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whereE is Young’s modulusandρ is themassper unit volume.If theend x = 0 is fixed,
thentheboundaryconditionthereis

u(0, t) = 0, t > 0. (ii)

Supposethat theendx = L is rigidly attachedto a massm but is otherwiseunrestrained.
We canobtaintheboundaryconditionhereby writing Newton’s law for themass.From
thetheoryof elasticityit canbeshown thattheforceexertedby thebaronthemassisgiven
by −E Aux(L , t). Hencetheboundaryconditionis

E Aux(L , t) + mut t (L , t) = 0, t > 0. (iii)

(a) Assumethatu(x, t) = X(x)T(t), andshow thatX(x) andT(t) satisfythedifferential
equations

X′′ + λX = 0, (iv)

T ′′ + λ(E/ρ)T = 0. (v)

(b) Show thattheboundaryconditionsare

X(0) = 0, X′(L) − γλL X(L) = 0, (vi)

whereγ = m/ρ AL is adimensionlessparameterthatgivestheratioof theendmassto the
massof therod.
Hint: Usethedifferentialequationfor T(t) in simplifying theboundaryconditionat x = L.
(c) Determinetheform of theeigenfunctionsandtheequationsatisfiedby therealeigen-
valuesof Eqs.(iv) and (vi). Find thefirst two eigenvaluesλ1 andλ2 if γ = 0.5.

11.2Sturm–Liouville Boundary Value Problems

We now considertwo-pointboundaryvalue problemsof thetype obtainedin Section
11.1 by separatingthe variablesin a heatconductionproblemfor a bar of variable
materialpropertiesand with a sourcetermproportionalto thetemperature.This kind
of problemalsooccursin many otherapplications.

Theseboundaryvalue problemsare commonlyassociatedwith thenamesof Sturm
andLiouville.1 They consistof adifferentialequationof the form

[ p(x)y′]′ − q(x)y + λr (x)y = 0 (1)

on theinterval 0 < x < 1, togetherwith theboundaryconditions

a1y(0) + a2y′(0) = 0, b1y(1) + b2y′(1) = 0 (2)

1Charles-Franc¸ois Sturm(1803–1855)andJosephLiouville (1809–1882),in aseriesof papersin 1836and1837,
set forth many propertiesof the classof boundaryvalueproblemsassociatedwith their names,including the
resultsstatedin Theorems11.2.1to 11.2.4.Sturmis also famousfor a theoremon thenumberof realzerosof a
polynomial,andin addition,did extensive work in physicsandmechanics.Besideshis own researchin analysis,
algebra,andnumbertheory, Liouville was thefounder, andfor 39 yearstheeditor, of the influentialJournal de
mathématiquespuresetappliquées. Oneof hismostimportantresultswas theproof (in 1844)of theexistenceof
transcendentalnumbers.
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attheendpoints.It is oftenconvenientto introducethelinearhomogeneousdifferential
operatorL definedby

L[y] = −[ p(x)y′]′ + q(x)y. (3)

Thenthedifferentialequation(1) canbewrittenas

L[y] = λr (x)y. (4)

Weassumethatthefunctionsp, p′, q, andr arecontinuousontheinterval 0 ≤ x ≤ 1
and,further, that p(x) > 0 andr (x) > 0 at all pointsin 0 ≤ x ≤ 1.Theseassumptions
arenecessaryto renderthe theoryassimpleaspossiblewhile retainingconsiderable
generality. It turnsoutthattheseconditionsaresatisfiedinmany significantproblemsin
mathematicalphysics.For example,theequationy′′ + λy = 0,whicharoserepeatedly
in the precedingchapter, is of the form(1) with p(x) = 1, q(x) = 0, andr (x) = 1.
Theboundaryconditions(2) are saidto beseparated; that is,eachinvolvesonly one
of theboundarypoints.Theseare themostgeneralseparatedboundaryconditionsthat
arepossiblefor asecondorderdifferentialequation.

Beforeproceedingtoestablishsomeof thepropertiesof theSturm–Liouvilleproblem
(1), (2), it is necessaryto derive anidentity, known asLagrange’s identity , which is
basicto thestudyof linearboundaryvalue problems.Let u andv befunctionshaving
continuoussecondderivatives on theinterval 0 ≤ x ≤ 1. Then2

∫ 1

0
L[u]v dx =

∫ 1

0
[−(pu′)′v + quv] dx.

Integratingthefirst termon theright sidetwiceby parts,weobtain
∫ 1

0
L[u]v dx = −p(x)u′(x)v(x)

∣

∣

∣

∣

1

0

+ p(x)u(x)v′(x)

∣

∣

∣

∣

1

0

+
∫ 1

0
[−u(pv′)′ + uqv] dx

= −p(x)[u′(x)v(x) − u(x)v′(x)]

∣

∣

∣

∣

1

0

+
∫ 1

0
uL[v] dx.

Hence,on transposingtheintegral on theright side,wehave
∫ 1

0
{L[u]v − uL[v]} dx = −p(x)[u′(x)v(x) − u(x)v′(x)]

∣

∣

∣

∣

1

0

, (5)

which is Lagrange’s identity.
Now let ussupposethat the functionsu andv in Eq. (5) alsosatisfytheboundary

conditions(2). Then,if we assumethat a2 	= 0 and b2 	= 0, the right sideof Eq. (5)
becomes

−p(x)[u′(x)v(x) − u(x)v′(x)]
∣

∣

∣

1

0

= −p(1)[u′(1)v(1) − u(1)v′(1)] + p(0)[u′(0)v(0) − u(0)v′(0)]

= −p(1)

[

−
b1

b2

u(1)v(1) +
b1

b2

u(1)v(1)

]

+ p(0)

[

−
a1

a2

u(0)v(0) +
a1

a2

u(0)v(0)

]

= 0.

2For brevity we sometimesusethenotation
∫ 1

0
f dx ratherthan

∫ 1

0
f (x) dx in thischapter.
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Thesameresultholdsif eithera2 or b2 is zero;theproof in thiscaseiseven simpler,
andis left for you.Thus,if thedifferentialoperatorL is definedby Eq. (3), and if the
functionsu andv satisfytheboundaryconditions(2), Lagrange’s identity reducesto

∫ 1

0
{L[u]v − uL[v]} dx = 0. (6)

Let us now write Eq. (6) in a slightly differentway. In Eq. (4) of Section10.2we
introducedthe innerproduct (u, v) of two real-valuedfunctionsu andv on a given
interval; usingtheinterval 0 ≤ x ≤ 1, wehave

(u, v) =
∫ 1

0
u(x)v(x) dx. (7)

In this notationEq. (6) becomes

(L[u], v) − (u, L[v]) = 0. (8)

In proving Theorem11.2.1below it is necessaryto dealwith complex-valuedfunc-
tions. By analogywith the definition in Section7.2 for vectors,we definethe inner
productof two complex-valuedfunctionson 0≤ x ≤ 1 as

(u, v) =
∫ 1

0
u(x)v(x) dx, (9)

wherev is thecomplex conjugateof v. Clearly, Eq. (9) coincideswith Eq. (7) if u(x)

andv(x) arereal. It is importantto know thatEq. (8) remainsvalid underthe stated
conditionsif u andv arecomplex-valuedfunctionsandif theinnerproduct(9) is used.

To seethis,onecanstartwith thequantity
∫ 1

0
L[u]v dx andretracethestepsleadingto

Eq.(6), makinguse ofthefactthat p(x), q(x), a1, a2, b1, andb2 areall realquantities
(seeProblem22).

Wenow considersomeof theimplicationsof Eq.(8) for theSturm–Liouvillebound-
ary valueproblem(1), (2).We assumewithout proof3 that this problemactuallyhas
eigenvaluesand eigenfunctions.In Theorems11.2.1to 11.2.4below, we stateseveral
of their important,but relatively elementary, properties.Eachof thesepropertiesis
illustratedby thebasicSturm–Liouville problem

y′′ + λy = 0, y(0) = 0, y(1) = 0, (10)

whoseeigenvalues are λn = n2π2, with the correspondingeigenfunctionsφn(x) =
sinnπx.

Theorem 11.2.1 All theeigenvaluesof theSturm–Liouvilleproblem(1), (2) are real.

To provethis theoremletussupposethatλ is a(possiblycomplex) eigenvalueof the
problem(1), (2) and thatφ is a correspondingeigenfunction,alsopossiblycomplex-
valued.Let us write λ = µ + i ν andφ(x) = U (x) + iV (x), where µ, ν, U (x), and
V(x) arereal.Then,if we let u = φ andalsov = φ in Eq. (8), we have

(L[φ], φ) = (φ, L[φ]). (11)

3Theproof maybefound,for example,in thereferencesby Sagan(Chapter5) or Birkhoff andRota(Chapter10).
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However, weknow thatL[φ] = λr φ, so Eq. (11) becomes

(λr φ, φ) = (φ, λr φ). (12)

Writing out Eq.(12) in full, usingthedefinition(9) of theinnerproduct,weobtain
∫ 1

0
λr (x)φ(x)φ(x) dx =

∫ 1

0
φ(x)λr (x)φ(x) dx. (13)

Sincer (x) is real,Eq. (13) reducesto

(λ − λ)

∫ 1

0
r (x)φ(x)φ(x) dx = 0,

or

(λ − λ)

∫ 1

0
r (x)[U2(x) + V2(x)] dx = 0. (14)

Theintegrandin Eq.(14)is nonnegativeandnot identicallyzero.Sincetheintegrandis
alsocontinuous,it followsthattheintegral ispositive.Therefore,thefactorλ − λ = 2i ν
mustbezero.Henceν = 0 andλ is real,so thetheoremis proved.

An importantconsequenceof Theorem11.2.1 is that in finding eigenvaluesand
eigenfunctionsof a Sturm–Liouville boundaryvalue problem,oneneedlook only for
real eigenvalues.Recall that this is what we did in Chapter10. It is alsopossibleto
show that theeigenfunctionsof theboundaryvalue problem(1), (2) are real.A proof
is sketchedin Problem23.

Theorem 11.2.2 If φ1 andφ2 aretwo eigenfunctionsof the Sturm–Liouville problem(1), (2) corre-
spondingto eigenvaluesλ1 andλ2, respectively, andif λ1 	= λ2, then

∫ 1

0
r (x)φ1(x)φ2(x) dx = 0. (15)

This theoremexpressesthe propertyof orthogonality of the eigenfunctionswith
respectto theweight functionr . To prove thetheoremwe notethatφ1 andφ2 satisfy
thedifferentialequations

L[φ1] = λ1r φ1 (16)

and

L[φ2] = λ2r φ2, (17)

respectively. If we let u = φ1, v = φ2, and substitutefor L[u] and L[v] in Eq. (8), we
obtain

(λ1r φ1, φ2) − (φ1, λ2r φ2) = 0,

or, usingEq.(9),

λ1

∫ 1

0
r (x)φ1(x)φ2(x) dx − λ2

∫ 1

0
φ1(x)r (x)φ2(x) dx = 0.
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Becauseλ2, r (x), andφ2(x) arereal,this equationbecomes

(λ1 − λ2)

∫ 1

0
r (x)φ1(x)φ2(x) dx = 0. (18)

Sinceby hypothesisλ1 	= λ2, it follows thatφ1 andφ2 mustsatisfyEq. (15), and the
theoremis proved.

Theorem 11.2.3 Theeigenvaluesof theSturm–Liouvilleproblem(1), (2) areall simple;thatis, to each
eigenvaluetherecorrespondsonly onelinearly independenteigenfunction.Further,
theeigenvaluesform aninfinite sequence,andcanbeorderedaccordingto increasing
magnitudesothat

λ1 < λ2 < λ3 < · · · < λn < · · · .

Moreover, λn → ∞ asn → ∞.

Theproof of thistheoremis somewhatmoreadvancedthanthoseof thetwo previous
theorems,and will be omitted.However, a proof that the eigenvalues are simple is
indicatedin Problem20.

Again we note that all the propertiesstatedin Theorems11.2.1to 11.2.3are ex-
emplifiedby the eigenvaluesλn = n2π2 andeigenfunctionsφn(x) = sinnπx of the
exampleproblem(10).Clearly, theeigenvaluesarereal.Theeigenfunctionssatisfythe
orthogonalityrelation

∫ 1

0
φm(x)φn(x) dx =

∫ 1

0
sinmπx sinnπx dx = 0, m 	= n, (19)

whichwasestablishedinSection10.2by directintegration.Further, theeigenvaluescan
beorderedso thatλ1 < λ2 < · · · , andλn → ∞ asn → ∞. Finally, to eacheigenvalue
therecorrespondsasingle linearly independenteigenfunction.

We will now assumethat the eigenvaluesof the Sturm–Liouville problem(1), (2)
areorderedas indicatedin Theorem11.2.3.Associatedwith the eigenvalue λn is a
correspondingeigenfunctionφn, determinedup to amultiplicative constant.It isoften
convenientto choosethe arbitraryconstantmultiplying eacheigenfunctionso as to
satisfythecondition

∫ 1

0
r (x)φ2

n(x) dx = 1, n = 1, 2, . . . . (20)

Equation(20) is calleda normalizationcondition,andeigenfunctionssatisfyingthis
conditionare saidto benormalized. Indeed,in this case,theeigenfunctionsaresaid
to form anorthonormal set (with respectto theweightfunctionr ) sincethey already
satisfytheorthogonalityrelation(15). It is sometimesusefulto combineEqs.(15)and
(20) into a single equation.To this endwe introducethe symbolδmn, known asthe
Kronecker (1823–1891)deltaanddefinedby

δmn =
{

0, if m 	= n,

1, if m = n.
(21)
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Makinguseof theKroneckerdelta,wecanwrite Eqs.(15) and(20) as
∫ 1

0
r (x)φm(x)φn(x) dx = δmn. (22)

EXAMPLE

1

Determinethenormalizedeigenfunctionsof theproblem(10):

y′′ + λy = 0, y(0) = 0, y(1) = 0.

The eigenvaluesof this problemareλ1 = π2, λ2 = 4π2, . . . , λn = n2π2, . . . , and
the correspondingeigenfunctionsare k1 sinπx, k2 sin2πx, . . . , kn sinnπx, . . . , re-
spectively. In this casethe weight function is r (x) = 1. To satisfyEq. (20) we must
choosekn sothat

∫ 1

0
(kn sinnπx)2 dx = 1 (23)

for eachvalueof n. Since

k2
n

∫ 1

0
sin2 nπx dx = k2

n

∫ 1

0
(1

2 − 1
2 cos2nπx) dx = 1

2k2
n,

Eq.(23) is satisfiedif kn is chosento be
√

2 for eachvalueof n. Hencethenormalized
eigenfunctionsof thegivenboundaryvalue problemare

φn(x) =
√

2 sinnπx, n = 1, 2, 3, . . . . (24)

EXAMPLE

2

Determinethenormalizedeigenfunctionsof theproblem

y′′ + λy = 0, y(0) = 0, y′(1) + y(1) = 0. (25)

In Example1 of Section11.1we foundthattheeigenvaluesλn satisfytheequation

sin
√

λn +
√

λn cos
√

λn = 0, (26)

andthatthecorrespondingeigenfunctionsare

φn(x) = kn sin
√

λn x, (27)

wherekn isarbitrary. Wecandeterminekn fromthenormalizationcondition(20).Since
r (x) = 1 in this problem,wehave

∫ 1

0
φ2

n(x) dx = k2
n

∫ 1

0
sin2

√

λn x dx

= k2
n

∫ 1

0

(

1
2 − 1

2 cos2
√

λn x
)

dx = k2
n

(

x

2
−

sin2
√

λn x

4
√

λn

)

∣

∣

∣

∣

1

0

= k2
n

2
√

λn − sin2
√

λn

4
√

λn

= k2
n

√

λn − sin
√

λn cos
√

λn

2
√

λn

= k2
n

1 + cos2
√

λn

2
,



11.2 Sturm–Liouville Boundary Value Problems 635

wherein the laststepwe have usedEq. (26). Hence,to normalizetheeigenfunctions
φn wemustchoose

kn =

(

2

1 + cos2
√

λn

)1/2

. (28)

Thenormalizedeigenfunctionsof thegivenproblemare

φn(x) =
√

2 sin
√

λn x

(1 + cos2
√

λn)
1/2 ; n = 1, 2, . . . . (29)

We now turn to thequestionof expressinga given function f asa seriesof eigen-
functionsof theSturm–Liouville problem(1), (2).We have alreadyseenexamplesof
suchexpansionsin Sections10.2to 10.4.For example,it wasshown therethat if f is
continuousandhasa piecewisecontinuousderivative on 0≤ x ≤ 1, andsatisfiesthe
boundaryconditions f (0) = f (1) = 0, then f canbeexpandedin aFouriersineseries
of theform

f (x) =
∞

∑

n=1

bn sinnπx. (30)

Thefunctionssinnπx, n = 1, 2, . . . , arepreciselytheeigenfunctionsof theboundary
valueproblem(10).Thecoefficientsbn aregivenby

bn = 2
∫ 1

0
f (x) sinnπx dx (31)

and the series(30) convergesfor eachx in 0 ≤ x ≤ 1. In a similar way f can be
expandedin aFouriercosineseriesusingtheeigenfunctionscosnπx, n = 0, 1, 2, . . . ,

of theboundaryvalueproblemy′′ + λy = 0, y′(0) = 0, y′(1) = 0.
Now supposethatagiven function f , satisfyingsuitableconditions,canbeexpanded

in an infinite seriesof eigenfunctionsof the more generalSturm–Liouvilleproblem
(1), (2).If this canbedone,thenwehave

f (x) =
∞

∑

n=1

cnφn(x), (32)

wherethe functionsφn(x) satisfyEqs.(1), (2), andalso the orthogonalitycondition
(22).To computethecoefficientsin theseries(32)wemultiply Eq.(32)by r (x)φm(x),
wherem is a fixed positive integer, andintegratefrom x = 0 to x = 1. Assumingthat
theseriescanbeintegratedtermby termweobtain
∫ 1

0
r (x) f (x)φm(x) dx =

∞
∑

n=1

cn

∫ 1

0
r (x)φm(x)φn(x) dx =

∞
∑

n=1

cnδmn. (33)

Hence,usingthedefinitionof δmn, we have

cm =
∫ 1

0
r (x) f (x)φm(x) dx = ( f, r φm), m = 1, 2, . . . . (34)
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Thecoefficientsin theseries(32) have thusbeenformally determined.Equation(34)
hasthesamestructureas theEuler–Fourier formulasfor thecoefficientsin a Fourier
series,and the eigenfunctionseries(32) also hasconvergencepropertiessimilar to
thoseof Fourierseries.Thefollowing theoremis analogousto Theorem10.3.1.

Theorem 11.2.4 Letφ1, φ2, . . . , φn, . . . bethenormalizedeigenfunctionsof theSturm–Liouvilleprob-
lem(1), (2):

[ p(x)y′]′ − q(x)y + λr (x)y = 0,

a1y(0) + a2y′(0) = 0, b1y(1) + b2y′(1) = 0.

Let f and f ′ be piecewise continuouson 0≤ x ≤ 1. Then the series(32) whose
coefficientscm aregivenby Eq.(34)convergesto [ f (x+) + f (x−)]/2 at eachpoint
in theopeninterval 0 < x < 1.

If f satisfiesfurther conditions,then a strongerconclusioncan be established.
Supposethat, in addition to the hypothesesof Theorem11.2.4, the function f is
continuouson 0≤ x ≤ 1. If a2 = 0 in the first of Eqs.(2) [so that φn(0) = 0], then
assumethat f (0) = 0. Similarly, if b2 = 0 in the secondof Eqs. (2), assumethat
f (1) = 0.Otherwisenoboundaryconditionsneed beprescribedfor f . Thentheseries
(32) convergesto f (x) ateachpoint in theclosedinterval 0 ≤ x ≤ 1.

EXAMPLE

3

Expandthefunction

f (x) = x, 0 ≤ x ≤ 1 (35)

in termsof thenormalizedeigenfunctionsφn(x) of theproblem(25).
In Example2 we foundthenormalizedeigenfunctionsto be

φn(x) = kn sin
√

λn x, (36)

wherekn is given by Eq. (28) andλn satisfiesEq. (26).To find theexpansionfor f in
termsof theeigenfunctionsφn wewrite

f (x) =
∞

∑

n=1

cnφn(x), (37)

wherethecoefficientsaregiven by Eq. (34).Thus

cn =
∫ 1

0
f (x)φn(x) dx = kn

∫ 1

0
x sin

√

λn x dx.

Integratingby parts,weobtain

cn = kn

(

sin
√

λn

λn

−
cos

√

λn
√

λn

)

= kn

2 sin
√

λn

λn

,
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wherewe have usedEq. (26) in the laststep.Uponsubstitutingfor kn from Eq. (28)
weobtain

cn =
2
√

2 sin
√

λn

λn(1 + cos2
√

λn)
1/2 . (38)

Thus

f (x) = 4
∞

∑

n=1

sin
√

λn sin
√

λn x

λn(1 + cos2
√

λn)
. (39)

Observethatalthoughtheright sideof Eq.(39) is aseriesof sines,it isnot includedin
thediscussionof Fouriersineseriesin Section10.4.

Self-adjoint Problems. Sturm–Liouvilleboundaryvalue problemsare of greatim-
portancein their own right, but they canalsobeviewedasbelongingto a muchmore
extensive classof problemsthathavemany of thesameproperties.For example,there
aremany similaritiesbetweenSturm–Liouvilleproblemsand thealgebraicsystem

Ax = λx, (40)

where the n × n matrix A is real symmetricor Hermitian. Comparingthe results
mentionedin Section 7.3 with thoseof this section,we note that in both casesthe
eigenvaluesare real and the eigenfunctionsor eigenvectorsform an orthogonalset.
Further, theeigenfunctionsor eigenvectorscanbeusedasthebasisfor expressingan
essentiallyarbitraryfunctionor vector, respectively, asasum.Themostimportantdif-
ferenceis thatamatrixhasonly afinite numberof eigenvaluesandeigenvectors,while
a Sturm–Liouville problemhasinfinitely many. It is interestingand of fundamental
importancein mathematicsthattheseseeminglydifferentproblems—thematrix prob-
lem(40)andtheSturm–Liouvilleproblem(1), (2)—whicharisein differentways,are
actuallypartof a single underlyingtheory. This theoryis usuallyreferredto as linear
operatortheory, andis part of thesubjectof functionalanalysis.

Wenow pointoutsomewaysin whichSturm–Liouvilleproblemscanbegeneralized,
while still preservingthemainresultsof Theorems11.2.1to 11.2.4—theexistenceof a
sequenceof realeigenvaluestendingto infinity, theorthogonalityof theeigenfunctions,
andthepossibilityof expressinganarbitraryfunctionas a seriesof eigenfunctions.In
makingthesegeneralizationsit is essentialthatthecrucialrelation(8) remainvalid.

Let us considertheboundaryvalueproblemconsistingof thedifferentialequation

L[y] = λr (x)y, 0 < x < 1, (41)

where

L[y] = Pn(x)
dny

dxn + · · · + P1(x)
dy

dx
+ P0(x)y, (42)

andn linearhomogeneousboundaryconditionsat theendpoints.If Eq.(8) is valid for
every pair of sufficiently differentiablefunctionsthatsatisfytheboundaryconditions,
thenthegivenproblemis saidto beself-adjoint. It is importantto observethatEq.(8)
involvesrestrictionsonboththedifferentialequationandtheboundaryconditions.The
differentialoperatorL mustbe suchthat the sameoperatorappearsin both termsof
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Eq (8). This requiresthat L be of even order. Further, a secondorderoperatormust
have theform (3), a fourth orderoperatormusthave the form

L[y] = [ p(x)y′′]′′ − [q(x)y′]′ + s(x)y, (43)

andhigherorderoperatorsmusthaveananalogousstructure.In addition,theboundary
conditionsmust be such as to eliminate the boundaryterms that arise during the
integrationby partsusedin deriving Eq. (8). For example,in a secondorderproblem
this is true for the separatedboundaryconditions(2) and alsoin certainothercases,
oneof which isgivenin Example4 below.

Let us supposethat we have aself-adjointboundaryvalue problem for Eq. (41),
whereL[y] isgivennow by Eq. (43).We assumethat p, q, r , ands arecontinuouson
0 ≤ x ≤ 1,andthatthederivativesof p andq indicatedin Eq.(43)arealsocontinuous.
If in addition p(x) > 0 and r (x) > 0 for 0 ≤ x ≤ 1, thenthereis an infinite sequence
of real eigenvaluestendingto +∞, the eigenfunctionsare orthogonalwith respect
to the weight function r , and an arbitrary function can be expressedas a seriesof
eigenfunctions.However, theeigenfunctionsmaynot besimplein thesemoregeneral
problems.

We turn now to therelationbetweenSturm–Liouvilleproblemsand Fourierseries.
We have noted previously that Fourier sine and cosineseriescan be obtainedby
usingtheeigenfunctionsof certainSturm–Liouvilleproblemsinvolving thedifferential
equationy′′ + λy = 0. Thisraisesthequestionof whetherwecanobtainafull Fourier
series,including bothsine and cosineterms,by choosinga suitableset of boundary
conditions.The answeris provided by the following example,which also serves to
illustratetheoccurrenceof nonseparatedboundaryconditions.

EXAMPLE

4

Find theeigenvaluesandeigenfunctionsof theboundaryvalueproblem

y′′ + λy = 0, (44)

y(−L) − y(L) = 0, y′(−L) − y′(L) = 0. (45)

This is not a Sturm–Liouville problembecausethe boundaryconditionsare not
separated.The boundaryconditions(45) are called periodic boundary conditions
since they require that y and y′ assumethe samevaluesat x = L as at x = −L.
Nevertheless,it is straightforwardto show thattheproblem(44),(45) is self-adjoint.A
simplecalculationestablishesthatλ0 = 0 is an eigenvalue and thatthecorresponding
eigenfunctionis φ0(x) = 1. Further, thereare additionaleigenvalues λ1 = (π/L)2,
λ2 = (2π/L)2, . . . , λn = (nπ/L)2, . . . . To eachof thesenonzeroeigenvalues there
correspondtwo linearly independenteigenfunctions;for example,correspondingto
λn arethe two eigenfunctionsφn(x) = cos(nπx/L) andψn(x) = sin(nπx/L). This
illustratesthat the eigenvaluesmay not be simplewhenthe boundaryconditionsare
notseparated.Further, if weseekto expandagivenfunction f of period2L in aseries
of eigenfunctionsof theproblem(44), (45),weobtaintheseries

f (x) =
a0

2
+

∞
∑

n=1

(

an cos
nπx

L
+ bn sin

nπx

L

)

,

which is justtheFourierseriesfor f .
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Wewill notgive furtherconsiderationto problemsthathavenonseparatedboundary
conditions,nor will we dealwith problemsof higher thansecondorder, except in a
few problems.Thereis, however, oneotherkind of generalizationthat we do wish
to discuss.That is the casein which the coefficients p, q, and r in Eq. (1) do not
quite satisfy the ratherstrict continuity andpositivity requirementslaid down at the
beginningof thissection.SuchproblemsarecalledsingularSturm–Liouvilleproblems,
andare thesubjectof Section11.4.

PROBLEMS In eachof Problems1 through5 determinethenormalizedeigenfunctionsof thegivenproblem.

1. y′′ + λy = 0, y(0) = 0, y′(1) = 0
2. y′′ + λy = 0, y′(0) = 0, y(1) = 0
3. y′′ + λy = 0, y′(0) = 0, y′(1) = 0
4. y′′ + λy = 0, y′(0) = 0, y′(1) + y(1) = 0; seeSection11.1,Problem8.
5. y′′ − 2y′ + (1 + λ)y = 0, y(0) = 0, y(1) = 0; seeSection11.1,Problem17.

In eachof Problems6 through9 find the eigenfunctionexpansion
∞
∑

n=1
anφn(x) of the given

function,usingthenormalizedeigenfunctionsof Problem1.

6. f (x) = 1, 0 ≤ x ≤ 1 7. f (x) = x, 0 ≤ x ≤ 1

8. f (x) =
{

1, 0 ≤ x < 1
2

0, 1
2 ≤ x ≤ 1

9. f (x) =
{

2x, 0 ≤ x < 1
2

1, 1
2 ≤ x ≤ 1

In eachof Problems10 through13 find theeigenfunctionexpansion
∞
∑

n=1
anφn(x) of thegiven

function,usingthenormalizedeigenfunctionsof Problem4.

10. f (x) = 1, 0 ≤ x ≤ 1 11. f (x) = x, 0 ≤ x ≤ 1

12. f (x) = 1 − x, 0 ≤ x ≤ 1 13. f (x) =
{

1, 0 ≤ x < 1
2

0, 1
2 ≤ x ≤ 1

In eachof Problems14 through18 determinewhetherthe given boundaryvalue problemis
self-adjoint.

14. y′′ + y′ + 2y = 0, y(0) = 0, y(1) = 0
15. (1 + x2)y′′ + 2xy′ + y = 0, y′(0) = 0, y(1) + 2y′(1) = 0
16. y′′ + y = λy, y(0) − y′(1) = 0, y′(0) − y(1) = 0
17. (1 + x2)y′′ + 2xy′ + y = λ(1 + x2)y, y(0) − y′(1) = 0, y′(0) + 2y(1) = 0
18. y′′ + λy = 0, y(0) = 0, y(π) + y′(π) = 0

19. Show that if the functionsu andv satisfyEqs.(2), and eithera2 = 0 or b2 = 0, or both,
then

p(x)[u′(x)v(x) − u(x)v′(x)]

∣

∣

∣

∣

1

0

= 0.

20. In thisproblemweoutlineaproofof thefirstpart of Theorem11.2.3:thattheeigenvalues
of theSturm–Liouville problem(1), (2) aresimple.For a givenλ supposethatφ1 andφ2
aretwo linearly independenteigenfunctions.Computethe WronskianW(φ1, φ2)(x) and
usetheboundaryconditions(2) to show thatW(φ1, φ2)(0) = 0. ThenuseTheorems3.3.2
and3.3.3to concludethatφ1 andφ2 cannotbelinearly independentasassumed.

21. ConsidertheSturm–Liouvilleproblem

− [ p(x)y′]′ + q(x)y = λr (x)y,

a1y(0) + a2y′(0) = 0, b1y(1) + b2y′(1) = 0,


