A system of m polynomial equations in n variables: f1(x1, x2, . . . , xn) = 0 f2(x1, x2, . . . , xn) = 0 . fm(x1, x2, . . . , xn) = 0 The fi are polynomials with integer coefficients.

Example:

x2 + ax + b = 0, with a and b integers.

Another example: x2 + y2 = 1.

Here we have infinitely many solutions, even in the rational numbers.

A field is a set F , given with two operations on it: +: F × F → F, and: ·: F × F → F, and two distinct elements in F called 0 and 1, such that:

1. for all x, y and z in F we have (x+y)+z = x + (y + z), 2. for all x and y in F we have y + x = x + y, 3. for all x in F we have x + 0 = x, 4. for all x in F there exists a y in F such that x + y = 0, 5. for all x, y and z in F we have (xy)z = x(yz), 6. for all x and y in F we have yx = xy, 7. for all x in F we have x·1 = x, 8. for all non-zero x in F there exists a y in F such that xy = 1, 9. for all x, y and z in F we have x(y + z) = xy + xz,

Some examples of fields:

Q, the rational numbers, R, the real numbers, C, the complex numbers, the field of R-valued rational functions on R, meromorphic functions, the field F2 = {0, 1}, where 1 + 1 = 0.

For n ≥ 1 a positive integer, Z/nZ := {0, 1, 2, . . . , n−1}, with the operations:

a + b = a + b mod n, a · b = ab mod n. Z/nZ is a field if and only if n is prime.

For p a prime number, Fp will denote the field Z/pZ.

The classification of finite fields:

1. the number of elements of a finite field is of the form pr, with p a prime number;

2. for each prime number p and each r ≥ 1 there exists a field with pr elements;

3. two finite fields with the same number of elements are isomorphic.

The field with pr elements will de denoted Fpr.

Example:

F_4 = {0, 1, z, 1 + z} with 1 + 1 = 0, z + z = 0 and z2 = 1 + z.

Another example: F9 is the set of a + bi, with a and b in F3, and i2 = −1.

In Fpr we have p = 0.

For S a system of equations as in the beginning, we define, for p prime and r ≥ 1:

NS(p, r) is the number of solutions of S in Fpr.

Riemann’s zeta function: ζ(s) = ∑ n≥1 1 ns = ∏ p 1 1 − 1p_s , for real s > 1 (or complex s with ℜ(s) > 1).

ζ extends to an analytic function on C − {1}. This continuation satisfies the functional equation: π−s/2�(s/2)ζ(s) = π−(1−s)/2�((1−s)/2)ζ(1−s).

For S a system of polynomial equations with integer coefficients, we define:

ζS(s) = exp ∑ p,r NS(p, r) r p−rs . This makes sense for complex s with ℜ(s) > n+1, where n is the number of variables in S.

Using that:

− log(1 − x) = x + x2 2 + x3 3 + · · · , one sees that ζS is Riemann’s zeta function if (and, in fact, only if) NS(p, r) = 1 for all p and r.

By the definition of ζS, we have: ζS(s) = ∏ p ζS,p(s), where the product runs over all prime numbers, and the ζS,p are defined by: ζS,p(s) = exp ∑ r≥1 NS(p, r) r p−rs . The ζS,p have a geometrical interpretation.

The geometrical object is:

XS,p, the set of solutions of S in Fp∞, together with the map: f: XS,p → XS,p given by: f(x1, x2, . . . , xn) = (xp1, xp2, . . . , xpn).

NS(p, r) is the number of elements x of XS,p with f r(x) = x.

Some explanation:

Let x and y be elements of a field in which p = 0; then one has (x + y)p = xp + yp.

For an integer a, considered as an element of a field in which p = 0, we have:

ap = (1+1+· · ·+1)p = (1p+1p+· · ·+1p) = a.

F_pr is the set of x in F_p∞ satisfying x^{pr} = x.

(fi(x1, x2, . . . , xn))p = fi(xp1, xp2, . . . , xpn),

Lefschetz’s fixed point formula:

For X a compact complex manifold and f: X → X differentiable, we have: |{x ∈ X | f(x) = x}| = dim(X) ∑ i=0 (−1)itr(f ∗|Hi(X)), provided the fixed points are non-degenerate.