
Chapter 5

Localization

Consider a category C and a family S of morphisms in C. The aim of localiza-
tion is to find a new category CS and a functor Q : C −→ CS which sends the
morphisms belonging to S to isomorphisms in CS , (Q, CS) being “universal”
for such a property.

In this chapter, we shall construct the localization of a category when
S satisfies suitable conditions and the localization of functors. The reader
shall be aware that in general, the localization of a U-category C is no more
a U-category (see Remark 5.1.15).

Localization of categories appears in particular in the construction of
derived categories.

A classical reference is [6].

5.1 Localization of categories

Let C be a category and let S be a family of morphisms in C.

Definition 5.1.1. A localizaton of C by S is the data of a category CS and
a functor Q : C −→ CS satisfying:

(a) for all s ∈ S, Q(s) is an isomorphism,

(b) for any functor F : C −→ A such that F (s) is an isomorphism for all s ∈ S,
there exists a functor FS : CS −→ A and an isomorphism F ≃ FS ◦Q,

C
F //

Q
��

A

CS

FS

>>

89
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(c) if G1 and G2 are two objects of Fct(CS ,A), then the natural map

Hom Fct(CS ,A)(G1, G2) −→ Hom Fct(C,A)(G1 ◦Q,G2 ◦Q)(5.1)

is bijective.

Note that (c) means that the functor ◦Q : Fct(CS ,A) −→ Fct(C,A) is fully
faithful. This implies that FS in (b) is unique up to unique isomorphism.

Proposition 5.1.2. (i) If CS exists, it is unique up to equivalence of cat-
egories.

(ii) If CS exists, then, denoting by Sop the image of S in Cop by the functor
op, (Cop)Sop exists and there is an equivalence of categories:

(CS)op ≃ (Cop)Sop .

Proof. (i) is obvious.
(ii) Assume CS exists. Set (Cop)Sop := (CS)op and define Qop : Cop −→ (Cop)Sop

by Qop = op ◦Q ◦ op. Then properties (a), (b) and (c) of Definition 5.1.1 are
clearly satisfied. q.e.d.

Definition 5.1.3. One says that S is a right multiplicative system if it
satisfies the axioms S1-S4 below.

S1 For all X ∈ C, idX ∈ S.

S2 For all f ∈ S, g ∈ S, if g ◦ f exists then g ◦ f ∈ S.

S3 Given two morphisms, f : X −→ Y and s : X −→ X ′ with s ∈ S, there
exist t : Y −→ Y ′ and g : X ′ −→ Y ′ with t ∈ S and g ◦ s = t ◦ f. This can
be visualized by the diagram:

X ′

X

s

OO

f
// Y

⇒ X ′
g

// Y ′

X
f

//

s

OO

Y

t

OO

S4 Let f, g : X −→ Y be two parallel morphisms. If there exists s ∈ S :
W −→ X such that f ◦ s = g ◦ s then there exists t ∈ S : Y −→ Z such
that t ◦ f = t ◦ g. This can be visualized by the diagram:

W
s // X

f //
g

// Y
t // Z
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Notice that these axioms are quite natural if one wants to invert the
elements of S. In other words, if the element of S would be invertible, then
these axioms would clearly be satisfied.

Remark 5.1.4. Axioms S1-S2 asserts that S is the family of morphisms of
a subcategory S̃ of C with Ob(S̃) = Ob(C).

Remark 5.1.5. One defines the notion of a left multiplicative system S
by reversing the arrows. This means that the condition S3 is replaced by:
given two morphisms, f : X −→ Y and t : Y ′ −→ Y , with t ∈ S, there exist
s : X ′ −→ X and g : X ′ −→ Y ′ with s ∈ S and t ◦ g = f ◦ s. This can be
visualized by the diagram:

Y ′

t
��

X
f // Y

⇒ X ′
g //

s

��

Y ′

t
��

X
f // Y

and S4 is replaced by: if there exists t ∈ S : Y −→ Z such that t ◦ f = t ◦ g
then there exists s ∈ S : W −→ X such that f ◦ s = g ◦ s. This is visualized
by the diagram

W
s // X

f //
g

// Y
t // Z

In the literature, one often calls a multiplicative system a system which is
both right and left multiplicative.

Many multiplicative systems that we shall encounter satisfy a useful prop-
erty that we introduce now.

Definition 5.1.6. Assume that S satisfies the axioms S1-S2 and let X ∈ C.
One defines the categories SX and SX as follows.

Ob(SX) = {s : X −→ X ′; s ∈ S}

HomSX ((s : X −→ X ′), (s : X −→ X ′′)) = {h : X ′ −→ X ′′; h ◦ s = s′}

Ob(SX) = {s : X ′ −→ X; s ∈ S}

HomSX
((s : X ′ −→ X), (s′ : X ′′ −→ X)) = {h : X ′ −→ X ′′; s′ ◦ h = s}.

Proposition 5.1.7. Assume that S is a right (resp. left) multiplicative
system. Then the category SX (resp. Sop

X ) is filtrant.

Proof. By reversing the arrows, both results are equivalent. We treat the
case of SX .
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(a) Let s : X −→ X ′ and s′ : X −→ X ′′ belong to S. By S3, there exists
t : X ′ −→ X ′′′ and t′ : X ′′ −→ X ′′′ such that t′ ◦ s′ = t ◦ s, and t ∈ S. Hence,
t ◦ s ∈ S by S2 and (X −→ X ′′′) belongs to SX .
(b) Let s : X −→ X ′ and s′ : X −→ X ′′ belong to S, and consider two
morphisms f, g : X ′ −→ X ′′, with f ◦ s = g ◦ s = s′. By S4 there exists
t : X ′′ −→ W, t ∈ S such that t ◦ f = t ◦ g. Hence t ◦ s′ : X −→ W belongs to
SX . q.e.d.

One defines the functors:

αX : SX −→ C (s : X −→ X ′) 7→ X ′,

βX : Sop
X −→ C (s : X ′ −→ X) 7→ X ′.

We shall concentrate on right multiplicative system.

Definition 5.1.8. Let S be a right multiplicative system, and let X, Y ∈
Ob(C). We set

HomCr
S
(X, Y ) = lim−→

(Y−→Y ′)∈SY

HomC(X, Y
′).

Lemma 5.1.9. Assume that S is a right multiplicative system. Let Y ∈ C
and let s : X −→ X ′ ∈ S. Then s induces an isomorphism

HomCr
S
(X ′, Y ) ∼−→

◦s
HomCr

S
(X, Y ).

Proof. (i) The map ◦s is surjective. This follows from S3, as visualized by
the diagram in which s, t, t′ ∈ S:

X ′ // Y ′′

X
f

//

s

OO

Y ′

t′

OO

Y
too

(ii) The map ◦s is injective. This follows from S4, as visualized by the
diagram in which s, t, t′ ∈ S:

X
s // X ′

f //
g

// Y ′ t′ // Y ′′

Y

t

OO

q.e.d.
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Using Lemma 5.1.9, we define the composition

HomCr
S
(X, Y )× HomCr

S
(Y, Z) −→ HomCr

S
(X,Z)(5.2)

as

lim−→
Y−→Y ′

HomC(X, Y
′)× lim−→

Z−→Z′

HomC(Y, Z
′)

≃ lim−→
Y−→Y ′

(
HomC(X, Y

′)× lim−→
Z−→Z′

HomC(Y, Z
′)
)

∼←− lim−→
Y−→Y ′

(
HomC(X, Y

′)× lim−→
Z−→Z′

HomC(Y
′, Z ′)

)

−→ lim−→
Y−→Y ′

lim−→
Z−→Z′

HomC(X,Z
′)

≃ lim−→
Z−→Z′

HomC(X,Z
′)

Lemma 5.1.10. The composition (5.2) is associative.

The verification is left to the reader.
Hence we get a category CrS whose objects are those of C and morphisms

are given by Definition 5.1.8.
Let us denote by QS : C −→ CrS the natural functor associated with

HomC(X, Y ) −→ lim−→
(Y−→Y ′)∈SY

HomC(X, Y
′).

If there is no risk of confusion, we denote this functor simply by Q.

Lemma 5.1.11. If s : X −→ Y belongs to S, then Q(s) is invertible.

Proof. For any Z ∈ CrS , the map HomCr
S
(Y, Z) −→ HomCr

S
(X,Z) is bijective

by Lemma 5.1.9. q.e.d.

A morphism f : X −→ Y in CrS is thus given by an equivalence class of
triplets (Y ′, t, f ′) with t : Y −→ Y ′, t ∈ S and f ′ : X −→ Y ′, that is:

X
f ′

// Y ′ Yt
oo

the equivalence relation being defined as follows: (Y ′, t, f ′) ∼ (Y ′′, t′, f ′′) if
there exists (Y ′′′, t′′, f ′′′) (t, t′, t′′ ∈ S) and a commutative diagram:

Y ′

��
X

f ′
77ppppppppppppp f ′′′ //

f ′′

''NNNNNNNNNNNNN Y ′′′ Y
t′′oo

t
aaBBBBBBBB

t′

}}||
||

||
||

Y ′′

OO

(5.3)



94 CHAPTER 5. LOCALIZATION

Note that the morphism (Y ′, t, f ′) in CrS is Q(t)−1 ◦Q(f ′), that is,

f = Q(t)−1 ◦Q(f ′).(5.4)

For two parallel arrows f, g : X ⇉ Y in C we have the equivalence

Q(f) = Q(g) ∈ CrS ⇔ there exits s : Y −→ Y ′, s ∈ S with s ◦ f = s ◦ g.(5.5)

The composition of two morphisms (Y ′, t, f ′) : X −→ Y and (Z ′, s, g′) :
Y −→ Z is defined by the diagram below in which t, s, s′ ∈ S:

W

X
f ′

// Y ′

h
>>

Yt
oo

g′
// Z ′

s′
``

Zs
oo

Theorem 5.1.12. Assume that S is a right multiplicative system.

(i) The category CrS and the functor Q define a localization of C by S.

(ii) For a morphism f : X −→ Y , Q(f) is an isomorphism in CrS if and only
if there exist g : Y −→ Z and h : Z −→ W such that g ◦ f ∈ S and
h ◦ g ∈ S.

Notation 5.1.13. From now on, we shall write CS instead of CrS . This is
justified by Theorem 5.1.12.

Remark 5.1.14. (i) In the above construction, we have used the property of
S of being a right multiplicative system. If S is a left multiplicative system,
one sets

HomCl
S
(X, Y ) = lim−→

(X′−→X)∈SX

HomC(X
′, Y ).

By Proposition 5.1.2 (i), the two constructions give equivalent categories.
(ii) If S is both a right and left multiplicative system,

HomCS
(X, Y ) ≃ lim−→

(X′−→X)∈SX ,(Y−→Y ′)∈SY

HomC(X
′, Y ′).

Remark 5.1.15. In general, CS is no more a U-category. However, if one
assumes that for any X ∈ C the category SX is small (or more generally,
cofinally small, which means that there exists a small category cofinal to it),
then CS is a U-category, and there is a similar result with the SX ’s.
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5.2 Localization of subcategories

Proposition 5.2.1. Let C be a category, I a full subcategory, S a right
multiplicative system in C, T the family of morphisms in I which belong to
S.

(i) Assume that T is a right multiplicative system in I. Then IT −→ CS is
well-defined.

(ii) Assume that for every f : Y −→ X, f ∈ S, Y ∈ I, there exists g : X −→
W , W ∈ I, with g ◦ f ∈ S. Then T is a right multilplicative system
and IT −→ CS is fully faithful.

Proof. (i) is obvious.
(ii) It is left to the reader to check that T is a right multpiplicative system.
ForX ∈ I, T X is the full subcategory of SX whose objects are the morphisms
s : X −→ Y with Y ∈ I. By Proposition 5.1.7 and the hypothesis, the functor
T X −→ SX is cofinal, and the result follows from Definition 5.1.8. q.e.d.

Corollary 5.2.2. Let C be a category, I a full subcategory, S a right mul-
tiplicative system in C, T the family of morphisms in I which belong to S.
Assume that for any X ∈ C there exists s : X −→ W with W ∈ I and s ∈ S.

Then T is a right multpiplicative system and IT is equivalent to CS .

Proof. The natural functor IT −→ CS is fully faithful by Proposition 5.2.1 and
is essentially surjective by the assumption. q.e.d.

5.3 Localization of functors

Let C be a category, S a right multiplicative system in C and F : C −→ A a
functor. In general, F does not send morphisms in S to isomorphisms in A.
In other words, F does not factorize through CS . It is however possible in
some cases to define a localization of F as follows.

Definition 5.3.1. A right localization of F (if it exists) is a functor FS :
CS −→ A and a morphism of functors τ : F −→ FS ◦Q such that for any functor
G : CS −→ A the map

Hom Fct(CS ,A)(FS , G) −→ Hom Fct(C,A)(F,G ◦Q)(5.6)

is bijective. (This map is obtained as the composition Hom Fct(CS ,A)(FS , G) −→

Hom Fct(C,A)(FS ◦Q,G ◦Q)
τ
−→ Hom Fct(C,A)(F,G ◦Q).)

We shall say that F is right localizable if it admits a right localization.
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One defines similarly the left localization. Since we mainly consider right
localization, we shall sometimes omit the word “right” as far as there is no
risk of confusion.

If (τ, FS) exists, it is unique up to unique isomorphisms. Indeed, FS is a
representative of the functor

G 7→ Hom Fct(C,A)(F,G ◦Q).

(This last functor is defined on the category Fct(CS ,A) with values in Set.)

Proposition 5.3.2. Let C be a category, I a full subcategory, S a right
multiplicative system in C, T the family of morphisms in I which belong to
S. Let F : C −→ A be a functor. Assume that

(i) for any X ∈ C there exists s : X −→ W with W ∈ I and s ∈ S,

(ii) for any t ∈ T , F (t) is an isomorphism.

Then F is right localizable.

Proof. We shall apply Corollary 5.2.2.
Denote by ι : I −→ C the natural functor. By the hypothesis, the local-

ization FT of F ◦ ι exists. Consider the diagram:

C
QS // CS

FS

��

I

ι

OO

QT //

F◦ι
((PPPPPPPPPPPPPPPP IT

∼
ιQ

>>}}}}}}}}

FT

!!B
BB

BB
BB

B

A

Denote by ι−1
Q a quasi-inverse of ιQ and set FS := FT ◦ ι

−1
Q . Let us show that

FS is the localization of F . Let G : CS −→ A be a functor. We have the chain
of morphisms:

Hom Fct(C,A)(F,G ◦QS)
λ
−→ Hom Fct(I,A)(F ◦ ι, G ◦QS ◦ ι)

≃ Hom Fct(I,A)(FT ◦QT , G ◦ ιQ ◦QT )

≃ Hom Fct(IT ,A)(FT , G ◦ ιQ)

≃ Hom Fct(CS ,A)(FT ◦ ι
−1
Q , G)

≃ Hom Fct(CS ,A)(FS , G).

We shall not prove here that λ is an isomorphism. The first isomomorphism
above (after λ) follows from the fact that QT is a localization functor (see
Definition 5.1.1 (c)). The other isomorphisms are obvious. q.e.d.


