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Abstract. In these notes we will first define projective modules and prove

some standard properties of those modules. Then we will classify finitely
generated projective modules over Dedekind domains

Remark 0.1. All rings will be commutative with 1.

1. Projective modules

Definition 1.1. Let R be a ring and let M be an R-module. Then M is called
projective if for all surjections p : N → N ′ and a map f : M → N ′ there is a map
g : M → N such that p ◦ g = f . In a diagram:

N
p

// N ′ // 0

M

∃g

``BBBBBBBB
f

OO

Remark 1.2. Let 0 → N ′ → N → N ′′ → 0 be an exact sequence of R-modules.
Let M be an R-module. Then we can look at the following sequence:

0 // Hom(M,N ′) // Hom(M,N) // Hom(M,N ′′) // 0

One can easily show that this sequence is already exact on the left (see [AT],
Proposition 2.9ii). Then by definition we see that M is projective iff the functor
Hom(M,−) is exact.

Lemma 1.3. Let R be a ring and let M be an R-module. Then M is projective iff
all exact sequences 0→ N → N ′ →M → 0 split.

Proof. =⇒ : Suppose we are given an exact sequence 0 → N → N ′ → M → 0.
Consider the following diagram:

N ′ // M // 0

M

∃g

aaBBBBBBBB
id

OO

The map g gives a required splitting.
⇐=: Suppose we are given the following diagram with exact rows:

N
f

// N ′ // 0

M

g

OO

1
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Now let S = {(x, y) ∈ N ⊕ M : f(x) = g(y)} ⊂ N ⊕ M . Notice that S is a
submodule, which comes with projections p1 : S → N and p2 : S → M . Notice
that since f is surjective, the map p2 is surjective. So we have the following exact
diagram:

0 // ker(p2) // S
p2 // M // 0

Hence we obtain a splitting h : M → S with p2 ◦ h = IdM . By construction of S
we have f ◦ p1 = g ◦ p2. We have the following diagram:

N
f

// N ′ // 0

S

p1

OO

p2
))
M

h

ii

g

OO

We now claim that p1 ◦ h : M → N is the required map. Indeed:

f ◦ p1 ◦ h = g ◦ p2 ◦ h
= g

�

Theorem 1.4. Let M be an R-module. Then M is projective iff there exists an
R-module N and some set I such that M ⊕N ∼= R(I) (M is a free summand).

Proof. =⇒ : Suppose that M is projective and let S be the free R-module with
basis em for m ∈M . Consider the map

ϕ : S → M

em 7→ m

Hence we have an exact diagram 0 → ker(ϕ) → S → M → 0. By Lemma 1.3 we
conclude that it splits and hence S ∼= M ⊕ ker(ϕ).
⇐=: Let N → N ′ be a surjection. Then we need to check that Hom(M,N) →

Hom(M,N ′) is surjective as well (see Remark 1.2). Suppose that M ⊕ S = R(I).
But then the sequence

Hom(M,N)⊕Hom(S,N) = Hom(R(I), N)→ Hom(R(I), N ′) = Hom(M,N ′)⊕Hom(S,N ′)

is surjective, and it follows that Hom(M,N) → Hom(M,N ′) is surjective as well.
�

Lemma 1.5. let R be a ring and M an R-module. If M is projective, then M is
flat.

Proof. First notice that free modules are obviously flat. Write M⊕M ′ ∼= R(I) (The-
orem 1.4). Let N → N ′ be an inclusion. Then (M ⊕M ′)⊗RN → (M ⊕M ′)⊗RN ′
is an injection. This shows that M ⊗R N → M ⊗R N ′ is also an injection. Hence
M is flat. �
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2. Projective modules over local rings

Before we can consider projective modules over Dedekind domains, we will con-
sider the case of projective modules over Noetherian local rings.

Lemma 2.1. Let R be a local ring and let M,N be finitely generated R-modules.
If M ⊗R N = 0, then M = 0 or N = 0.

Proof. Let k = R/m. From Nakayama’s lemma ([AT], Proposition 2.8) it follows
for a finitely generated module M ′ that M ′ = 0 iff M ′/mM ′ = M ′ ⊗R k = 0. We
denote the k-module M ′ ⊗R k as M ′k. Now we have (use Exercise 2.15, page 27,
[AT]):

Mk ⊗k Nk = (M ⊗R k)⊗k (N ⊗R k)

= M ⊗R k ⊗k k ⊗R N
= M ⊗R k ⊗R N
= (M ⊗R N)k

Suppose that M ⊗R N = 0. Then it follows that Mk ⊗k Nk = 0. As these are just
k vector spaces, it follows that Mk = 0 or Nk = 0. By Nakayama it then follows
that M = 0 or N = 0. �

Lemma 2.2. Let R be a Noetherian local ring, m its maximal ideal and k = R/m.
Let M be a finitely generated R-module. Then the following are equivalent:

i. M is free;
ii. M is projective;
iii. M is flat;
iv. the natural map m⊗RM → R⊗RM is injective;
v. TorR1 (k,M) = 0.

Proof. i =⇒ ii: If M is free, then it is projective (Theorem 1.4).
ii =⇒ iii: A projective module M is flat by Lemma 1.5.
iii =⇒ iv: If M is flat, the inclusion m → R stays an inclusion after tensoring

with M by definition of flatness.
iv =⇒ v: Consider the exact sequence 0 → m → R → k → 0. Notice that

TorR1 (R,M) = 0 (as R itself is projective over R). Hence we obtain the following
exact sequence:

0 = TorR1 (R,M) // TorR1 (k,M) // m⊗RM // R⊗RM // k ⊗RM // 0

As the map m⊗RM → R⊗RM is injective, it follows that TorR1 (k,M) = 0.
v =⇒ i: Let x1, . . . , xn be elements of M whose images in M/mM form a

k-basis of M/mM . By Nakayama’s lemma ([AT], Proposition 2.8) it follows that
the xi generate M as an R-module. Let F be a free A-module with basis e1, . . . , en
and define ϕ : F → M by ϕ(ei) = xi. Let E = Ker(ϕ). We then have an exact
sequence 0→ E → F →M → 0 and we obtain the following exact sequence:

0 = TorR1 (k,M) // k ⊗R E // k ⊗R F
1⊗ϕ

// k ⊗RM // 0

As both k⊗R F and k⊗RM have the same dimension over k, it follows that 1⊗ϕ
is an isomorphism, and hence k ⊗R E = 0. Notice that E is finitely generated,
because it is a submodule of F and A is Noetherian ([EI], Proposition 1.4). By
Lemma 2.1 it follows that E = 0 and hence F ∼= M and M is free. �
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3. Projective modules over Dedekind domains

Lemma 3.1. Let R be a domain and let M be an R-module. Then M is torsion
free iff for all maximal ideals m ⊂ R the module Mm is a torsion free Rm-module.

Proof. =⇒ : Suppose that r
s
a
s′ = 0 where s, s′ ∈ R \ m, r ∈ R and a ∈ M . Then

there is some s′′ ∈ R \m such that s′′ra = 0. If a 6= 0, it follows that s′′r = 0. As
R is a domain, it follows that r = 0 and we are done.
⇐=: Suppose that M is torsion. Let x ∈ M be non-zero with AnnR(x) 6= 0.

Suppose AnnR(x) ⊂ m for some maximal ideal m (use that x is non-zero here).
Then Mm is a torsion Rm-module. �

Lemma 3.2. Let A be a Noetherian ring, M a finitely generated A-module. Then
M is a flat A-module iff Mm is a free Am-module for all maximal ideals m ⊂ A.

Proof. Proposition 3.10 from [AT] says that flatness is a local property, so M is a
flat A-module iff Mm is a flat Am-module for all maximal ideals m ⊂ A. Notice
that Am is Noetherian and local, so we can apply Lemma 2.2 to see that Am is flat
over Rm iff Am is free Rm-module and the result follows. �

Recall the definition of a Dedekind domain (proof can be found in [MAY]):

Theorem 3.3. Let R be a domain which is not a field. Then the following are
equivalent:

i. Every non-zero ideal can be written as a product of prime ideals;
ii. The ring R is Noetherian, and the localization at each maximal ideal is a

discrete valuation ring;
iii. Every fractional ideal of R is invertible;
iv. The ring R is an integrally closed Noetherian domain with Krull dimension

one.

Definition 3.4. Let R be a domain which is not a field satisfying one of the
equivalent statements of Theorem 3.3. Then R is called a Dedekind domain.

Lemma 3.5. Let R be a ring and let M,N be R-modules. Let f, g : M → N .
Suppose that for all maximal ideals m ⊂ R we have that fm = gm. Then f = g.

Proof. Take a ∈M . Then it is given that for all maximal ideals m there is an s 6∈ m
with s(f(a)− g(a)) = 0. Hence Ann(f(a)− g(a)) = R and f(a) = g(a). �

Theorem 3.6. Let R be a Dedekind domain and let M be a finitely generated
R-module. Then the following statements are equivalent:

i. M is torsion free;
ii. M is flat;
iii. M is projective.

Proof. i⇐⇒ ii: Notice that by Lemma 3.1 M is torsion free if for all maximal ideals
m ⊂ R the module Mm is torsion free as an Rm-module. By Lemma 3.2 we need
to show that Mm is torsion free iff Mm is free. Now notice that Rm is a discrete
valuation ring and hence we are done if we prove the that a finitely generated
module N over a discrete valuation ring S is torsion free iff N is free. If N is free,
then N is also torsion free (as S is a domain). For the other implication use that a
discrete valuation ring is a principal ideal domain, and apply the Structure theorem
of finitely generated modules over a principal ideal domain.
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iii =⇒ ii: See Lemma 1.5.
i =⇒ iii: Note that M is projective iff for all exact sequences 0→ N → N ′ →

M
f→ 0 there is a splitting g : M → N ′ such that f ◦ g = IdM (Lemma 1.3).

Now we localize at a maximal ideal m and since this is flat we obtain an exact
sequence 0 → Nm → N ′m → Mm → 0. As M is flat from i =⇒ ii, it follows that
Mm is projective by Lemma 2.2. Hence we obtain a splitting gm : Mm → N ′m with
fm◦gm = IdMm

. Now as Mm is finitely generated it follows that there is a cm ∈ R\m
such that cmgm(Mm) ⊂ N ′ (we clear denominators). As the ideal generated by the
cm is not contained in any maximal ideal, there are maximal ideals m1, . . . ,mn and
x1, . . . , xn ∈ R such that

∑n
i=1 xicmi = 1. Let im : M → Mm be the natural map

and we define:

g : M → N ′

a 7→
n∑
i=1

xicmigmi ◦ imi(a)

We now claim that f ◦ g = IdM . Indeed, pick a maximal ideal m and let a
b ∈ Mm.

Then notice that for x ∈M and any maximal ideal m′ we have fm′(x) = f(x):

(f ◦ g)m

(a
b

)
= fm ◦ gm

(a
b

)
=

1

b
fm ◦ (

n∑
i=1

xicmi
gmi

(a))

=
1

b

n∑
i=1

fm ◦ xicmi
gmi

(a)

=
1

b

n∑
i=1

fmi
◦ xicmi

gmi
(a)

=
1

b

n∑
i=1

xicmi
a

=
a

b

Apply Lemma 3.5 to see that f ◦ g = IdM . �

We will now state the structure theorem of finitely generated modules over a
Dedekind domain, just for completeness.

Theorem 3.7. Let R be a Dedekind domain and let M be a finitely generated R-
module. Then M ∼= T (M) ⊕ P where T (M) is the torsion submodule of M and
where P is torsion free. Furthermore, T (M) ∼=

⊕n
i=1R/p

ni
i for some prime ideals

pi 6= 0 and ni ∈ Z≥1. These (pi, ni) are uniquely determined up to permutation.

Proof. Notice thatM/T (M) is torsion free, hence projective by Theorem 3.6. Hence
the map M →M/T (M) splits by Lemma 1.3 and we see that M = T (M)⊕ P for
some projective module P (which is isomorphic to M/T (M)).

Now we will prove the statements about the structure of T (M). As M is
finitely generated, it follows that Ann(T (M)) = Qs11 . . . Qsnt for some distinct primes
Q1, . . . , Qt and integers si, t ∈ Z≥1. Furthermore, from Exercise 3.19v ([AT])
it follows that Supp(T (M)) = {Q1, . . . , Qt}, notice that Qi 6= 0. Suppose that
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T (M)p 6= 0, then by the structure theorem for principal ideal domains we obtain
(and by flatness of localization):

T (M)p =

t⊕
i=1

Rp/pR
mi
p

=

t⊕
i=1

(R/pmi)p

for some mi ∈ Z≥1. Now notice that (R/pmi)p = R/pmi as the ring is already local

(where p 6= 0). IfQ 6= p is another nonzero prime, then we claim that (R/pmi)Q = 0.

Indeed, take an s ∈ p \Q. Then smiR/pmi = 0, hence (R/pmi)Q = 0. We see that

(T (M)p)p = T (M)p and (T (M)p)Q = 0 for nonzero primes p 6= Q. This gives us

the following isomorphism, since locally this map is an isomorphism (Proposition
3.8, [AT]):

T (M) //
⊕

p6=0 T (M)p //
⊕n

i=1 T (M)pi

This shows that T (M) ∼=
⊕n

i=1R/p
ni
i for some prime ideals pi 6= 0 and ni ∈ Z≥1.

The uniqueness follows from the uniqueness statement in the structure theorem for
principal domains after localizing. �

4. One-dimensional projective modules over Dedekind domains

Definition 4.1. Let R be a domain and let A be a finitely generated R-module.
Then we define rankR(A) = dimQ(R)(A⊗R Q(R)).

Lemma 4.2. Let R be a domain and let I be a nonzero fractional R-ideal. Then
I has rank 1 over R.

Proof. Pick a non-zero x ∈ R such that xI ⊂ R and I ∼= xI. Hence we may
assume that I ⊂ R. If we tensor this with Q(R), we get, by flatness of localization,
I⊗RQ(R) ⊆ R⊗RQ(R) = Q(R). Hence I⊗RQ(R) has dimension 0 or 1 over Q(R).
Notice that I ⊗R Q(R) = S−1I for some multiplicatively closed subset without 0,
hence it is nonzero. �

Lemma 4.3. Let R be a domain and let I be a nonzero fractional ideal. Then I is
projective iff I is invertible.

Proof. =⇒ : Suppose that I is projective. By Theorem 1.4 we see that there is a
module S such that I⊕S ∼= R(J) for some set J . For our convenience, assume that
I ⊕ S = R(J). Now consider the following diagram, where πj is the projection on
the j-th coordinate:

I
i1 // I ⊕ S = R(J)

πj
// R

Call this composition gj : I → R. Let p1 : R(J) → I be the projection. Notice that
p1 ◦ i1 = IdI . Pick a nonzero a ∈ I and for j ∈ J let bj = a−1gj(a) ∈ Q(R). Let K
be the module generated by the bj . We will show that K = I−1. First notice that
aK ⊂ R, hence we have a fractional R-ideal. Now take x ∈ I. Then:

xbj = a−1xgj(a)

= a−1gj(xa)

= gj(x) ∈ R
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Hence KI ⊂ R. Furthermore we have, where ej is the j-th standard basis vector

of R(J) (where all sums we consider are in fact finite):

1 = a−1p1 ◦ i1(a)

= a−1p1(
∑
j∈J

gj(a)ej)

=
∑
j∈J

(
a−1gj(a)

)
p1(ej) ∈ KI

Hence KI = R and we are done.
⇐=: Suppose that I is invertible and suppose we are given a surjection f : M →

I. We need to construct a map g : I → M with f ◦ g = IdI by Lemma 1.3. As
I is invertible, there are xi ∈ I and yi ∈ I−1 such that 1 =

∑n
i=1 xiyi. As f is

surjective, we can pick ei ∈M with f(ei) = xi. Now define the following map:

g : I → M

x 7→
n∑
i=1

(xyi)ei

We then calculate for x ∈ I:

f ◦ g(x) = f(

n∑
i=1

(xyi)ei)

=

n∑
i=1

(xyi)f(ei)

= x

n∑
i=1

(xiyi)

= x

�

Lemma 4.4. Let R be a Dedekind domain and let I, J be fractional ideals. Then
I ∼= J iff there is a nonzero x ∈ Q(R) with xI = J .

Proof. =⇒ : Suppose that J ∼= I. Then R = II−1 ∼= JI−1. Hence it follows that
xR = JI−1 for some x ∈ Q(R) and J = xI.
⇐=: If xI = J for some non-zero x ∈ Q(R), then obviously I ∼= J . �

5. Classification of projective modules over Dedekind domains

We now want to classify projective modules of rank more than one, and we first
need to prove some lemmas. We will first prove some approximation lemma.

Lemma 5.1. Let R be a Dedekind domain, let X be a finite set of primes and
suppose we are given an integer np for each p ∈ X. Then there is an x ∈ Q(R)
with

ordp(x) = np if p ∈ X
ordp(x) ≥ 0 if p 6∈ X.
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Proof. Let X = {p1, . . . , pn} and let n1, . . . , nn be the corresponding integers. First
assume that n1, . . . , nn ≥ 0. Notice that pn1+1

1 , . . . , pnn+1
n are coprime and hence

we have a surjection ϕ : R→ R/pn1+1
1 × . . .×R/pnn

n . Now take an xi ∈ pni \ pni+1

(we can do this by the unique factorization) and let x be a preimage under ϕ of
([x1], . . . , [xn]). Then notice that ordpi(x) = ni and for all other primes we get a
non-negative valuation.

Now assume that the ni may also be negative. Write ni = n+i − n−i where
n+i , n

−
i ∈ Z≥0. Now pick an x1 ∈ R with ordpi

(x) = n−i . Now there are finitely
many other prime Q1, . . . , Qm with ordQi

(x) = mi ≥ 1. Now take an x2 ∈ R with
ordpi

(x2) = n+i and ordQi
(x2) = mi. Then x2

x1
satisfies the required properties. �

Remark 5.2. Let R be a Dedekind domain and suppose that I, J are ideals. Then
I and J are coprime iff for all prime ideals P ⊂ R we have ordP (I) · ordP (J) = 0.
This follows directly from the way in which we decompose ideals in products of
powers of prime ideals.

Lemma 5.3. Let R be a Dedekind domain and let I, J be nonzero fractional ideals.
Then there are nonzero x, y ∈ Q(R) such that xI and yJ are coprime ideals.

Proof. After multiplying by certain elements of Q(R)∗ we may assume that I, J ⊆
R. Let I =

∏n
i=1 p

ni
i and let J =

∏n
i=1 p

mi
i where ni,mi ≥ 0. Now by Lemma 5.1

we can pick an a ∈ I with ordpi
(a) = ni and ordQ(a) ≥ 0 for Q 6= pi. Now pick a

b ∈ I−1a with ordpi
(b) = 0 for i = 1, . . . , n (again Lemma 5.1). Notice that b

aI ⊆ R
and by construction we have ordpi

( baI) = 0. This shows that the constructed ideal
is coprime with J . �

Lemma 5.4. Let R be a Dedekind domain and let I1, . . . , In be fractional ideals.
Then:

I1 ⊕ . . .⊕ In ∼= Rn−1 ⊕ I1 . . . In
Proof. We will first proof the following statement: Let R be a Dedekind domain
and let I, J be nonzero fractional ideals. Then I ⊕ J ∼= R⊕ IJ .

First assume that I, J ⊆ R. Then we have the following exact sequence:

0 // I ∩ J // I ⊕ J // I + J // 0

Now assume that I and J are coprime, then I ∩ J = IJ and I + J = R. As
R is projective (it is free over R) it follows that this sequence splits and hence
I ⊕ J ∼= R⊕ IJ .

Now let I, J be fractional ideals. Pick nonzero x, y ∈ Q(R) such that xI and yJ
are coprime (Lemma 5.3). Notice that xI ∼= I and yJ ∼= J by Lemma 4.4. But
then:

I ⊕ J ∼= xI ⊕ yJ
∼= R⊕ xyIJ
∼= R⊕ IJ

The general statement now easily follows from induction. �

We now want to know when two expressions as in Lemma 5.4 are isomorphic.

Lemma 5.5. Let R be a Dedekind domain and let I, J be a fractional ideals. Then
Rn−1 ⊕ I ∼= Rm−1 ⊕ J iff n = m and [I] = [J ] ∈ Cl(Q(R)).
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Proof. =⇒ : Suppose that Rn−1⊕ I ∼= Rm−1⊕ J . Looking at the rank yields that
n = m. Now consider take the n + 1-th exterior power (the determinant) which
transfers direct sums into tensor products (see [BO] Bourbaki, Algebra, 7.7). This
gives us an isomorphism I → J , an by Lemma 4.4 we are done.
⇐=: If [I] = [J ], then I and J are isomorphic (Lemma 4.4) and the result follows

directly. �

We can finally describe the structure finitely generated projective modules over
a Dedekind domain.

Theorem 5.6. Let R be a Dedekind domain and let P be a finitely generated
projective R-module of rank n. Then P ∼= Rn−1⊕ I where I is a nonzero fractional
ideal. This [I] ∈ Cl(Q(R)) is uniquely determined.

Proof. By induction we show that we can write P as the direct sum of n fractional
ideals. We do this by induction, the case n = 1 following from the fact that
P = P ⊗R R ⊆ P ⊗R Q(R) ∼= Q(R) in that case (as P is flat, Lemma 1.5) and
Lemma 4.3. Now we continue with induction and assume that P has rank n. Then
pick a submodule P ′ of rank n − 1, then 0 → P ′ → P → P/P ′ → 0 is an exact
sequence and as tensoring with Q(R) is exact, it follows that P/P ′ has rank 1.
Notice that all rank 1 modules are projective by Lemma 4.3 (since all ideals are
invertible). Hence P ∼= P ′ ⊕ P/P ′ and we are done by induction.

By Lemma 5.4 and Lemma 5.5 the rest of the lemma follows. �
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