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whereE is Youngs modulusandp is the massper unit volume.If theend x = 0 is fixed,
thenthe boundaryconditionthereis

u©0,t)=0, t>0. (ii)

Supposéghattheendx = L is rigidly attachedto a massm but is otherwiseunrestrained.
We canobtainthe boundaryconditionhere by writing Newton’s law for the mass.From
thetheoryof elasticityit canbeshavn thattheforceexertedby thebaronthemassisgiven
by —E Au, (L, t). Hencethe boundaryconditionis

EAu (L,t) + my,(L,t)=0, t>0. (iii)
(a) Assumethatu(x,t) = X(x)T(t), andshav that X (x) andT (t) satisfythedifferential
equations

X" 41X =0, (iv)
T+ AME/p)T = 0. (V)

(b) Show thattheboundaryconditionsare
X(0) =0, X'(L) — yALX(L) =0, (vi)

wherey = m/pAL is adimensionlesparametethatgivestheratio of theend masso the
massof therod.

Hint: Usethedifferentialequationfor T (t) in simplifying theboundaryconditionat x = L.
(c) Determinetheform of the eigenfunctionsandthe equatiorsatisfiedby therealeigen-
vauesof Egs.(iv) and (vi). Find thefirst two eigervalues, anda, if y = 0.5.

11.2 Sturm-Liouville Boundary Value Problems

We now considerntwo-pointboundaryvalue problemsof thetype obtainedn Section
11.1 by separatingthe variablesin a heatconductionproblem for a bar of variable
materialpropertiesand with a sourceterm proportionalto the temperatureThis kind
of problemalsooccursin mary otherapplications.

Theseboundaryalue problemsare commonlyassociatedvith the namesof Sturm
andLiouville.! They consistof a differentialequationof the form

[PCOYT —a(x)y +ar(x)y =0 @)
ontheintenal 0 < x < 1, togethemwith the boundaryconditions
a,y(0) +a,y' (0 =0, by +b,y (1) =0 @

1(:harles—Franm‘s Sturm(1803-1855)and Josephiiouville (1809-1882),in aseriesof papersn 1836and1837,
setforth mary propertiesof the classof boundaryvalue problemsassociatedvith their names,including the
resultsstatedin Theoremsl1.2.1to 11.2.4.Sturmis also famousfor a theoremon the numberof real zerosof a
polynomial,andin addition, did extensive work in physicsandmechanicsBesideshis own researchn analysis,
algebraandnumbertheory Liouville was the founder andfor 39 yearsthe editor, of the influential Journal de

mathenatiquegureset appliquess. Oneof his mostimportantresultswas the proof (in 1844)of the existenceof

transcendentalumbers.
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attheendpointslt is oftenconvenientto introducethelinearhomogeneoudifferential
operatorL definedby

LIyl = =[px)yT +ax)y. 3)
Thenthedifferentialequation(1) canbewritten as
LIyl = Ar(x)y. (4)

Weassumehatthefunctionsp, p’, g, andr arecontinuousontheintenal 0 < x < 1
and,further, that p(x) > 0 andr (x) > Oat al pointsin 0 < x < 1. Theseassumptions
arenecessaryo renderthe theoryassimpleaspossiblewhile retainingconsiderable
generalitylt turnsoutthattheseconditionsaresatisfiedin mary significantproblemsn
mathematicaphysics.For example theequationy” + 1y = 0, whicharoserepeatedly
in the precedingchapter is of the form (1) with p(x) = 1, q(x) = 0, andr (x) = 1.
Theboundaryconditions(2) are saidto be separated thatis, eachinvolvesonly one
of theboundarypoints. Theseare the mostgeneralseparatetboundaryconditionsthat
arepossiblefor a secondorderdifferentialequation.

Beforeproceedingo establishsomeof thepropertiesf theSturm—Liouvilleproblem
(1), (2),1t is necessaryo derive anidentity, knovn asLagrange’s identity, which is
basicto the studyof linearboundaryvalue problems.Let u andv befunctionshaving
continuoussecondderivatives ontheintenal 0 < x < 1. Therf

1 1
/ L[u]v dx:/ [—(pu)'v + quuv] dx.
0 0

Integratingthefirst termon theright sidetwice by parts,we obtain

1

1 1 1
/ Lulv dx = —p()u' (xX)v(X)| + pGOUX)v’ () +/ [—u(pv) +uqu] dx
0 0 0

0

1

1
= —pX)[U' (X)v(X) — u(x)v'(X)] +/ ulL[v] dx.
0 0

Henceontransposindgheintegral on theright side,we have
1

1
/0 (L{u]v — uL[]} dx = — pOOLU ()v(X) — UGV ()]

: ®)
0
whichis Lagranges identity.

Now let us supposehatthe functionsu andv in Eq. (5) alsosatisfythe boundary
conditions(2). Then,if we sssumethata, # 0 and b, # 0, the right side of Eq. (5)
becomes

1
—~POOLU (0V() = UV (9]
— PO D) — u@v' ()] + pOU 00 — u©)'(O)]
= —p(D) [—ﬁua)v(l) + 5u<1>v<1>} +p(0) [—ﬁum)v(m + ﬁu(O)v(O)}
b, b, &, &,
=0.

1 1
2For brevity we sometimesjsethenotationf0 f dx ratherthanfO f (x) dx in thischapter
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Theorem11.2.1

Thesameresultholdsif eithera, or b, is zero;theproof in this cases even smpler,
andis left for you. Thus,if the differentialoperatorL is definedby Eq. (3), and if the
functionsu andv satisfytheboundaryconditions(2), Lagranges identity reducego

/1{L[u]v—uL[v]}dx=O. (6)
0

Let us now write Eqg. (6) in a dightly differentway. In Eq. (4) of Section10.2we
introducedthe innerproduct (u, v) of two real-\aluedfunctionsu andv on a given
intenval; usingtheintenal 0 < x < 1, we have

1
(u, v) =/ u(x)v(x) dx. @)
0

In this notationEq. (6) becomes
(L[u],v) = (u, L[v]) = 0. (8)

In proving Theorem11.2.1below it is necessaryo dealwith comple-valued func-
tions. By analogywith the definition in Section 7.2 for vectors,we definethe inner
productof two comple-valuedfunctionson0< x <1 as

1
(u, v) =/ u(x)v(x) dx, 9)
0

wherev is the complex conjugateof v. Clearly, Eq. (9) coincideswith Eq. (7) if u(x)
andv(x) arereal. It isimportantto know that Eq. (8) remainsvalid underthe stated
conditionsif u andv arecomplex-valuedfunctionsandif theinnerproduct(9) is used.

To seethis, onecanstartwith thequantity f 1L [u]v dx andretracethestepsleadingto
Eq.(6), makinguse ofthefactthat p(x), q(x), a,, a,, b;, and b, areall realquantities
(seeProblem22).

We now considersomeof theimplicationsof Eq.(8) for the Sturm—Liouvillebound-
ary valueproblem(1), (2). We assumewithout proof* that this problemactuallyhas
eigervaluesand eigenfunctionsin Theoremsl1.2.1to 11.2.4below, we stateserveral
of their important,but relatively elementaryproperties.Eachof thesepropertiesis
illustratedby the basicSturm—Liouville problem

y'+ 1y =0, y(0) =0, y() =0, (10)

whoseeigernvalues are A, = n?z2, with the correspondingeigenfunctionsp, (x) =
sinnz X.

All theeigemvaluesof the Sturm—Liouvilleproblem(1), (2) are real.

To prove thistheoremetussupposehat is a (possiblycomplex) eigervalue of the
problem(1), (2) and that¢ is a correspondingigenfunctionalsopossiblycomplex-
vaued. Letuswrite A = u +iv and¢(x) = U(X) +iV (x), where u, v, U(X), and
V (x) arereal. Then,if weletu = ¢ andasov = ¢ in Eq. (8), we have

(L[#], ¢) = (¢, L[o]). (11)

3Theproof maybefound,for example,in thereferenceby SaganChapters) or Birkhoff and Rota(Chapterl0).
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Theorem 11.2.2

However, we know thatL[¢] = Ar ¢, so Eq. (11) becomes

(Arg, @) = (¢, Are). (12)
Writing out EQ. (12) in full, usingthedefinition(9) of theinnerproduct,we obtain

1 1
/O AT (X)p (X)$(X) dX = /O P )AF(X)P(X) dx. (13)

Sincer (x) isreal,Eq. (13) reducego

1
(O —2) /O r ()¢ (x)¢(x) dx =0,

or
1
n— X)/ r(x)[U?x) + V2(x)] dx = 0. (14)
0

Theinteggrandin Eq. (14)is nonn@gative andnotidenticallyzero.Sincetheintegrandis

alsocontinuousit followsthattheintegralispositive. Thereforethefactorr, — » = 2iv
mustbezero.Hencev = 0 and A is real, so thetheoremis proved.

An importantconsequencef Theorem11.2.1is thatin finding eigervaluesand
eigenfunction®f a Sturm-Liouville boundaryalue problem,oneneedlook only for
real eigervalues.Recallthat this is what we did in Chapterl0. It is alsopossibleto
shav thatthe eigenfunctionsof the boundaryvalue problem(1), (2) are real. A proof
is sketchedn Problem23.

If ¢, and¢, aretwo eigenfunctionsof the Sturm—Liouville problem(1), (2) corre-
spondingto eigervaluesi, andx,, respectiely, andif 1, # A,, then

1
/O r(X)g,(X)¢,(x) dx = 0. (15)

This theoremexpresseghe propertyof orthogonality of the eigenfunctionswith
respecto theweightfunctionr. To prove the theoremwe notethat¢, and¢, satisfy
thedifferentialequations

L[¢1] = )‘1r ¢1 (16)
and
L[¢2] = )\2r ¢2s (17)

respectiely. If weletu = ¢,, v = ¢,, and substitutefor L[u] and L[v] in Eq. (8), we
obtain

()L]_r({bl’ ¢2) - (¢1s )‘2r¢2) =0,
or, usingEq. (9),

1 1
Ay fo I (X)¢,(X),(x) dX — 4, [0 ¢, ()T (X)P,(x) dx = 0.
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Theorem11.2.3

Because.,, r (x), and ¢,(x) arereal, this equationbecomes

1
(g = 2) /O (), (X),(x) dx = 0. (18)

Sinceby hypothesisy, # A,, it follows that¢, and¢, mustsatisfyEq. (15), and the
theoremis proved.

Theeigenvaluesof the Sturm—Liouville problem(1), (2) areall smple;thatis, to each
eigevaluetherecorrespond®nly onelinearly independentigenfunction Further
theeigenvaluesform aninfinite sequenceandcanbeorderedaccordingo increasing
magnitudesothat

kl<A2<A3<~-~<Xn<~--.

Moreover, A, — oo asn — 0.

Theproof of thistheoremns smevhatmoreadvancedhanthoseof thetwo previous
theoremsand will be omitted. However, a proof that the eigervalues are smple is
indicatedin Problem20.

Again we notethat al the propertiesstatedin Theoremsl1.2.1to 11.2.3are ex-
emplified by the eigervalues i, = nz? andeigenfunctionsg, (x) = sinnzx of the
exampleproblem(10). Clearly, theeigevaluesare real. Theeigenfunctionsatisfythe
orthogonalityrelation

1 1
/ (X, (X) dX = / sinmzx sinnrx dx = 0, m #n, (29)
0 0

whichwasestablisheth Section10.2by directintegration.Furthertheeigenvaluescan
beorderedsothati, < A, < ---,andx, — ooasn — oo. Finally, to eacheigervalue
therecorresponds single linearly independengigenfunction.

We will nhow assumethat the eigernvalues of the Sturm—Liouville problem (1), (2)
are orderedasindicatedin Theorem11.2.3.Associatedwith the eigervalue 1 is a
correspondingigenfunctionp,,, determinedup to a multiplicative constantlt is often
convenientto choosethe arbitrary constantmultiplying eacheigenfunctionso as to
satisfythe condition

1
/ rx)g2(x)dx=1, n=12.... (20)
0

Equation(20) is calleda normalizationcondition, and eigenfunctionssatisfyingthis
conditionare saidto be normalized. Indeed,in this case the eigenfunctionsare said
to form anorthonormal set (with respecto theweightfunctionr) sincethey already
satisfytheorthogonalityrelation(15). 1t is ometimeausefulto combineEgs.(15)and
(20) into a single equation.To this endwe introducethe symbol§_. , known asthe
Kronecler (1823-1891)eltaanddefinedby

_]o, if m=#n,
Omn = {1, if m=n. (1)

mn’
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EXAMPLE

1

EXAMPLE

2

Making useof the Kronecler delta,we canwrite Egs.(15) and(20) as

1
/o r(X)¢,(X)¢,(X) dx =36, (22)

Determinethe normalizedeigenfunction®f the problem(10):
y// + Ay =0, y@0 =0, y@=0.

The eigervaluesof this problemarei, = 72, », = 472, ..., A, =n’z? ..., and
the correspondingeigenfunctionsare k, sinzx, k,sin2zx, ...,k sinnzx, ..., re-
spectvely. In this casethe weight functionis r (x) = 1. To satisfy Eq. (20) we must
choosek, sothat

1
/ (k. sinnzx)? dx = 1 (23)
0

for eachvaue of n. Since

2'n

1 1
kﬁ/ sifnrx dx = kﬁ/ (3 — 2 cos2nx) dx = 3K3,
0 0
Eq.(23)is satisfiedf k  is choserto be /2 for eachvalue of n. Hencethenormalized
eigenfunction®f the givenboundaryalue problemare

¢n(x):ﬁ§nnnx, n=123,.... (24)

Determinethe normalizedeigenfunction®f the problem
y'+ry =0, y(©0) =0, y'(@)+y@d) =0, (25)
In Examplel of Section11.1we foundthatthe eigervauesa,, satisfythe equation
sin\/)Tn + \/)Tncos\/)Tn =0, (26)
andthatthe correspondingigenfunctionare
By = kysin 1, x, 27)

wherek, is arbitrary We candeterminek, fromthenormalizatiorcondition(20). Since
r (x) = 1inthis problem,we have

1 1
2 d:kgf 2 /r x d
/Od)(x)x 0S| \/Txx

1 X sin2./i_x
:kﬁ/o (%—%cosz\/;nx) dx:kﬁ(E—Af—\/\/;‘)
n
L 2/m-sn2, i singieos/
N N

:k§1+co§\/ﬂ
2 b

1

0
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wherein the last stepwe have usedEg. (26). Hence,to normalizethe eigenfunctions
¢, we mustchoose

5 1/2
k = —5— . 28
" <1+ cod \/Tn) (28)
Thenormalizedeigenfunction®f the givenproblemare
V2dn /a x
¢,(X) = ‘/7”12; n=12.... (29)
(1+cos /A"

We now turn to the questionof expressinga givenfunction f asa seriesof eigen-
functionsof the Sturm—Liouville problem(1), (2). We have alreadyseenexamplesof
suchexpansionsn Sectionsl0.2to 10.4.For example,it wasshown therethatif f is
continuousandhasa piecavise continuousderivative on 0 < x < 1, andsatisfiesthe
boundaryconditionsf (0) = f (1) = 0,thenf canbeexpandedn aFouriersineseries

of theform
f(x)=>_b,sinnrx. (30)
n=1
Thefunctionssinnzx,n =1, 2, ..., arepreciselytheeigenfunctionsf theboundary

value problem(10). The coeficientsb, aregivenby

1
b, = 2/ f(X) sinnzx dx (31)
0

and the series(30) corvergesfor eachx in 0 < x < 1. In a similar way f canbe
expandedn aFouriercosineseriesusingtheeigenfunctioncosnzx,n =0, 1,2, ...,
of theboundaryvalue problemy” + Ay = 0,y'(0) = 0,y'(1) = 0.

Now supposehatagiven function f, satisfyingsuitableconditions,canbeexpanded
in aninfinite seriesof eigenfunctionsf the more generalSturm—Liouville problem
(1), (2).If thiscanbedone,thenwe have

FO0 =" 6, (32)
n=1

wherethe functions¢, (x) satisfyEgs. (1), (2), andaso the orthogonalitycondition
(22). To computethecoeficientsin theserieg32) we multiply Eq.(32) by r (X)¢,,,(X),
wherem is a fixed positive integer, andintegratefrom x = 0 to x = 1. Assumingthat
the seriescanbeintegratedterm by termwe obtain

1 o0 1 00
/0 r(x) f (x)p, (x) dx = ch/o r (X)¢, (X)), (x) dx = chﬁmn. (33)
n=1 n=1

Henceusingthedefinitionof §  , we have

mn?

1
cm=/ rx) f(x)e,,(x)dx=(f,re.,), m=12.... (34)
0
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Theorem11.2.4

EXAMPLE

3

The coeflicientsin the series(32) have thusbeenformally determinedEquation(34)
hasthe samestructureas the EulerFourier formulasfor the coefficientsin a Fourier
series,and the eigenfunctionseries(32) also has conwergencepropertiessimilar to
thoseof Fourierseries.Thefollowing theoremis analogougo Theorem10.3.1.

Leto,, ¢,, ..., @, ... bethenormalizeceigenfunctionsf theSturm-Liouville prob-
lem (1), (2):

[PX)Y] —a(X)y + Ar(x)y =0,
a,y(0) +a,y'(0) =0, b,y(1) + b,y (1) = 0.

Let f and f’ be piecavise continuouson 0< x < 1. Thenthe series(32) whose
coeficientsc,, aregivenby Eq.(34) corvergesto [ f (x+) + f(x—)]/2 at eachpoint
in theopenintenal 0 < x < 1.

If f satisfiesfurther conditions,then a strongerconclusioncan be established.
Supposethat, in addition to the hypothesesof Theorem11.2.4,the function f is
continuouson 0< x < 1. If a, = 0 in thefirst of Egs.(2) [sothat¢,(0) = O], then
assumethat f(0) = 0. Similarly, if b, =0 in the secondof Egs. (2), assumethat
f (1) = 0. Otherwisenoboundaryconditionsneed begprescribedor f. Thentheseries
(32) corvergesto f (x) ateachpointin theclosedintenal 0 < x < 1.

Expandthefunction
f(x) =x, 0<x<1 (35)

in termsof the normalizedeigenfunctionsgp, (x) of the problem(25).
In Example2 we foundthe normalizedeigenfunctiongo be

¢,(X) =k, sin\/)Tnx, (36)

wherek, is given by Eq. (28) and) | satisfiesEq. (26). To find the expansionfor f in
termsof the eigenfunctionsg, we write

FO0 =) ¢ d, (), (37)
n=1

wherethe coeficientsare given by Eq. (34). Thus

1 1
c = f dx = / sin, /A x dx.
. /0 (X)¢,(x) dx =k, A X Si ﬁx X

Integratingby parts,we obtain

sin/A, cos,/A, 2dn,/x,
c, =Kk, - =Kk, ,

“ o ;

n
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wherewe have usedEq. (26) in the laststep. Uponsubstitutingfor k, from Eq. (28)

we obtain
C, = Zﬁén\/)Tn . (38)
" AL+ cos /a)Y?

Thus

00 sin\/)Tnsin\/)Tnx
f(x)_4;/\n(1+c0§m). (39)

Obsenre thatalthoughtheright sideof Eq. (39) is aseriesof sines,it isnotincludedin
thediscussiorof Fouriersine seriesin Section10.4.

Self-adjoint Problems. Sturm-Liouville boundaryvalue problemsare of greatim-
portancen their own right, but they canalsobe viewed asbelongingto a muchmore
extensie dassof problemsthathave mary of the samepropertiesFor example there
aremary similarities betweenSturm—Liouvilleproblemsand the algebraicsystem

AX = AX, (40)

wherethe n x n matrix A is real symmetricor Hermitian. Comparingthe results
mentionedin Section 7.3 with thoseof this section,we notethatin both casesthe
eigevaluesare real and the eigenfunctionsor eigervectorsform an orthogonalset.
Further the eigenfunctionsor eigervectorscanbe usedasthe basisfor expressingan
essentiallyarbitraryfunctionor vector respectiely, asa sum. The mostimportantdif-
ferencedsthatamatrixhasonly afinite numberof eigenvaluesandeigervectorswhile
a Sturm-Liouville problemhasinfinitely mary. It is interestingand of fundamental
importancan mathematicsghattheseseeminglydifferentproblems—theamatrix prob-
lem (40) andthe Sturm—Liouvilleproblem(1), (2)—whicharisein differentways,are
actuallypartof a single underlyingtheory This theoryis usually referredto as linear
operatortheory andis part of the subjectof functionalanalysis.

Wenow pointoutsomewaysin which Sturm—Liouville problemsanbegeneralized,
while still preservinghemainresultsof Theoremd 1.2.1to 11.2.4—thexistenceof a
sequencef realeigervaluegendingto infinity, theorthogonalityof theeigenfunctions,
andthe possibility of expressinganarbitraryfunctionas a seriesof eigenfunctionsln
makingthesegeneralization# is essentiathatthe crucialrelation(8) remainvalid.

Let us considerthe boundaryalue problemconsistingof the differentialequation

L[y] = Ar(X)y, O<x<l, 41)

where
dy dy

LIVl = P00 g + -+ PLOO 2 + R0y, (42)
andn linearhomogeneouboundaryconditionsat theendpoints.If Eq.(8) is valid for
every pair of sufficiently differentiablefunctionsthat satisfythe boundaryconditions,
thenthe givenproblemis saidto beself-adjoint. It isimportantto obsere thatEq. (8)
involvesrestrictionson boththedifferentialequationandtheboundaryconditions.The
differentialoperatorL mustbe suchthatthe sameoperatorappearsin both termsof
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EXAMPLE

4

Eq (8). This requiresthat L be of even order Further a secondorderoperatormust
have theform (3), afourth orderoperatomusthave the form

LIyl = [p(x)Y"]" = [a(x)yT + s(X)y, (43)

andhigherorderoperatorsnusthave ananalogoustructureIn addition,theboundary
conditionsmust be such as to eliminate the boundaryterms that arise during the
integrationby partsusedin derving Eq. (8). For example,in a secondorderproblem
this is true for the separatedoundaryconditions(2) and alsoin certainothercases,
oneof whichis givenin Example4 below.

Let us supposethat we have aself-adjointboundaryvaue problemfor Eq. (41),
whereL[y] isgivennow by Eq. (43). We assumehatp, g, r, and s arecontinuouson
0 < x < 1,andthatthederwativesof p andq indicatedn Eq.(43)arealsocontinuous.
If in additionp(x) > 0 andr (x) > O for 0 < x < 1, thenthereis an infinite sequence
of real eigemvaluestendingto +oo, the eigenfunctionsare orthogonalwith respect
to the weight functionr, and an arbitrary function can be expressedss a seriesof
eigenfunctionsHowever, the eigenfunctionsnay not be simplein thesemore general
problems.

We turn now to therelationbetweenSturm—Liouville problemsand Fourier series.
We have noted previously that Fourier sine and cosine seriescan be obtainedby
usingtheeigenfunction®f certainSturm—Liouvilleproblemsnvolving thedifferential
equationy” + 1y = 0. Thisraiseshequestionof whethemwe canobtainafull Fourier
series,including bothsine and cosineterms,by choosinga suitableset of boundary
conditions.The answeris provided by the following example,which aso serves to
illustratethe occurrenceof nonseparatedoundaryconditions.

Find the eigervauesandeigenfunctionsof the boundaryalue problem

y' 4+ Ay =0, (44)
y(=L) —y(L) =0, y(—=L) -y (L) =0. (45)

This is not a Sturm—Liouville problem becausahe boundaryconditionsare not
separatedThe boundaryconditions(45) are called periodic boundary conditions
sincethey requirethat y andy’ assumethe samevaluesat x = L asat x = —L.
Neverthelessit is straightforvardto show thattheproblem(44), (45)is self-adjoint.A
simplecalculationestablishesghati, = 0 is an eigenvalue and thatthe corresponding
eigenfunctionis ¢,(x) = 1. Further there are additionaleigervalues i, = (/L)
A, = (2m/L)% ..., A, = (nw/L)% .... To eachof thesenonzeroeigervalues there
correspondwo linearly independentigenfunctionsfor example, correspondingo
A, arethe two eigenfunctionsg, (x) = cognzx/L) and, (x) = sin(nwx/L). This
illustratesthat the eigervaluesmay not be simplewhenthe boundaryconditionsare
notseparated-urther if we seekto expandagivenfunction f of period2L in aseries
of eigenfunction®f the problem(44), (45), we obtainthe series

. nmx . nmX
f(x)=%+2(ancos%+bnsm%>,
n=1

whichisjustthe Fourierseriesfor f.
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PROBLEMS

We will notgive furtherconsideratiorio problemsthathave nonseparateddoundary
conditions,nor will we dealwith problemsof higherthansecondordet exceptin a
few problems.Thereis, however, one otherkind of generalizationthat we do wish
to discuss.That is the casein which the coefiicients p, g, and r in Eqg. (1) do not
quite satisfy the ratherstrict continuity and positivity requirementdaid down at the
beginningof thissection Suchproblemsare calledsingularSturm—Liouvilleproblems,
andare the subjectof Sectionl11.4.

In eachof Problemsl through5 determinethenormalizedeigenfunction®f thegivenproblem.

y'+ry =0, y0) =0, y(@)=

Y'+iry=0 Y0 =0 y@=0

y' +1y=0, y(©0) =0, y(@)=0

Yy’ + Ay =0, Yy(©0) =0, Yy@)+y@d =0, seeSectionll.l,Problem8.

y' =2y +(1+ M)y =0, y(0) =0, y(@)=0; seeSectionll.l,Probleml7.

agprwhE

In eachof Problems6 through find the eigenfunctionexpansion} a_ ¢, (x) of the given
=1
function,usingthe normalizedeigenfunction®f Problem1. "

6. f(x)=1,

8. f(x)= {(1)

In eachof Problemsl0 through13 find the eigenfunctiorexpansionz a ¢, (x) of thegiven
n=1

7. f(xX)=x,

function,usingthe normalizedeigenfunction®f Problem4.

[EY

10. f(x) =1, 0<x<1 11. f(X) =X, 0<x<
1, O<x<?1

12. fx)=1-x 0<x<1 13. fx)=1" - 2
(x) ) <X= (X) {07 %stl

In eachof Problems14 through18 determinewhetherthe given boundaryvalue problemis
self-adjoint.

14. y'+y +2y=0, y0) =0, y@d =
15. (1+x3)y"+2xy +y=0, YO0) =0, yd)+2y@) =
16. y'+y=21y., yO-y@D=0 VY©O-y@d=
17. A+ XDy +2xy +y =21+ x?)y, y0) —y 1) =0, YO +2y1d)=0
18. y'+ Ay =0, y0) =0, y@m) +VY(@) =0
19. Shaw thatif the functionsu andv satisfyEqgs.(2), and eithera, = 0 or b, = 0, or both,
then
1

POO[U' )V (X) — UV (]| =
0

20. In this problemwe outlinea proof of thefirst part of Theoreml1.2.3:thatthe eigervalues
of the Sturm—Liouville problem(1), (2) aresimple.For a given i supposéhat¢, ande,
aretwo linearly independentigenfunctionsComputethe WronskianW(¢, , ¢,)(x) and
usetheboundaryconditions(2) to show thatW(¢, , ¢,)(0) = 0. ThenuseTheorems3.3.2
and3.3.3to concludethatg, and¢, cannotbelinearly independenasassumed.

21. Considetthe Sturm—Liouville problem

= [PpX)YT +a(x)y = ar (x)y,
a,y(0) +a,y' (0 =0, by +b,y (=0,



