one-point sets,
then for each set {y}, y € F we write P(z,y) instead of P(x,{y}). Moreover, P(z,B) =
>_yep P(z,y), and so the transition kernel is completely specified by P(z,y), 2,y € E.

As in the above, we would like to infer that

P{Xuim € B|FX}=P"(X,,B), Be&n=0,1,2..., (3.1.4)
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where P™ is defined inductively by
P™(z,B) = /P(y, B)P™" Yz, dy),m=2,3,....

For m = 2 we get (cf.(3.1.2))
PAXnt2 € BIF} = B, (B, (1ipy (Xur2) | Foip) | Fo' } = B (P(Xng1, B) [ FY).

Our definition of the Markov property does not allow to infer (3.1.4) for m = 2 directly, which
we do expect to hold. However, we can prove that it does. In fact, more general relations
hold. Let us introduce some notation.

Notation Integrals of the form [ fdv are often written in operator notation as v f. A similar
notation for transition kernels is as follows. If P(z,dy) is a transition kernel on measurable
space (E,£) and f is a non-negative (or bounded), measurable function on E, we define the
function Pf by

P = [ WP dy).
Then P(z,B) = [1;pyP(x,dy) = P1l{p(z). For notational convenience, write b€ for the

space of bounded, measurable functions f : E — R and m& for the measurable functions
f:E—R.

Note that Pf is bounded, for f € b€. Since P is a transition kernel, Pl¢p, € bE.
Applying the standard machinery yields that Pf € b€ for all f € b€, in particular P f
is £/E-measurable. In other words P is a linear operator mapping b€ to b€.

Look up in BN section 3 Measurability what we mean by the ‘standard machinery’.

The Markov property (3.1.3) can now be reformulated as
E(Lip(Xnt1) | FY) = Plipy(Xyn), B€En=0,1,...
Applying the standard machinery once more, yields
E(f(Xni1) | FX) = Pf(X,), febEn=0,1,....
This has two consequences. The first is that now
P{Xos2 € B|FY} = EEQpmy (Xuro) | FN) [ FXY = E(PLsy (Xusn) | F) = P(PLigy) (o).

If X,, = z, the latter equals
| Prm@P@dn = [ Pu.B)P@.dy) = Pa.B),

It follows that P{X,,,2 € B| F.X} = P?(X,,, B). Secondly, it makes sense to define the Markov
property straightaway for bounded, measurable functions!
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Continuous time Markov processes on a general state space Let us now go to the
continuous time case. Then we cannot define one stochastic matrix determining the whole
probabilistic evolution of the stochastic process considered. Instead, we have a collection of
transition kernels (P;);er that should be related through the so-called Chapman-Kolmogorov
equation to allow the Markov property to hold.

Definition 3.1.2 Let (E, ) be a measurable space. A collection of transition kernels (P;)>0
is called a (homogeneous) transition function if for all s,t >0,z € E and B € £

Proal,B) = [ Pula,dp) Py B).
This relation is known as the Chapman-Kolmogorov relation.

Translated to operator notation, the Chapman-Kolmogorov equation states that for a transi-
tion function (P;)¢>o it holds that for every non-negative (or bounded) measurable function
f and s,t > 0 we have

Piysf = P(Psf) = Ps(P.f).

In other words, the linear operators (P;);>0 form a semigroup of operators on the space
of non-negative (or bounded) functions on E. In the sequel we will not distinguish
between this semigroup and the corresponding (homogeneous) transition function on
(E, ), since there is a one-to-one relation between the two concepts.

Further notation Some further notation is enlightening. Let f,g,h be bounded (non-
negative) measurable functions on E. As arqued before, P.f is bounded, £/E-measurable.
Hence multiplying by ¢ gives gP,; f, which is bounded, measurable. Here

GPf(z) = g(z) - Pof(x) = g(z) / F(0) P, dy).

Then we can apply P;s to this function, yielding the bounded, measurable function PsgP,f,
with

PogPf(z) = / 9(y)Pof (y) Pu(, dy) = / 9(y) / F(2) Py, d=)Py(z, dy).

Y Y

hPsgP; f is again bounded, measurable and we can integrate over the probability distribution
von (EE):
vhP,gP.f = /h(a:)PsgPtf(x)l/(da:)
— [ 1@) [ o) [ 1) Py, d2) PG, dypoda),
T Yy z

To summarise, we get the following alternative notation for Markov processes that will be
interchangedly used.
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Put v = 4., then

PAXs € A} = E 14y (Xs) = E E,(143(Xst0) [ Fo)
EzPs]-{A}(XO) = PS].{A}({L‘)

:/ 101 (y) Pal, dy) = Pa(z, A).  (3.1.5)
yekE

This can be generalised to: for f € b€

E,f(X0) = / f(9)Pu(a, dy) = Pof (x),

and
E,f(X,) = / / F )Py, dy)r(da) = / Pof (x)u(dx) = vP,f.
zJy T

Note that by the ‘standard machinery’, we may replace bounded f by non-negative f
in the definition.

We can also let the initial distribution be given by the value X, for some s > 0. This
results in the following notation. For f € b€

Ex. /(X)) = / F(0)PA(X., dy) = Pif(X.),

which we understand as being equal to E, f(X;) = P.f(x) on the event {X; = x}.

We can now give the definition of a Markov process.

Definition 3.1.3 Let (E, ) be a measurable space and let X be an (F, £)-valued stochastic
process that is adapted to some underlying filtered space (2, F, (F¢)¢, B,). X is a Markov
process with initial distribution v, if

i) P{Xo € B} = v(B) for every B € &;

ii)(Markov property) there exists a transition function (F;), such that for all s,¢ > 0 and
febe
E,(f(Xers) | Fs) = B f (Xs)(= Ex, f(Xy)!) B, —as. (3.1.6)

Definition 3.1.4 Let (E, &) be a measurable space and let X : (Q, F) — (E®+ £8+) be a
map that is adapted to the filtration (F3)¢, with 7z C F, ¢ > 0. X is a Markov process, if
there exists a transition function (), such that for each distribution v on (E, &) there exists
a probability distribution P, on (2, F) with

i) P{Xo € B} = v(B) for every B € &;
ii)(Markov property) for all s,t > 0 and f € b€

E,(f(Xis) | Fo) = Pif (Xs)(= Ex, f(Xy), B —as. (3.1.7)
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A main question is whether such processes exist, and whether sufficiently regular versions of
these processes exist. As in the first chapter we will address this question by first showing
that the fdd’s of a Markov process (provided it exists) are determined by transition function
and initial distribution. You have to realise further that a stochastic process with a transition
function (P;); need not be Markov in general. The Markov property really is a property of
the underlying stochastic process (cf. Example 3.1.1).

Lemma 3.1.5 Let X be an (E, E)-valued stochastic process with transition function (P;)¢>o,
adapted to the filtration (Fi);. Let v be a distribution on (E,E).

If X is Markov with initial distribution v, then for all 0 = tg < t; < --- < t,, and all
functions fo,..., fn €6E, n € Z,,

E, ] £i(Xe) = vfoPr—tof1+ Proeto_y fu- (3.1.8)
1=0

Vice versa, suppose that (3.1.8) holds for all 0 = tg < t1 < -+ < tp, and all functions
for.-os fn €DE, n € Zy. Then X is Markov with respect to the natural filtration (F;¥);.
In either case, (3.1.8) also holds for non-negative functions fo,..., fn € mé.

Remark: the proof of the Lemma shows that is it sufficient to check (3.1.8) for indicator
functions.

Proof. Let X be a Markov process with initial distribution . Then

Ez/Hfi(Xti) = El/El/(Hfi(Xti)’ftnfl)
i=0

i—0
= E, Hfz (X, By (f(Xe,) [ Fry)

n—1

= sz H fi(Xti)Ptn—tn—lfn(Xt”—l).
=0

Now, P, _; ,fn € bE, and so one has

n—1

E, ][ i(Xe) P fo(Xi ) = E, Hfl (Xt By (a1 (Xt 1) Py S (X 1) | F )
=0

= E Hfl Xt tn—1—tn— an 1Pn—tn 1fn(th 2)

Iterating this yields

EVHfi(Xti) = EVfO(XtO> t1— toflptg t1f1 tn—tn 1fn(X0)

= Vfoptl toflf)tz tlfl tn_tn lfn

Conversely, assume that (3.1.8) holds for all 0 =ty < t; < --- < tp, all functions fo,..., fn €
bE. We have to show that (i) P, {Xy € B} = v(B) for all B € £, and that (ii) for any s,t > 0,
all sets A € FX

B 1ay f(Xigs) = E,1ay P f(XS). (3.1.9)
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Let B € &, put n =0, fo = 1yp). (i) immediately follows.
We will show (ii). To derive (3.1.9), it is sufficient to check this for a 7w-system containing
Q and generating F2X. As the m-system we take

{A:{Xtoer,theAl,...,theAn}\t0:0<t1<-~<tn§s,

Aiéé’,izo,...,n,n:o,...}

Let fi = 144,}, then [T, fi(Xe) = Lix, €Ao,... X, €40} and so, assuming that ¢, < s

E, [T 100 (Xe) 1y (Xo) F(Xivs)
=0
= VI{AO}Ptl—tol{Al}Ptg—t—l L. Ptn—tnfll{An}Pt—I—s—t"f
- Vl{AO}Pfl—tol{Al} T Ps—tn(Ptf)

= £, J] 1 (X)(RAX),
=0

which we wanted to prove. The reasoning is similar if ¢, = s.
This implies that (3.1.9) holds for all sets A in a 7-system generating F2*, hence it holds
for F2X. Consequently, E, (f(X;vs) | FX) = P,f(Xs), as. QED

Example 3.1.1 (Not a Markov process) Consider the following space
S = {(17 17 1)7 (27 27 2)7 (37 37 3)’ (1’ 27 3)7 (17 3’ 2)7 (27 37 1)7 (27 1? 3)’ (37 17 2)7 (37 27 1)}’

with o-algebra S = 2°. Putting P{z} = 1/9 defines a probability measure on this space.

Define a sequence of i.i.d. random vectors Zp = (Xsk, X3k+1, X3ks2), £ = 0,... on
(S,S,P). Then the sequence {X,}, is an (F = {1,2,3},& = 2F)-valued stochastic pro-
cess on {S,S, P} in discrete time. Then P{X,, 11 = j|o(X,)} = 1/3 for each j € {1,2,3} and
n, meaning that the motion is determined by the 3 x 3 stochastic matrix with all elements
equal to 1/3.

Let {FX = (X}, k < n)}n be the natural filtration generated by {X,},. {X,}n is not a
Markov chain w.r.t {FX},, since P{Xs = 1|0(Xo, X1)} = f(Xo, X1) with

F(Xo, X1) :{ (1) gi?er)éigee {(1,1),(2,3),(3,2)}

Hence f(1,1) # f(2,1), thus showing that the Markov property lacks.

Example 3.1.2 (A (BM process)) Let W be a standard BM on an underlying probability
space (£, F,P). Let Xy be a measurable random variable with distribution v = §,, for some
x € R, independent of W. Define X; = Xg+ Wy, t > 0. Then X = (X;); is a Markov process
with initial distribution v with respect to its natural filtration. Note that X; — X, = Wy — W
is independent of F2X.
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To see that X is a Markov process, let f be a bounded, measurable function (on R). Write
Y; = Wips — Ws. Then Yy 4 N(0,t) is independent of X and so with BN Lemma 7.5

E, (F(Xi) | FX) = B, (Vi + W, +2) | FY) = g(X,)

for the function g given by

g(z) = fly+z)e v /2y

J

= [ ey
Y
Pt

with P; defined by

where
e—(—2)%/2t

1
p(tvz,y)zm

Hence
E(f(Xops) | F) = 9(Xs) = Pf(X,) as.

It is easily shown that P, is a transition function. Fix ¢ > 0. Measurability of P;(z, B) in z
for each set B = (—o00,b), b € R, follows from continuity arguments. Together with R, these
sets form a m-system for B. Then apply the d-system recipe to the set S = {B € B|z —
P,(z, B)is £/B[0, 1]-measurable}.

Example 3.1.3 ((B) Ornstein-Uhlenbeck process) Let W be a standard Brownian mo-
tion. Let a,0? > 0 and let X be a R-valued random variable with distribution v that is
independent of o(W3,t > 0). Define the scaled Brownian motion by

Xi = €™ (X0 + Wo2(exp(2at}—1)/20)-

If v =6,, X = (Xy); a Markov process with the P, distribution of X; a normal distribution
with mean exp{—at}x and variance 0?(1 — e~2*) /2a. Note that X; LA N(0,02/2a).

If Xo < N(0,02%/2a) then X; is a Gaussian, Markov process with mean m(t) = 0 and
covariance function r(s,t) = o2 exp{—alt — s|}/2a. See Exercise 3.1.

Example 3.1.4 ((C) Geometric Brownian motion) Let W be a standard BM on an
underlying probability space (€2, F,P). Let Xy be a measurable positive random variable
with distribution v, independent of W. Let u € R and 02 € (0,00) and define X; =
Xge(“_"Q/Q)t*"Wt, t > 0. Then X is a Markov process. Depending on the value p it is
a (super/sub) martingale. Geometric Brownian motion is used in financial mathematics to
model stock prices.

Example 3.1.5 (Poisson process) Let N be a Poisson process on an underlying probabil-
ity space (Q,F,P). Let Xy be a measurable random variable with distribution v = 4, for
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some = € Z,, independent of N. Define X; = X+ Ny, t > 0. Then X = (X;)¢>0 is a Markov
process with initial distribution v, w.r.t. the natural filtration.

This can be shown in precisely the same manner as for BM (example 3.1.2A). In this case
the transition function P; is a stochastic matrix, ¢t > 0, with

Pt(xvy):P{Nt:y_w}¢ Yy > T
(cf. Exercise 3.8).

In general it is not true that a function of a Markov process with state space (E,€&) is a
Markov process. The following lemma gives a sufficient condition under which this is the
case.

Lemma 3.1.4 Let X be a Markov process with state space (E,E), initial distribution v and
transition function (P;):, defined on an underlying filtered probability space (2, F, (Ft)i>0,P,).
Suppose that (E',E") is a measurable space and let ¢ : E — E' be measurable and onto. If
(Qv)t is a collection of transition kernels such that

Fi(fod) =(Qif)od

for all bounded, measurable functions f on E', then Y = ¢(X) is a Markov process with
respect to (Fi)i>0, with state space (E',E'), initial measure v/, with V' (B') = v(¢~1(B')),
B' € &', and transition function (Qy).

Proof. Let f be a bounded, measurable function on E’. By assumption and the semi-group
property of (F;),

(QiQsf) o ¢ = F((Qsf) o ¢) = PPs(f 0 ¢) = Prys(f 0 §) = (Qussf) 0 ¢.

Since ¢ is onto, this implies that (Q;); is a semigroup. It is easily verified that Y has the
Markov property (see Exercise 3.3). QED

Example 3.1.6 (Wt2 is a Markov process) We apply Lemma 3.1.6. In our example one
has the function ¢ : E = R — E’ = R given by ¢(x) = 2. The corresponding o-algebras
are simply the Borel-o-algebras on the respective spaces.

If we can find a transition kernel Q¢, t > 0, such that

Py(f o d)(z) = (Qf) o p(x),z € R (3.1.10)

for all bounded, measurable functions f on E' = R, then ¢(W;) = W2, t > 0, is a Markov
process (w.r.t. its natural filtration).
Let f be a bounded, measurable function on Ry. Then for z € R

P,(f o §)(x) - / " () () dy

—00

— /OOO (p(t,z,y) + p(t, =, —y)) f(y*)dy
1

u= 2 =\ u =au u >
Y Sy=Vidy=du/2\/u / (p(t, 2, Vi + p(t, z, —v/u) (u)du. (3.1.11)
0

SN
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Define for y € Ry, B € & = B(Ry)

Qu(y. B) = /B (p(t, /i /@) + Dt /T, —\/?7))7du

One can check that (Q:)i>0, is a transition kernel. Moreover, from (3.1.11) it follows for
r € R4 that

(Qef) 0 ¢(x) = (Quf)(@?) = P(f 0 ¢)(x).

For z < 0 one has p(t,z,y) + p(t,z, —y) = p( —x,y) + p(t,—z,—y) and so P,(f o ¢)(z) =
P,(fo)(—x). Since (Qrf)od(z) = (Qif)(2?) = (Qif) op(—x), the validity of (3.1.10) follows

immediately.

3.2 Existence of a canonical version

The question is whether we can construct processes satisfying definition 3.1.3. In this section
we show that this is indeed the case. In other words, for a given transition function (7;); and
probability measure v on a measurable space (E, &), we can construct a so-called canonical
Markov process X which has initial distribution v and transition function (P;);. We go back
to the construction in Chapter 1. Note that, although we consider processes in continuous
time, the results are valid as well for discrete time processes.

Recall that an E-valued process can be viewed as a random element of the space E®+ of E-
valued functions f on R, or of a subspace I' € ER+ if X is known to have more structure. The
o-algebra I' N E”+ is the smallest o-algebra that makes all projections f — f(t) measurable.

As in Chapter 1, let Q =T and F = I' N ER+. Consider the process X = (Xt)t>0 defined
as the identity map

X(w) =w,

so that X;(w) = wy is projection on the ¢-th coordinate. By construction X : (Q, F) — (2, F)
and X; : (Q,F) — (E,€) are measurable maps. The latter implies that X is a stochastic
process in the sense of Definition 1.1.1. X is adapted to the natural filtration (FX = I'n&0A),.
In a practical context, the path space, or a subspace, is the natural space to consider as it
represents the process itself evolving in time.

Note that we have not yet defined a probability measure on (2, F). The Kolmogorov
consistency theorem 1.2.3 validates the existence of a process on (£, F) with given fdds.
Hence, we have to specify appropriate fdds based on the given transition function (F;); and
initial distribution v.

In order to apply this theorem, from this point on we will assume that (E, £) is a Polish
space, endowed with its Borel g-algebra.

Corollary 3.2.2 (to the Kolmogorov consistency theorem) Let (P,); be a transition
function and let v be a probability measure on (E,E). Then there exists a unique proba-
bility measure B, on (Q, F) such that under B, the canonical process X is a Markov process

with initial distribution v and transition function (P;); with respect to its natural filtration
(-
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Proof. For any n and all 0 = ¢y < t; < --- < t, we define a probability measure on
(E™+L gntl) (see Exercise 3.6) by

[t tn (Ao X A1 X oo X Ap) = v1iay Pry—to1iayy - Pro—t 1 1{a,), Aoy An €E,
and on (E™, E™) by
fty,tn (A1 X o X Ap) = vy Py g lgay - Pyt 1{a,y, Al Ap €.

By the Chapman-Kolmogorov equation these probability measures form a consistent system
(see Exercise 3.6). Hence by Kolmogorov’s consistency theorem there exists a probability
measure B, on (€2, F), such that under P, the measures (i, . ;, are precisely the fdd’s of the
canonical process X.

In particular, for any n, 0 =tg <t; < --- <t,, and Ag,..., A4, €&

n

P{Xto S Ao, e ,th S An} == VI{AO}Pt1,t0 e Ptn*tnfll{An}'

By virtue of the remark following Lemma 3.1.5 this implies that X is Markov w.r.t. its natural
filtration. QED

As the initial measure v we can choose the Dirac measure §, at z € E. By the above there
exists a measure P, on (€, F), such that the canonical process X has distribution P,. This
distributions has all mass on paths w starting at z: wy = x. In words, we say that under P,
the process X starts at point x. Note that (cf. (3.1.5))

%&eﬂzﬂ@MZ/RWMM@)

is a measurable function in x. In particular, since any distribution v can be obtained as a
convex combination of Dirac measures, we get

M&GM—/BWMMM—/%MﬁAMwl

Similarly, the fdd’s of X under P, can be written as convex combination of the fdd’s of X
under P,, z € E. The next lemma shows that this applies to certain functions of X as well.

Lemma 3.2.3 Let Z be an F2X-measurable random variable, that is either non-negative or
bounded. Then the map x — E_Z is £/B-measurable and for every initial distribution v

EZ,Z:/E:BZ v(dz).

Review BN §3 on monotone class theorems

Proof. Consider the collection of sets

S={reFl|z— E,1{r} is measurable and E, 1y = / E.1mv(dz)}.
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It is easily checked that this is a d-system. The collection of sets
G={{Xy, €A1,.... Xy, €A} |A1..., A, €E,0<t)1 < -+ <tlp,nmn€EZy}

is a m-system for F2 = ER+. So if we can show that G C S, then by BN Lemma 3.8 FX C S.
But this follows from Lemma 3.1.5.

It follows that the statement of the lemma is true for Z = 1y, I' € FX. Apply the
standard machinery to obtain the validity of the lemma for FX -measurable bounded or non-
negative random variables Z. See also Exercise 3.7. QED

This lemma allows to formulate a more general version of the Markov property. For any ¢ > 0
we define the translation or shift operator 0, : ER+ — ER+ by

(Oiw)s = wrys, >0, wEe ER+.

So 0; just cuts off the part of w before time ¢ and shifts the remainder to the origin. Clearly
0r060s =04

Let T' ¢ E®+ be such that 6;(T') C T for each ¢ > 0. Assume that X is a canonical
Markov process on ( = ER+ F = R+ NT). In other words, for each distribution v on
(E, &), there exists a probability distribution B, on (€2, F), such that X is the canonical
Markov process on (2, F,P,) with initial distribution v.

Note that FX = 04 NT and 6; is F-measurable for every t > 0 (why?).

Theorem 3.2.4 (Generalised Markov property for canonical process) Assume that X
is a canonical Markov process with respect to a filtration (Fi);. Let Z be an F2X -measurable
random variable, non-negative or bounded. Then for every t > 0 and any initial distribution
v

E,(Zobi|F;) =Ex,Z, B —as. (3.2.1)

Before turning to the proof, note that we introduced new notation: Ey, 7 is a random
variable with value E,Z on the event {X; = z}. By Lemma 3.2.3 this is a measurable
function of Xj;.

Proof. Fix an initial probability measure v. We will first show that (3.2.1) holds for all
Z = l{B}a B e fo)g Let

S={BeFy|E,(pob|F)=Ex,1ip, B —asl}

Then § is a d-system, since (i) Q € S, (ii)B,B’ € §, B C B, implies B’ \ B € S, and (iii)
for B,,n =1,...,€ FX a non-decreasing sequence of sets with B,, € S, n =1,2,..., one has
UnBp € S. Indeed, (ii) and (iii) follow from linearity of integrals and monotone convergence.

Recall that collection of all finite-dimensional rectangles, A say, is a m-system generating
FX. Note that B € A whenever there exist n € Zy, 0 =59 < 51 < -+ < 8, Bo,..., Bm €&,
n € Zy, such that B = {X,, € Bo,...,Xs,, € An}. If we can show that A C S, then by BN
Lemma 3.4 it follows that o(A) = F&X C S.
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Take a finite-dimensional rectangle B = {X;, € Bi,..., X, € By}, where 0 < s1 <
e < Sm, Bi€&,1=1,...,m. Using Lemma 3.1.5, it follows that

E.(1pyo6| 7)) = E(J]153(Xs) 00| Fr)
=1

= EV(H 1y (Xits,) | F2)

=1
- Eu(l{B1}PS2—811{B2} e Psmfl_s'mf21{Bm—1}P5m_5m711{Bm}(Xt+51> ’ ft)
= Psll{Bz}P82—81 o 'Psmfl_sm721{Bm—1}Psm_5m711{Bm}(Xt)

m
= Ey, H 13 (Xs,),
i=1
where we have consecutively conditioned on the o-algebras Fiys,, ..., Fits,, and used the
Markov property. For the last equality we have used (3.1.8).
This results in having proved (3.2.1) for indicator functions Z. Apply the standard ma-
chinery to prove it for step functions (by linearity of integrals), non-negative functions, and
bounded functions Z. QED

We end this section with an example of a Markov process with a countable state space.

Example 3.2.1 (Markov jump process) Let E be a countable state space with o-algebra
£ = 2F generated by the one-point sets. Let P be an E x E stochastic matrix. We define the
transition function (P;); as follows:

S O X 2 L
Pz,y) =) e M(H?P( (z,y), zy€eE
n=0 ’

where P(™) = (P)" is the n-th power of P, and P(®) =1 is the identity matrix.

By virtue of Corollary 3.2.2 the canonical process X on (E®+, £R+) with initial distribution
v is a Markov process with respect to its natural filtration.

The construction is as follows. Construct independently of Xy, a Poisson process N
(cf. Chapter 1), starting at 0 and, independently, a discrete-time Markov chain Y with
transition matrix P, with initial distribution ¢,. If Ny = n, then X; = Y,,. Formally X; =
> 1{nN,=n)Yn. By construction X; has right-continuous paths.

3.3 Strong Markov property

3.3.1 Strong Markov property

Let X be an (E,E&)-valued Markov process on (€2, F), adapted to the filtration (F;); and
transition function (P,);. Assume that X has everywhere right-continuous paths, and that £
is a Polish space, with £ the Borel-o-algebra.

Definition 3.3.1 X is said to have the strong Markov property if for every function
f € bE, any adapted stopping time ¢ and any initial distribution v and any ¢ > 0

1{U<oo}Eu(f(X0+t) "7:0) = 1{U<oo}EXJf(Xt)v Pu a.s. (3'3'1)
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Note that we have to exclude the event {o = oo}, since X; maybe not have a limit as ¢t — oo
and hence it may not be possible to define the value X, appropriately.

Lemma 3.3.2 Let X be an (E, E)-valued Markov process. Then (3.5.1) holds for any function
f e bE, any initial distribution v and any stopping time o, for which there exists a countable
subset S C [0,00) such that o € SU {o0}.

Proof. Any stopping time is optional, and so by the fact that o is countably valued, it is
easily checked that A € F, if and only if AN {o = s} € F, for each s € S.

It is directly checked that 1;,.,} X, is Fy-measurable. Use Lemma 3.2.3 to derive that
the map w — 1 (w)<oo}Ex, () f(Xt) is Fr/B-measurable as a composition of measurable
maps. The next step is to show that

Ey]-{A}]-{a'<oo}f(XO'+t) = Eyl{A}l{o<oo}EXUf(Xt)7 A€ F,.

If A e F, with A C {0 = s} for some s € S, then A € F,. By the Markov property
Theorem 3.2.4

E liaylocoo)f (Xott) = B 1y f(Xst) = EL 1y Ex f(Xe) = E, 14y 1o o0y Ex, f(X0)-

Let A € F, be arbitrary. By the previous AN {oc = s} € F,. Use that AN{oc < o0} =
Uses(AN{o = s}) and linearity of expectations. QED

Corollary 3.3.3 Any discrete time Markov chain has the strong Markov property.

Theorem 3.3.4 Let X be a an (E,E)-valued Markov process adapted to the filtration (Fi)¢
with & a Polish space and £ the Borel-o-algebra, and with right-continuous paths. Suppose
that x +— E, f(X,) = Psf(x) is continuous, or, more generally, that t — Ex, f(Xs) is right-
continuous (everywhere) for each bounded continuous function f. Then the strong Markov
property holds.

Proof. Let o be an (F;);-stopping time. We will first show the strong Markov property
for f € b€, continuous. Then for indicator functions 1y, B € &, with B closed, by an
approximation argument. Since the closed sets form a mw-system for &, the d-system recipe
provides us the strong Markov property for all of £. The standard machinery finally provides
us the result for f € b€.
Let first f be a bounded and continuous function, let ¢ > 0. Fy-measurability of 115} Xs
and 1g;oo}Ex_ f(X¢) can be checked analogously to the previous lemma.
Consider
=k
om =D gm Lkt cos by T 0 Lo—oo)
k=1
Then oy, takes countably many different values and o, | 0. By virtue of Lemma 3.3.2 for all
AeF,,
EL1ia) 1o, <00} f(Xop+t) = B, 1115, <00} Ex,  [(Xt).
Next, use that if A € F,, then A € F,;, . Moreover,

Liay 1o, <ot f (Xoptt) = Ly Liocoo f(Xott)
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and
1{A}1{0'm<oo}EXamf<Xt) — 1{A}1{a<oo}EXUf(Xt)7 m — OQ.

Apply dominated convergence.
Next we will show that the strong Markov property holds for 1¢py, B € £. Let B € £ be
a closed set and let f™ be given by

fYz)=1=m-(m *Ad(z,B)), m=1,...,

where d is a metric on FE, consistent with the topology. Then f" € b€ is continuous and by
the previous

E].{A}l{g<oo}fm(Xt) 00, = El{A}1{0'<OO}EXUfm(Xt)7 AeF,.

The random variable on the left-hand side converges pointwise to 1{431(5<0011{p1905, the one
on right-hand side converges pointwise to 1, A}1{0<OO}E x, 1B} Use monotone convergence.
QED

Corollary 3.3.5 Assume that X is a right-continuous process with a countable state space
E, equipped with the discrete topology, and €& = 2¥. Then X has the strong Markov property.

The corollary implies that the Poisson process has the strong Markov property, as well as the
right-continuous Markov jump process.

Corollary 3.3.6 BM, the Ornstein-Uhlenbeck process, and geometric BM have the strong
Markov property.

Without the required continuity properties, the strong Markov property may fail, as illustrated
in Example 3.4.1. We discuss some other aspects of the strong Markov property in connection
with optional times.

3.3.2 Intermezzo on optional times: Markov property and strong Markov
property

Sometimes (eg. the book by Karatzas and Shreve) the strong Markov property is defined
through optional times. In other words, the strong Markov property is defined to hold if for
every function f € b€, any adapted optional time ¢ and any initial distribution v and any
t>0

]-{U<oo}Ey(f(ch+t) |.7:U+) = 1{0’<OO}EXUf(Xt)7 Pu a.s. (332)

The conditions under which this alternative strong Markov property holds, are analogous to
the conditions guaranteeing the strong Markov property (3.3.1) to hold by Lemma 1.6.7 (see
Chapter 1 the new observation on the o-algebra F_+ and its characterisations in Exercises 1.34
and 1.35). In this case, you have to replace F, etc. by F,+ in the above statements. However,
one needs to show that the Markov property holds with respect to the filtration (F+)¢. This
holds true under the conditions of Theorem 3.3.4.

Corollary 3.3.7 Assume the conditions of Theorem 3.5.4.

i) Then X is Markov with respect to (Fy+ ).
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ii) Let 7 be an (Fi)¢-optional time. Then (3.5.2) holds for any function f € bE.

iii) Let 7 be a finite adapted optional time. Let Y be a bounded F.+-measurable random
variable. Then

EY f(X7+t) = E,(YEx f(X3)).

Proof. See Exercise 3.10. QED

An interesting consequence is the following.

Lemma 3.3.8 Assume the conditions of Theorem 3.3.4.
i) Blumenthal’s 0-1 Law If A € 7 then P,(A) =0 or 1 for all z € E.

i) If 7 is an (F{X)i-optional time, then P{T =0} =0 or 1, for allz € E.

Proof. See Exercise 3.10. QED

The generalised Markov property w.r.t. (FX); is now an immediate consequence of The-

¢
orem 3.2.4, and the strong Markov property w.r.t. the same filtration is a consequence of

Theorem 3.3.4.

3.3.3 Generalised strong Markov property for right-continuous canonical
Markov processes

We are now interested in the question under what conditions the analogon of Theorem 3.2.4
hold. In order to formulate this analogon properly, we need introduce the concept of a random
time shift. However, the use of time shifts restricts us to canonical processes.

Let X be a canonical Markov process w.r.t the filtration (F;);>0, where we again assume
the set-up described in the section 3.2, prior to Corollary 3.2.2 and Theorem 3.2.4. Suppose
that X has everywhere right-continuous sample paths.

For a random time 7 we now define 6, as the operator that maps the path s — ws to the
path s — w;()4s If 7 equals the deterministic time ¢, then 7(w) = ¢ for all w and so 6
equals the old operator 6;.

Since the canonical process X is just the identity on the space €2, we have for instance that
(Xi00:)(w) = Xi(0-(w)) = (0-) (W)t = Wr(w)+t = Xr(w)+¢(w), in other words X; 00, = Xy
So the operators 0, can still be viewed as time shifts.

The first results deals with countably valued stopping times.

Lemma 3.3.9 Let X be a canonical Markov process. Then
LicotBE (200, | FY) = 1{yeotEx, Z B, as.. (3.3.3)
for any bounded or non-negative F2 -measurable random variable Z, any initial distribution

v and any stopping time o, for which there exists a countable subset S C [0,00) such that
o€ SU{oo}.
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Proof. The map 1(5.5}Ex, Z is FX-measurable if
{L{pco}Ex, Z € B}N{o =t} ={Ex,Z € B} n{o =t} € F}*

for all B € B, t > 0. This follows from Lemma 3.2.3.
The next step is to show that

Eyl{A}1{0'<oo}Z 00, = Eyl{A}1{0<oo}EXUZ, Ac ]:3(

This follows analogously to the similar assertion in the proof of Lemma 3.3.2, but with Z o6,
replacing f(Xy41t). QED

As is the case with the strong Markov property, for general stopping times we need additional
conditions.

Theorem 3.3.10 Let X be a an (E, E)-valued canonical Markov process with E a Polish space
and & the Borel-o-algebra, and with right-continuous paths. Suppose that x +— E_f(Xs) =
P f(x) is continuous, or, more generally, t — Ex, f(X) is right-continuous everywhere for
each bounded continuous function f. Then (3.5.3) holds for any bounded or non-negative
FX -measurable random variable Z, any initial distribution v and any stopping time o.

Proof. Let o be an (F;)-adapted stopping time and v an initial distribution. We will first
prove the result for Z = [[iL; 144,3(Xy,), with n € Zy, t1 < --- <tn, Ay,..., A, € € by an
induction argument. For n = 1 the result follows from Theorem 3.3.4. For n = 2

E,(Lpa ) (Xt )1pa,)(Xe,) 00,1 F5) = E, 1{A1} Xott:) 114y (Xotts) | For)
) (1{A2}( 0+t2) |]:U+t1) ‘]:U)

” 1{A1} Xott1) By (L) (Xty—t1) 0 Oty | Fotty) | Fo)
)Ex

Xoi, Wy (Xip 1) | Fo)

where on the event X;, =«

9(Xt,) = 9(x) = Lpa} (2)Ep 1y a) (Xty—t,) = Lya ) Pty L{a,y (2),

so that g(Xy,) = 1ya,3P—t, 14, (X3, ). Further, on the event X, =y

EX(,g(th) = Eyl{A1}Pt2—t11{A2}(Xt1)
= Pyliay Pt 14,3 (Xe)(y)
= Eyl{A1}(Xt1)1{A2}(Xt2)'

This yields
Ex,9(Xt,) = Ex, 14y (Xt,) 11,3 (Xt,),
which gives us the desired relation for n = 2. The general induction step follows similarly.

Finally, we apply the d-system recipe to show that the strong Markov property holds for
Z =1;py with B € FX. Then use the standard machinery. QED
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The strong Markov property has interesting consequences for right-continuous canonical
Markov processes X with so-called stationary and independent increments. This means that
X — X is independent of F; for s < t, and for each initial distribution v, the P -distribution
of X; — X, only depends on the difference t — s, and is independent of v. In other words:
the P-distribution of X; — X and the Pu distribution X;_ s — Xy are equal for all initial
distributions v and p, provided that E is an Abelian group.

The Lévy processes are a class of processes with this property of which canonical BM and
the canonical Poisson process are well-known examples. In fact, one can prove that if X is
a stochastic process satisfying the conditions of the lemma below, for £ = R, then X is a
Gaussian process!

Lemma 3.3.11 Let E be a Banach space. Let X be a right-continuous process with val-
ues in (E,B(E)), defined on (2, F,(F¢),P). Suppose that X has stationary, independent
increments.

i) X is a Markov process with initial distribution P{Xg € -}.

ii) Let T be a finite (F)¢-stopping time. Then the process X (1) = (X4t — X+ )i>0 is indepen-
dent of Fr. It is a Markov process, adapted to the filtration (Fr4¢)i. The distribution
P. of X(7) is the same as the distribution of X — X under R).

Proof. See Exercise 3.11. We give some hints for the proof of part (ii). Put ¥; = X4 — X,
t > 0. For t; < --- < t, and functions f1,..., f, € b we have

Ey<ka(Ytk) |fT) - EZ,(ka(XTHk _ X)) |]-‘7_>
k k

= Ex. [[ (X — X0), B -—as,
k

by the strong Markov property. As a consequence, the proof is complete once we have shown
that for arbitrary x €

Em H fk‘(th - XO) — Ptlfl o 'Ptnftn_lfn(o)v
k=1

(cf. Characterisation Lemma 3.1.5). Prove this by induction on n. QED
The following lemma is often useful in connection with the strong Markov property.

Lemma 3.3.12 Let Q =T, F = E'NT withT C ET such that w € T implies (i) w' = 04(w) €
T foralls € T and (ii) for allt € T W' = (wspt)s € T'. Let X be the canonical process, adapted
to the filtration (Fi%);.

i) If o and T are finite (F;¥);-stopping times, then o + 7 00, is also a finite (F{X);-stopping
time.

ii) If o and T are finite (F," )i-optional times, then o + T 0 0, is also a finite (F;")i-optional
time.
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Proof. We will prove (i). By Lemma 1.6.5 (b) Galmarino test we have to show that (i)
(0 4+ 706,) is FX-measurable and (ii) for all ¢ > 0, o(w) + 7(0(w)) < t and ws = W', s < t,
implies that o(w’) + 7(c(w')) < t.

The first statement is simply proved, for instance by a similar reasoning to Exercise 3.14.
Let us consider the second statement.

Fort =0, o(w)+7(0(w)) < 0then o(w), 7(w) < 0. Let w = wp. Since o is a stopping time,
the Galmarino test applied to o and 7 implies that o(w’), 7(w’) < 0, hence o(w’)+7(o(w’)) < 0.

Next let ¢ > 0. Let ' satisfy w, = ws, s < ¢. Then o(w) < ¢, and by the above and the
Galmarino test, o(w') < t.

Is het possible that o(w) < o(w')? Suppose this is the case. Then there exists s < ¢
such that o(w) < s < o(w’). But by the Galmarino test, o(w’) < s. A contradiction. Hence
o(w') < o(w). A repetition of the same argument with the roles of w and w’ interchanged,
yields that in fact o(w) = o(&’).

But then 7(0(w)) = 7(0(w’)). Hence t > o(w) +7(0(w)) = o(w’) +7(o(w')). This is what
we had to prove.

The proof of (ii) is Exercise 3.14. QED

3.4 Applications to Brownian Motion

3.4.1 Reflection principle

The first example that we give, is the so-called reflection principle (compare with Ch.1, Ex-
ercise 1.12). First note that Lemma 3.3.11 implies that (W, 4, — W;); is BM, provided 7 is an
everywhere finite stopping time.

Recall that we denote the hitting time of z € R by 7,. This is an a.s. finite stopping time
with respect to the natural filtration of the BM (see Example 1.6.1). The problem is that 7,
is not necessarily finite everywhere and hence we cannot conclude that (W, 14 — W;); is a
BM, since it need not be defined everywhere.

The solution is to restrict to a smaller underlying space, but this trick might cause prob-
lems, if we need consider different initial distributions (a null-set under one initial distribution
need not necessarily be a null-set under different initial distribution...). The simplest approach
is via approximations: (Wr an+t — Wroan)e is a BM, for each n > 0.

Theorem 3.4.1 (Reflection principle) Let W be a Brownian motion with continuous paths.
Let x € R be given. Define the process W' by

W/: Wt) thxSOO
t 2 — W4, t> Ty

Then W' is a standard BM with continuous paths.

Proof. If =0, 19 = 0, and so the assertion is equivalent to symmetry of BM.

Let & # 0. Define processes Y and Z" by Y = W™= and Z* = W, an+t — Wroan, t > 0.
By Theorem 3.3.11 the processes Y™ and Z" are independent and Z" is a standard BM. By
symmetry of BM, it follows that —Z" is also a BM that is independent of Y, and so the two

pairs (Y™, Z™) and (Y™, —Z") have the same distribution (i.e. the fdd’s are equal).
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Now, for t > 0
Wy = Y;fn + ZlLfTI/\n]‘{t>Tz/\TL}'

Define for t > 0
Wt,’n = Y;fn -7 1{t>Ta:/\n}'

t—Tz /AN
The W™ is W reflected about the value W, ;. By the continuity of Brownian motion paths,
W™ — W/, n — oo as., for all t > 0.
Write Cpl0,00) = {w € C[0,00)|wp = 0}. We have W = ¢™(Y",Z") and W'" =
"(Y", —Z"™), where ¢" : C[0,00) x Cp[0,00) — C[0, 00) is given by

¢"(y, 2)(t) = y(t) + 2(t = " (W) sy}

where ¢" : C[0,00) — [0, 00] is defined by ¢¥"(y) = n Ainf{t > 0|y(t) = x}. Consider the
induced o-algebra on C[0,00) and Cp[0, 00) inherited from the o-algebra B2 on R[>,
It is easily verified that ™ is a Borel-measurable map, and that ¢" is measurable as the
composition of measurable maps (cf. Exercise 3.17). Since (Y™, Z") 4 (Y™ —Z™), it follows
that W = ¢n(Y™, Z7) £ gn(y™, —Zm) = W'n.,

On the time-interval [0,n] clearly W™ and W' have equal paths for m > n, and so
they have the same fdd on [0,n]. This implies that the fdd of W’ are multivariate Gaussian
with the right mean and covariance functions. Since W' has continuous paths, we can invoke
Lemma 1.4.3 to conclude that W’ is BM with everywhere continuous paths. Note that the
constructed process is not canonical). QED

The reflection principle allows us to calculate the distributions of certain functionals related
to the hitting times of BM. We first consider the joint distribution of W; and the running
maximum

Sy = sup W.

s<t

Corollary 3.4.2 Let W be a standard BM and S its running maximum. Then
P{W, <x,5 >y} =P{W, <x—2y}, z<uy.
The pair (W, St) has joint density

(2y —_ $)€7(2y7x)2/2t
i3 /2

(z,y) — l{xéy}’

with respect to the Lebesgue measure.

Proof. Let first y > 0. Let W’ be the process obtained by reflecting W at the hitting time
Ty. Observe that Sy > y if and only if ¢ > 7,. Hence, the probability of interest equals
P{W; < z,t > 1,}. On the event {t > 7,} we have W; = 2y — W/, and so we have to calculate
P{W] > 2y — z,t > 7,}. Since z <y, we have 2y —x > y. hence {W} > 2y —z} C {W/ >
y} C {t > 7,}. It follows that P{W/ > 2y — x,¢t > 7,} = P{W/ > 2y — z}. By the reflection
principle and symmetry of BM this proves the first statement for y > 0.

For y = 0, we have 7, = 0, and W} = —W,, showing the first statement directly.

The second statement follows from Exercise 3.18. QED



90 CHAPTER 3. MARKOV PROCESSES

It follows from the preceding corollary that for all x > 0 and ¢ > 0,
P{S; >z} = P{m, <t} =2P{W; >z} = P{|W}| > «}

(see Exercise 3.18). This shows in particular that S; 4 |Wy| for every ¢ > 0. This allows to
construct an example of a Markov process that lacks the strong Markov property.

Example 3.4.1 (Strong Markov property fails (Yushkevich)) Consider Example 3.1.2
(A). Instead of the canonical process X:

X = Xo+ Wy,
with X 4 v, independent of W, we consider
Xe = Xo + 1ixoz0 We = Lixoz0y X

For initial distribution v = 4z, x # 0, the underlying distributions of X and X are equal.
X is a Markov process with respect to the same filtration and with transition function

1 2
) 1wy 0
By(a,B) = /B ot woof

Suppose that X has the strong Markov property. Let 7 = inf{t > 0| X; = 0} = inf{t >
0| Xt = 0}. It is a stopping time for both X and X. Consider the function f = 1(g\{0}}-
Clearly f(X1) = f(X1) on 1{xy20y- Then,

1ircoo}Ex, f(X1) =0, (3.4.1)

by definition. Take initial distribution v = 4, for some x > 0, and choose A = 1;<qy. Then,
A€ Frand T <ooon A By (3.4.1), E,1 4 Ex; f(X1) = 0. However,
E 1 f(Xri1) = Eljgf(Xr41) =E, 1 nEx f(X))
= E1paph{Xy #0} = B{r <1} = K{[W| = 2} > 0,

a contradiction with the strong Markov property. The details have to be worked out in
Exercise 3.16.

3.4.2 Ratio limit result

In this subsection W is the canonical BM on (Q = C[0, 00), F = C(0, oo]NBR+) with associated
Markov process X (cf. Example 3.1.2). Since BM has stationary, independent increments,
Corollary 3.3.11 implies that for every (F):-stopping time 7, the proces (X,41¢ — X;)¢ is a
BM. This can be used to prove an interesting ratio limit result (originally derived by Cyrus
Derman 1954).

To this end, let A € B be a bounded set. Define pu(A,7) = Mt < 7 : Xy € A}, where
A is the Lebesgue measure (on (R, B) and 7 a finite (F;)¢-stopping time, w.r.t R. Denote
71 = inf{t > 0] X; = 1}, and (by abuse of previously introduced notation) 79 = inf{¢t > 0|t >
T1, Xt == 0}
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Lemma 3.4.3 i) u(A, 1) is a measurable function on (Q, F).

i) p(A) = Egpu(A,m1) =2 % Lay(2)dA(z) +2 [} (1 — 2) 14y (2)dA(@).

iii) p'(A) := Equ(A, 10) = 2A(4).

Proof. See exercise 3.15. For the proof of (i), it is sufficient to show that (explain)

(s,w) = 1y (Xs(w)) Lo,y (8)

is B[0, o] x F/B-measurable. To this end, show that (Ys(w) = 107w} (8))s>0 is an F/B-
progressively measurable stochastic process.
For the proof of (ii), note that

Egu(A,m) = E /0 1y (X)L g0y ()dA(E) = /Q /0 1y (X)L ey (1)t P,

= /0 /Q1{A}(Xt)1{(t,oo)}(ﬁ)dpodt

_ / R{X: € At < 1 }dt
0

_ /Ooo/Aw(t,x)d)\(m)dt
_ /A /Ooow(t,:p)dtd)\(x),

1 —x2/2t _ —(x—2)%/2t <
w(t,x)z{ 02”(6 ¢ >’ :C_i
, x> 1.

where

This follows from
R{X: € AN[—o0,1],11 <t} =R{X: € AN[—00,1)}.

Why is this true? (ii) can then be shown by writing

z 2
w(t, .%') = _1{(700,1)}(1') /362 t3/2\/%€ /2tdu,

applying Fubini, and doing a substitution s = ¢t~'/2. Distinguish the cases that z < 0 and
O<x<1. QED

Let f,g: R — R be Lebesgue measurable, integrable functions with ng(x)d)\(:v) £ 0.

Theorem 3.4.4

. Sy fwydt [, flz)d(@)

e [TgWoyds  Jpo@dr(@)’
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Proof. Put 7} = 79 and 7{ = 71. Inductively define for n > 2: 78 = inf{t > 7| X; = 0}, and
' = inf{t > 7771 | X; = 1}. By virtue of the standard machinery, one has

E, /OT(} F(Xy)dt = Q/Rf(x)da:.

Now, for any 7" > 0 define
K(T) =max{n|7}y <T}.

Then lim7_, oo fOT f(Xy)dt/K(T) =2 [ f(x)dx, Rra.s. The result then follows. QED

3.4.3 Hitting time distribution

We also may derive an explicit expression for the density of the hitting time 7,. It is easily
seen from this expression that E7, = 0o, as was proved by martingale methods in Exercise 2.30
of Chapter 2.

Corollary 3.4.5 The first time 7, that the standard BM hits the level x > 0 has density

2
Te x/2t

— 1 ,
/omet3 {t=0}

t—
with respect to the Lebesgue measure.

Proof. See Exercise 3.19. QED

We have seen in the first two Chapters that the zero set of standard BM is a.s. closed,
unbounded, has Lebesgue measure zero and that 0 is an accumulation point of the set, i.e. 0
is not an isolated point. Using the strong Markov property we can prove that in fact the zero
set contains no isolated point at all.

Corollary 3.4.6 The zero set Z = {t > 0| W; = 0} of standard BM is a.s. closed, unbounded,
contains no isolated points and has Lebesgue measure 0.

Proof. In view of Exercise 1.29, we only have to prove that Z contains no isolated points.
For rational ¢ > 0, define 04 = ¢+ 79 0 6;,. Hence, o, is the first time after (or at) time
g that BM visits 0. By Lemma 3.3.12 the random time o, is an optional time. The strong
Markov property implies that W, 1+ — W, is a BM w.r.t (Fﬁ)t. By Corollary 2.4.6 it follows
that o4 a.s. is an accumulation point of Z. Hence, with probability 1 it holds that for every
rational ¢ > 0, o, is an accumulation point of Z. Now take an arbitrary point ¢ € Z and
choose rational points g, such that g, 1 t. Since ¢, < 04, <t, we have o4, — t. The limit of
accumulation points is an accumulation point. This completes the proof. QED

3.4.4 Embedding a random variable in Brownian motion

This subsection discusses the set-up of a result by Skorokhod, that a discrete martingale M =
(My,)n=o,... with independent increments can be ‘embedded’ in Brownian motion. Dubins?
derived a more general result with an elegant proof, part of which we will discuss next.

2L.E. Dubins, On a Theorem by Skorohod, Ann. Math. Stat. 39, 2094-2097, 1968. Together with L.J.
Savage author of the famous book ‘How to Gamble if you must’
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We consider standard BM. The filtration to be considered is the natural filtration (F}V),
generated by BM itself.

Let X be an integrable random variable (with values in (R, 5)) on an underlying proba-
bility space. Let u denote the induced distribution of X on (R, B). Denote EX = m.

Our aim construct an (F}V)s-stopping time 7, such that m + W, has distribution u, i.e.
m+W; 4 X. The method is based on constructing a suitable Doob martingale with limiting
distribution p and then duplicate the same construction within BM.

The martingale that does the trick Put Gy = {Q, 0}, partition Gop = {R} of R and let
We construct a filtration and martingale iteratively as follows. We are going to associate
a Doob martingale M = (M,,)n=0,1,.. with X as follows. At time n construct inductively

e a partition of R denoted G,;
e the o-algebra G, = o(X1(A), A € G,);

El, 1 X

Note that
E].{X—l(A)}X . fA .’EdPX(QZ)
P{X—1(A)} Px(4) 7
where Py is the induced probability distribution of X on (R, B).
Given G,,, the construction of G,, and the finite collection of points S,, is immediate. We
therefore have to prescribe the initial values, and the iterative construction of the partitions.
For n = 0: Gop = {R}, Go = {0,Q}, So = {m}. The partition G,,41 has the following
properties. For all A € G,,, let z4 = S, N A.

o I P{X~'({za})} = P{X "' (A)} then A € Gpy1;

o if P{Xt({xa})} < P{X"1(A)} then AN (—o0,xa], AN (x4,00) € Gpyi1.

This construction defines a filtration (G,,), C F and a Doob martingale (M,, = E(X |Gy))n.-
By the Levy upward theorem 2.2.15 E(X |G,) — E(X | Gx) a.s. and in L.

Lemma 3.4.7 X 2 E(X|Gs).

For the proof, see the additional exercise.

As a consequence, the constructed Doob martingale determines the distribution of a ran-
dom variable uniquely. By interpreting the sequence of realised values as a branching process,
built up through a binary tree, it becomes easier to understand the embedding construction.

Binary tree The root of the tree is chosen to be a node with value m. In the construction
of Gy, with each interval associated with m, we put an out-arrow and a node at level 1. With
the out-arrow we associate the corresponding interval, and with the node, the corresponding
value of E(X | G1). Repeat this construction.

Note that if 4,, € G,, is an interval associated with the in-arrow of a vertex in level n with
value s,, then all values associated with vertices in the binary tree rooted at s,, are contained
in A,.
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Furthermore the values u(A,), 4, € G,, n = 0,..., can be iteratively reconstructed
from the binary tree, since no two vertices have the same value. Indeed, suppose A, is
associated with the arrow from the vertex with value s,,_1 to the vertex with value s,,. Either
Sp = Sp—1 in which case A, = A, _1, the interval associated with the in-arrow of s,,_1, and
so i(Ay) = u(An—1). Or, s,—1 has a second out-arrow, associated with A,_1\ 4,, leading to
a vertex with value s, say. Since X 1(4,_1) € G,_1 C Gy,

Sn—1 " H(An—l) = El{X—l(An_l)}E(X | gn_l) = E]-{X—l(An_l)}X
= El{x-1(4, ) E(X [Gnt1)
= Sn- M(An) + 5;1 : ,Uf(An—l \An)

Calculation yields pu(A,) = “(A”_;Z(f’;flfsm.
Let pioo denote the distribution of E(X |Gy,). By the construction of the binary tree, it

follows immediately that (check!)

X YA =M;YA), AcG, m>n, (3.4.2)
so that pu(A) = P{X € A} = P{My € A} = p(A4), A € U,G,,. A final remark is that
Gn = 0(E(X | Gn)), since E(X | G,,) is constant on the sets X 1(4,), A, € G,,. Next define

7;L - (E(X‘g(])w"?E(X’gn)(R)a

the (finite) collection of realisations of the martingale (My); upto time n, or alternatively the
values along all paths of the root m to level n.

Corollary 3.4.8 Let Y be a random variable with distribution w. Define an associated Doob
martingale in the same manner, and a collection 7;LY of realisations upto time n, n =0,...,.
Then p=m, iff Tn = T,Y for alln, i.o.w. iff the associated binary trees are equal.

Embedding of X For w € Q let
T(w)zlnf{t20|vn:0,1,2,Elto:OS <t <t st (Wto(w)7~-.,th(W)) E%—m}7

where T, — m means that m is substracted from the values along the binary tree, we called
these the ‘reduced’ values. In the binary tree, (Wi, (w), ..., Wy, (w)) is a sequence of reduced
values along paths in the binary tree from the root m with end-points in level n. We further
define random times 7, iteratively by putting 79 = 0 and

Tnt1(w) = inf{t > 7 (W) [ W, () (W) € Spy1 —m}.

It is easily verified that 7,, n > 0 and 7 are a.s. finite stopping times and that {7,}, is a
non-decreasing sequence converging to a.s. to 7 (if 7,(w) = oo, we put 7,,(w) = oo, for all
m > n). Use unboundedness properties of BM paths, the continuity and, when viewing BM
as a canonical process with the natural filtration, the Galmarino test. Note that 79 = 0! As
a consequence, W, — W, a.s.

Next, let s% = max{z| € S,} and s}, = min{z |z € S,,}. Then 7, < T —m /st —ms the

latter having finite expectation. As a consequence W™ = (Wi, )¢ is a bounded martingale.



3.4. APPLICATIONS TO BROWNIAN MOTION 95

Hence it is UL By virtue of Theorem 2.2.14, EW, = EW;, = 0. Applying the optional
sampling theorem 2.3.12 with stopping times 7,, and co to W™+1 yields

E(WIr+ | Fr) = Wi as.

Tn

1.0.W.

EWr o | Fr) =W, as.

By the tower property, it follows that E(W>, ., | Fp) = Wy, for F,, = o(W,). By continuity
of BM paths, W7, (w) and W7, _, (w) have subsequent values along a path in the binary tree at

levels n and n+ 1. This implies that F,, C Fy,41. Therefore, {(W7, ), is an (F,),-martingale.

a.s

Theorem 3.4.9 i) {{W, },,W;} is an (Fy,)n-martingale with W, = W
i) m+ W, & X,
iif) Er = EX2.

Under the assumption that X has finite variance, the theorem is known as Skorokhod’s first
embedding theorem. The present proof does not require this.

Proof. We first assume that X > 0 and show EW, = 0. By a.s. unboundedness of BM paths,
W,, — W, as. Since {W,, }, is a martingale bounded below by —m, with E|m + W, | =
E(m + W,,) = m, it is bounded in L! and so W, is integrable.

Let s¥ = max{x |z € S,}. If sup,, s¥ < oo, then {W,, }, is a bounded martingale, hence
UL It follows that W, can be appended to the martingale sequence, and EW,. = 0.

Suppose that sup, s% = oco. Let st~ = max{z # s¥|z € S,}, be the next largest
value of S,. From the binary tree we may infer for w with W, (y(w) < s~ — m, that
W (W) <sp g —mforallm > n.

Consider the process ¥; = W1 {«
martingale. Indeed,

Wr,), I > n. This is an (F;);>, bounded

—m,sp —m]}(

E(Yiyi | /1) = 1{( W )JEWn [ Fi) = 1{( We )W,

—m,sn 7m]}( —m,sy 7m]}(

Hence, {Y;};>, converges a.s. and in L! to 1{(—m,s;§*—m]}(WT YW, and

n

E (1{(—m75%7 —m]|} (WTn)WT ‘ Fn) = 1{(—m,s?f —m]} (WTn)WTn .
Taking expectations on both sides

EW, = —(s% — m)P{Wy, = st —m} +E1y (W, )W (3.4.3)

T —m,00}

Note that {W. }, being a martingale implies P{W, = z} = P{X € A, }, where x € S,, N
A, — m, for some A, € G,. This yields

(sp —m)P{Wr, = s5 —m} =E{(X —m)1lem o)}t —0, asn— oo (3.4.4)
Furthermore, from the binary tree

El{(Szi—m,OO)}(WTn)WT - El{(szi—m,oo)}(WT)WT — 0, n — oQ. (345)
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Combining (3.4.3), (3.4.4) and (3.4.5) yields EW, = 0.

By Theorem 2.3.15 W, can be appended to {W; }, to yield a supermartingale. That
is, E(W, | F,,) < W, . Taking expectations yields equality, hence the extended sequence is a
martingale, in particular a Doob martingale. In other words W, = E(W,|F,). The general
case that X is not necessarily non-negative follows simply (see Exercise 3.20). This completes
the proof of (i).

It then follows that the binary tree generated by m + W. is equal to the binary tree
generated by X. Hence X S+ W, thus proving (ii).

The proof of (iii) is an exercise (Exercise 3.20). QED

Note that for (i,ii) we have not used that the embedding process is BM. It is sufficient that it
is a continuous time martingale with continuous paths that are unbounded above and below.
However, essentially such a martingale is a Gaussian process, so the result is not as general as
it looks.. We will finally state a simple version of the second Skorokhod embedding theorem.

Theorem 3.4.10 Let {X,}, be a sequence of i.i.d. integrable random variables. Put S, =
> w1 Xk. Then there exists a non-decreasing sequence {7y, }n of a.s. finite stopping times,
such that for all n

1) (WTUWTQv v 7WTn} g (51,52, .. 'aSn);

il) 7,70 — 71,73 — T3,...,Tn — Tn—1 are i.i.d. random variables with mean EX12.

Proof. see Exercise 3.21. QED

This theorem can be e.g. used for an alternative proof of the Central Limit Theorem, and for
deriving the distribution of maxj<x<y, Sk.



3.5. EXERCISES 97

3.5 Exercises

Exercise 3.1 Consider the Ornstein Uhlenbeck process in example 3.1.2(B). Show that the
defined process is a Markov process which converges in distribution to an N(0,02/2a) dis-

tributed random variable. If Xo < N(0,0%/2a), show that X; 4 N(0,02%/2a) (in other words:
the N(0,02/2«) distribution is an invariant distribution for the Markov process). Show that
X is a Gaussian process with the given mean and covariance functions.

Exercise 3.2 Consider geometric BM in example 3.1.2(C). Show that it is a Markov process.
Characterise the values of y for which it is a super- a sub- or a mere martingale. Compute
the transition function.

Exercise 3.3 Complete the proof of Lemma 3.1.4.

Exercise 3.4 Let W be a BM. Show that the reflected Brownian motion defined by X =
| X0 + W] is a Markov process with respect to its natural filtration and compute its transition
function. (Hint: calculate the conditional probability P,{X; € B | FX) by conditioning further
on FIV).

Exercise 3.5 Let X be a Markov process with state space E and transition function (P})¢>o.
Show that for every bounded, measurable function f on E and for all ¢ > 0, the process
(Pi—sf(Xs))sepo,y 1s a martingale.

Exercise 3.6 Prove that y, ..+, defined in the proof of Corollary 3.2.2 are probability mea-
sures that form a consistent system. Hint: for showing that they are probability measures,
look at the proof of the Fubini theorem.

Exercise 3.7 Work out the details of the proof of Lemma 3.2.3.

Exercise 3.8 Show for the Poisson process X with initial distribution v = §, in Exam-
ple 3.1.5, that X is a Markov process w.r.t. the natural filtration, with the transition function
specified in the example.

Exercise 3.9 Show Corollary 3.3.6 that canonical Brownian motion has the strong Markov
property.
Exercise 3.10 Prove Corollary 3.3.7 and Lemma 3.3.8.

Exercise 3.11 Prove Lemma 3.3.11. See hint in the ‘proof’.

Exercise 3.12 Let X be a canonical, right-continuous Markov process with values in a Polish
state space E, equipped with Borel-o-algebra £. Assume t — Ey, f(X;) right-continuous
everywhere for each bounded continuous function f : E — R. For x € E consider the random
time o, = inf{t > 0| X; # x}.

i) Is 0, a stopping time or an optional time? Using the Markov property, show that for every
rek
P{or >t+ s} =P{o, > t}P{o, > s},

for all s,z > 0.



98 CHAPTER 3. MARKOV PROCESSES

ii) Conclude that there exists an a € [0, 00|, possibly depending on z, such that

P(og >1t) =e .

Remark: this leads to a classification of the points in the state space of a right-continuous
canonical Markov process. A point for which a = 0 is called an absorption point or a trap. If
a € (0,00), the point is called a holding point. Points for which a = oo are called regular.

iii) Determine a for the Markov jump process (in terms of A and the stochastic matrix P)
(cf. Example 3.2.1) and for the Poisson process. Hint: compute E_ o,

iv) Given that the process starts in state x, what is the probability that the new state is y
after time o, for Markov jump process?

Exercise 3.13 Consider the situation of Exercise 3.12. Suppose that x € FE is a holding
point, i.e. a point for which a € (0, 00).

i) Observe that o, < 00, Pra.s. and that {X,, = z,0, < 00} C{0z00,, =0,0, < c0}.
ii) Using the strong Markov property, show that
P{Xs, = x,0, < 0} = P{X,, = x,0, < 0}P{0o, =0}.

iii) Conclude that P{X,, = z,0, < oo} = 0, i.e. a canonical Markov process with right-
continuous paths, satisfying the strong Markov property can only leave a holding point
by a jump.

Exercise 3.14 Prove Lemma 3.3.12 (ii). Hint: suppose that Z is an F;X-measurable random

variable and o an (F;¥);-optional time. Show that Z o 6, is ]:()g + t)+-measurable. First show

this for Z an indicator, then use the appropriate monotone class argument.
Exercise 3.15 Prove Lemma 3.4.3 and Theorem 3.4.4.

Exercise 3.16 Show for Example 3.4.1 that X is a Markov process, and show the validity
of the assertions stated. Explain which condition of Theorem 3.3.4 fails in this example.

Exercise 3.17 Show that the maps ¢ and 1 in the proof of Theorem 3.4.1 are Borel mea-
surable.

Exercise 3.18 i) Derive the expression for the joint density of BM and its running maximum
given in Corollary 3.4.2.

ii) Let W be a standard BM and S; its running maximum. Show that for all ¢ > 0 and z > 0
P{S; > z} = P{r, <t} =2P{W; > x} = P{|W;| > x}.

Exercise 3.19 Prove Corollary 3.4.5.

Exercise 3.20 Consider the construction of the binary tree in §3.4.4. Construct the binary
tree for a random variable X, that has a uniform distribution on [0, 1].

Consider Theorem 3.4.9. Show how the validity of statements (i,ii) follow for a general
integrable random variable given that these statements are true for non-negative or non-
positive integrable random variables. Show (iii).

Exercise 3.21 Prove Theorem 3.4.10.



Chapter 4

Generator of a Markov process with
countable state space

4.1 The generator

In the case of a discrete Markov chain, the transition kernel with ¢ = 1 (which is a stochastic
matrix) completely determines the finite dimensional distribution of the process and hence
the distribution of the process. The question arises whether the situation for continuous time
processes is analogous: is the distribution of the process determined by one operator? In
general the answer is no, but under certain conditions it will be yes.

A clue to the answer to this problem lies in the results discussed in Exercises 3.12, 3.13.
Let X be a canonical, right-continuous Markov process with values in a Polish state space
E, equipped with Borel-o-algebra £. Assume t — Ey, f(X,) right-continuous everywhere for
each bounded continuous function f : ' — R. For x € E there exists ¢, € [0, 00] such that

Poz>1t) = e 9t

with o, = inf{t > 0| X; # z} is the holding or sojourn time at z. A point z with g, = oo is
called regular, a non-regular point z, i.e. ¢, < 00, is called stable. If z is stable, then X, # x
a.s.

Definition 4.1.1 X is stable if x is stable for all z € E.

It would seem that a stable Markov process X is completely determined by ¢, and the dis-
tribution of X, . Is this true? How can one obtain g, and the distribution of X, from the
transition function (P;);?

We will study this problem first in the case that F is a countable space, equipped with the
discrete topology, and £ = 2 the o-algebra generated by the one-point sets. The transition
kernel P, is an E x E matrix with elements denoted by P;(z,y), x,y € E, t > 0, where now
P2, B) = Y, Pila,y).

Each real-valued function is continuous, and the Markov process is trivially strong Markov.
There are counter-examples to the counterintuitive result that X need not be stable. We quote
some definitions and results.

Definition 4.1.2 X is called standard if lim;>o Pi(7,y) = 153 (y)-

The following result is stated without proof.

99
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Lemma 4.1.3 Let X be standard and stable. Thent — Py(x,y) is continuously differentiable.
Define Q = P/|,_, to be the generator of X. Then Q = (quy)zycr satisfies

1) o = —u;

ii) 0 < quy < o0 fory#x;
i) 3, 4uy < 0.

iv) 3, Pl(w,y) = 0.

This gives us the parameters of the holding times of the Markov process. (i) can be proved
by an application of Exercise 3.12. Notice that necessarily g, > 0 if y # 0.

It makes sense to require that > qqzy = (d/dt)3_, Pt(x,y)’tzo = 0 (i.o.w. we may
interchange sum and limit). If this is the case, then X is called conservative.

From now on assume that X is standard, conservative, stable and has right-continuous
paths.

Continuation of Example 3.1.5 Poisson process The transition kernel of the Poisson
process with parameter X is given by Pi(z,y) = P{N; =y — 2} = e M(\t)V="/(y — z)!, for
y>x, x,y € Zy. t— P(z,y) is a continuously differentiable function. Differentiation yields

=, y==x
Qzy = A, z+1
0, otherwise.

Hence the Poisson process is standard, stable and conservative.
In general the situation is quite complicated, even for countable state space. First we will
restrict to the case of bounded rates.

4.2 Bounded rates: sup, ¢, < oo.

Lemma 4.2.1 The Kolmogorov forward and backward equations hold: P} = P,Q = QP;.

Proof. Use the Fatou lemma on

Pt+h(x7y)_Pt(x7y) _ Ph(.’L',k)P 1—Ph($,$>
= ———Fh(k,y) - ————Pi(z,y)
h 2 b

and

Pt-s—h(fﬂ,?/)—Pt(fE,y) _ P Ph(kvy) 1—Ph($,y)
- t(-r7k) —Pt(ﬂl', )

This gives that P{(x,y) > >, ¢exPi(k,y) and P{(x,y) > >, Pi(z, k)qry. Taking the summa-
tion over all states in the first equation gives

y k
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= Z(Pt/(aj,y) — qut(:L‘,y) - Z q:cth(‘rv y))

Y k#x

= o_quPt(x,y) —Z%ckzpt(xay)

k#x Y
= O_ZQJ:k =0,
k

hence P/(z,y) = Y, ¢zxP:(k, y). In the one-but-last inequality we have used Fubini ’s theorem
and Lemma 4.1.3 (iv). This yields the backward equation. The forward equation is more
problematic: we have to deal with the term Zy > i Pi(x, k)qry. However, since 0 < g, <
qr < supy g < 00, the rates are bounded. Hence > ) Pi(2, k)|qry| < oo and so by Fubini’s
theorem we may interchange the order of summation. QED

The Kolmogorov forward equation implies that the following integral equation holds:

t
Bl (Xi) = Pi(z,y) = 1{x}(y)+/0 Zpt(x7k)Qkde
%
t

= 1)+ [ PQLy) s
t
= l{x}(y) + E:L’/O Ql{y}<Xs)d87
where we have used boundedness of the function z + Q1y,y(x) and Fubini’s theorem to allow

for the interchange of integral and summation. Using Fubini’s theorem in the same manner,
one can prove analogously for each bounded function f that

E,f(X,) = f(z) + E, /0 QF (X.)ds. (1.2.1)

Lemma 4.2.2 Let X be defined on (2, F, (Ft)). For every bounded function f : E — R and
initial measure v, the process

t
My = F(X) = (%) = [ QF(Xds, 20
is a P,-martingale.

Proof. Exercise 4.1. QED
As a consequence the celebrated Dynkin’s formula holds.

Corollary 4.2.3 Dynkin’s formula Under the conditions of Lemma 4.2.2, for any (Ft)¢-
stopping time with E,7 < oo, it holds that

E,f(X,) = f(2) + E, /0 " QF(X.)ds.
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Proof. For 7 A n the optional sampling theorem applies, hence

TAN
E./(Xran) = f(2) + E:,c/0 Qf(X,)ds.

Since X;nn — X7, by dominated convergence the left-hand side converges to E, f(X,). For
the right-hand side, note that

TAN
\/ Qf(Xs)ds| < 1-max|Qf(y)| < oo.
0 )

Use dominated convergence to complete the proof. QED

This can be applied to compute the distribution of X, . If ¢, = 0 then z is an absorbing
state, and o, = oo, and so X,, = x. Suppose that ¢, > 0, then o, is a. a.s. finite optional
time with E, = ¢, !, hence it is a stopping time w.r.t. (F+);. Since X is also Markov w.r.t.
(F+)e, (My)s is an (Fi+ )p-martingale. One has for y # x
Ox Og
Ewl{y}(ng) = l{y}(x) + Ew/o l{y}(Xs)dS = EI/O quyds = Exe “Qry = %
X

In Exercise 3.12 you have in fact been asked to compute the generator @ of a Markov jump
process (cf. Example 3.2.1).

4.3 Construction of Markov processes with given generator ()

It is convenient to define jump times of the Markov process, before discussing how to construct
a Markov process from the generator. To this end, let Jy = 0, and define recursively

Int1 = inf{t > J,, | Xy # lsi%lXS}’
where J,+1 = oo if X; is an absorbing state.
For the construction, we are given an E x E matrix @), with the properties
i) gz € (—00,0] for all z (i.e. Q is stable);
i) gzy >0, y # x for all x;
iii) >, goy = 0 for all z (ie. Q is conservative).

First, check for T an exp(1) distributed random variable, that T'/c has an exp(c) distribution,
for any constant c € [0,00).

Let T,,, n = 0,..., be a sequence of i.i.d. exp(l) distributed random variables, and,
independently, let Y be a discrete time Markov chain with transition matrix Pj, defined by
Pj(x,y) = qay/4s, y # z, all defined on the same space (€2, F,P). The consecutive jump times
are equal to: Jy =0 and

n—1
k=0

Then
Xe=2z <<= Y,=z, andJ,<t< 1, (4.3.1)
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where leio -+ =0. Lo.w. X resides an exp(qy,) amount of time in Yp, then jumps to state
Y1 with probability ¢v,y, /qv,, etc.

The construction of the Markov chain Y can be included in the construction of X, in the
following way. First, we need the following fact.

Lemma 4.3.1 If Zy,..., Z, are independent random variables, with exponential distributions
with successive parameters ci,...,¢,. Then min(Zi, ..., Z,) has an exp(d>_] ¢;) distribution
and P{Z; = min(Zy,...,Zy)} = ci/ D f_y Ch-

Let now be given {7}, .}n=0.1,. .cr be iid. exp(1l) distributed random variables, and inde-
pendently an E-valued random variable Y. Let

To

J = min{—’zlz eFE, QYpz > O}
qYyz
T T
Vi = y if 22 —min {2z € E,qy,. > 0}.
Qypy qYyz
Iteratively, let
. Tn,z
Jnt1 = Jp+min{—=|z € E,qy,, > 0}
qYnz
T, T,
Yorr = vy if Y =min{~"%|z € E,qy,. > 0}.
any QY z

In view of Lemma 4.3.1, we have guaranteed that Y is a Markov chain with transition matrix
Pj. Define X; now as in (4.3.1).

It is by no means guaranteed that it is a stochastic process! In fact X can be substochastic,
so that probability mass is ‘lost’. However, one can check that X is Markov, i.o.w. there exists
a possibly substochastic transition function {f;}: determining the fdd’s of X, and X has the
Markov property (follows from the construction). Note that we can make a substochastic
transition function stochastic, by extending E with an absorbing coffin state to which all
disappearing probability mass is directed.

The transition function of the constructed Markov process can be obtained by the proce-
dure described below. Let

1 (y)e—th7 n = 0
S ~gos n— 43.2
ft ( y) { ftéO) (-'E,y) + f(f e I Zk#x Q$kft(—s 1) (k‘,y)ds, n Z 1. ( )

ft(n)(ac,y) can be interpreted as the probability that the process X, given that it starts in
x, is in state y at time ¢, after having made at most n jumps. The sequence {ft(n) (x,y)}In
is monotonically non-decreasing, it is bounded by 1, and therefore has a limit {fi(z,y)}zy-
We have that Zy fi(z,y) < 1. The transition function of the constructed process is equal to
(ft)t>0. Precisely this transition function defines the so-called minimal process.

Definition 4.3.2 X is said to be the minimal process, if the transition function of X is (f;);.

Theorem 4.3.3 {(fi = (fi(2,y))zy}t is the minimal solution to the Kolmogorov forward and
backward equations, in the sense that if (P;); is a solution to either the Kolmogorov forward
or the Kolmogorov backward equations, then Py(z,y) > fi(x,y), z,y € E, t > 0. It is the
unique solution if Zy fi(z,y) =1 for all t > 0. In the latter case, the generator Q uniquely
defines the transition function for which @ is the derivative at time 0.
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Lemma 4.3.4 }_ fi(z,y)=1, forz € E andt > 0.

This allows to derive a specifically bounded jump related expression for the transition function
(Py)¢.
Corollary 4.3.5 Let 7 > sup, q,. Let P =1+ Q/7. Then

t n
P, = e_TtZ (T—)Pn, t >0,

Lo.w. X is a Markov jump process (see Example 5.2.1).

Proof. Show that P/|,_, = Q. QED

Proof of Theorem 4.5.3. We give a partial proof. By taking the (monotonic) limit in (4.3.2),
we get the following integral equation for f; (where we interchanged ¢ — s and s)

t
fe(z,y) = Lz (y)e ™" + / e IN " g folk,y)ds, @,y € Bt > 0. (4.3.3)
0 k#x

By boundedness of the integrand, it directly follows that ¢ — f;(x,y) is continuous. The dom-
inated convergence theorem and the fact that fi(z,y) < 1 imply that ¢ — E,@éx ek St (K, y)
is continuous. Hence, we can differentiate the right hand-side with respect to ¢, and get that
(ft): solves the Kolmogorov backward equation.

Instead of considering the time of the first jump before ¢, we can also consider the time

of the last jump. Then we get the following recursive sequence: F(z,y) = 1{$}(y)e_qzt,

t
Ftn+1<x7 y) = Fto(xv y) + / Z Ftnfs(xa k)qkye*std&
0 k#x

(F{")¢ converges monotonically to a limit (F};), which satisfies the forward integral equation

t
Ft(x7 y) = 1{33} (y)eiqzt + / Z Ft—s(x7 Z)qkyeiqysds-
0 k#x

Clearly f2 = F? for t > 0. One can inductively prove that f* = FJ*, t > 0. By differentiation
(check that this is possible) we get that (f;); is a solution to the forward equations.

Suppose that (P;); is another solution to the Kolmogorov backward equations. Then
Pl(x,y)+q. P(z,y) = > ktz ok Pr(k, y). Multiply both sides with the integrating factor edst,
Then we find

(e Py(z,y)) = e®'P/(2,y) + que™ Py(z,y) = =" > qunPy(k, ).
k#x
Integrating both sides yields (4.3.2) with f; replaced by P;. Now we will iteratively prove that

Pi(z,y) > fi*(z,y) for n =0,.... First, note that P;(z,y) > l{x}(ye_q“ft = f2(x,y). Hence for
allz,y e Eandt >0

t
Pt($, y) = 1{1}(@/)67%1t + /0 eiqz(tis) Z (hsz(k;’ y)ds
k#x

t
> 1@+ [ IS g s = ().
k#x
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Iterating, yields Py(x,y) > fi(x,y) for x,y € E and t > 0.
A similar argument applies if (P;); solves the forward equations. QED

Proof of Lemma 4.5.4. Next we show that (f;); is stochastic. Notice that > f*(z,y) =
PA{Jn+1 > t}. {Jn}n is a non-decreasing sequence, and so it has a limit, J,, say. The event
{1 > t} = Ul {Jr < t}. Hence {Jo > t} = limysoo{Jnt1 > t} = UsZo{Ji < t}, this
is the event that there are only finitely many jumps in [0,¢]. By the monotone convergence
theorem, taking the limit n — oo, yields ), fi(x,y) = P,{Js > t}. Consequently

1= fil,y) = P{Jw < t}.

Next, by the boundedness of jump rates, there exists a constant ¢, such that ¢, < ¢ for all

x € E. Therefore
T; T, _ 1<
Jn+1:70+.--+—"272Tk—>oo, a.s.
qYO qy;, Cc =0
by the Law of Large Numbers, since ET,, = 1.
It follows that f; = P, for all ¢ > 0, and so (f); is a solution to the Kolmogorov forward
equations. QED

This allows to show the validity of (4.2.1) for a larger class of functions.

Lemma 4.3.6 Suppose that f : E — R satisfies P|f| < oo for allt > 0. Then f satisfies
(4.2.1).

Proof. See Exercise 4.2. QED

The validity of Dynkin’s lemma is more involved, since one needs to bound the integrand in
a suitable manner.

4.4 Unbounded rates

We next assume that sup, g, = oo.
In this case the proof of Lemma 4.3.4 breaks down, as the following example shows.

Example 4.4.1 Suppose Q is a Z, x Z, matrix with elements

dz,c+1 = 2" = ~Qz,z, T € Z+7

all other elements are zero. As in the previous paragraph, we can construct the minimal
process X from this. Given that Xo = 0, J,4+1 — J,, has an exp(2") distribution. Hence
Ednt1 = D peo 27% < 2 for all n. Since Jo is the a.s. limit, and {.J,, },, is a non-decreasing,
non-negative sequence of random variables, the monotone convergence theorem yields EJ,, <
2, and so J,, < 00, a.s. This process is said to explode in finite time.

Recall that 1 =3 fi(z,y) = P{Je < t}. It is immediate that 3 fi(z,y) <1 for all ¢
sufficiently large. This results in non-unicity of transition functions with a given generator Q.

Constructively, one can add a coffin state to the state space, say A. We say that X; = A.
From A we lead the process immediately back into the original state space (hence oan = 0),
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and with probability the next state is « with probability p,, Y .p. = 1. The probability
distribution {p,}, can be chosen arbitrarily. However, for every choice, we obtain the same
generator (restricted to the state of the space E) and a solution to the Kolmogorov backward
equations.

Another problem arises as well. In the proof of Theorem 4.3.3 we did not use the as-
sumption that sup, ¢, < oo. Hence (f;); is a solution to the Kolmogorov forward equations.
However, (4.2.1) does not hold in general for bounded functions. Take f(z) =1 for all  and
suppose that (4.2.1) holds. Then

1> 3 fle) = B = 1)+, [ QF(Xds =140,

since Qf = 0. A contradiction.

This turns out to be generic: explosiveness strongly limits the class of functions for which
the Kolmogorov forward integral equations (4.2.1) hold. A class of functions for which it is
guaranteed to hold, can be obtained through a criterion described below.

What does hold? It turns out that the result of Theorem 4.3.3 is still valid. Let us properly
define explosiveness.

Definition 4.4.1 X is said to be explosive if for Jo, = lim, .~ J, it holds that

P{Je < o0} >0, forsomezx € E.

If X is non-explosive, then }_ fi(z,y) = 1for all z € E and t > 0, where (f;); is obtained as
a limit of (f{*):. This follows by inspection of the proof of Lemma 4.3.4. We summarise this
below.

Theorem 4.4.2 Let X be a stable, conservative, standard Markov process. If X is non-
explosive, then (P;); is the unique solution to the Kolmogorov forward and backward equations.
In particular, X is the minimal process, and P, = f, t > 0, and Q uniquely defines (Py);.

An important question now become: how can one check whether X is non-explosive? The
second question is: for what functions is the Kolmogorov forward integral equation valid?
For the answer to the first question we need to introduce the concept of a moment function.

Definition 4.4.3 V : E — R, is called a moment function, if there exists an increasing
sequence {Kp,}, C E if finite sets with lim,, . K,, = E, such that lim, , inf{V(z) |z ¢
K,} = oc.

The following result holds.

Lemma 4.4.4 The three following statements are equivalent for a minimal, stable, standard,
conservative Markov process.

i) X is non-explosive;

ii) there exist a moment function V' and a constant ¢ such that QV (x) < ¢V (z) for allx € E,
.o.w. QV <cV;
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iii) there is no bounded function f € bE and X\ > 0, such that Qf = \f.
The sufficiency has been known a long time. The necessity has been recently proved by the

lecturer. The following result is also recent.

Theorem 4.4.5 Under the conditions of Theorem 4.4.2 the Kolmogorov forward integral
equation (4.2.1) for any bounded function f : E — R for which E,|(Qf)(Xs)|ds < oo,
x € E,t> 0. For the latter condition to be satisfied it is sufficient that there exists a function
f:E — (0,00) and a constant ¢ such that

> ey fW) + ¢ < cf(z), xz€E.
Y

What can one do for unbounded functions? Also here the condition QV < ¢V plays a
crucial role.

4.4.1 V-transformation

Suppose that QV < ¢V, for some constant ¢ > 0, where V : E — (0,00). We extend append
a state A to F and obtain Ean = F'U{A}. Define a new conservative and stable generator
QV, which is a transformation of Q, as follows

2y V
%%%' y#a,y,x€E
qV . —C — Qgz, reFl
- (L‘ZV
w c— EzeE qv(x()z)7 y=A
0, r=A,y € Fa.

The state A has been appended to make QY conservative. It has been absorbing, so as not
to interfere with the transitions between the states in F. If X is non-explosive, it is a the
minimal process. Suppose that the minimal process X", obtained by construction from QV,
is non-explosive as well. Then, by using the fact that we can obtain their respective transition
functions by a limiting procedure, it is now difficult to obtain that

Pi(z,y)V(y)
V(x)

where now (P)); is the transition function of X". Non-explosiveness of X" can be checked
directly on @Q by virtue of Lemma 4.4.4. The existence of a moment function W for QV, is
equivalent to the existence of a function F' : E' — (0, 00) and an increasing sequence { Ky}, C
E of finite sets, with lim,_,. K, = E, such that lim, o inf{F(z)/V(z) |z ¢ K,} = occ.
Such a function F' will be called a V-moment function.

Theorem 4.4.5 can then applied to the transformed chain XV'. Using (4.4.1), the following
result can be deduced.

Theorem 4.4.6 Assume the conditions of Theorem /J.4.2. Suppose that QV < cV for some
function V. : E — (0,00) and ¢ > 0. Suppose that there exists a V-moment function
F : E — (0,00). Then (/.2.1) applies to any function f, with sup, |f(z)|/V(z) < oo and
E, [|Qf(Xs)|ds < 0o, x € E, t > 0. The latter condition is satisfied, if there exists a function
F:FE — (0,00) such that

=PV (2,y), z,y€E, (4.4.1)

Z%cyF(y) + qu(.CL') < cF(x),

for some constant c.
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4.5 Exercises

Exercise 4.1 Prove Lemma 4.2.2.

Exercise 4.2 Prove Lemma 4.3.6. First consider f > 0. Then show first ¢t — P,f(z) is
continuous for each z. Proceed to show that (P, f); satisfies the Kolmogorov backward integral
by separating negative and positive terms. Then finish the proof.

Exercise 4.3 Branching model in continuous time Let £ = Z, = {0,1,2,...} be
equipped with the discrete topology and let £ = 2¥ be the collection of all subsets of E. Let
A, > 0.

Cells in a certain population either split or die (independently of other cells in the pop-
ulation) after an exponentially distributed time with parameter A + u. With probability
A/(A + p) the cell then splits, and with probability u/(A + p) it dies. Denote by X; the
number of living cells at time ¢. This is an (E, £)-valued stochastic process. Assume that it
is a right-continuous, standard Markov process.

i) Show that the generator @ is given by

i j=i+1
i, j=i—1,i>0.

You may use the result of Lemma 4.3.1.

ii) Suppose Xy =1 a.s. We would like to compute the generating function

Gz, t) =Y Z/R{X; = j}.

J

Show (using the Kolmogorov forward equations, that you may assume to hold) that G
satisfies the partial differential equation

oG oG
= Qe —p- D5

with boundary condition G(z,0) = z. Show that this PDE has solution

At(1—2)+= _

N(1—2)F1° m = A
G(z,t) = { e anye

l)\ll(l—z)e_ﬂt—(ﬁj_)\z)e—kta H 7é A

iii) Compute E; X; by differentiating G' appropriately. Compute lim;_,~ E; X}.

iv) Compute the extinction probability B{X; = 0}, as well as lim;_,o R{X: = 0} (use G).
What conditions on A and p ensure that the cell population dies out a.s.?



Chapter 5

Feller-Dynkin processes

The general problem of the existence of a derivative of a transition function is more compli-
cated in the general state space case. It is not clear what is meant by derivative of a probability
measure. The usual approach is functional-analytic one, where derivatives of t — E_ f(X;) are
considered. The goal is seek for conditions under which functional versions of the Kolmogorov
forward and backward equations hold. In particular, under wich conditions does it hold that

L(Pf) = P(Qf) = Q(Pf), t=>07

If this relation holds, then the integral form (4.2.1) holds and we have seen that this is not
generally true, even for the simpler case of a countable state Markov process.

5.1 Semi-groups

As the question is mainly analytic, this section will be analytically oriented. The starting
point is a transition function { P, };>0 on the measurable space (E, ), where again E is Polish
and £ the Borel-o-algebra on E. Let S be a Banach space of real-valued measurable functions
on E, and let | - | denote the corresponding norm. By virtue of the Chapman-Kolmogorov
equations, { P, }; is a so-called semigroup.

Definition 5.1.1 The semigroup {P,}; is a strongly continuous semigroup on S (shorthand
notation: SCSG(S)), if

i) P,:S — S is a bounded linear operator for each t > 0. Lo.w. |P| := supyes % < 00

fort > 0.

ii) limgo | P,f — f] =0 for each f € S.

A main notion that we will use is closedness.

Let B : D — S be a linear operator defined on D C S, with D a linear subspace. D is
called the domain of B. The set G(B) = {(f,Bf)|f € D} C S x S is called the graph of B.
Note that S x S is a Banach space with norm |(f,g)| = |f] + |g|- Then we call B is closed
iff G(B) = G(B).

If {P,}+ is a SCSG(S), then f +— P,f is continuous, and so P, is a closed linear operator
for each t > 0.

109
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Example 5.1.1 Consider Example 3.1.2 (A, B) Brownian motion and the Ornstein-Uhlenbeck
process. Let

S=Cy(R)={f:R — R| f continuous with lim f(x) =0},

r—+00

and let |f| = supger|f(z)|. One can show that the associated transition functions are
strongly continuous semigroups on Cy(R) (cf. Section 5.3).

Example 5.1.2 Consider the Markov jump process in Example 3.2.1. Suppose that there
exists a function F' : E — Ry and a constant ¢ > 0 such that PF(z) < c¢F(x), for all z € E.

bet @)
Fo) < 00}

Then the associated transition function is a strongly continuous semigroup on S, with

S={f:E—R||f];:=sup

> n
Ipp < 3o e e — e,
n.
n=0

This norm is a weighted supremum norm and the Banach space S is used in much of modern
Markov chain theory with applications in queueing and control. The choice FF = 1 often
applies.

Example 5.1.3 Let X be a countable state Markov process, that is minimal, stable, standard
and conservative with P/|,_, = Q. Suppose that there exists a V-moment function and a
constant such that QV < cV. Let

such that |€;((?)| <e forx g K

CO(E,V):{f:E—>R

for each € > 0 there exists a finite set K = K (e, f), }

Co(E,V) equipped with the norm | - |, is a Banach space, and (F}); is a strongly continuous
semigroup on this space.

The norm of an SCSG(S) cannot grow quicker than exponentially. This follows from the
following lemma.

Lemma 5.1.2 Let {P,};>0 be a SCSG(S). There are constants M > 1, o > 0, such that
| P, < Meo.

Proof. Note first that there exists constants M > 1 and tp > 0, such that |P,| < M, t < t.
Suppose that not. Then there exists a sequence t, | 0, n — oo, such that |P, | — oo.
The Banach-Steinhaus theorem (cf. BN Theorem 10.4) then implies that sup,, | P, f| = oo
for some f € S. This contradicts strong continuity. Hence there exists a constant M > 1,
such that | P < M for t < ty.
Finally, put a = (log M)/ty. Let ¢t € [0,00). Then with k = [t/to], we get

k
[Pl = 1 Pety Pro| < 1P I°1 Py | < € M.

QED
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Corollary 5.1.3 t — P,f is continuous (i.o.w. lims_y; |P.f — P,f| =0) for all f € S, and
t>0).

Proof. We will only prove right-continuity. Let h > 0. Then
| Pesnf — BSI < VBIIPLSf = fI =0, h1O.

QED

Generator Let next

f

Pf_
D ={f € S|dg € S such that l}jgl”tjct—g” =0}.

A priori it is not clear whether D is even non-empty! For each f € D we write

. Pf-f
Af = g = lim ———.
f=y im —=
A:D — S is a (generally unbounded) linear operator, with domain D(A) = D, A is called

the generator.
From the definition we immediately see that for f € D(A)

E,(f(Xepn) — F(X0) | FX) = hAf(Xt) + o(h), P, —as.,
as h | 0. In this sense the generator describes the motion in an infinitesimal time-interval.

Example 5.1.4 Brownian motion has D(A) = {f € Co(R) | f/, f" € Co(R)}. It holds that
Af = f"/2for f € D(A). The proof is given in §5.3. Notice that this implies that 1;gy, B € B,
are not even contained in the domain, and so these functions do not satisfy the Kolmogorov
forward and backward equations!

Example 5.1.5 (Ornstein-Uhlenbeck process) Consider the Orstein-Uhlenbeck process
in Example 3.1.2 (B). The generator is given by

Af(z) = 1o?f"(z) — azf'(z), z€R,

if fe{geCo(R)|d,g¢" € Co(R)}(cf. Exercise 5.1).

Recall that we introduced Brownian motion as a model for the position of a particle.
The problem however is that Brownian motion paths are nowhere differentiable, whereas the
derivative of the position of a particle is its velocity, hence it should be differentiable. It
appears that the Ornstein-Uhlenbeck process is a model for the velocity of a particle, and
then its position at time ¢ is given by

¢
0

It can be shown that a.Sy;/v/n — Wy in distribution, as n — oo. Hence, for large time scales,
Brownian motion may be accepted as a model for particle motion.
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Example 5.1.6 Consider the Geometric Brownian motion in Example 3.1.2 (C). The gener-
ator is given by
Af(x) = paf'(z) + g0 f"(z),

for f€{g€ Co(R)|g', 9" € Co(R)}.
The full description of the domain D(A) is very difficult in general. Lateron we provide some
tools that might help for its specification.

We next derive the important Kolmogorov forward and backward equations. This requires
integrating S-valued functions of ¢.

Denote by Cs(a,b) = {u : [a,b] — S|u is continuous}, a,b € [—o00,00]. A function
u : [a,b] — S is said to be (Rieman) integrable over [a,b] if limp_o Y p_; u(sk)(tr — tp—1)
exists, where a = tg < s1 <t; < -+ <tp_1 <8, <t, =band h = maxy(ty — tx—1), and the
limit is independent of the particular sequence tg, s1,...,tx. It is then denoted by ff u(t)dt.

If a and/or b = oo, the integral is defined as an improper integral.
Furthermore, by I we mean the identity operator. The following result holds.

Integration Lemma

a) If u € Cs(a,b) and f; |u(t)|dt < oo, then w is integrable over [a, b] and

b b
H / u(t)dt] < / Ju(t)|dt.

If @, b are finite then every function in Cs(a,b) is integrable over [a, b].

b) Let B be a closed linear operator on S. Suppose that u € Cs(a,b), u(t) € D(B) for all
t € [a,b], and both u, Bu are integrable over [a, b]. Then ffu(t)dt € D(B) and

B / bu(t)dt - / ’ Bu(t)dt.

c) If u € Cgla, b] and u continuously differentiable on [a, b] then

bd
/a @u(t)dt =u(b) — u(a).

Proof. See Exercise 5.2. QED

The consequence is that we can interchange of integral and closed linear operators. By
Corollary 5.1.3 s — P, f is continuous, hence integrable over [0, t].
The following theorem holds.

Theorem 5.1.4 Let {P,;}; be an SCSG(S).
i) Let f €S, t>0. Then [} P,fds € D(A) and

t
Ptf—f_A/o P,fds.
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ii) Let f € D(A) andt > 0. Then P.f € D(A). The function t — P, f is differentiable in S
and the Kolmogorov backward and forward equations hold:

d
%Ptf = AP, f = PAf.

More precisely,

N Prnf — B H Y H Poinf — Pif H _
i H h FAS| = lim h AR =0
iii) Let f € D(A), t > 0. Then
t t
Pf—f :/ PAfds = / AP, fds.
0 0
Proof. For the proof of (i) note that
1 ¢ I
h(Ph_I)/OPSde - h/O (Ps-i-hf_Psf)ds

1 t+h

1 t
= — P, fds — — P, fds.
hH st h/o SfS

For the second term we get

\ﬁlﬂg@—wsilﬂaﬂﬁwwﬂxh¢a

Similarly, for the first term

Lo AW
|; [ Pugas—pg| < B8 [ IPf— flds 0, ko,
h, ho o

The result follows. For (ii) note that

Pinf—Pf ’ H Pyf—f H ‘th - f H
H ” PAf ‘ Pt( N Af) <| Pt”‘ A Af
Taking the limit A | 0 yields that
. N Pnf — P f
1 Hi—PA H =0. 5.1.1
i ; A f (5.1.1)

Since Af € S, g = P,Af € S. Rewriting (5.1.1) gives
i H Pu(Pif) — Pif
im || L
R0 h

Hence g = AP;f. Consequently PAf = g = AP,f = (d* /dt)P.f (d*/dt stands for the right-

derivative). To see that the left derivative exists and equals the right-derivative, observe for
h > 0 that

-

[Pl pag] < [PIEE -
< 1Pl [P L af] + |Poiar - par| 50 nio

h
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where we have used strong continuity and the fact that Af € S. For (iii) note that (d/dt) P.f =
P,Af is a continuous function of ¢ by Corollary 5.1.3. It is therefore integrable, and so

tq t t
Ptf_f:/ dPsfds:/ APsfds:/ P,Afds.
0 as 0 0

QED

The previous theorem (i) shows that D(A) is non-empty. In fact it is dense in S and A is a
so-called closed operator.

Corollary 5.1.5 Let {P;}+ be an SCSG(S). Then D(A) =S and A is a closed operator.

Proof. Theorem 5.1.4 (i) and the fact that | fg P.fds/t — f| — 0, t | 0 immediately imply
that D(A) = S.

Let {fn}n C D(A) be any sequence with the property that there exist f,g € S such that
fn— fand Af,, — g as n — co. We need to show that g = Af.

To this end, note that P, f, — fn, = fo P.(Afy)ds, for all t > 0, by virtue of Theorem 5.1.4
(iii). Since |(Pifn — fn) — (Pf—f)] — 0 and | fo P.Af,ds — fo P.gds| — 0 as n — o0,
necessarily P,f — f = fot P.gds, for all t > 0. Hence

H Pf—f fo sgds

H_o vVt > 0.
t

It follows that

Pf—f  Jy Pyds
t t

P.gd
‘fogs_gH:O,

lim H
10

BT <y

)

|+l
so that g = Af. QED

5.2 The generator determines the semi-group: the Hille-Yosida
theorem

By virtue of Corollary 5.1.3, the map t — P, f is continuous for each f € S. Recall that
| P,| < Me® for some constants M > 1 and a > 0. By the Integration Lemma, for all A > «
we may define

Ryf(z) = /0 T P )t

R) is simply the Laplace transform of the semigroup calculated at the ‘frequency’ A. The
next lemma collects preliminary properties of the operators Ry. In particular, it states that
for all A > 0, R) is in fact an operator that maps S into itself. It is called the resolvent of
order .

Lemma 5.2.1 Let {P,}; be a SCSG(S).

i) [Ral < M/(A = ).
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ii) The resolvent equation
R, — Ry + (1 — )\)RMR,\ =0

holds for all A\, u > a.

Proof. The first part is straightforward. To prove the resolvent equation, note that

t
e Mt gmAM — (A — u)e)‘t/ P13 g,
0

Hence,
Ruf(z) - Baf(z) = /:O(e—“t — e M) Pf(x)dt
= (A—p) /OOO e_)‘t</0t e(A_“)sPtf(z)ds> dt
= (A—p) /OOO 6#8(/:0 e”\(t’s)Rgf(x)dt) ds,

by the integration Lemma. A change of variables, the semigroup property of the transition
function and another application of Integration Lemma show that the inner integral equals

/ e_)‘“PSJruf(x)du = / e_/\“PSPuf(a:)du
0 0

_ /OOOe_’\“(/EPuf(y)Ps(:c,dy))du

= [ ([ e Pswin) Py
= P.Ry\f(x).

Inserting this in the preceding equation yields the resolvent equation. QED
The following important connection between resolvent and generator is easily derived.

Theorem 5.2.2 Let {P,}; be a SCSG(S) with |P,| < M -e*. For all A > « the following
hold.

i) R\S = D(A).

ii) AI—A:D(A) = S is a 1-1 linear operator with (A\I — A)D(A) = S.

iii) (\I-A)"1:S — D(A) exists as a bounded linear operator. In particular (\I—-A)~! = R,.
iv) Ry\(NI—A)f = f forall f € D(A).

v) AMI—A)Ryg=g forallgeS.

Proof. The proof consists of 2 main steps: Step 1 Proof of (v); and Step 2 Proof of (iv). As a

consequence, (iv) implies (i) and the first part of (ii); (v) implies the second part of (ii). (iii)
then follows by combining (iv,v).
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Proof of Step 1. Let g € S. By the Integration Lemma we may write

o
P,Ryg = / e NP, ,gdt.
0

Hence
P, Ryg— R 1 > >
Rl R {/ e/\tpt+h9dt—/ eiAtPtgdt}
h hlJo 0
e — 1

1 h
= Ryg — eAh/ e M P,gdt.

h h 0 t
The right-hand side converges to ARyg — g. It follows that

H P,Ryg — Ryg

3 —()\R,\g—g)H—>O, h10.

By definition, Ryg € D(A) and
ARyg = ARy\g — g. (5.2.1)

The result follows by rewriting.

Proof of Step 2. Let f € D(A), then by definition Af € S. We have

Ry\Af] = /OOO e MPAf]dt = /OO e MA[P, fldt = A/OO e MPfdt = ARyf.  (5.2.2)

0 0

The last equality follows from the Integration Lemma by using that A is closed. The second
follows from Theorem 5.1.4 (ii). The rest follows by inserting (5.2.2) into (5.2.1) and rewriting.
QED

Due to the importance of resolvents, we will explicitly compute these for two examples.

Example 5.2.1 Consider the BM-process from Example 3.1.2 (A). Its resolvents are given
by

Raf(@) = [ fprata.)ds
where ) (z,y) = exp{—v2\|z — y|}/V2X (see Exercise 5.3).

Example 5.2.2 Let X be the Markov jump process from Example 5.1.2. The resolvent is
given by (cf. Exercise 5.4).

1 AN Dnp B -1
Ruf—wngo(w) P'f=((A+mI-AP)"'f feS,

for 4 > (¢ —1)A. This is by a direct computation, and the fact that (proved using induction)

o0 '
no—gt
/0 the Stdt = gnl
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We have proved one part of the Hille-Yosida theorem specifying the precise relation between
generator and semigroup. It will however be convenient to restrict to so-called contraction
SCSG’s: the transition function {P,}; is a strongly continuous contracting semigroup on the
Banach space S (SCCSG(S)) if it is a SCSG(S) with | P, <1 for all t > 0.

This is no restriction. Suppose that | P, < M -e* for constants M > 1 and o > 0. Then
Pe~ is a SCSG(S) with | P,e=*| < M. Define a new norm | - |* by

|f1" = sup | Pe™f],
t>0

then |f| <|f|* < M| f|. Hence |- | and |- |* are equivalent norms and S is a Banach space
with respect to | - |*. It easily follows that { P,e™*'}; is a SCCSG(S) with respect to the new
norm.

We need the notion of dissipativeness. The linear operator B : V — S, V a linear subspace
of S, is (a, M)-dissipative if

A— o
(L= B)f1 2 222 g, vfeviaso

Theorem 5.2.3 (Hille-Yosida Theorem) Suppose that there exists a linear operator A :
D(A) — S, where D(A) is a linear subspace of S. Then A is the generator of a SCCSG(S)
semigroup if and only if the following three properties hold:

i) D(A)=S;
ii) A is (0,1)-dissipative. In other words:

IAf = Al = AL V€ DA), A > 0;

iii) (\I = A)D(A) =S for some A > 0.

Proof of “=7. The only thing left to prove is (ii) (why?). By Theorem 5.2.2 (i) there exists
g € S, such that f = Ryg. By the same theorem (v) (A\I — A)f = g. We have

1 1
IF1= 1Bl = £lgl = S IAf = Af].

QED

For proving ‘«=’, we need to derive a number of lemmas. We will formulate these for A being
(o, M)-dissipative and return to the (0, 1)-dissipative case at the moment we really need it.

Lemma 5.2.4 Let A: D(A) = S, be an (o, M) dissipative linear operator, with D(A) C S a
linear subspace, and M > 1, a > 0. Then A is a closed operator if and only if (A\I — A)D(A)
is a closed set (in S), for some X > «. Under either condition (A\I — A)D(A) is a closed set
(in §) for all X > «.
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Proof. Assume that A is closed. Let A\ > «a. Let {f,}n, C D(A) be a sequence such that
(ML —A)f, — h, n — oo, for some h € §. We have prove that h € (\I — A)D(A).
By (a, M)-dissipativeness of A we have

A

— %) o — )l

IOT =AY = fo)l =

Hence { f,}, is a Cauchy-sequence in S, and so it has a limit f € S. It holds that
Afp,=—A—=A)f,+Afn = —h+Af, n— occ.

A is closed, hence f € D(A), Af = —h+ Af. Therefore h = (A\I— A)f. The conclusion is that
(AI — A)D(A) is closed.

Next we assume that (A\I — A)D(A) is closed in S for some A > «a. Let {f,}, C D(A), with
fn— f, Afn — g for some f,g € S. Then

M —=A)fn = Af—g, n— o0,

and so Af —g € (A\I— A)D(A). Hence, there exists h € D(A), such that Abh —Ah = Af —g. A
is (o, M )-dissipative, so that

A

—
|fn = Bl

IAL=A)(fo = )| = 1A = h) = Alfn = )] 2 —;

The left-hand side converges to 0, as n — oo. Hence f,, — h and so f = h € D(A) and
g = Af. This shows that A is closed. QED

Lemma 5.2.5 Let A : D(A) — S, be an (a, M) dissipative, closed linear operator, with
D(A) C S a linear subspace, and M > 1, o > 0. Let

(AL — A) is 1-1,
AMA)={A>a| (A —A)DA) =S,
(M — A)Lerists as a bounded linear operator on S

Then AM(A) # 0 = A(A) = (o, ).

Proof. Tt is sufficient to show that A(A) is both open and closed in (o, 00). First we will show
that A(A) is open in (o, 00). To this end, let A € A(A). Let

B = {p€ (a,00)||A—p| < [AT-A) T

B is open in (a,00). We will show that B C A(A).
Let € B. Then

n+1

C= i(/\ - u)n((u - A)—l) .S58
n=0

is a bounded linear operator. We claim that C' = (uI —A)~!. Use uI — A = A - A+ (u—A\)I
to show that C(uI — A) = (uI — A)C' = 1. Then it easily follows that u € A(A).
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We next show that A(A) is closed in («,00). To this end, let {\,}, C A(A), with A\, — A,
n — oo, for some A € R, A > a. We have to show that A\ € A\(A).

The proof consists of two steps: Step 1 (AI — A)D(A) = S; Step 2 (\I — A) is 1-1. Steps
1 and 2 then imply that for each g € S there exists precisely one element f € D(A) with
g = (Ml — A)f. This means that the inverse (A\I — A)~! exists. By (a, M)-dissipativeness

M M
Af—=Af| = ——Ig|.
A —Afl = 1l

—

[AL—A) g =] f] <
Since g € S was arbitrary, (M — A)~!| < M/(\ — a) < co. This shows that A € A(A).

Proof of Step 1. Let g € S. Put g, = (AI — A)(\,I — A)~lg, for all n. Clearly g =
AL —=A)MI—-A)"tgandso g, —g= (A=) (Ml —A)"lg. Ais (o, M)-dissipative, and so

_ M
lgn — gl < X = AIAI = A)lg| < |An — M= lol =0, n— oo

It follows that (A\I — A)D(A) = S. Since (AI — A)D(A) is closed by Lemma 524, § =
(AI— A)D(A).

Proof of Step 2. This follows immediately from («, M )-dissipativeness. QED

Lemma 5.2.6 Let A : D(A) — S, be an (a, M) dissipative, closed linear operator, with
D(A) C S a linear subspace, and M > 1, a > 0. Suppose that D(A) =S and \(A) = (o, 00).
Define the Yosida-approzimation Ay = M — A)~1, X\ > a. Then Ay, X > a, have the
following properties.

a) Ay is a bounded linear operator S — S and ™ = S°°° (t"AY/n! is a SCSG(S) with
generator Ay.

b) A\A, = A A,
c) |Af —Axf| = 0, A\ = oo, for all f € D(A).
Proof. For all A > a write Uy = (A\I — A)~L. In the proof of Lemma 5.2.5 we have seen that

|Ux| < M/(XA — «). Further U\U,, = U,Uy. This follows by a straightforward computation.
Hence

M -AUy, =1 onS (5.2.3)
UyAXI-—A) = I, onD(A).

We first prove (a). Using the above, we may rewrite Ay = AAU), by

Ay = MNUy,—-M, onS (5.2.5)
= AU)A, on D(A).

(5.2.5) implies that Ay is bounded, with

||6tA)\ | < e~ A tA? U] < AT M/ (A—a)—tA (5.2.7)
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Further, for all f € S
[e™ f = 1 <Dt IA"fl/nt =0, Lo
n=1

Hence {eA*}; is a SCSG(S). In a similar way, one can prove that A is the generator.

The proof of (b) follows by using the expression (5.2.5) for Ay on S and the fact that Uy
and U, commute. We will finally prove (c). First we show that [AUyf — f| = 0, A\ — oo, for
all feS.

For f € D(A), we use (5.2.4) to obtain

M
UL = FI = [DAS] < = IAf =0, A= ox.

Let f € S and let {f,}» C D(A) converge to f. Then for all n

. . MM\
lim sup [AUNf — fI| < lim sup | [AUxfo = fal + 51 fo = FI + 1 fn = fl
A—00 A—00 —

Let A — oco. The first term on the right-hand side converges to 0, the second converges to
M| fn — f| and the third equals | f, — f|. Since the left-hand side is independent of n, we
can take the limit n — oo and obtain that the left-hand side must equal 0. (c) follows by
combining with (5.2.6). QED

Lemma 5.2.7 Suppose that B,C are bounded linear operators on S with |eB|, |et¢] < 1,
that commute: BC = CB. Then

leBf —e'Cf| <t|Bf — Cf|

for every f € S and t > 0.

Proof. Use the identity

t t
Bp-eCp = [ e = [ B - 0pl s
0 @s 0

t
= / eBelt=)C(B — C) fds.
0

QED

Continuation of the proof of the Hille-Yosida Theorem: ‘<’ The idea is the define a
strongly continuous contraction semigroup {P,}; and then show that it has generator A.
Conditions (ii), (iii) and Lemma 5.2.4 imply that A is closed. By inspection of the ar-
guments for proving closedness of A(A) in Lemma 5.2.5, we can deduce that A\(A) # 0.
Lemma 5.2.5 implies A(A) = (0, 00).
Using the notation in Lemma 5.2.6, define for each A > 0 the SCCSG(S) {e'*};. Let us
check that it is indeed a SCCSG(S).
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By virtue of (5.2.7), |e"* | < 1. By virtue of Lemmas 5.2.6(b) and 5.2.7
[ f — e f| < tANS — Aufl,

for all t > 0, and f € S. By virtue of Lemma 5.2.6 (c), limy_,o, € f exists for all ¢t > 0,
uniformly in ¢ € [0,T7], for each T > 0, for all f € D(A). Define P,f = limy ;o e f, for all
f € D(A). By uniform convergence, t — P, f is continuous for each f € D(A).

The fact that D(A) = S allows to define P, f on all of S, for all ¢ > 0.

Next it holds that

Popof = PP,f = P f—eTIMf e (e f P f) (e — P,)P,f.

This allows conclude that the Chapman-Kolmogorov equations apply. We may similarly prove
that strong continuity holds and that P, is a bounded linear operator with norm at most 1,
t > 0. We may then conclude that { P, }; is a SCCSG(S).

Finally we will show that this SCSG has generator A. By Theorem 5.1.4 (iii)

t
M- f = / eSM Ay fds, (5.2.8)
0

forall feS,t>0,A>0. Forall feD(A)andt>0
eMANS = Pof = M (AL = Af) + (e = P)f.

By virtue of Lemma 5.2.6 (iii) this implies that |e***Ayf — P,Af| — 0, X\ — oo, uniformly
in s € [0,¢]. Combining with (5.2.8) yields P,f — f = fg P.Afds, for all f € D(A) and t > 0.
Suppose that { P,}; has generator B, with domain D(B). The above implies that D(B) D
D(A) and B = A on D(A). Hence B extends A.
By Theorem 5.2.2 A\I — B is 1-1 for A > 0. Since S = (A\I — A)D(A) = (A — B)D(A),
D(B) \ D(A) = 0, otherwise we would get a contradiction with the fact that A\I — B is 1-1.
QED

It is generally hard to determine the domain of a generator. The following lemma may be of
use. Notice the connection with Lemma 4.4.4.

Lemma 5.2.8 Let {P,}; be a SCSG(S) with | P,| < Me®*. Suppose that the linear operator
B is an extension of the generator A. In other words, B : D — S is a linear operator with
D D D(A), and Bf = Af for f € D(A). If X — B is 1-1 for some value X > «, then B
equals A, that is, D = D(A). A sufficient condition for \I — B to be 1-1 is that there is no
non-trivial f € D with Bf = \f.

Proof. Suppose that f € D. Put g = Af — Bf. Then h = Ryg € D(A) and so
Af —Bf =g=Ah—Ah = \h— Bh, (5.2.9)

since A= B on D(A). Hence f = h € D(A), if \I — B is 1-1.

Suppose that we only know that there does not exist any function non-zero F' € § with
BF = AF. Then substracting the right side in (5.2.9) from the left, we obtain that f = h,
and thus \XI — B is 1-1. QED

We may finally ask ourselves whether the transition function is uniquely determined by the
generator. The answer is again yes in the case of a SCSG(S). In general this need not be
true.

In the case of special Banach spaces, more interesting properties prevail.
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5.3 Feller-Dynkin transition functions

From now on consider semigroups with additional properties. For simplicity, the state
space E is assumed to be a closed or open subset of R? with & its Borel-o-algebra, or of
Z? with the discrete topology and with the £ the o-algebra generated by the one-point
sets.

By Co(E) we denote the space of real-valued functions that vanish at infinity. Cy(E) functions
are bounded, and so we can endow the space with the supremum norm defined by

|fI = sup [f(z)].
zekE

In these notes, we can formally describe Cy(E) by

f continuous and
Co(E)=< f:E— R | for each € > 0 there exists a compact set K = K(e, f),
such that |f(z)| <€, for z ¢ K

Note that Cy(FE) is a subset of the space of b€ of bounded, measurable functions on E, so we
can consider the restriction of the transition operators (P;): to Co(E). It is also a Banach
space.

We will now introduce a seemingly weaker condition on the semigroup than strong conti-
nuity. This notion does not have a unique name in the literature: sometimes it is called the
Feller property.

Definition 5.3.1 The transition function (F;)¢>o is called a Feller-Dynkin transition function
if

i) P,Cy(E) C Cy(E), for all t > 0;
ii) Pf(x) = f(x), t 10, for every f € Cy(FE) and z € E.
A Markov process with Feller-Dynkin transition function is called a Feller-Dynkin process.

Note that the operators P; are contractions on Co(FE), i.e. for every f € Cy(E) we have
sl =swp | [ fw)Pd) < 111,
zeE'JE

So, for all t > 0 we have |FP;|,, < 1, where | P, is the norm of P; as a linear operator on
the normed linear space Cy(FE), endowed with the supremum norm (see Appendix B LN, or
BN section 11).

If f € Co(FE), then P, f € Cy(F) by part (i) of Definition 5.3.1. By the semigroup property
and part (ii) it follows that

PH_hf(ZC) = Ph(Ptf)(ZC) — Ptf($), hl 0.

In other words, the map ¢ — P, f(z) is right-continuous for all f € Cy(E) and = € E.

Right-continuous functions f : R — R are B(R)/B(R)-measurable. See BN§3.
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In particular, this map is measurable, and so for all A > 0 we may define the resolvent R).
Also in this weaker case, it is a bounded linear operator with norm |Ry| < 1. We will now
show that in the case of the space Cy(FE), pointwise continuity implies strong continuity.

Theorem 5.3.2 Suppose that { P,}; is a Feller-Dynkin transition function. Then R\Co(E) =
Co(E), and {P,}¢ is a SCCSG(Cy(E)).

Proof. In order that a Feller-Dynkin transition function be a SCCSG(Cy(E)), we only need to
show strong continuity. We will first show that this is easily checked, provided that RyCo(E)
is dense in Cy(E).

Since P,Ryf(zx) = e = e~ P, f(x)ds by the Integration Lemma,

P (@)~ Baf(@) = (@ = 1) [ e Ry [ P f(a)ds.
t 0
Therefore
|P.RAS = Baflloo < (€ = DI RAf 1o + 1] -

Since the right-hand side tends to 0 as t | 0, this shows desired norm continuity for functions
in the dense subset R\Co(E) of Co(E). Now let f € Co(E) be arbitrary. Then for every
g € R\Cy(E) it holds that
1Bif = flee < [P = Pigloe + P9 = 9loe + 19— [l
< 1Py = 9loo + 219 = floo-

Taking the lim sup; |, and using the first part of the proof, we get

linriiﬁup 1Pef = floo <29 — floo

for every g € R\Cy(FE). The right-hand side can be made arbitrarily small, since RyCy(F) is
dense in Cy(E). Hence limy o |Pif — f| = 0.

Next we will show that R Cy(E) is dense in Cy(E). Suppose that this is not true and
that RACO(E);CO(E). By the Hahn-Banach theorem (BN §9, Corollary 11.2) there exists a
non-trivial bounded linear functional B on Cy(F) that vanishes on R)(Cy(E)). By the Riesz

representation theorem (BN §9 Theorem 11.3) there exist finite Borel measures v and v/ on

F such that
B(f) = /E fdv — /E Jv' = /E fd(w - ),

for every f € Cy(E). By part (ii) of Definition 5.3.1 and dominated convergence, for every
reFE

ARy f(x) = / TP fa)dt = / TP f(r)ds 5 f@), A oo (5.3.1)
0 0
Note that [AR)f|. < |fls- Then dominated convergence implies
0= BORyf) = / AR F(2)(v — /)(dz) — / F@)d(v — v')(dz) = B(f), A — oo.
E E

We conclude that the functional B vanishes on the entire space Cy(E) and so B is trivial. A
contradiction. QED
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Example 5.3.1 Brownian motion, the Ornstein-Uhlenbeck process en Geometric Brownian
motion from Example 3.1.2 (A, B, C) are Feller-Dynkin processes. Hence their semigroups
are SCCSG(Ch(R)) (cf. Example 5.1.1).

We will show that the BM transition function has the Feller-Dynkin property. First we
check continuity of x — P, f(x) for each t > 0 and f € Cy(R). To this end let € R and let
{zn}n C R be a converging sequence with limit = and let f € Cyp(R). Then

P (en) = /R Flan =) e

Define the functions f, by fn(u) = f(z,—u),n=1,.... We have f,, € Cy(R), and sup,, | f»| =
If|l < co. Note that f,(u) — f(x—u), n — oo, by continuity of f. By dominated convergence
it follows that

1

—u?
53¢ Ptqu = P,f(z).

. . 1

33, P lon) = g J ) o
The proof that P,f(x) — 0 as |x| — oo, is proved similarly.

We will prove pointwise continuity of the function ¢ — P,f(z) as ¢ | 0, z € R. Note
that this amounts to proving that E, f(X;) — E, f(Xo) for each f € Cyp(R). First, by sample
path continuity Xy — Xp, ¢ | 0, P-a.s. Hence by BN Lemma 5.4 X; z X, t 1 0. The BN
Portmanteau theorem 5.3 implies desired convergence.

—u2/2td — .
e u /Rf(a: w)

Example 5.3.2 New result Consider a minimal, standard, stable and right-continuous

Markov process with values in the countable state space E equipped with & = 2¥. Suppose

there exist a moment function V' : E — (0,00) and a constant a > 0 such that QV < aV,

where @ = P/|,_,. Then the V-transformation (see section 4.4.1) is a Feller-Dynkin process.
It follows that X is a Feller-Dynkin process with respect to the space

such that L& < e, forx g K

Co(E,V) = {f:E—>R
V()

for each € > 0 there exists a finite set K = K (e, f), }

(cf. Exercise 5.5).

5.3.1 Computation of the generator

Let us first look compute the generator of Brownian motion in a straightforward manner.

Example 5.3.3 (cf. Example 5.1.4). We claim that for the BM process we have D(A) =
{f € C*](R)| f, f" € Co(R)}. One can show that f, f” € Co(R) implies that f' € Co(R).
Furthermore, for f € D(A) we have Af = /2.

The procedure to prove this claim, is by showing for h € D(A) that
A1l h e C3(R); and

A2 M — 10" = \h - Ah.
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It then follows that D(A) C {f € C*(R)|f, " € Co(R)}. Hence A’ defined by A'h = Lh”,
he{feC*R)|f,f" € Cy(R)} is an extension of A.

We will use Lemma 5.2.8 to show that A’ = A. The lemma implies that this is true if,
given A > 0, say A\ = 1, there exists no function h € D(A’) with h”/2 = h.

Let us assume that such a function exists. Then there exists x € R with h(z) > h(y) for
all y € R. This implies that A'(z) = 0 and h”(z) < 0 by a second order Taylor expansion.
Hence h(z) = b (x)/2 < 0. Consequently 0 > h(y) = h”(y)/2 for all y € R. It follows that
R (y) <0 fory > x.

By the assumption that h is non-trivial, there must be some 2/ >  with h(z’) < 0. Since
h € Cy(R), limy_,o h(y) = 0. Hence, there exists y > = with A/(y) > 0. Contradiction.

We are left to show that A1 and A2 hold. Let h € D(A). Then there exists f € Co(R)
such that h = Ry f, i.e.

h(z) = Raf(z) = /R £y v)dy
1

- /Rf<y>m

which integral is bounded and differentiable to x. Hence,

e—\/ﬁ\y—w\d%

W(z) = /R FV2Xr(x, ) senly — z)dy.

The integrand is not continuous in y = 2! We have to show that A’ is differentiable. For 6 > 0
we have

Wa+d) i) = [ fova(RELEa e,

y<zx 5
ry(x+6,y) — ra(z,
+/ FVar( A yg A y)>dy
y>x+0
ra(x 4+ 6,y) + raz,
[ v (R,
r<y<z+6
Clearly,
/ _|_/ ..._>2)\/f(y)rk(x,y)dyZQ)\h(:L'), 0 —0.
y<z y>x+0 R
Further,
x+9 0 V2X(u—6) —V2\u
/ - / (2 O f o+ u)du
T u=0 0
1 exp\/ﬁ(u—é)_‘_exp— 2 \u
— /u:(]l{ugé}< 5 )f(ac—i—u)du

~ 2f(z), 610,
by dominated convergence. Combining yields

h'(x+0) — h'(x)
4

— 2X\h(x) —2f(x), &10.
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The same holds for é 1 0, and so we find that h is twice differentiable with
h' = 2\h — 2f.

Hence,
A — 20" = f = (AL — A)h = Ah — Ah,

and so A1,2 hold.

The first observation is that this is a nasty computation that is hardly amenable to use for more
complicated situations. The second is that we derive the domain directly from Lemma 5.2.8.
What we implicitly use is the so-called maximum principle that we will not further discuss.
We believe that the essential feature validating an extension B to equal the generator A, is
the fact that \I — B is 1-1.

Before further investigating ways to compute the generator, we first generalise Lemma 3.1.4,
showing conditions under which a function ¢ of a Feller-Dynkin process is Feller-Dynkin, and
it provides a relation between the corresponding generators.

Lemma 5.3.3 Let X be a Feller-Dynkin process with state space (E,E), initial distribution v
and transition function (P;): defined on an underlying filtered probability space (0, F, (Ft)t>0, B,
Suppose that (E',E") is a measurable space. Let ¢ : E — E' be continuous and onto, and such
that |¢(zy)| — oo if and only if |z,| — oo.

Suppose that (Q¢): is a collection of transition kernels, such that Py(f o ¢) = (Qif) o ¢
for all f € bE'. Then'Y = ¢(X) is a Feller-Dynkin process with state space (E',E"), initial
measure V', with V'(B') = v(¢~*(B')), B’ € &, and transition function (Q;);. The generator

B of Y satisfies D(B) = {f € Co(E") | fo¢p € D(A)} and A(f o ¢) = (Bf) o ¢ for f € D(B).

Example 5.3.4 In Example 3.1.6 we have seen that W7 is a Markov process. W7 is also a
Feller-Dynkin process with generator Bf(z) = 2zf”(z) + f'(z), f € D(B) = C3(R4). See
Exercise 5.6.

5.3.2 Applications of the generator and alternative computation
Generators provide an important link between Feller-Dynkin processes and martingales.

Theorem 5.3.4 Let X be a Feller-Dynkin process, defined on (Q, F,{Fi}+). For every f €
D(A) and initial probability measure v, the process

MY = (X)) — f(Xo) - /0 AF(X,)ds,

s a B,-martingale.

The proof is straightforward, and similarly to the countable state space case, implies the
validity of Dynkin’s formula.

Corollary 5.3.5 (Dynkin’s formula) Let X be a right-continuous Feller-Dynkin process.
For every f € D(A) and every {F{X }s-stopping time T with E,7 < oo, we have

EL (X)) = 1) +E, [ Af(X)ds, P

).
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Proof. By Theorem 5.3.4 and the optional sampling theorem, we have

E,f(Xon) = f(2) +E, /O T AR ds,

for every n € Z,. The left-handside converges to E,f(X;), n — oo (why, since we do not
assume left limits?). Since Af € Cy(E), we have |[Af],, < oo and so

[ x| < asir

By the fact that E,7 < co and by dominated convergence, the integral on the right-handside
converges to

Ex/ Af(Xs)ds.
0

QED
This lemma is particularly useful.

Example 5.3.5 Consider the (canonical continuous) BM process X; = Xo+ W;, t > 0, where
Xo and (W;); are independent, and (W;); a standard BM.

Let (a,b) C R, a < b. The problem is to determine a function f : [a,b] — R, f € CZla,b),
with f”(z) = 0, z € (a,b) and f(a) = ¢1, f(b) = ¢y for given constants ¢, cy. Clearly, in
dimension 1 this is a simple problem - f is a linear function. However, we would like to use
it as an illustration of our theory.

Suppose such a function f exists. Then f can be extended as a C3(R) function. Then
f € D(A) for our process X. Let v = §, be the initial distribution of X for some x € (a,b). We
have seen that 7,5 = inf{t > 0| X; € {a,b}} is a finite stopping time with finite expectation.
Consequently, Dynkin’s formula applies and so

E,f(X,,) = f(z) +E, /O " AF(X.)ds = f(z) +E, /0 "X s = [().

The left-handside equals

b x+ T —a
c c
1b—a 2b—a

(cf. Exercise 2.29).

Characteristic operator We will now give a probabilistic interpretation of the generator.
Call a point x € E absorbing if for all t > 0 it holds that P;(x,{x}) = 1. This means that
if the process starts at an absorbing point z, it never leaves = (cf. Exercise 3.12).
Let X be a right-continuous, Feller-Dynkin process For r > 0, define the {F;}:-stopping
time
Ny = 1inf{t > 0| | X; — Xo| > r}. (5.3.2)

If x is absorbing, then P-a.s. we have 1, = oo for all » > 0. For non-absorbing points however,
the escape time 7, is a.s. finite and has finite mean provided r is small enough.

Lemma 5.3.6 If x € E is not absorbing, then E, n, < oo for all r > 0 sufficiently small.
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Proof. Let B;(€) = {y ||y — 2| < €} be the closed ball of radius € around the point z. If z is
not absorbing, then P;(z, B;(€)) < p < 1 for some t, e > 0.
By the Feller-Dynkin property of the semi-group P, we have that P(y,-) — Pi(x,-) as
y — x. Hence, the Portmanteau theorem, and the fact that B, (€) is closed imply that
lim sup Pi(y, B;(€)) < Py(z, Bx(¢)).

Yy—x

Let p € (p,1). It follows that for all y sufficiently close to x, say y € By (r) for some r € (0, ¢€),
we have Py(y, B.(r)) < p. Using the Markov property it is easy to show (cf. Exercise 5.7)
that P,(n, > nt} <p", n=0,1,.... Hence,

Ene= [ P = shds <6 R 2t} £ 1 < oo
0 —D

n=0
This completes the proof. QED
We can now prove the following alternative description of the generator.

Theorem 5.3.7 Let X be a right-continuous Feller-Dynkin process. For f € D(A) we have
Af(x) =0 if x is absorbing, and otherwise

E,f(X,,) -
Af(x) = lim il gx; @), (5.3.3)

pointwise!

Proof. If = is absorbing, we have P;f(z) = f(x) for all ¢ > 0 and so Af(z) = 0. For
non-absorbing x € E the stopping time 7, has finite mean for sufficiently small r. Dynkin’s
formula imples
Mr
ELf(X,,) = f() +E, [ AR
It follows that

E, Jo" [AS(Xs) — Af(x)lds

S
sup [Af(y) — Af(z)]

ly—z] <r

E./(Xy.) — f(=)
E.nr

- Af(@)|

IA

This completes the proof, since Af € Cy(E). QED

The operator defined by the right-handside of (5.3.3) is called the characteristic operator of
the Markov process X. Its domain is simply the collection of all functions f € Cy(E) for which
the limit in (5.3.3) exists as a Cy(E)-function. The theorem states that for right-continuous,
canonical Feller-Dynkin processes the characteristic operator extends the infinitesimal gener-
ator. We will check the conditions of Lemma 5.2.8 to show that the characteristic operator is
the generator. To this end, denote the characteristic operator by B. Suppose that generator
and characteristic operator are not equal. Then there exists f € Cy(E), with A\f = Bf. We
may assume A = 1. Then this implies that

E.[(Xy.) — (=)

f(z) = lim E.m




5.4. KILLED FELLER-DYNKIN PROCESSES 129

Suppose that f has a maximum at x: f(z) > f(y) for all y € E. Then the above implies that
f(z) <0 and hence f(y) <0 for all y € E. On the other hand, g = — f satisfies Bg = g. Let
2’ be a point where g is maximum. Then, similarly, g(z’) < 0 and so g(y) < 0 for all y € E.
Consequently f = —f = 0. Hence, it is sufficient to computer the characteristic operator and
its domain, for the computation of the generator and its domain.

5.4 Killed Feller-Dynkin processes

ANOT FINISHED YET***

In this section we consider a Feller-Dynkin cadlag process X with values in (F, ), where
F is an open or closed subset of R? or Z¢ and € the Borel-o-algebra of E.

Upto this point we have always assumed that the transition function (P;); satisfies Pi(z, E) =
1, i.e. Py(z,-) are probability measures for all z € E and ¢t > 0. It is sometimes useful to
consider transitions functions for which P(z, E) < 1, for some x € E and t > 0. We have
seen this in the context of explosive countable state Markov processes. We call the transition
function sub-stochastic if this is the case.

Intuitively, a sub-stochastic transition function describes the motion of a particle that can
disappear from the state space FE, or die, in finite time. A sub-stochastic transition function
can be turned into a stochastic one (as has already been mentioned) by adjoining a new point
A to E, called the coffin state. Put En = FU{A}. Extend the topology of F to E in such a
way that Ea is the one-point compactification of F, if E is not compact, and A is an isolated
point otherwise. Then put £ = (£, {A}). Define a new transition function (P?); by putting

Py(z, A), Ac&z€E
PA(z,A)={ 1-P(z,E), A={A},zecE
1, r=AA={A}.

By construction the point A is absorbing for the new process.

By convention, all functions on FE are extended to Ea by putting f(A) = 0. This is
consistent in the one-point compactification case. A function f € Cy(Ea) therefore satisfies
f(A) = 0. By Corollary 3.2.2 for each probability measure v on (FEs,&s) there exists a
probability measure P, on the canonical space (2, F) = (E?*,S?*), such that under P, the
canonical process X is a Markov process with respect to the natural filtration (F;X), with
transition function (P?); and initial distribution v. Then the process on the extended space
is still a cadlag Feller-Dynkin process.

In the sequel we will not distinguish between P, and P? in our notation, and denote by
X the extended process.

We now define the killing time by

(=inf{t >0 Xy =Aor Xy =A}

Clearly ¢ < oo with positive probability if X is sub-stochastic. Since {A} is both closed and
open, ( is a stopping time w.r.t. the filtration w.r.t. which X is Markov.

Lemma 5.4.1 For every A > 0 and every nonnegative function f € Cy(Es), the process
e MRy f(Xy)

is a P,-supermartingale with respect to the filtration (F;X), for every initial distribution v.
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Proof. By virtue of the Markov property we have
E, (e MRyf(Xy) | FY) = e MPsRaf(Xs) B, —aus
(see Theorem 3.2.4). Hence, to prove the statement of the lemma it suffices to prove that
e MP,_ Ryf(z) <e *Ryf(z), z€E. (5.4.1)
This is a straightforward calculation (cf. Exercise 5.12). QED

Finally we turn to the regularisation problem for Feller-Dynkin processes.

5.5 Regularisation of Feller-Dynkin processes

5.5.1 Construction of canonical, cadlag version

In this section we consider a Feller-Dynkin transition function P; on (F, ), with E an open
or closed subset of R? or Z% and & the Borel-o-algebra of E. For constructing a cadlag
modification, we need to add a coffin state, § say, to our state space E: Es = EF'USG, such that
Es is compact, metrisable. § represents the point at infinity in the one-point compactification
of E. Then & = o(&,{0}) and we extend the transition function by putting

5 B Pt(.’IJ,B), rebB Beé&
Fi ("”C’B)_{ 15(B), =6 Bec&.

Then Pf is a Feller-Dynkin transition function on (Ejs, Es). Note that f € Cy(Es) if and only
if the restriction of f — f(J) to E belongs to Co(E).

I plan to include a formal proof of this statement in BN, and I will discuss some topo-
logical issues.

By Corollary 3.2.2 for each probability measure v on (Es, &) there exists a probability measure
P, on the canonical space (Q, F) = (E?*,é‘?*), such that under P, the canonical process X is
a Markov process with respect to the natural filtration (F;X), with transition function (P?);
and initial distribution v.

Lemma 5.4.1 allows to use the regularisation results for supermartingales from the pre-
ceding chapter.

Theorem 5.5.1 The canonical Feller-Dynkin process X admits a cadlag modification. More
precisely, there exists a cadlag process Y on the canonical space (2, F) such that for allt > 0
and every initial distribution v on (Es,Es) we have Xy =Yy, P -a.s.

Proof. Fix an arbitrary initial distribution v on (Ej, Es). Let H be a countable, dense subset
of the space Cj (E). Then H separates the points of Es (see Exercise 5.13). By the second
statement of Corollary ?7?, the class

H ={nR,h|heH,neZ.}
has the same property. The proof of Theorem 2.3.2 can be adapted to show that the set

Qp = {w]| lifta h’(XT)(w),li%a h'(X,)(w) exist as finite limits for all ¢ > 0} (5.5.1)
q q
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is FX-measurable. By virtue of Lemma 5.4.1 and Theorem 2.3.2 P,(Q/) = 1 for all »’ € H
and initial measures v. Take ' = (,, Qp. Then ' € F2X and B(Q) = 1.
In view of Exercise 5.14, it follows that on Q' the limits

I;EEI Xq(w), 1;%1 Xq(w)
exist in Ej, for all t > 0, w € .

Now fix an arbitrary point z9 € E and define a new process ¥ = (Y;) as follows. For
weQ, put Vi(w) = xp. For w € Q' and t > 0 define

Yi(w) = lim X, (w).
qlt
We claim that for every initial distribution v and ¢ > 0, we have X; = Y; P-a.s. To prove
this, let f and g be two functions on Cy(FEs). By dominated convergence, and the Markov

property
E f(X1)g(Vy) = lggl E, f(Xt)g(Xq)
= lmE,E,(f(X0)g(Xy) | F{)
qlt

= lim Eyf(Xt)Pq_tg(Xt).
qlt

By strong continuity, P,—+g(X;) = g(Xt), ¢ | t, B-a.s.. By dominated convergence, it follows
that E, f(X¢)g(Yz) = E, f(X¢)g(X¢). By Exercise 5.15 we indeed have that X; =Y}, B-a.s.
The process Y is right-continuous by construction, and we have shown that Y is a modi-
fication of X. It remains to prove that for every initial distribution v, Y has left limit with
P -probability 1. To this end, note that for all h € H', the process h(Y) is a right-continuous
martingale. By Corollary 2.3.3 this implies that h(Y") has left limits with P-probability 1. In
view of Exercise 5.14, it follows that Y has left limits with P,-probability 1. QED

Note that Y has the Markov property w.r.t the natural filtration. This follows from the fact
that X and Y have the same fdd’s and from Characterisation lemma 3.1.5.

By convention we extend each w €  to a map w : [0,00] — Ej by setting we, = 4.
We do not assume that the limit of Y¥; for t — oo exists, but by the above convention
Yoo = 0.

The formal setup at this point (after redefining) is the canonical cadlag Feller-Dynkin
process X with values in (Es, &) and transition function (P);. Tt is defined on the
measure space (€2, F), where Q is the set of extended cadlag paths, F = 8?* naQ
the induced o-algebra. The associated filtration is the natural filtration (F{X);. With
each initial distribution v on (Es, &s), X has induced distribution P, (through the outer
measure, see Ch.1 Lemma ).

5.5.2 Augmented filtration and strong Markov property

Let X be the canonical, cadlag version of a Feller-Dynkin process with state space Es (with E
a closed or open subset of R? or Zi) equipped with the Borel-g-algebra & and Feller-Dynkin
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transition function PY. So far, we have been working with the natural filtration (F/X). In
general this filtration is neither complete nor right-continuous. We would like to replace
it with a larger filtration that satisfies the usual conditions (see Definition 1.6.3) and with
respect to which the process X is still a Markov process.

We will first construct a new filtration for every fixed initial distribution v. Let F% be
the completion of FX w.r.t. P, (cf. BN p. 4) and extend P, to this larger o-algebra.

Denote by N” the P,-negligible sets in FYZ, i.e. the sets of zero P,-probability. Define the
filtration F} by

FY=o(F5,NY), t>0.

Finally, we define the filtration (F;) by
Fo=(F

where the intersection is taken over all probability measures on the space (Es,E5). We call
(Ft)¢ the usual augmentation of the natural filtration (F;X);. Remarkably, it turns out the we
have made the filtration right-continuous!

For a characterisation of the augmented o-algebras see BN§10.

Theorem 5.5.2 The filtrations (F;); and (F{): are right-continuous.

Proof. First note that right-continuity of (F}); for all v implies right-continuity of (F3);. It
suffices to show right-continuity of (F}):.

To this end we will show that B € 7} implies B € 7. So, let B € F/,. Then B € FJ,.
Hence, there exists a set B’ € FX such that P,(B’AB) = 0. We have

B, —a.

1p) =E,(Lpy | FL) V=" E,(Lpy | FL).
It therefore suffices to show (explain!) that
E,(1ypn | F4) =E,(Lpy | FY), B, —as.
To this end, define
S={Ae FX|E,(1iay | F) = E,(1(ay | FY), P, — as.).

This is a d-system, and so by BN Lemma 3.7 it suffices to show that S contains a m-system
generating 2. The appropriate m-system is the collection of finite-dimensional rectangles.
Let A be a finite-dimensional rectangle, i.e.

A: {th €A17...,th eATL}?

forn, 0 <t; < -+ <ty A €&, k=1,...,n. Then

Loay = [T 1ran (Xa). (5.5.2)
k=1
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By the Feller-Dynkin properties, we need to consider Cy(FEs) functions instead of indicator
functions. To this end, we will prove for Z = [[;_; fu(X+.), f1,..., fn € Co(Es), that

E(Z|F) =E(Z|F,), R -as (5.5.3)

The proof will then be finished by an approximation argument.
Suppose that t,_1; <t < t; (the case that ¢t < ¢; or t > t, is similar). Let h < t; —t. Note
that £/, and .7-"t 1, differ only by B -null sets. Hence
X
E,(Z|Fh) =E(Z| Fiw), R

), — a.s.

For completeness we will elaborate this. Let Y1 = E,(Z|Fy,,) and Y2 = E,(Z| FX,,). Note
that 7, 2 ]:t+h' Then Y] and Y3 are both F}, ,-measurable. Then {Y1 >Yy+1/n} € Fon
and so there exists A1, Ay € fﬁh, with 41 C{Y1 > Yo+ 1/n} C As and B{A2\ A1} = 0.

Since A; € ‘Ft)«(rh CFiin

/ (Y1 —Y3)dR, = / (Z - Z)dR, =0,
A1 Al

/A (Y1 - Yé)dpy Z PV{Al}/n

Hence P{A1} = B{A2} = 0, so that also P{Y1 > Y2 + 1/n} = 0, for each n. Using that
{Y1 > Yo} = Up{Y1 > Yo + 1/n}, it follows that P{Y; > Y5} = 0. The reverse is proved
similarly.

Use the Markov property to obtain that

but also

E,(Z| Fiin) H fi(X¢,)E Hfz Xi) | Fikn) H fi(Xe)g" (Xeqn), B —as.

with
gh(fU) = Ptkf(tJrh)katkH—tkfk—s-l o Pyt fu(2).

By strong continuity of P, |g" — ¢°|,, — 0, as h | 0. By right-continuity of X, X; 5, — X,
P-a.s., so that ¢"(Xyyn) — ¢°(Xy), h 1 0, P-a.s. It follows that

E,(Z| Ftyn) = E(Z | Fiip) H fi(Xe)g" (Xpsn) —

k—1
_>Hfz th Xt)*E (Z‘FX) V(Z"sz)7 R/_a's'
=1

On the other hand, by virtue of the Lévy-Doob downward theorem 2.2.16

EI/(Z| tl/-l—h) - EI/(Z| ty-‘r)v P

), — a.s..

This implies (5.5.3).
The only thing left to prove is that we can replace Z by 14y from (5.5.2). Define

fMzx)y=1-m- min{%,d(:v, A},
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where d is a metric on Ej consistent with the topology. Clearly, f/" € Cy(Es), and f™ | fi,
as m — oo. For Z =[], f"(Xy,) (5.5.3) holds. Use monotone convergence, to obtain
that (5.5.3) holds for Z = 14y given in (5.5.2). Hence, the d-system S contains all finite-

dimensional rectangles, and consequently F2X. This is precisely what we wanted to prove.
QED

Our next aim is to prove that the generalised Markov property from Theorem 3.2.4 remains
true if we replace the natural filtration (F;X); by its usual augmentation. This will imply that
X is still a Markov process in the sense of the old definition 3.1.3.

First we will have to address some measurability issues. We begin by considering the
completion of the Borel-o-algebra & on Ejs. If p is a probability measure on (Es, &), we
denote by &' the completion of & w.r.t u. We then define

& = ﬂg*‘,
I

where the intersection is taken over all probability measures on (Es, Es). The o-algebra £* is
called the o-algebra of universally measurable sets.

Lemma 5.5.3 If Z is a bounded or non-negative, Foo-measurable random variable, then the
map x — E,Z is £ -measurable, and

E 7 - / E, Zv(dx),
xX
for every initial distribution v.

Proof. Fix v. Note that Fro C F%. By definition of FZ, there exist two F2 random
variables Z1, Zo, such that Z; < Z < Zy and E,(Z2 — Z1) = 0. It follows for every x € E that
E,Z1 <E,Z <E_Z5. Moreover, the maps =z — E_,Z; are £s-measurable by Lemma 3.2.3 and

/(Exz2 —E,Z)v(dx) = E,(Zs — Z1) = 0.

By definition of £ this shows that z +— E,Z is £§-measurable and that

E,Z=EZ = /Ele v(de) = / E,Z v(dx).

Since v is arbitrary it follows that z +— E_,Z is in fact £*-measurable. For a detailed argu-
mentation go through the standard machinery. QED

Lemma 5.5.4 For allt > 0, the random variable X; is measurable as a map from (Q, F;) to
(E5,E%).

Proof. Take A € £*, and fix an initial distribution v on (Ejs, Es). Denote the distribution of X;
on (Es, &) under P, by p. Since £* C EF, there exist Ay, Ay € &, such that A3 C A C Ay and
(A \ Ay) = 0. Consequently, X; (A1) € X1 (A) C X;'(Az). Since X; ' (A1), X;1(A2) €
F{X and

PAX, (A \ X (A2)} = R(X; (A2 \ Ar) = u(Az \ A1) = 0,
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the set X, 1(A) is contained in the P-completion of F;X. But v is arbitrary, and so the proof
is complete. QED

Corollary 5.5.5 Let Z be an Foo-measurable random variable, bounded or non-negative. Let
v be any initial distribution and let p denote the B,-distribution of Xy. Then E,Ex,Z =E Z.

We can now prove that the generalised Markov property, formulated in terms of shift opera-
tors, is still valid for the usual augmentation (F;) of the natural filtration of the Feller-Dynkin
process.

Theorem 5.5.6 (Generalised Markov property) Let Z be a Foo-measurable random vari-
able, non-negative or bounded. Then for every t > 0 and initial distribution v,

EV(ZOHt‘.Ft) = Ethu Py—a.s.
In particular, X is an (Eg,E*)-valued Markov process w.r.t. (Fy);.

Proof. We will only prove the first statement. Lemmas 5.5.3 and 5.5.4 imply that Ey, Z is
Fi-measurable. So we only have to prove for A € F; that

/ 7 0 0,dP, = / Ev, ZdP,. (5.5.4)
A A

Assume that Z is bounded, and denote the law of X; under B, by u. By definition of Fo, there
exist a F2-measurable random variable Z’, such that {Z # Z’} c T, T € FX and P(I") = 0
(use the standard machinery). We have that

{(Zob,#£7Z 00} =0"{Z#2Z}Co D).

By Theorem 3.2.4

R0, (')} = E,(Liryob;) = EE, (Liryob; | FX) = E,Ex, {1} = /Exl{r}ﬂ(dx) =Pl =0,

since the distribution of X; under P, is given by p. This shows that we may replace the left-
handside of (5.5.4) by [, Z’' 0 6,dR,. Further, we have used that the two probability measures
B+ E,Ex,1{py and B+ P (B) coincide for B € Fu. Since B{Z # Z'} <B{T'} =0

EI/|EXtZ - EXtZ/| S EI/EXt|Z - Z/| - E#|Z - Z/‘ - 0

It follows that Ey,Z = Ex,Z’, B-a.s. In the right-handside of (5.5.4) we may replace Z by Z’
as well. Since Z’ is FX-measurable, the statement now follows from Theorem 3.2.4 (we have
to use that a set A € F; can be replaced by a set A’ € FX). QED

We consider again a Feller-Dynkin canonical cadlag process X with state space (Ejs, &), where
E C RY, Zi. This is a Markov process with respect to the usual augmentation (F;); of the
natural filtration of the canonical process on the compactified state space Es. As before, we
denote shift operators by 6;.

In this section we will prove that for Feller-Dynkin processes the Markov property of
Theorem 5.5.6 does not only hold for deterministic times ¢, but also for (F;)-stopping times.
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This is called the strong Markov property. Recall that for deterministic ¢ > 0 the shift operator
6; on the canonical space €2 maps a path s — w; to the path s — w;;s. Likewise, for a random
time 7 we now define 6, as the operator that maps the path s — ws to the path s — wr(,)4s-
If 7 equals the deterministic time ¢, then 7(w) = ¢ for all w and so 6, equals the old operator
‘9t-

Since the canonical process X is just the identity on the space €2, we have for instance that
(Xi00:)(w) = Xi(0-(w)) = (0-) (W)t = Wr(w)+t = Xr(w)+¢(w), in other words X; 00, = Xy
So the operators 0, can still be viewed as time shifts.

Theorem 5.5.7 (Strong Markov property) Let Z be an Foo-measurable random vari-
able, non-negative or bounded. Then for every (F;)-stopping time T and initial distribution
v, we have P,-a.s.

E,(Z06,|F,)=Ex (2). (5.5.5)

Note that on 7 = 0o by convention X, = §.

Proof. First, check that X, is F,-measurable (use arguments similar to Lemmas 1.6.16 and
1.6.17. Further, check that Ex_Z is bounded or non-negative F,-measurable for all bounded
or non-negative Fo.-measurable random variables Z.

Suppose that 7 is a stopping time that takes values in a countable set D U {oco}. Since 6,
equals 64 on the event {7 = d}, we have (see Ch.1 Exercise 1.21) for every initial distribution
v

E(Z00-|F) = Y 14_gyE(Z00-|F;)

deD
= Z 17—yE, (Z 0 04| Fa)
deD
— Z 1{T:d}EXdZ — EXTZ’
deD

P-a.s. by the Markov property.

Let us consider a general stopping time 7. We will first show that (5.5.5) holds for Z an
FZX-measurable random variable. A similar reasoning as in the proof of Theorem 5.5.2 shows
(check yourself) that we can restrict to showing (5.5.5) for Z of the form

k

Z =11 fi(xs),

=1

t1 < ... <tg, fi,-., fx € Co(Es), k € Z;. Define countably valued stopping times 7, as

follows:

> k41
(W) = Z Likz=n<r(@)<(k+1) 277} ~5n + L{r(w)=oo} * 00
k=0

Clearly ,(w) | 7(w), and F7, 2 Fr,., 2 -+ 2 F, for all n by virtue of Exercise 1.18. By
the preceding,

EI/(H fl(XtL) © 97'71 "’T‘Fn) = EX-rn HfZ(th) = 1{Tn<00}g(XTn)7
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P-a.s., where
g(x) = PtélflptagftlfQ T Ptiftk,lfk(af)-

By right-continuity of paths, the right-hand side converges P-a.s. to g(X;). By virtue of
Corollary 2.2.17 the left-handside converges P-a.s. to

E, (] fiXe)00-1 7).

provided that F, = N,F;,. Note that 7. C N,F,,, and so we have to prove the reverse
implication. We would like to point out that problems may arise, since {7, < t} need not
increase to {7 < t}. However, we do have {T <t} =N, U, {r, <t +1/m}.

Let A € 7, for all n. Then AN {r, <t+1/m} € Fyyy/p for all n. Hence AN U, {7, <
t+1/m} € Fipyym, and so AN{7 <t} = ANy Up{m <t +1/m} € NnFipi/m = Fv = Fre

This suffices to show (5.5.5) for Z FX-measurable. Let next Z be a F..-measurable
random variable. We will now use a similar argument to the proof of Theorem 5.5.6.

Denote the distribution of X under B, by p. By construction, Fo is contained in the B,-
completion of F2X. Hence there exist two F-measurable, bounded or non-negative random
variables Z’, Z", with Z' < Z < Z" and EH(Z” — 7"y =0. It follows that Z' 00, < Z o6, <
Z" o 0,. By the preceding

E,(Z2"00,—Z"00,;) = EE,(Z"00,—Z"00,|F,;)
EEx (2" -2

_ /EgC(ZN—Z/)u(d:D):E#(Z”—Z,)ZO.

It follows that Z o 6, is measurable with respect to the P-completion of FX. Since v is
arbitrary, we conclude that Z o 6, is Fs-measurable. Observe that P,-a.s.

E(Z'00; | F;) <E(Z00:|F;) <E(Z"00- | F).

By the preceding, the outer terms B-a.s. equal Ex_Z’ and Ex_Z" respectively. These are
P-a.s. equal. Since Z' < Z < Z" they are both B-a.s. equal to Ex_Z. QED

5.6 Feller diffusions
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5.7 Exercises

Exercise 5.1 Show for the generator A of the Ornstein-Uhlenbeck process (cf. Example 3.1.2
(B) and 5.1.5) that

Af(x) = 50°f"(2) —axf'(z), zeR,fe{g:R—=R|gg"jecCo(R) g(x)=uxg(z)}

You may use the expression for the generator of Brownian motion derived in Example 5.3.3.
Hint: denote by PX and P}V the transition functions of Ornstein-Uhlenbeck process and BM
respectively. Show that PX f(z) = P%)f(e*atzv) where g(t) = 02(1 — e~29) /2q.

Exercise 5.2 Prove the Integration Lemma.

Exercise 5.3 Prove the claim made in Example 5.2.1. Hint: to derive the explicit expression
for the resolvent kernel it is needed to calculate integrals of the form

0 efaQtsz/t
|
0 Vi

To this end, first perform the substitution ¢ = (b/a)s?>. Next, make a change of variables
u = s—1/s and observe that u(s) = s —1/s is a continuously differentiable bijective function
from (0,00) to R, the inverse u~! : R — (0,00) of which satisfies u=!(t) — u=1(—t) = t,
whence (u™1) () + (u=1)(t) = 1.

Exercise 5.4 Prove the validity of the expression for the resolvent of the Markov jump
process in Example 5.2.2.

Exercise 5.5 Show that the Markov process from Example 3.2.1 is a Feller-Dynkin process
if PCy(FE) C Cy(F). Give an example of a Markov jump process that is not a Feller-Dynkin
process.

Exercise 5.6 Prove Lemma 5.3.3. That means that you may assume the validity of Lemma 3.1.4.

Exercise 5.7 In the proof of Lemma 5.3.6, show that P{n, > nt} < p” forn =0,1,.... Hint:
use the Markov property.

Exercise 5.8 Suppose that X is a real-valued canonical continuous Feller-Dynkin process,
with generator

Af(z) = a(x)f'(z) +3f"(x), z€R,

for feD={g9:R—Rlg,¢,9" € Co(R)}, where « is an arbitrary but fixed continuous,
bounded function on R. Suppose that there exists a function f € D, f # 0, such that

Af(z)=0, zeR. (5.7.1)
Then the martingale Mtf has a simpler structure, namely Mtf = f(Xy) — f(Xo).

i) Show that for f € D(A), satisfying (5.7.1), Dynkin’s formula holds, for all z € E. Hence
the requirement that E,7 < oo is not necessary!
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Let (a,b) C R, a <b. Put 7 =inf{t > 0| X; € (—o0,a] U [b,00)}. Define p, = P{X, = b}.
ii) Assume that 7 < oo, P-a.s. for all z € (a,b). Prove that p, = %, z € (a,b),

provided that f(b) # f(a).

iii) Let X be a real-valued canonical, right-continuous Feller-Dynkin process, such that X; =
Xo + St + oWy, where Xy and (W;); are independent, and (W;); a standard BM. Show
for the generator A that D(A) DD ={g: R —>R]| f, [, f” € Cy(R) and is given by

Af=Bf + o f"
for f € D) (you may use the generator of BM).

Show that 7 < oo, P-a.s., x € (a,b). Determine p, for x € (a,b). Hint: you have to
solve a simple differential equation to find f with Bf’ + o?f”/2 = 0. This f is not a
C2(R) function. Explain that this is no problem since X; only lives on [a, b] until the
stopping time.

iv) Let X be the Ornstein-Uhlenbeck process (cf. Example 3.1.2 (B) and 3.3.14). Show that
T < 00, Pra.s. and determine p, for z € (a,b). You may use the result of Exercise 5.1
on the generator of the Ornstein-Uhlenbeck process. See also hint of (iii). Notice that
the solution can only be represented as an integral.

Exercise 5.9 Consider canonical Geometric Brownian Motion from Example 3.1.2 (C) with
continuous paths. Let

D={f e CoRy)|z > f(2), f"(x),2f (x),2°f"(x), 2 € Ry € Co(E)}.

Geometric BM has generator
1
Af(@) = pf' () + 0% " (2), 2 € R, (5.7.2)

on f €D cC D(A).

i) Show that this is true for u = 02/2 and characterise all of D(A) in this case. You may use
the results for BM (see Example 5.3.3).

ii) Give the main steps in the proof of (5.7.2) in the general case, for functions in D.

Exercise 5.10 We want to construct a standard BM in R? (d < o0): this is an R%-valued
process W = (W1, ..., W%), where W,... W9 are independent standard BMin R.

i) Sketch how to construct d-dimensional BM.
ii) Show that W has stationary, independent increments.

iii) Show that W is a Feller-Dynkin process with respect to the natural filtration, with
transition function

1

ly—zl2
B o f(y)e lw==1"/2t gy

PBif(z) = (2nt

where vy = (y1,...,%4), * = (x1,...,24) € RY and ly —z| = Zle(yi —x;)? is the
L?*(R%)-norm.
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Exercise 5.11 (Continuation of Exercise 5.10) Let X be an R-valued canonical con-
tinuous Feller-Dynkin process, such that X; = Xy 4+ W;, where Xy is an R%valued r.v. and
(W) a standard d-dimensional BM that is independent of Xy. Notice that X is strong
Markov.

We would like to show that the generator is defined by
Af(z) = LAf (@), (5.7.3)

where Af(z) = 3¢ & (x) is the Laplacian of f, for f € D = {f:Rd%R\f,%f,%;mjfe

i=1 8&:?
Co(RY),i,j =1,...,d}. We again want to use the characteristic operator. To this end, define
forr >0
7, = inf{t > 0| X; — Xo| > r}.

i) Argue that 7, is a finite (F;);-stopping time. Show that E,7. = r2/d (by using optional
stopping). Argue that X has the uniform distribution on {y ||y — z| = r}.

ii) Show the validity of (5.7.3) for f € D (use the characteristic operator). Argue that this
implies D(A) D D.

iii) For 0 < a < ||z| < b, show that

log b—log || _

logb—loga d=2
P.I{Ta < Tb} = "x”27d_b2—d

e, d>3,

where T, = inf{t > 0||X¢| < a} and T, = inf{t > 0| |X¢| > b}. Hint: a similar
procedure as in Exercise 5.8.

iv) Compute P{T, < oo} for z with a < |z|.
Exercise 5.12 Prove (5.4.1) in the proof of Lemma 5.4.1.

Exercise 5.13 Suppose that £ C R%. Show that every countable, dense subset H of the
space Cy (E) of non-negative functions in Co(E) separates the points of Es. This means that
for all x # y in E there exists a function h € H, such that h(z) # h(y), and for all z € E
there exists a function h € #H, such that h(z) # h(5) = 0.

Exercise 5.14 Let (X, d) be a compact metric space (with metric d). Let H be a class of non-
negative, continuous functions on X that separates the points of X. Prove that d(x,,z) — 0
if and only if h(x,) — h(x) for all h € H. Hint: suppose that H = {hq, he,...}, endow R*™
with the product topology and consider the map A(z) = (hi(z), ha(x),...).

Exercise 5.15 Let XY be two random variables defined on the same probability space,
taking values in the Polish space E equipped with the Borel-o-algebra. Show that X =Y
a.s. if and only if Ef(X)g(Y) = Ef(X)g(X) for all Cy(E) functions f and g on E. Hint: use
the monotone class theorem (see BN) and consider the class H ={h: ExE - R|h Ex & —
measurable, |h],, < oo, ER(X,Y) = Eh(X, X)}.
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Exercise 5.16 Let (F;); be the usual augmentation of the natural filtration of a canonical,
cadlag Feller-Dynkin process. Show that for every nonnegative, F;-measurable random vari-
able Z and every finite stopping time 7, the random variable Z o 7 is F,;;-measurable. Hint:
first prove it for Z = 114y, A € FiX. Next, prove it for Z = 14y, A € Ft, and use the fact
that A € F? if and only if there exists B € F;* and C, D € N¥, such that B\C C A C BUD
(this follows from Problem 10.1 in BN). Finally prove it for arbitrary Z.

Exercise 5.17 Let X be a Feller-Dynkin canonical cadlag process and let (F;); be the usual
augmentation. Suppose that we have (F;);-stopping times 7, T 7 a.s. Show that lim, X, =
X; a.s. on {7 < oo}. This is called the quasi-left continuity of Feller-Dynkin processes. Hint:
first argue that it is sufficient to show the result for bounded 7. Next, put Y = lim,, X,,, and

n

explain why this limit exists. Use the strong Markov property to show for f,g € Cy(Ejs) that

E.f(Y)g(Xr) = firn Tim B, f(Xr)g(Xr4d) = ELf(Y)g(Y).

The claim then follows from Exercise 5.15.
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