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Let Dy, D, < 0 be coprime discriminants and write D = D1 D,. Set

Ki =Q(y/D1), K»=Q(VDy),
F=Q(VD), L=0Q(v/Di, vDy).

A p-adic analogue of a formula by Gross and Zagier 27th of June, 2024



Let Dy, D, < 0 be coprime discriminants and write D = D1 D,. Set

Ki =Q(y/D1), K»=Q(VDy),
F=Q(VD), L=0Q(v/Di, vDy).

Let x be the genus character of L/F: if | C Or is prime, then

1 if [ splits in L/F;
x(0) = { plits in L/

—1 iflisinertin L/F.
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The formula

Let I C Of be an ideal. Define

p(I) =#J C O |NmE(]) = I};

[ if lis unique with x(I) = —1 and v((I) odd;
sp(I) =

1 otherwise.

Important: p(I) = 0 if and only if I has at least one special prime.
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The formula

Let I C Of be an ideal. Define

p(I) = #J C OL | Nmg(]) = Ij;
[ if lis unique with x(I) = —1 and v((I) odd;
sp(l) =

1 otherwise.

Important: p(I) = 0 if and only if I has at least one special prime.
For i € {1,2}, let E; be an elliptic curve with CM by O; C K. Then by CM
theory, j(Ei) € Hj, with H; the Hilbert class field of K;. Say D; ¢ {—3, —4}.
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The formula

Let I C Of be an ideal. Define

p(I) =#J C O |NmE(]) = I};

sp(I) = [ if lis unique with x(I) = —1 and v((I) odd;
PV = 1 otherwise.

Important: p(I) = 0 if and only if I has at least one special prime.
For i € {1,2}, let E; be an elliptic curve with CM by O; C K. Then by CM
theory, j(Ei) € Hj, with H; the Hilbert class field of K;. Say D; ¢ {—3, —4}.

Theorem (Gross-Zagier, 1984)

Setting « = v /D and D = ( /D), the following equality holds:

log Nmg'"™2(j(E1) —j(E2)) = Y p(sp(e) ) (vep(o) (&) + 1) log Nm(sp(a)).

veD T
tr(v)=1
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Let D; = —7 and D, = —19. Then
Eriy?+xy=x>—x*—2x—1, j(E;) =-3%%
Eio:y?+y=x>—38x+90, j(Eyy) =213
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Let D; = —7 and D, = —19. Then
Eriy?+xy=x>—x*—2x—1, j(E;) =-3%%
Eio:y?+y=x>—38x+90, j(Eyy) =213

Ifve Dt and tr(v) = 1, then

x=v D:HT\@, where x> < D = 133 and x is odd.
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Let D; = —7 and D, = —19. Then
Eriy?+xy=x>—x*—2x—1, j(E;) =-3%%
Eo:y?+y=x>—38x+90, j(Eg)=—213%
Ifve Dt and tr(v) = 1, then

x4+ vD

ax=vVvD = 5 ,  where x?> < D = 133 and x is odd.

| X [ £1 [43[45] &7 [ £9 [ £11]
(D —x?)/4 3-11[3 [ 3 [3.7]13] 3
sp(o) 3 31 | 3 3 13 3
(Vsp(a) () +1)/2 1 1 2 1 1 1
p(sp(a)x) 2 1 1 2 1 1
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Let D; = —7 and D, = —19. Then

Eriy?+xy=x>—x*—2x—1, j(E;) =-3%%
Eio:y?+y=x>—38x+90, j(Eyy) =213

Ifve Dt and tr(v) = 1, then

x=v D:X+2\5, where x> < D = 133 and x is odd.

| X [ £1 [43[45] &7 [ £9 [ £11]
(D —x2)/4 3-11 (313 [3-7]13] 3
sp(o) 3 31 | 3 3 13 3
(Vsp(a) () +1)/2 1 1 2 1 1 1
p(sp(a)x) 2 1 1 2 1 1

Let’s check:

j(E7) —j(Eq9) = —3°5° + 2153% = 881361
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Let D; = —7 and D, = —19. Then

Eriy?+xy=x>—x*—2x—1, j(E;) =-3%%
Eio:y?+y=x>—38x+90, j(Eyy) =213

Ifve Dt and tr(v) = 1, then

x=v D:X+2\5, where x> < D = 133 and x is odd.

| X [ £1 [43[45] &7 [ £9 [ £11]
(D —x2)/4 3-11 (313 [3-7]13] 3
sp(o) 3 31 | 3 3 13 3
(Vsp(a) () +1)/2 1 1 2 1 1 1
p(sp(a)x) 2 1 1 2 1 1

Let’s check:

j(E7) —j(Eq9) = —3%5° +2193% = 881361 = 37 - 13 - 31.
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Zagier’s proof

First step is to rewrite the theorem as

logNmHlHZ (G(E1) —i(E2)) Z Z x(I) log Nm(I).

'VED;l A+ II(v)D
tr(v)=1
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Zagier’s proof

First step is to rewrite the theorem as

logNmHlHZ (G(E1) —i(E2)) Z Z x(I) log Nm(I).
veD M I(V)D
tr(v):l

This looks like the diagonal restriction of a weight k Hilbert Eisenstein series:

Eiy(z 2 k) = const + Z ( Z x(DNm(1)* 1>q

VE'DITLJr Il(v
tr(v)=n
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Zagier’s proof

First step is to rewrite the theorem as

logNmHlHZ (G(E1) —i(E2)) Z Z x(I) log Nm(I).
veD M I(V)D
tr(v):l

This looks like the diagonal restriction of a weight k Hilbert Eisenstein series:

Eiy(z 2 k) = const + Z ( Z x(DNm(1)* 1>q

VE'D;]'Jr Il(v
tr(v)=n

“One line proof:”

d
eho! (dsEl’X(Z’Z’ s)

s_0> € My(SLy(Z)) = {0}.

Its Fourier coefficients involve two terms, one for each side = equal.
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Shimura curves

Let B/Q be an indefinite quaternion algebra with disc(B) = N > 0. LetR C B

be a maximal order and let R; = {b € R* | Nm(b) = 1}. Choose a splitting
R — M, (R) to form

XN(C) =R\ TG

this is a Shimura curve, which is an algebraic curve /Q.
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Shimura curves

Let B/Q be an indefinite quaternion algebra with disc(B) = N > 0. LetR C B

be a maximal order and let R; = {b € R* | Nm(b) = 1}. Choose a splitting
R — M, (R) to form

XN(C) =R\ H;
this is a Shimura curve, which is an algebraic curve /Q.

Proposition

The Shimura curve Xy is of genus 0 if and only if N € {1, 6, 10, 22}.

Henceforth we fix N € {6, 10,22} and write N = pq. Let jn generate the
function field; this choice is not unique.
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Shimura curves

Let B/Q be an indefinite quaternion algebra with disc(B) = N > 0. LetR C B
be a maximal order and let R; = {b € R* | Nm(b) = 1}. Choose a splitting
R — M, (R) to form

XN(C) =R\ H;
this is a Shimura curve, which is an algebraic curve /Q.

Proposition

The Shimura curve Xy is of genus 0 if and only if N € {1, 6, 10, 22}.

Henceforth we fix N € {6, 10,22} and write N = pq. Let jn generate the
function field; this choice is not unique.

Let t1, 72 € H{ be CM points: fixed points in H of embeddings O; — R. These
exist when p and q are inert in both Kj.
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Shimura curves

Let B/Q be an indefinite quaternion algebra with disc(B) = N > 0. LetR C B
be a maximal order and let R; = {b € R* | Nm(b) = 1}. Choose a splitting
R — M, (R) to form

XN(C) =R\

this is a Shimura curve, which is an algebraic curve /Q.

Proposition

The Shimura curve Xy is of genus 0 if and only if N € {1, 6, 10, 22}.

Henceforth we fix N € {6, 10,22} and write N = pq. Let jn generate the
function field; this choice is not unique.

Let t1, 72 € H{ be CM points: fixed points in H of embeddings O; — R. These
exist when p and q are inert in both K;. We want to study

Nm (jn (1) — jn(T2)).

These numbers are algebraic by Shimura reciprocity.
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Cerednik-Drinfeld

The curve Xy has bad reduction at p and admits the following p-adic
uniformisation. Let B4/Q denote the definite quaternion algebra with
disc(B) = —q. Let Rq C B4 be a maximal order and consider the group

My =Rqll/plf ={b € Rq[1/p]* | Nm(b) = 1}.
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Cerednik-Drinfeld

The curve Xy has bad reduction at p and admits the following p-adic
uniformisation. Let B4/Q denote the definite quaternion algebra with
disc(B) = —q. Let Rq C B4 be a maximal order and consider the group

ry = Rq[1/ply ={b € Rq[1/p]* | Nm(b) = 1}.
Choose an embedding By — M>(Q,) and form the quotient
r}; \g{‘p/

where 3, = P1(C,,) \ P}(Q,) is the p-adic upper half plane.
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Cerednik-Drinfeld

The curve Xy has bad reduction at p and admits the following p-adic
uniformisation. Let B4/Q denote the definite quaternion algebra with
disc(B) = —q. Let Rq C B4 be a maximal order and consider the group

ry = Rq[1/ply ={b € Rq[1/p]* | Nm(b) = 1}.
Choose an embedding By — M>(Q,) and form the quotient
r}; \j{‘p/

where 3, = P1(C,,) \ P}(Q,) is the p-adic upper half plane.

Theorem (Cerednik-Drinfeld)

The quotient '} \ 3, as a rigid p-adic space is isomorphic to Xn (Cp).
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Cerednik-Drinfeld

The curve Xy has bad reduction at p and admits the following p-adic
uniformisation. Let B4/Q denote the definite quaternion algebra with
disc(B) = —q. Let Rq C B4 be a maximal order and consider the group

ry = Rq[1/ply ={b € Rq[1/p]* | Nm(b) = 1}.
Choose an embedding By — M>(Q,) and form the quotient
Ty A\ 3y,

where 3, = P1(C,,) \ P}(Q,) is the p-adic upper half plane.

Theorem (Cerednik-Drinfeld)

The quotient '} \ 3, as a rigid p-adic space is isomorphic to Xn (Cp).

Which functions on I'§ \ H,, correspond to jn on the other side?
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Theta functions

Let wi,w;, € J(,. Then consider the expression

zZ— YWy
O(wy,wy;z) = I I p—— Yy

—Ywz
Yery

If N € {6,10, 22}, this expression descends to a rigid analytic meromorphic
function on FE \ Hp, with divisor [wq] — [wy].
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Theta functions

Let wi,w;, € J(,. Then consider the expression

zZ— YWy
O(wy,wy;z) = I I p—— Yy

—Ywz
Yery

If N € {6,10, 22}, this expression descends to a rigid analytic meromorphic
function on FE \ H,, with divisor [wq] — [w,]. We obtain

O(w1, wo; z) = c(wy, wy) - M

- , for some c(wy,wW,) € C,,.
in(z) —in(wa) (w1, w2) P
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Theta functions

Let wi,w;, € J(,. Then consider the expression

z—ywi
zZ—ywy

O(w1, wy;z) = H

yery

If N € {6,10, 22}, this expression descends to a rigid analytic meromorphic
function on FE \ H,, with divisor [wq] — [w,]. We obtain

O(w1, wo; z) = c(wy, wy) - M

- , for some c(wy,wW,) € C,,.
in(z) —in(wa) (w1, w2) P

Now choose w; = 11 and w, = T7; its Galois conjugate. Because we don't
know c(71,7]), we opt to study instead

in(T2) —in(T1) in(Ts) —in(T]) _ H =Y T, — YT

in(T2) = in(Ty) in(Ty) —in(T) LT — YT T — YT
YETY
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The conjecture

One can p-adically approximate the quantity

’ ’

T2 —YT1 T, — YT
)= 11 o=
yery 2 172 1

and recognise it as an algebraic number.
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The conjecture

One can p-adically approximate the quantity

/ /

T2 —YT1 T, — YT

)= 11 o=
YETY 2 1°2 !
and recognise it as an algebraic number.

There are four ideals a of norm N = pq in Of; they come in two Gal(F/Q)
orbits. Assign one orbit 6(a) = +1, the other 6(a) = —1.
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The conjecture

One can p-adically approximate the quantity

Ty — YT Ty — YT,
TIPS [ A —

Ty — YT T, —vyT
VGF(?Z YT T, YT1

and recognise it as an algebraic number.
There are four ideals a of norm N = pq in Of; they come in two Gal(F/Q)
orbits. Assign one orbit 6(a) = +1, the other 6(a) = —1.

Conjecture (Giampietro, Darmon)

The expression
log ngle]‘g (T1,T2)

is up to sign given by the formula

> 8@ ) plsplaaaa™) (Vp(aty (xa!) + 1) logNm (sp(oa™)).

Nm(a)=N veD T
tr(v)=1
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Idea of the proof (1/2)

The prime p splits in F/Q and since x(p;) = —1, these primes are thus regular,
i.e. the Hecke polynomial of E;, has the two distinct roots £1.
We consider a p-stabilisation of the Hilbert Eisenstein series E;

EP) = (1 Vy)(1+ Vi)Ery.

This choice of signs ensures that E&) is a p-adic cusp form.
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Idea of the proof (1/2)

The prime p splits in F/Q and since x(p;) = —1, these primes are thus regular,
i.e. the Hecke polynomial of E;, has the two distinct roots £1.
We consider a p-stabilisation of the Hilbert Eisenstein series Eq y:

EP) = (1 Vy)(1+ Vi)Ery.

This choice of signs ensures that E&) is a p-adic cusp form.

We look for a cuspidal family of Hilbert modular forms through E&) ; then

d
eord <dsE&) (z,2,5)

0) € S,(R(N)) ~ 0.

s=

This approach mimics both Zagier’s proof and recent advances on rigid
meromorphic cocycles in RM theory by Darmon, Pozzi and Vonk.
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Idea of the proof (1/2)

The prime p splits in F/Q and since x(p;) = —1, these primes are thus regular,
i.e. the Hecke polynomial of E;, has the two distinct roots £1.
We consider a p-stabilisation of the Hilbert Eisenstein series Eq y:

EP) = (1 Vy)(1+ Vi)Ery.

This choice of signs ensures that Eg;) is a p-adic cusp form.
We look for a cuspidal family of Hilbert modular forms through E&) ; then

d
eord <dsE&) (z,2,5)

0) € S,(R(N)) ~ 0.

s=

This approach mimics both Zagier’s proof and recent advances on rigid
meromorphic cocycles in RM theory by Darmon, Pozzi and Vonk.

Complication: the s = O-specialisation does not vanish.

Solution: use a family in the anti-parallel weight direction, i.e. (1 —s,1+s).
Then the diagonal restriction is of constant weight 2.
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Idea of the proof (2/2)

Suppose the family has Fourier coefficients a (s) for v > 0. Then

d_p) d
an (dsELX(Z'Z'S)L—o = Z aav(s”s:o.

ve(Dila) T
tr(v)=n
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Idea of the proof (2/2)

Suppose the family has Fourier coefficients a (s) for v > 0. Then

d o) d
an (dsELX(Z'Z'S)L—o = Z EQV(SHS:O'

ve(Dylg)t
tr(v)=n

Compute the ordinary projection:

d
an (eord (dSES;) (z,2,8)

= lim a,,«.
s—O)) k—o0 np
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Idea of the proof (2/2)

Suppose the family has Fourier coefficients a (s) for v > 0. Then

d o) d
an (dsELX(Z'Z'S)L—o = Z EQV(SHS:O'

ve(Dylg)t
tr(v)=n

Compute the ordinary projection:

d
d (p) :
an (eor ( sElT; (z,2,8) . 0)) —khm Qppkt

Writing down families of p-adic cusp forms is hard. Idea:
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Idea of the proof (2/2)

Suppose the family has Fourier coefficients a (s) for v > 0. Then

d_p) d
an (dsELX(Z'Z'S)L—o = Z EQV(SHS:O'

ve(Dila) T
tr(v)=n

Compute the ordinary projection:

d
d (p) :
an (eor ( sElT; (z,2,8) . 0)) —khm Qppkt

Writing down families of p-adic cusp forms is hard. Idea:

@ Deform the associated Galois representation p = 1 @ x infinitesimally;
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Idea of the proof (2/2)

Suppose the family has Fourier coefficients a (s) for v > 0. Then

d_p) d
an (dsELX(Z'Z'S)L—o = Z EQV(SHS:O'

ve(Dylg)t
tr(v)=n
Compute the ordinary projection:

d
d (p) :
an (eor ( sElT; (z,2,8) . 0)) —khm Qppkt

Writing down families of p-adic cusp forms is hard. Idea:

@ Deform the associated Galois representation p = 1 @ x infinitesimally;
@ Show their modularity through an R = T theorem;
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Idea of the proof (2/2)

Suppose the family has Fourier coefficients a (s) for v > 0. Then

d d
an (dsELX(Z'Z'S)L—o = Z aav(s”s:o.

ve(Dila) T
tr(v)=n

Compute the ordinary projection:

d
ord (p) EET)
an (e (dsELX (z,2,8) s_())) = 1<h—I>I<}o Qppw-

Writing down families of p-adic cusp forms is hard. Idea:

@ Deform the associated Galois representation p = 1 @ x infinitesimally;
@ Show their modularity through an R = T theorem;

o Compute its Fourier coefficients a (€) for v > 0 and take the e-part.
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The deformation

Let p be the deformation of p = 1 @ x to GL,(Qy[€]) given by

1 P 0
ﬁ(T) < +g) Y — Xd)cyc ),

where ¢} is the p-adic cyclotomic character.
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The deformation

Let p be the deformation of p = 1 @ x to GL,(Qy[€]) given by

. 1+ (bcyc 0 )
T cyc 7
ple) = < 0 x—x¢y
where ¢} is the p-adic cyclotomic character.

Suppose that this deformation is modular. That would induce ¢ : T — Q,[€],
where T is Hida’s p-adic nearly ordinary Hecke algebra, generated by:
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The deformation

Let p be the deformation of p = 1 @ x to GL,(Qy[€]) given by

. 1+ (bcyc 0 )
T cyc 7
ple) = < 0 x—x¢y
where ¢} is the p-adic cyclotomic character.

Suppose that this deformation is modular. That would induce ¢ : T — Q,[€],
where T is Hida’s p-adic nearly ordinary Hecke algebra, generated by:

@ operators Tj, (I) for all primes | C Of prime to p;
@ operators U, for all uniformisers 7t a the places above p.
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The deformation

Let p be the deformation of p = 1 @ x to GL,(Qy[€]) given by

1+ ¢pce 0
p(1) = <+g> o Xd)cyc),

where ¢} is the p-adic cyclotomic character.
Suppose that this deformation is modular. That would induce ¢ : T — Q,[€],
where T is Hida’s p-adic nearly ordinary Hecke algebra, generated by:

@ operators Tj, (I) for all primes | C Of prime to p;
@ operators U, for all uniformisers 7t a the places above p.
We recover ¢ from

2 ifx() = 1;

@(Ty) = tr(p(Froby)) = {zlogp(Nm(I))e if x(1) = —1.

Further, note that

@({ONm(I)) = det(p(Frobi)) = x(I).
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Connection with the formula

We still have the essential recursion relation

TIn+1 = T[nT[ — <I>Nm(I)T[n71
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Connection with the formula

We still have the essential recursion relation
TIn+1 = T[n T[ — <I>Nm(I)T[n71 .

We can solve this:

0(Ti) = plI") + 3 (n + 1) (1~ X(1")) log, (Nm(1))e.
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Connection with the formula

We still have the essential recursion relation
TIn+1 = T[n T[ — <I>Nm(I)T[n71
We can solve this:
1
@(Tm) =p(I") + E(n +1) (1 —x()) log, (Nm(1))e.

Let ] C O be any ideal coprime to p. Then

1 n n
@(m—p(1)+2§]((n+1)(1—x(1 ))p(J/1)) log, (Nm(D)e.
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Connection with the formula

We still have the essential recursion relation
TIn+1 = T[n T[ — <I>Nm(I)T[n71
We can solve this:
1
@(Tm) = p(I™) + E(n +1)(1—x(M) log,,(Nm(l))e.

Let ] C O be any ideal coprime to p. Then

1 n n
@(m—p(1)+2§]((n+1)(1—x(1 ))p(J/1)) log, (Nm(D)e.

Key: if ] is primitive, then the e-part equals

p(sp(N]) (Vsp(y)(J) +1) log,, Nm (sp(])).
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Connection with the formula

We still have the essential recursion relation

TIn+1 = T[n T[ — <I>Nm(I)T[n71
We can solve this:

1
@(Tn) = p(I™) + E(n +1)(1—x(M) log,,(Nm(l))e.
Let ] C O be any ideal coprime to p. Then
1
(M) =o()+5 Y ((n+1(1—x(M)p(/m™)) log, (Nm(D)e.

™y

Key: if ] is primitive, then the e-part equals
p(sp(N]) (vep(y) (J) + 1) log,, Nm (sp(])).

The factor 1 —x(I™) = 0 unless 1 is a special prime of J, and if J/I™ still has
another special prime, p(J/I™) = 0. So we must have exactly one special prime.
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Contribution at p

The contribution at p is more subtle. Conceptually, one expects it to be
connected to a p-adic height pairing.
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Contribution at p

The contribution at p is more subtle. Conceptually, one expects it to be
connected to a p-adic height pairing. A paper by Werner shows that

/. ! !
O(t1, 714, T2) T —YT1 T, — YT
Il ! !
O(t1,11;T3) L T2 — YT T, — YT
'YErq

appears in the expression for such a height.

Mike Daas
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Contribution at p

The contribution at p is more subtle. Conceptually, one expects it to be
connected to a p-adic height pairing. A paper by Werner shows that
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appears in the expression for such a height. Doing the computation, we find:

Theorem (D., 2023)

The expression
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is up to sign given by the formula
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tr(v)=1
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Contribution at p
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appears in the expression for such a height. Doing the computation, we find:

Theorem (D., 2023)

The expression

log Nmgy'"2J (11, 72)
is up to sign given by the formula
> 8@ Y plsplaa)aa ) (Vep(aat)(a ) + 1) log Nm (sp(oxa ).

Nm(a)=N \,QDF—LJr
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CM-values of p-adic ©-functions: https://arxiv.org/abs/2309.17251.
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