
A p-adic analogue of a formula by Gross and Zagier

MikeDaas

Universiteit Leiden

27th of June, 2024

MikeDaas A p-adic analogue of a formula by Gross and Zagier 27th of June, 2024 1 / 14



Setting up
Let D1,D2 < 0 be coprime discriminants and write D = D1D2. Set

K1 = Q(
√
D1), K2 = Q(

√
D2),

F = Q(
√
D), L = Q(

√
D1,

√
D2).

Q

K2

L

K1 F

χ

Let χ be the genus character of L/F: if l ⊂ OF is prime, then

χ(l) =

{
1 if l splits in L/F;
−1 if l is inert in L/F.
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The formula

Let I ⊂ OF be an ideal. Define

ρ(I) = #{J ⊂ OL | NmL
F(J) = I};

sp(I) =

{
l if l is unique with χ(l) = −1 and vl(I) odd;
1 otherwise.

Important: ρ(I) = 0 if and only if I has at least one special prime.

For i ∈ {1, 2}, let Ei be an elliptic curve with CM by Oi ⊂ Ki. Then by CM
theory, j(Ei) ∈ Hi, with Hi the Hilbert class field of Ki. Say Di < {−3,−4}.

Theorem (Gross-Zagier, 1984)

Setting α = ν
√
D and DF = (

√
D), the following equality holds:

log NmH1H2
Q

(
j(E1) − j(E2)

)
=

∑
ν∈D−1,+

F

tr(ν)=1

ρ(sp(α)α)(vsp(α)(α) + 1) log Nm(sp(α)).
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Example
Let D1 = −7 and D2 = −19. Then

E7 : y2 + xy = x3 − x2 − 2x− 1, j(E7) = −3353;

E19 : y2 + y = x3 − 38x+ 90, j(E19) = −21533.

If ν ∈ D−1,+
F and tr(ν) = 1, then

α = ν
√
D =

x+
√
D

2
, where x2 < D = 133 and x is odd.

x ±1 ±3 ±5 ±7 ±9 ±11
(D− x2)/4 3 · 11 31 33 3 · 7 13 3

sp(α) 3 31 3 3 13 3
(vsp(α)(α) + 1)/2 1 1 2 1 1 1

ρ(sp(α)α) 2 1 1 2 1 1

Let’s check:

j(E7) − j(E19) = −3353 + 21533 = 881361 = 37 · 13 · 31.
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Zagier’s proof

First step is to rewrite the theorem as

log NmH1H2
Q

(
j(E1) − j(E2)

)
=

∑
ν∈D−1,+

F

tr(ν)=1

∑
I|(ν)DF

χ(I) log Nm(I).

This looks like the diagonal restriction of a weight k Hilbert Eisenstein series:

E1,χ(z, z,k) = const +
∑

ν∈D−1,+
F

tr(ν)=n

( ∑
I|(ν)DF

χ(I)Nm(I)k−1
)
qn.

“One line proof:”

ehol
(

d

ds
E1,χ(z, z, s)

∣∣∣
s=0

)
∈ M2(SL2(Z)) = {0}.

Its Fourier coefficients involve two terms, one for each side =⇒ equal.
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Shimura curves

Let B/Q be an indefinite quaternion algebra with disc(B) = N > 0. Let R ⊂ B
be a maximal order and let R×

1 = {b ∈ R× | Nm(b) = 1}. Choose a splitting
R×

1 → M2(R) to form
XN(C) = R×

1 \ H;

this is a Shimura curve, which is an algebraic curve /Q.

Proposition
The Shimura curve XN is of genus 0 if and only if N ∈ {1, 6, 10, 22}.

Henceforth we fix N ∈ {6, 10, 22} and write N = pq. Let jN generate the
function field; this choice is not unique.
Let τ1, τ2 ∈ H be CM points: fixed points in H of embeddings Oi → R. These
exist when p and q are inert in both Ki. We want to study

Nm
(
jN(τ1) − jN(τ2)

)
.

These numbers are algebraic by Shimura reciprocity.
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Čerednik-Drinfeld

The curve XN has bad reduction at p and admits the following p-adic
uniformisation. Let Bq/Q denote the definite quaternion algebra with
disc(B) = −q. Let Rq ⊂ Bq be a maximal order and consider the group

Γpq = Rq[1/p]×1 = {b ∈ Rq[1/p]× | Nm(b) = 1}.

Choose an embedding Bq → M2(Qp) and form the quotient

Γpq \ Hp,

where Hp = P1(Cp) \ P
1(Qp) is the p-adic upper half plane.

Theorem (Čerednik-Drinfeld)
The quotient Γpq \ Hp as a rigid p-adic space is isomorphic to XN(Cp).

Question
Which functions on Γpq \ Hp correspond to jN on the other side?

MikeDaas A p-adic analogue of a formula by Gross and Zagier 27th of June, 2024 7 / 14
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Theta functions

Let w1,w2 ∈ Hp. Then consider the expression

Θ(w1,w2; z) =
∏
γ∈Γp

q

z− γw1

z− γw2
.

If N ∈ {6, 10, 22}, this expression descends to a rigid analytic meromorphic
function on Γpq \ Hp with divisor [w1] − [w2].

We obtain

Θ(w1,w2; z) = c(w1,w2) ·
jN(z) − jN(w1)

jN(z) − jN(w2)
, for some c(w1,w2) ∈ Cp.

Now choose w1 = τ1 and w2 = τ ′
1; its Galois conjugate. Because we don’t

know c(τ1, τ ′
1), we opt to study instead

jN(τ2) − jN(τ1)

jN(τ2) − jN(τ ′
1)

jN(τ ′
2) − jN(τ ′

1)

jN(τ ′
2) − jN(τ1)

=
∏
γ∈Γp

q

τ2 − γτ1

τ2 − γτ ′
1

τ ′
2 − γτ ′

1

τ ′
2 − γτ1

.
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The conjecture

One can p-adically approximate the quantity

Jpq(τ1, τ2) :=
∏
γ∈Γp

q

τ2 − γτ1

τ2 − γτ ′
1

τ ′
2 − γτ ′

1

τ ′
2 − γτ1

and recognise it as an algebraic number.

There are four ideals a of norm N = pq in OF; they come in two Gal(F/Q)
orbits. Assign one orbit δ(a) = +1, the other δ(a) = −1.

Conjecture (Giampietro, Darmon)
The expression

log NmH1H2
Q Jpq(τ1, τ2)

is up to sign given by the formula∑
Nm(a)=N

δ(a)
∑

ν∈D−1,+
F

tr(ν)=1

ρ(sp(αa−1)αa−1)(vsp(αa−1)(αa
−1) + 1) log Nm (sp(αa−1)).
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Idea of the proof (1/2)

The prime p splits in F/Q and since χ(pi) = −1, these primes are thus regular,
i.e. the Hecke polynomial of E1,χ has the two distinct roots ±1.
We consider a p-stabilisation of the Hilbert Eisenstein series E1,χ:

E
(p)
1,χ = (1 − Vp1)(1 + Vp2)E1,χ.

This choice of signs ensures that E(p)
1,χ is a p-adic cusp form.

We look for a cuspidal family of Hilbert modular forms through E
(p)
1,χ ; then

eord
(

d

ds
E
(p)
1,χ (z, z, s)

∣∣∣
s=0

)
∈ S2(Γ0(N)) ≈ 0.

This approach mimics both Zagier’s proof and recent advances on rigid
meromorphic cocycles in RM theory by Darmon, Pozzi and Vonk.
Complication: the s = 0-specialisation does not vanish.
Solution: use a family in the anti-parallel weight direction, i.e. (1 − s, 1 + s).
Then the diagonal restriction is of constant weight 2.
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Idea of the proof (2/2)

Suppose the family has Fourier coefficients aν(s) for ν ≫ 0. Then

an

(
d

ds
E
(p)
1,χ (z, z, s)

∣∣∣
s=0

)
=

∑
ν∈(D−1

F q)
+

tr(ν)=n

d

ds
aν(s)

∣∣
s=0.

Compute the ordinary projection:

an

(
eord

(
d

ds
E
(p)
1,χ (z, z, s)

∣∣∣
s=0

))
= lim

k→∞anpk! .

Writing down families of p-adic cusp forms is hard. Idea:
Deform the associated Galois representation ρ = 1⊕ χ infinitesimally;
Show their modularity through an R = T theorem;
Compute its Fourier coefficients aν(ϵ) for ν ≫ 0 and take the ϵ-part.
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The deformation
Let ρ̃ be the deformation of ρ = 1⊕ χ to GL2(Qp[ϵ]) given by

ρ̃(τ) =

(
1 + ϕ

cyc
p ϵ 0

0 χ− χϕ
cyc
p ϵ

)
,

where ϕ
cyc
p is the p-adic cyclotomic character.

Suppose that this deformation is modular. That would induce φ : T→ Qp[ϵ],
where T is Hida’s p-adic nearly ordinary Hecke algebra, generated by:

operators Tl, ⟨l⟩ for all primes l ⊂ OF prime to p;
operators Uπ for all uniformisers π a the places above p.

We recover φ from

φ(Tl) = tr(ρ̃(Frobl)) =

{
2 if χ(l) = 1;
2 logp(Nm(l))ϵ if χ(l) = −1.

Further, note that

φ(⟨l⟩Nm(l)) = det(ρ̃(Frobl)) = χ(l).
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Connection with the formula

We still have the essential recursion relation

Tln+1 = TlnTl − ⟨l⟩Nm(l)Tln−1 .

We can solve this:

φ(Tln) = ρ(ln) +
1
2
(n+ 1)

(
1 − χ(ln)

)
logp(Nm(l))ϵ.

Let J ⊂ OF be any ideal coprime to p. Then

φ(TJ) = ρ(J) +
1
2

∑
ln∥J

(
(n+ 1)

(
1 − χ(ln)

)
ρ(J/ln)

)
logp(Nm(l))ϵ.

Key: if J is primitive, then the ϵ-part equals

ρ(sp(J)J)(vsp(J)(J) + 1) logp Nm (sp(J)).

The factor 1 − χ(ln) = 0 unless l is a special prime of J, and if J/ln still has
another special prime, ρ(J/ln) = 0. So we must have exactly one special prime.
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Contribution at p

The contribution at p is more subtle. Conceptually, one expects it to be
connected to a p-adic height pairing.

A paper by Werner shows that

Θ(τ1, τ ′
1; τ2)

Θ(τ1, τ ′
1; τ ′

2)
=

∏
γ∈Γp

q

τ2 − γτ1

τ2 − γτ ′
1

τ ′
2 − γτ ′

1

τ ′
2 − γτ1

appears in the expression for such a height. Doing the computation, we find:

Theorem (D., 2023)
The expression

log NmH1H2
Q Jpq(τ1, τ2)

is up to sign given by the formula∑
Nm(a)=N

δ(a)
∑

ν∈D−1,+
F

tr(ν)=1

ρ(sp(αa−1)αa−1)(vsp(αa−1)(αa
−1) + 1) log Nm (sp(αa−1)).

CM-values of p-adic Θ-functions: https://arxiv.org/abs/2309.17251.
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