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The aim of this seminar is to present an alternative characterization of open immersions in the category
of schemes. The results we present here are classical (1967), but are the starting point to generalize the
concept of schemes.

Our ultimate goal is to present part of the proof of this theorem. All the terms used will be explained
shortly.

Theorem 1 ([Gro67], IV.17.9.1). Let f : X — Y be a map of schemes. The three following properties
are equivalent:

i) fis an open immersion,
i) fis an étale monomorphism,

iii) fis a flat monomorphism, locally of finite presentation.

Due to lack of time and usage of non-trivial theorems in the proof, we won’t be able to show the full
proof of it.

The statement of the theorem may seem totally obscure at first sight. We want to stress out the fact
that a purely “geometrical” notion (open immersion) is proved equivalent to other notions which can be
described via the functor on rings represented by a scheme.

1 Some basic properties of morphisms of schemes

We now try to make all the notions involved in the theorem clear to the reader. We start by analysing
the concept of open immersions. Let X be a scheme and let U be an open subset of X. We can put a
scheme structure on U considering the structure sheaf of X and restricting it to U. Indeed, because U
is open, any open subset of U is also an open subset of X. We can hence define without any problem
Oy (V) := Ox (V) for any open subspace V of U. We will denote this structure sheaf Ox|y.

Remark 2. (U,Ox|y) is a scheme.

We will call U an open subscheme of X. We obviously want the inclusion U — X to be an open
immersion. The definition of open immersions is then naturally obtained.

Definition 1. A morphism Y — X of schemes is an open immersion if and only if it induces an
isomorphism of Y with an open subscheme of X.

From now on, we will often consider open immersions as being open inclusions. This is not restrictive,
because in order to consider the general case it suffices to compose with an isomorphism, and isomorphisms
have all properties we will define.

We have now to define all the categorical notions which appear in the main theorem.

Definition 2. Let f be an arrow in Hom(Y, Z) for any category C. f is a monomorphism if Hom(X, f)
is injective for any X. Explicitly, f is a monomorphism if and only if for any object X and any couple
of arrows h,k in Hom(X,Y) we get

foh=fok < h=k

and this is why we can briefly say that f is a monomorphism if and only if it can be “cancelled on the
left”.



Note that in case of Set, an arrow is a monomorphism if and only if it is an injection. When we add
further structure, being set-wise injective may not be sufficient in order to be a monomorphism. This is,
for example, the case of Sch. Consider for example the diagram:

Speck’ ® k' —= Spec k' —— Speck

where k — k' is a proper inclusion of fields, and the two parallel maps are induced by the two maps
k' = k'@, k’. We conclude that Spec k¥’ — Spec k is not a monomorphism, despite the fact that it induces
an identity on topological spaces.

Proposition 3. An open immersion is a monomorphism.

Proof. Clear. O

Definition 3. A morphism X — Y of schemes is locally of finite presentation if for any x € X there
exists an open affine neighbourhood f(x) € V = Spec A and an open affine neighbourhood x € U =
Spec B C f=1(V) such that the induced map A — B is of finite presentation.

The fact that this property is closed under composition is not entirely trivial.

Proposition 4. Let f: X — Y and g: Y — Z be morphisms locally of finite presentation. Then gf is
locally of finite presentation.

Proof. Fix x € X. By hypothesis, we can choose open subschemes € SpecC C X, f(z) € Spec B C Y,
f(z) € SpecB' C Y, gf(x) € SpecA C Z such that f(SpecC) C SpecB and B — C is of finite
presentation, g(Spec B') C Spec A and A — B’ is of finite presentation. Let now V' = Spec B, C Spec B,
and U = f~1(V). We have f~'(V) = SpecC Xspec B Spec B, = Spec(C ®@p Bj), and C ®@p B} is a
By-algebra of finite presentation. Because B, = B'[z]/(xg — 1) is a B’-algebra of finite presentation, and
B’ is a A-algebra of finite presentation, we conclude that C ®p B; is a A-algebra of finite presentation.
Hence we can choose x € Spec(C ®p By) = U and gf(z) € Spec A = V as open affine neighbourhoods
that satisfy the requirements of the definition. O

Proposition 5. An open immersion is locally of finite presentation.

Proof. In case of an open inclusion, the local morphism can be chosen to be identities of affine schemes,
and the identity obviously defines a morphism of finite presentation. Since isomorphisms are of finite
presentation, and because this property is closed under composition, we obtain the general case for open
immersions. O

There are other characterizations of morphisms that are locally of finite presentation, which are equally
important.

Proposition 6. Let f : X — Y a morphism of schemes. The following are equivalent
(i) f is locally of finite presentation.

(i) There exists a covering of affine open subschemes {Spec A; — Y} of Y and affine open coverings
{Spec B;; — f~'(Spec A;)} of each inverse image of Spec A; such that the induced morphisms of
rings A; — B;; are of finite presentation.

(iii) Fon any open affine subscheme W = Spec C' of Y, there exists an affine open covering {Spec B;} of
f~Y (W) such that each induced map C — D; is of finite presentation.

Proof. The implications (i4) = (i) and (#i7) = (i7) are clear. Now suppose (i), and consider an open
affine subscheme W = SpecC of Y. Let x be in f~1(W), and let U,V be as in the definition. Consider
now another affine neighbourhood V' = SpecC, of f(z) such that V.C W NV, and the open affine
neighbourhood of z defined as U = f~(V) = Spec(B®4 C,). Consider now the map of rings C — C, —
B ®4 Cy. Being the composite of two maps of finite presentation, it is of finite presentation. If we now
consider the collection of opens U as = runs in the set f~!(W), we obtain an open covering {Spec B;} of
it, and by construction all maps C' — B; are of finite presentation. This proves (iii), hence the claim. [

Definition 4. A morphism X — Y of schemes is flat if for any x € X the induced map of rings
Oy)f(w) — Ox 5 is flat.



Proposition 7. An open immersion is flat.

Proof. In case of an inclusion, the morphisms at stalks are identities, and the identity obviously defines a
flat morphism. Because isomorphisms are flat, and the composition of flat morphisms is flat, we conclude
the general statement. O

Definition 5. A morphism X — Y of schemes is formally étale if for any affine scheme Spec A and and
any closed subscheme Spec A/I such that I* = 0 for some k, the map induced by the closed immersion
i:Spec A/T — Spec A:

Homy (Spec A, X) — Homy (Spec A/I, X)

is bijective. Equivalently, [ is formally étale if for any commutative square

SpecA/Ig—>

| 2.7 lf

Spec A ——Y

where I is a nilpotent ideal, there exists a unique lift Spec A — X (the dotted map in the diagram).
Proposition 8. An open immersion is formally étale.

Proof. Let’s focus on the diagram, where now X — Y is an open inclusion. Because I* = 0, we have
I C 1/0, hence the map i is an identity on the topological spaces underneath. As topological spaces then,
by the commutativity of the diagram, we have g = h and the lifting map is g itself. There is one only map
that we can define Oy — h.(Ospec a) so that it commutes with the diagram. This is the map induced
by the equalities and maps

Olu(VNU) =0x(VNU)) = (hOspec a)(V NU) = (9+Ospec a)(V N U)

for any open subset V of X.
Since composition of formally étale morphism is formally étale, and since isomorphisms are obviously
formally étale, we conclude the proof for arbitrary open immersions. O

Note that in order to prove this proposition, we have only used the fact that I C v/0, and not the
stronger hypothesis that [ is nilpotent.

Note also that in the definition we can replace the condition I* = 0 with the weaker I? = 0. Indeed,
in that case the general statement can be proved using as test affine schemes Spec A/I* < Spec A/I*+!
and composing.

The fundamental property of formally étale morphisms is to preserve the K&hler differential bundle.
We can’t describe this property with all the details. We reduce ourselves to observe something related to
the tangent bundle over a scheme.

Let’s see what is implied by the condition in the definition in case we consider A = kle] := k[t]/(t?),
I = (¢) = (t) and two schemes X and Y over Spec k. We obtain Spec A/I = Spec k. To give a map g from
Spec k to X is equivalent to choose a point in X and an inclusion map k(z) — k. Indeed, the topological
space associated to Speck is constituted by just one point 0. Let x be its image in X. The map at stalks
g* : Ox. — k is a local morphism, hence induces a morphism of fields k(z) = Ox ,/m, — k. If we
add the further condition to be a morphism over k, then from the identity splitting k — k(x) — k, we
conclude that the point x is k-rational, i.e. is such that k(z) = k.

On the other hand, to give a map h over Speck from Speckle] to YV is equivalent to give a k-
rational point € X, and an element of the dual of the k-space m,/m2. Indeed, the topological space
associated to Speck[e] is again one point (¢). Call y the image of this point in Y. Again by the maps
k — k(y) — k(¢) = k, we conclude that y is k-rational. The map at stalks Oy, — kle] is local, hence if
we restrict it to m, we get a map m, — () such that m> — 0. We end up with a morphism of k-algebras
m, /m? — (&), which is equivalent to a map of k-vector spaces m, /m? — k 2 (), hence to an element ¢ of
the dual of m,/ mi. It is easy to show that, viceversa, such a couple y,t¢ determines uniquely a morphism
over k from Speckle] to Y (cfr. [Har77|, Ex.I1.2.8).

The dual space of m,/m?2 is called the Zariski tangent space and denoted T, because it is isomorphic
to the k-vector space of the derivations at x.



Now let f: X — Y a formally étale morphism of schemes over k, where we consider in the definition
only morphisms over k. The commutative square

Spec A/I L s x

] if

Spec A Y

is then equivalent to a choice of a k-rational point € X and a vector ¢ in the tangent space of f(x).
The existence of the dotted arrow means that ¢ can be lifted to a tangent vector at x, and the uniqueness
means that ¢ can be lifted uniquely to a tangent vector at z, i.e. that the map induced by f between the
two tangent spaces T, — T () is indeed bijective.

Definition 6. A morphism X — Y of schemes is étale if it is locally of finite presentation and formally
étale.

Proposition 9. An open immersion is étale.

Proof. Clear by Propositions 5 and 8. O

2 Direct limits

We have promised to give a totally categorical characterisation of our definitions. Indeed, this can be
done for morphism which are locally of finite presentation, as we will show in the next section. We start
by introducing the concept of a direct limit and its basic properties.

Let Z and C be two categories. We denote by C? the category of functors form Z to C. Given an
object X of C, we can define a functor AX : 7 — C such that AX (i) = X and AX(f) = idx for all
objects i and all arrows f in Z. We can define a functor A : C — C* that associates to each object cX
the constant functor AX and to each arrow the obvious natural transformation. Suppose there exists a
functor colim : C* — C which is a left adjoint of A. We will say that C has all colimits indexed by Z,
and for any F € C%, we will call the object colim F' € C the colimit of F. Observe that the colimit of a
functor has the adjointess property:

Homez (F, AX) = Home/(colim F, X) (1)

for any X € C, and the isomorphisms are functorial. In particular, the functor colim is right exact,
hence it commutes with quotients, cokernels, disjoint unions etc. (indeed, with any other colimit [ML98§],
Theorem V.5.1).

In general, the colimit of a functor F' : Z — C is an object X of C and a natural transformation
n: F — AC such that the couple (C,n) is the initial object in the comma category (F | A).

These definitions are definitely too obscure to be understandable without any further comments.
Hence, we want now to give a better idea of the notion of a colimit, restricting ourselves to the case of
direct limits (which are special colimits).

Definition 7. Let I be a preordered set such that every couple of elements has an upper bound. Let
also {A;, fi;} be a collection of objects A; in a category C, indexed by elements of I together with arrows
fij + Ai — Aj indexed by couples (i,7) € I? with i < j such that:

1. fiy =ida,,
2. fix = firo fij for alli < j<k.

We will call this data a direct system. The direct limit of a direct system is an object li_n)lieI A; of C,
equipped with a collection of morphisms p; : A; — hLQZ I A; which is universal with respect to the property
wi = @jo fi; for all i < j. This means that for any other object B and any collection of morphisms
v+ Ay — B such that ¢; = ;o fi; for any i < j, then all the morphisms 1; factor through the ¢; via a



UNique map li_n)1iel A; — B independent on j, as pictured below

Pi 13 .
A —> hmie ! A;

fijl V 3!
oy \

A — >
This definition is consistent with the previous one. It suffices to consider the data F' := {A;, fi;} as
a functor from the poset category I to C. The collection {p;} is nothing but the natural transformation
of functors F' — Ali_r)nl_el A; that corresponds to the identity via the isomorphism (1). Note that,
because it is defined through a universal property, the direct limit is uniquely determined, up to a unique
isomorphism.

Proposition 10. The categories of sets, of A-modules, of rings and the category of A-algebras have direct
limits. The direct limit functor on A-modules is exact.

Proof. The category of rings is the category of Z-algebras, so we can reduce the proof for rings to the
proof of A-algebras. The construction we will make in this case is also valid for the category of sets or
A-modules, forgetting the additional structure. Let {A;} a direct system of A-algebras. Consider the
set L := [[, A;/ ~ where ~ is the equivalence relation defined as: A; 3 z; ~ x; € A; if and only if
there exists a k > 4, such that f;;(x;) = fjr(xr). It is easy to show that ~ is well defined and is an
equivalence relation. We can define also a ring structure via [z;] + [y;] = [zrys], [z:][y;] = [zryr] where
k>1i,7, zr, = fir(z;) and yx = fjr(y;). There exists a ring morphism A — L that can be defined as the
composite A — A; — L, independent by the choice of i. So L has the structure of a A-algebra. We also
have A-morphisms A; — L, z; — [z;]. We are left to prove the universal property. Let B be an A-algebra
and let v; : A; — B compatible with the f;;’s. In order to define a morphism L — B that commutes
with the base of the direct set, the element [2;] € L must be mapped into ;(z;). We then have to prove
that this definition is well posed and is a morphism of A-algebras, but this is straightforward.

Let’s now turn to the exactness property in the cateogry of A-modules. Because of the adjointness
property, we are left to prove that the direct limit is left exact. Being in an abelian category, it suffices
to prove it preserves injections. Let {a; : A; — B;} be a collection injective maps between two direct
systems {A;, fi;}, {Bi,gi;} indexed by I, which are compatible with the maps f;;, g;;. By universal
property, there is an induced map « : lim, _ A; — lim, _ B, [2;] — [ci(x;)]. Suppose afz;] = 0. This
means that there exists a k& > i such that (g;x o o;)(x;) = 0. Because of the compatibility conditions,
we have (g o fir)(z;) = (gix © ;) (x;) = 0. By the injectivity of the «;’s we deduce fir(z;) = 0, hence

We remark that the preservation of surjections can be proved using a similar, explicit argument. [

Before proceeding, we will make some examples of direct limits.

Example 1. Any A-algebra B is the direct limit of its finitely generated sub-A-algebras B;. In particular,
Q =limZ[2].

Proof. We obviously imply that the transition maps are inclusion, and the fact that they form a direct
system is straightforward by the inclusion A[by,...,b,] U A[bns1, -+, bntm] C A[b1, ..., bpim]. The set
of inclusion maps in B induces a map lim B; — B. This map is injective, because of its definition [b] — b,
then b € A[b]. The map is also surjective. Let b € B, it is the image of [b] which is an element of the
direct limit, being b € A[b].

As for the last statement, recall that any subring Z[%, e di] of @ which is finitely generated over
Z is equal to Z[z ] O

In general, an A-algebra B is not the direct limit of its sub-A-algebras of finite type, because in
general A[b] is not of finite type. Through a similar proof, it can be shown that the limit in this case is
the algebraic closure of A in B.

Example 2. Let A be a ring and p a prime ideal. A, is the direct limit of the rings Ay with f ¢ p, with
respect to the natural maps Ay — A, induced whenever g € \/fA. In particular, Q = h_n}12[%]

Example 3. As a set, Spec(A) is the colimit of the system formed by {Hom(A, K)} as K runs through
fields and where transition maps are induced by inclusion of fields. This is not a direct system, but the
colimit still exists.



3 Characterisation of morphisms locally of finite presentation

We are finally ready to prove an alternative characterisation of A-algebras of finite presentation, using
the categorical notions such as commutation with colimits.

Proposition 11. Let B a A-algebra. It is of finite presentation if and only if the functor Homa(B,-)
from A-algebras to sets commutes with direct limits. Explicitly, B is of fine presentation if and only if
for any direct system {C;, f;;}, the natural map

lim Hom (B, C;) — Homu (B, lim C;)
iel iel

is a bijection.

We want to comment briefly how the natural map in the definition is constructed. By universal
property, in order to define a map from a direct limit it is sufficient (and necessary) to define maps from
each component of the direct set which are compatible with the transition maps. In this case, these are
the maps Homu (B, C;) — Hom (B, lii>nieI C;) induced by composition with the maps C; — hLRlZ C;.

Let’s start with a lemma, which is nothing but the first half of the proposition.

el

Lemma 12. Let B a A-algebra of finite presentation. Then the functor Homa (B, -) from A-algebras to
sets commutes with direct limits.

Proof. Let {C}, fi;} be a direct system of A-algebras. Any A-algebra B of finite presentation is isomorphic
to Alz1,...,zn)/(p1,--.,Pm). In particular, giving a map B — lim C; is equivalent to give an n-tuple
of elements [¢;],...,[c,] such that p;([e1],....[cn]) = O for all 4,5. We can set an index ¢ such that
all the representatives ¢; are in C; (now I'm using the finite generation property). Because of the A-
algebra structure defined on the limit, we have then 0 = p;([c1],...,[cn]) = [pj(c1,...,cn)]. Hence each
pj(ci,...,¢y) is zero at some level. Now let k be an index such that fir(pj(c1,...,¢n)) = 0 for all j
(now I'm using the finite presentation property). Because the transition maps are A-morphisms, we
conclude that p;(fix(c1),. .., fit(cn)) = 0. By definition of B then, we can define a unique map B — C},
which is represented by the n-tuple (fix(c1),.-., fix(cn)), hence an element of h—n>1iel Hom 4 (B, C;). This
splitting is unique. Indeed, let [f],[g] two elements in the direct limit splitting the same map. We can
assume that they are represented by two maps fx, gr in Hom(B, Cy), i.e. by two n-tuples (x5 1,...,%k.n),
(Yk,1,-- -+ Ykn) Of elements in Cj such that they are zeroes of the m polynomials. Because they both
split the map to the direct limit, we get that each [xy ;] is equal to [y ;], hence there exists an index r in
which the two n-tuples coincide. This means that f, = g,, and so [f] = [g]. O

Note that in order to prove the injectivity of the map, we only used the fact that B is finitely generated.
Before proving the other half of our statement, let’s see some applications of what we just proved.

Example 4. Q is not finitely presented.

Proof. We already know that Q is not even finitely generated because each of its finitely generated
subring is cyclic. Let’s use our alternative condition to show another proof of this fact. As already
shown, Q = @Z[%] with respect to the inclusion maps Z[%] — Z[%] defined by the universal property
of localization. Suppose Q is finitely presented. The the identity map idg € Hom(Q, Q) should split at
some level Q — Z[+] < Q. By universal property though, there could be no Z-linear map from Q to
Z[L1] because this is not a field. We end up with a contradiction. O

Now let’s see an example which shows that being finitely generated is not sufficient.

Example 5. Z is not finitely presented as a A-algebra where A = Z[x;);cn, with respect to the structure
induced by x; — 0.

Proof. Again, this statement is obvious by the fact that the kernel of the morphism is not a finitely
generated ideal, and being of finite presentation does not depend on the presentation given. Let’s see
another proof of that, using our last lemma. We claim that L :=lim A/(z;)i<n = Z. Indeed, we have
by universal property a map L — Z which is obviously surjective. Now let [f(xn11,...,Zn+n)] be
in the kernel of the map, where f € A/(x;)i<ny. It means that has zero as the constant factor. Then
f is mapped to zero through the projection to A/(x;)i<n+m, hence [f] = 0. Now if Z were of finite



presentation, then the identity map idz € Hom(Z,Z) would split through Z — A/(z;)i<n — Z for some
n, but this is absurd. Indeed, there could be no A-linear map from Z to A/(x;)i<n because, for example,
Zn+1 18 zero in Z but non-zero in A/(x;)i<n. O

The tricks seen in these two counterexamples are the model by which the other part of the proposition
can be finally proved.

Proof of Prop.11. This proof is split into two parts: we will show initially that a A-algebra B that
satisfies the commutativity condition has to be finitely generated, then we will show that the kernel of
the presentation is finitely generated as well. By Example 1, we know that B can be expressed as the
direct limit of its finitely generated sub-A-algebras. By hypothesis then, there exists a splitting of the
identity map idg € Homa (B, B) in B — Alby,...,b,] — B, where A[by,...,b,] is a finitely generated
sub-A-algebra of B. We conclude that the inclusion map A[by,...,b,] < B is surjective, hence an
identity. B is finitely generated.

Let I be the kernel of a presentation A[x] := Alz,...,z,] — B. Again by Exercise 1, it is the
direct limit of its finitely generated sub-A-algebras {I;}. Because the direct limit is right exact (by
the adjointness property for example), we can conclude that B is the direct limit of the direct system
{Alz])/I;,pij: Alz]/I; — Alz]/I;}. In particular, the identity map of B splits B — A[z]|/I; — B for some
index i. Let’s give a name to all the maps involved. We will let g; be the induced map g; : B — Alz]/I;,
and we will refer to the projections with the following notations p; : Alz]/I; — B, 7 : A — B and
m; ¢« Alz] — Alz]/I;. We know that m = p;m; for any ¢, and that pgp;r = p; for all k& > i. In particular,
calling g the map p;rg; for any index k > i, we have another splitting of the identity idp = prgr : B —

The map we obtain composing g;m needs not to be the same projection map ;. However, claim that
there exists a suitable index k > ¢ such that the map gx7 is indeed the same projection map ;. Because
pigi = idp, we know that p;(g;p;m; —m;)(x;) = 0 for all j = 1,...,n. Because there are just finitely many
Jj’s, we can hence suppose that all the elements (g;p;m; — 7;)(z;) lie in I, /I; for some index k > i. This
is equivalent to say that the two maps p;rg;pim; = gxpr and m;pm; = 7 are indeed the same map, as
claimed. Now we can write a commutative square

Alz] ——B

Alz] — Alz)/I,,

9k

that fits into the following commutative diagram, in which the dotted arrow is induced by the universal
property of the kernel.

0 I Alz] B 0
V |

0 If Alz] Alz]/I, —=0

0 I Alz] B 0

We obtain then the following diagram

0 I B

0

in which the map I — I must be an isomorphism. The injection I, — I must then be also surjective,
hence it is an identity. We conclude that B is of finite presentation. O

We denote by hx the functor on rings represented by a scheme X, i.e. hx(A) := Hom(Spec A4, X).
We will use the same symbol in case we consider schemes over Y.



Corollary 13. Let f be a morphism of schemes f : Spec B — Y. Let also (Spec | Y) be the category of
rings A and maps Spec A — Y, where an arrow is a morphism of rings A — B that induces a morphism
of schemes Spec B — Spec A over Y. Then f is locally of finite presentation provided that the functor
hspec Bl(Spec|y) commutes with direct limits. Explicitly, f is locally of finite presentation if for any direct
system {C;, fi;} of rings over Y, the natural map

lim Homy (Spec C;, Spec B) — Homy (Spec(lim C;), Spec B)
iel iel

is a bijection.

Proof. Being locally of finite presentation is local on Y, so we can suppose that Y is affine. In this case,
the corollary follows from Proposition 11. O

The previous result is indeed a special case of a more general one, which we are not able to prove. It
gives a fully categorical characterisation of locally of finite presentation morphisms of schemes.

Theorem 14 ([Gro66], 1V.8.14.2). Let f be a morphism of schemes f : X — Y. Let also (Spec | Y)
be the category of rings A and maps Spec A — Y, where an arrow is a morphism of rings A — B that
induces a morphism of schemes Spec B — Spec A over Y. f is locally of finite presentation if and only if
the functor hx|(spec|y) commutes with direct limits. Ezplicitly, f is locally of finite presentation if and
only if for any direct system {C;, fi;} of rings over Y, the natural map

lim Homy (Spec C;, X) — Homy (Spec(lim C;), X)
iel el

is a bijection.

4 Back to the theorem

The link between the last conditions of the main theorem is a classical result of Grothendieck.

Theorem 15 ([Gro67], IV.17.6.2). A morphism f : X — Y is étale if and only if it is flat, unramified
([Gro67], IV.17.3.1) and locally of finite presentation.

This characterisation is more helpful in order to prove the implication (i) = (). We are not able to
show it completely, but we can give a sketch of part of it. We will show how to prove that a flat locally
of finite presentation map is open.

Theorem 16. Let f : X — Y be a flat monomorphism locally of finite presentation. Then it is a
homoeomorphism onto its image.

Sketch of Proof. Monomorphisms are injective, so we are left to prove that such a map is open. Being
open is a local property on X and Y, so we can think of them as affine schemes, let’s say X = Spec B,
Y = Spec A. Fix a point = q of X and its image f(z) = p in Y. Consider the flat local map induced
at stalks Oy, = A, — Ox , = By. We claim that it induces a surjective map on spectra, i.e. every ideal
in A, is a contracted ideal. Let a be an ideal of A,. Consider the map of A,-modules

Ap/a— Apy/a®a, Bq = Bq/aBy, z—x® 1.

Let K be its kernel. We have K = a°“/a. In order to prove that a is contracted, is then sufficient to
prove that K = 0. Because of the flatness property, we obtain the exact sequence

0—>K®Ap B_)Ap/a®Ap Bq _>Ap/a®AF Bq ®AP Bq

but the last map is an injection, hence K ® 4, By = 0. We claim that this implies K = 0. Indeed, suppose
there exists 0 # 2 € K, and consider the sub-A,-module A,z. Because of the flatness property, we have
that Ayx ®4, By — K ®4, By is still an injection. Then can just prove that A,z ® 4, By can’t be zero.
But this module is B,/ Ann(z)®, and because Ann(z) C pA,, (pA4,)° C qB,, we can conclude that is not
zero. Hence we finally proved that the map of spectra is surjective.

As a topological space, Spec By is the intersection of all open neighbourhoods of z, and similarly
Spec A, is the intersection of all open neighbourhoods of f(z). Indeed, Spec A, = {p’ € Spec A : p’ C



Pt =Nggp{p’ 19 ¢ '} =(Nygp D(9). We have then proved that the intersection of all open sets containing
f(z) is contained in all the images of open sets containing x. We claim that this implies that f(x) is
in the interior of f(U) for any open neighbourhood U of x, hence that the map is open at z. Fix an
affine open neighbourhood U of x. Because f is locally of finite presentation, by Chevalley Theorem and
by [Gro64], 1.1.9.5 (viii)-(ix), we can conclude that there exists a map SpecC — Y such that its image
is Y\ f(U). Because Spec A, lies inside f(U), we conclude that Spec A, Xy SpecC = Spec A, ®4 C
is empty. This means 0 = Spec A, ®4 C = (@ggp Agy) ®4 C. Because tensor products commute with

colimits (left adjointness), we conclude li_n>10 QEp(Ag ®4 C) = 0. But if a direct limit of A algebras is zero

then [0] = [1], hence one of the elements in the direct system is zero. We conclude that there exists a
g ¢ p such that (A, ®4 C) = 0, which means that Spec A, = D(g) is included in f(U). O

The monomorphism hypothesis has a central role in proving that such a map is indeed an open
immersion, and not just a homeomorphism on its image.
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