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Abstract. Let K be a number �eld, k ≥ 2 an integer, (K∗)k the
k-fold direct product of K∗ with coordinatewise multiplication,
and Γ a �nitely generated subgroup of rank r of (K∗)k. Further,
let H(α) denote the absolute exponential height of an algebraic
number α. Fix non-zero elements a1, . . . , ak ∈ K. We give as-
ymptotic formulas for the number of x = (x1, . . . , xk) ∈ Γ with
H(a1x1 + · · ·+akxk) ≤ X as X →∞ such that no non-empty sub-
sum of a1x1 + · · ·+ akxk vanishes. By the same method of proof,
we obtain an asymptotic formula as X → ∞ for the number of
non-negative integers n with H(un) ≤ X, where {un} is a linear
recurrence sequence.

1. Introduction

Let K be a number �eld, k ≥ 2 an integer, and S a �nite set of
places of K, containing all in�nite places. Suppose S has cardinality
s + 1. Denote by US the group of S-units of K; then US has rank s.
Fix non-zero a1, . . . , ak ∈ K. Denote by H(α) the absolute exponential
Weil height of an algebraic number α.
This paper builds further on work of G. Everest. By a slight modi�ca-

tion of the arguments in his papers [4, 5], one can deduce an asymptotic
formula for the number of tuples (x1, . . . , xk) with x1, . . . , xk ∈ US that
satisfy

H(a1x1 + · · ·+ akxk) ≤ X
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and are non-degenerate in the sense that no non-trivial subsum of∑k
i=1 aixi vanishes. In fact, Everest's arguments yield for this number

an asymptotic formula

(1.1) c(US, k)(logX)ks +O((logX)ks−1) as X →∞,

where c(US, k) > 0. Everest's main tools are a result from [6] that
compares H(a1x1 +· · ·+akxk) with the height of the vector (x1, . . . , xk)

(which in turn was deduced from Schmidt's and Schlickewei's p-adic
Subspace theorem [15, 13]), and logarithmic forms estimates.
Let (K∗)k denote the k-fold direct product ofK∗ with coordinatewise

multiplication and inversion. We consider more generally sums

a1x1 + · · ·+ akxk with (x1, . . . , xk) ∈ Γ,

where Γ is a �nitely generated subgroup of rank r of (K∗)k. We assume
that for each distinct i, j ∈ {1, . . . , k}, there is (x1, . . . , xk) ∈ Γ such
that xi/xj is not a root of unity. The purpose of this paper is to deduce
an asymptotic formula for the number of non-degenerate (x1, . . . , xk) ∈
Γ with H(a1x1 + · · · + akxk) ≤ X. Our �rst result (see Theorem 2.1
below) is, that this number equals

(1.2) c(Γ)(logX)r ·
(

1 +O
((log logX)2

logX

)1/(r+4)
)

as X →∞,

with c(Γ) > 0 depending only on Γ. In this general set-up, we could not
make Everest's method work, so we used instead a di�erent method,
based on a suitable quantitative version of the Parametric Subspace
Theorem [7].
By a similar argument, we obtain an asymptotic formula for non-

degenerate linear recurrence sequences un =
∑k

i=1 ai(n)αni , i.e., the ai
are non-zero polynomials in K[X] and the αi non-zero elements of K,
such that for any two distinct i, j, αi/αj is not a root of unity. In fact,
we show that the number of non-negative integers n with H(un) ≤ X

equals

(1.3) c logX

(
1 +O

((log logX)2

logX

)1/4
)

as X →∞,

where c > 0, see Theorem 2.2 below.
We can improve on (1.2) in the special case

Γ = Γk1 = {(x1, . . . , xk) : x1, . . . , xk ∈ Γ1},
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where Γ1 is a �nitely generated subgroup of K∗. Indeed, in this situa-
tion, Everest's method is applicable, and we obtain instead of (1.2),

(1.4) c(Γ)(logX)r +O((logX)r−1) as X →∞,

see Theorem 2.4 below. In fact, our method of proof is a simpli�cation
of Everest's, which avoids the logarithmic forms estimates. In the case
Γ1 = US we obtain (1.1).
Finally, we deduce an asymptotic formula where we do not count

tuples (x1, . . . , xk), but instead algebraic numbers α with H(α) ≤ X

that are representable in the form a1x1+· · ·+akxk with x1, . . . , xk ∈ Γ1,
see Theorem 2.5 below. This extends work of Ádám, Hajdu, and Luca
[1], and of Frei, Tichy, and Ziegler [11].
In all our theorems, the constants implied by the O-symbols in the

asymptotic formulas cannot be e�ectively determined by our method of
proof, except for the one in Theorem 2.2 on linear recurrence sequences,
where the implied constant is e�ectively computable.
In the next section, we introduce the necessary notation and state

the above results in a precise form. In Section 3 we have collected our
tools, and in the subsequent sections, we prove our theorems.

2. Notation and results

We denote by |A| the cardinality of a set A. Throughout this paper,
K will be an algebraic number �eld of degree d and k ≥ 2 an integer.
Let K∗ denote the group K \ {0} with multiplication, and (K∗)k its
k-fold direct product. Denote by OK the ring of integers of K. The real
in�nite places of K are its real embeddings σi : K ↪→ R (i = 1, . . . , r1),
the complex in�nite places of K are its pairs of conjugate complex
embeddings

{σi, σi : K ↪→ C} (i = r1 + 1, . . . , r1 + r2),

and the �nite places of K are the prime ideals of OK . The set of places
MK ofK consists of the (real and complex) in�nite places and the �nite
places of K. We de�ne normalized absolute values ‖ · ‖v (v ∈ MK) on
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K by

‖ · ‖v := |σ(·)|1/d if v = σ is real in�nite,

‖ · ‖v := |σ(·)|2/d if v = {σ, σ} is complex in�nite,

‖ · ‖v := Np−ordp(·)/d if v = p is �nite,

where Np = |OK/p| is the norm of p, and ordp(α) is the exponent of
p in the unique prime ideal factorization of α ∈ K, with ordp(0) =∞.
These absolute values satisfy the product formula∏

v∈MK

‖α‖v = 1 for α ∈ K∗.

The absolute, exponential height and logarithmic height of α ∈ K

are given by

H(α) :=
∏
v∈MK

max(1, ‖α‖v), h(α) := logH(α).

These heights depend only on α, i.e., are independent of the choice of a
number �eldK containing α. For later use, note that (as is well-known),
we have

H(α1 · · ·αn) ≤ H(α1) · · ·H(αn)

and
H(α1 + · · ·+ αn) ≤ nH(α1) · · ·H(αn)

for any α1, . . . , αn ∈ K. Further, for any non-zero α ∈ K and m ∈ Z
we have

H(αm) = H(α)|m|.

More generally, for a vector x = (x1, . . . , xk) ∈ Kk we de�ne

‖x‖v := max(‖x1‖v, . . . , ‖xk‖v) for v ∈MK

and subsequently its exponential and logarithmic height

H(x) = H(x1, . . . , xk) :=
∏
v∈MK

max(1, ‖x‖v), h(x) := logH(x).

The product of x = (x1, . . . , xk), y = (y1, . . . , yk) ∈ Kk is de�ned
coordinatewise, i.e., x ·y = (x1y1, . . . , xkyk). Further, if x ∈ (K∗)k, i.e.,
x1 · · · xk 6= 0 we de�ne x−1 := (x−1

1 , . . . , x−1
k ). One easily shows that

H(x · y) ≤ H(x) ·H(y) for x,y ∈ Kk,(2.1)

H(xm) = H(x)m for x ∈ Kk, m ∈ Z≥0.(2.2)
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Further,

(2.3) H(x−1) ≤ H(x)k for x ∈ (K∗)k.

Indeed, if x = (x1, . . . , xk) one may write for v ∈MK ,

max(1, ‖x−1‖v) = max(1, ‖x1‖−1
v , . . . , ‖xk‖−1

v )

= ‖x1 · · ·xk‖−1
v max

(
‖x1 · · ·xk‖v, ‖

∏
j 6=1

xj‖v, . . . , ‖
∏
j 6=k

xj‖v
)

≤ ‖x1 · · ·xk‖−1
v max(1, ‖x‖v)k

and by taking the product over all v and applying the product formula,
one obtains (2.3).
Let S be a �nite subset of MK with |S| ≥ 2, containing all in�nite

places. The multiplicative group of S-units in K is de�ned by

US := {u ∈ K : ‖u‖v = 1 for v ∈MK \ S}.

It is well-known that US is �nitely generated and that its rank is s :=

|S| − 1. Further, the torsion group of US is the group WK of roots of
unity in K. Denote by ωK the order of WK .
Let S = {v0, , . . . , vs}, and let {γ1, . . . , γs} be a fundamental set of

S-units, or equivalently, a basis of US/WK , i.e., every u ∈ US can be
expressed uniquely as ζγz11 · · · γzrr with ζ ∈ WK and z1, . . . , zr ∈ Z.
De�ne the quantity

(2.4) RS :=

∣∣∣∣∣∣∣det

 log ‖γ1‖v1 · · · log ‖γs‖v1
... · · · ...

log ‖γ1‖vs · · · log ‖γs‖vs


∣∣∣∣∣∣∣ .

This is independent of the choice of v1, . . . , vs, γ1, . . . , γs. For properties
of the introduced notions, see e.g. Chapters 2.1 and 2.2 of Evertse and
Gy®ry [8]. The S-regulator as de�ned in [8] is dsRS.
Now let Γ be a �nitely generated subgroup of rank r of (K∗)k. Write

elements of Γ as x = (x1, . . . , xk). Choose a basis u1, . . . ,ur of Γ/Γtors,
by which we mean that u1, . . . ,ur ∈ Γ and every x ∈ Γ can be expressed
uniquely as

(2.5) ζ · uz11 · · ·uzrr with ζ ∈ Γtors, z1, . . . , zr ∈ Z.

Write ui = (ui1, . . . , uik) for i = 1, . . . , k. Let S be the smallest set
of places of K such that ‖uij‖v = 1 for v ∈ MK \ S, i = 1, . . . , r,
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j = 1, . . . , k. Then S is �nite, and we have
(2.6)
S = {v ∈MK : there is x ∈ Γ with ‖xi‖v 6= 1 for at least one i}.

Now for the logarithmic height of x ∈ Γ, we have

h(x) =
∑
v∈S

max
(
0, `v1(z), . . . , `vk(z)

)
,(2.7)

where `vj(z) :=
r∑
i=1

zi log ‖uij‖v (v ∈ S, j = 1, . . . , k).

Let µ denote the Lebesgue measure on R with µ([0, 1]) = 1, and µr the
product measure on Rr. De�ne

C(Γ) :=
{
ξ ∈ Rr :

∑
v∈S

max
(
0, `v1(ξ), . . . , `vk(ξ)

)
≤ 1
}
,(2.8)

c(Γ) := |Γtors| · µr(C(Γ)).(2.9)

The product formula implies
∑

v∈S `vj = 0 for j = 1, . . . , r, and from
this one easily deduces that C(Γ) is a bounded set. Hence, c(Γ) is �nite.
The set C(Γ) depends on the choice of u1, . . . ,ur, but the quantity c(Γ)

is independent of this choice.
Henceforth we write x = (x1, . . . , xk), a = (a1, . . . , ak), etc. For a ∈

(K∗)k and X > 1, de�ne the set

VΓ,a(X) :=
{
x ∈ Γ :H(a1x1 + · · ·+ akxk) ≤ X,∑

i∈I

aixi 6= 0 for each non-empty I ⊆ {1, . . . , k}
}
.

Our �rst result is as follows.

Theorem 2.1. Let K be a number �eld, k ≥ 2 an integer, and Γ a

�nitely generated subgroup of (K∗)k of rank r ≥ 1. Assume that

for each i 6= j ∈ {1, . . . , k} there is x ∈ Γ(2.10)
such that xi/xj is not a root of unity.

Let a = (a1, . . . , ak) ∈ (K∗)k. Then

|VΓ,a(X)| = c(Γ)(logX)r ·
(

1 +O
(((log logX)2

logX

)1/(r+4)))
as X →∞,
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where c(Γ) is de�ned by (2.9). Here, the implied constant depends only

on Γ and a.

By specializing to the case Γ = {(αn1 , . . . , αnk) : n ∈ Z}, i.e., r = 1,
we can deduce a result for linear recurrence sequences un =

∑k
i=1 aiα

n
i .

By modifying the proof of Theorem 2.1 we managed to improve and
generalize this.

Theorem 2.2. Let K be a number �eld, k ≥ 2 an integer, a1, . . . , ak ∈
K[X] non-zero polynomials, and α1, . . . , αk ∈ K∗. Assume that

(2.11) for each i 6= j ∈ {1, . . . , k}, αi/αj is not a root of unity.

Put un :=
∑k

i=1 ai(n)αni for n ∈ Z≥0. Then

|{n ∈ Z≥0 : H(un) ≤ X}| = logX

logH
·
(

1 +O
(((log logX)2

logX

)1/4))
as X →∞,

where

H := H(α1, . . . , αk) =
∏
v∈MK

max(1, ‖α1‖v, . . . , ‖αk‖v),

and the implied constant depends only on a1, . . . , ak, α1, . . . , αk and can

be determined e�ectively.

Further potential applications of our method of proof are to linear
combinations of linear recurrence sequences {b1um+b2vn : m,n ∈ Z≥0}
(see [17] for a related result) or perhaps even {b1un1,1 + · · · + blunl,l :

n1, . . . , nl ∈ Z≥0}. Most generally, one might consider exponential poly-
nomials { k∑

i=1

fi(n1, . . . , nl)α
n1
i1 · · ·α

nl
il : n1, . . . , nl ∈ Z

}
,

where fi ∈ K[X1, . . . , Xl], αi1, . . . , αil ∈ K∗ for i = 1, . . . , k.
We can sharpen Theorem 2.1 if we strengthen (2.10). As before, we

write x = (x1, . . . , xk), and put x0 := 1.

Theorem 2.3. Let K be a number �eld, k ≥ 2 an integer, and Γ a

�nitely generated subgroup of (K∗)k of rank r ≥ 1. Let S be given by
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(2.6). Assume that

for each v ∈ S, i 6= j ∈ {0, . . . , k} there is x ∈ Γ with(2.12)
‖xi‖v 6= ‖xj‖v.

Let a ∈ (K∗)k. Then

|VΓ,a(X)| = c(Γ)(logX)r +O((logX)r−1) as X →∞.

Here, the implied constant depends only on Γ and a.

An important special case is, when

Γ = Γk1 = {(x1, . . . , xk) : x1, . . . , xk ∈ Γ1},

where Γ1 is a �nitely generated subgroup of K∗. Note that in this case,
rank Γ = k · rank Γ1.

Theorem 2.4. Let K be a number �eld, k ≥ 2 an integer, Γ1 a sub-

group of K∗ of rank r1 ≥ 1, and a ∈ (K∗)k. Then

|VΓk
1 ,a

(X)| = c(Γk1)(logX)kr1 +O((logX)kr1−1) as X →∞.

Here, the implied constant depends only on Γ1, k, and a.

In general, it seems to be a di�cult problem to derive an explicit
expression for c(Γ), but this can be done in the case that Γ = Uk

S , where
S is a �nite set of places of K, containing all in�nite places. Write
S = {v0, . . . , vs} and pick a basis {γ1, . . . , γs} of US/WK . Using the
product formula in the form log ‖u‖v0 = −

∑s
j=1 log ‖u‖vj for u ∈ US,

together with (2.4), one can show that C(Uk
S) is the image under a

linear transformation of determinant R−kS of the set

Es,k :=
{
ξ = (ξvi,j)i=1,...,s,j=1,...,k ∈ Rks :

s∑
i=0

max(0, ξvi,1, . . . , ξvi,k) ≤ 1
}
,

where ξv0,j = −
∑s

i=1 ξvi,j for j = 1, . . . , k. Kerber, Tichy, and Weitzer
[12] proved that this set (called by them `Everest polytope' since it
was introduced by Everest [4]) has measure ((k + 1)s)!/(ks)!(s!)k+1.
Noticing that (Uk

S)tors = W k
K and thus, has cardinality ωkK , it follows

that

c(Uk
S) =

ωkK
Rk
S

· ((k + 1)s)!

(ks)!(s!)k+1
.

In our next result, we do not count tuples (x1, . . . , xk) ∈ Γk1, but
instead numbers α representable in the form a1x1 + · · ·+akxk. Further,
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we do not take a �xed tuple of coe�cients (a1, . . . , ak), but instead a
�nite set of such tuples.
Denote by Sk the permutation group of {1, . . . , k}. Henceforth, we

write

a = (a1, . . . , ak), b = (b1, . . . , bk), a/b = (a1/b1, . . . , ak/bk),

σ(a) = (aσ(1), . . . , aσ(k)) (σ ∈ Sk).

Let A be a �nite set of tuples in (K∗)k with the following properties:

for each a ∈ A, i, j ∈ {1, . . . , k} we have ai = aj or ai/aj 6∈ Γ1;
(2.13)

for each a,b ∈ A we have a = b or a/b 6∈ Γk1;
(2.14)

for each a ∈ A, σ ∈ Sk we have σ(a) ∈ A.
(2.15)

From Theorem 2.4 we deduce the following result. In the deduction
we closely follow Frei, Tichy, and Ziegler [11].

Theorem 2.5. Let K be a number �eld, k an integer ≥ 1, and Γ1 a

�nitely generated subgroup of K∗ of rank r1 > 0. Further, let A be a

�nite set of tuples in (K∗)k with (2.13), (2.14), (2.15). Let TA(X) be

the set of α ∈ K∗ with the following properties:

(2.16)


H(α) ≤ X;

there are (a1, . . . , ak) ∈ A, x1, . . . , xk ∈ Γ1

such that α = a1x1 + · · ·+ akxk.

Then

|TA(X)| = |A| · c(Γ
k
1)

k!
(logX)kr1 +O((logX)kr1−1) as X →∞.

Here, the implied constant depends only on Γ1, k, and A.

Note that in (2.16) we allow subsums of a1x1 + · · ·+ akxk to be 0.
Two special cases of Theorem 2.5 are of interest:

(1) Let A = Bk (k times cartesian product), where B is a �nite
subset of K∗ such that for all b, b′ ∈ B with b 6= b′ we have
b/b′ 6∈ Γ1. Note that Bk satis�es (2.13), (2.14), (2.15). Hence,

|TBk(X)| = |B|
k · c(Γk1)

k!
(logX)kr1 +O((logX)kr1−1).
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(2) Let A = {a} where a ∈ (K∗)k is a tuple with (2.13). Of course,
(2.15) need not be satis�ed. But let A′ := {σ(a) : σ ∈ Sk};
then T{a}(X) = TA′(X), and A′ satis�es (2.13), (2.14), (2.15).
De�ne G(a) to be the subgroup of σ ∈ Sk such that σ(a) = a.
Then |A′| = k!/|G(a)|. So,

|T{a}(X)| = |TA′(X)| = c(Γk1)

|G(a)|
(logX)kr1 +O((logX)kr1−1).

3. Auxiliary results

In this section, we have collected the main tools for our proofs. We
start with a quantitative version of the so-called Parametric Subspace
Theorem. The �rst result of this type was proved in 1996 by Schlickewei
[14], then it was improved and generalized in 2002 by Evertse and
Schlickewei [9]. The up to now sharpest version was obtained in 2013
by Evertse and Ferretti [7]. The next result is a consequence of their
Theorem 2.1. The following notation is used:

- K is a number �eld, S a �nite set of places of K (not necessarily
containing all in�nite places) and k ≥ 2 an integer;

- L = (Liv : v ∈ S, i = 1, . . . , k) is a tuple of linear forms in
K[X1, . . . , Xk] such that for each v ∈ S, {Liv : i = 1, . . . , k} is
linearly independent;

- c = (civ : v ∈ S, i = 1, . . . , k) is a tuple of reals.

For every parameter value Q > 1 we de�ne the twisted height
(3.1)

HL,c,Q(x) :=
∏
v∈S

(
max
1≤i≤k

‖Liv(x)‖vQ−civ
)
·
∏

v∈MK\S

‖x‖v for x ∈ Kn.

Lemma 3.1. There are constants C1, C2 > 0, depending only on k, K

and L, with the following property. Let 0 < δ < 1 and assume that

(3.2)
k∑
i=1

civ = 0 for v ∈ S,
∑
v∈S

max(c1v, . . . , ckv) ≤ 1.

Then there are proper linear subspaces T1, . . . , Tt of K
k, with

t ≤ C1δ
−3(log δ−1)2

such that for every real Q with

Q ≥ C
1/δ
2
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there is Ti ∈ {T1, . . . , Tt} with {x ∈ Kn : HL,c,Q(x) ≤ Q−δ} ⊂ Ti.

In fact, Theorem 2.1 of [7] gives a version with fully explicit C1, C2.
Moreover, it gives an absolute version for twisted heights de�ned on
the algebraic closure of Q instead of just on a number �eld. For our
purposes, we need only the explicit dependence on δ.
Condition (3.2) is a normalization. For applications, the following

corollary, where this normalization has been removed, is more conve-
nient.

Corollary 3.2. Let C1, C2 be the constants from Lemma 3.1. Let λ, µ, θ

be reals with λ < µ < θ. Further, let d = (div : v ∈ S, i = 1, . . . , k) be

a tuple of reals such that

(3.3) 1
k

∑
v∈S

k∑
i=1

div ≤ λ,
∑
v∈S

max(d1v, . . . , dkv) ≤ θ.

Put δ :=
µ−λ
θ−λ . Then there are proper linear subspaces T1, . . . , Tt of K

n,

with

(3.4) t ≤ C1δ
−3(log δ−1)2

such that for every real Q with

(3.5) Q ≥ C
1/(µ−λ)
2

there is Ti ∈ {T1, . . . , Tt} with {x ∈ Kn : HL,Q,d(x) ≤ Q−µ} ⊂ Ti.

Proof. We reduce to Lemma 3.1. We �rst observe that if we increase
λ, then both the upper bound for t in (3.4), as well as the lower bound
for Q in (3.5) increase. Hence we may, and shall, assume that

1
k

∑
v∈S

k∑
i=1

div = λ.

Clearly, 0 < δ < 1. De�ne

Q′ := Qθ−λ,

civ :=
1

θ − λ
·
(
div − 1

k

k∑
i=1

div

)
for v ∈ S, i = 1, . . . , k.

Notice that these civ satisfy (3.2). Further, HL,c,Q′(x) = QλHL,d,Q(x).
Hence, HL,d,Q(x) ≤ Q−µ is equivalent to HL,c,Q′(x) ≤ Q′−δ. Also, the
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condition Q ≥ C
1/(µ−λ)
2 is equivalent to Q′ ≥ C

1/δ
2 . Thus, Lemma 3.1

implies Corollary 3.2. �

Henceforth,K is an algebraic number �eld, and Γ a �nitely generated
subgroup of rank r ≥ 1 of (K∗)k, where k ≥ 2. Elements of Γ are
written as x = (x1, . . . , xk). We �x a basis u1 = (u11, . . . , uk1), . . . ,ur =

(ur1, . . . , urk) of Γ/Γtors. Let S be given by (2.6).
Corollary 3.2 (applied with Q = H(x) for x ∈ Γ) is the main tool

in the proof of Theorem 2.1. It will be used in combination with the
following covering lemma, which is Lemma 6.3.6 of [8].

Lemma 3.3. Let η > 0. There is a subset E of Rk|S| of cardinality

|E| ≤ (1 + 4k/η)r

such that for every x ∈ Γ there is e = (eiv : v ∈ S, i = 1, . . . , k) ∈ E
with

(3.6)
∑
v∈S

k∑
i=1

∣∣∣∣eiv − log ‖xi‖v
h(x)

∣∣∣∣ ≤ η.

The following lemma compares the height H(a1x1 + · · ·+ akxk) with
H(x), for x = (x1, . . . , xk) ∈ Γ.

Lemma 3.4. Let Γ be a �nitely generated subgroup of (K∗)k of rank

r ≥ 1 and let a = (a1, . . . , ak) ∈ (K∗)k, ε > 0. There is a constant

C(Γ, a, ε) > 0, depending only on Γ, a, ε, such that

(3.7) H(x) ≤ C(Γ, a, ε) ·H(a1x1 + · · ·+ akxk)
1+ε

for all x ∈ Γ with
∑

i∈I aixi 6= 0 for each non-empty subset I of

{1, . . . , k}.

Remark. The constant C(Γ, a, ε) is not e�ectively computable from
the method of proof. This lemma is used in the proofs of all theorems,
except Theorem 2.2. Consequently, the implied constants in the asymp-
totic formulas in all theorems except Theorem 2.2 are not e�ectively
computable.

Proof. We apply [8, Theorem 6.1.1] (which is equivalent to [6, Theorem
1]), which can be stated as follows. Let T be a �nite set of places
of K, containing all in�nite places. Let y0, . . . , ym be T -integers, i.e.,
‖yi‖v ≤ 1 for v ∈MK\T , i = 0, . . . ,m and suppose that y0+· · ·+ym = 0
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and that
∑

i∈I yi 6= 0 for each proper, non-empty subset I of {0, . . . ,m}.
Let ε > 0. Then

(3.8)
∏
v∈T

max(‖y0‖v, . . . , ‖ym‖v)�
(∏
v∈T

m∏
i=0

‖yi‖v
)1+ε

,

where the constant implied by the Vinogradov symbol � depends on
m,K, T and ε.
Now choose for T the set of places obtained by adding to S all

in�nite places of K and all places v of K such that ‖ai‖v 6= 1 for at
least one i. Then k,K, T are determined by Γ and a. Choose a set N
of cardinality 2k, consisting of positive rational integers n such that
‖n‖v = 1 for all �nite places v ∈ T . We can choose N with an upper
bound depending only on k, K, T , hence only on Γ, a. Let x ∈ Γ be
such that

∑
i∈I aixi 6= 0 for each non-empty I ⊆ {1, . . . , k}. There is

n0 ∈ N such that n0+
∑

i∈I aixi 6= 0 for each non-empty I ⊆ {1, . . . , k}.
Letm = k+1, y0 = n0, yi = aixi for i = 1, . . . , k, yk+1 = −n0−

∑k
i=1 yi.

Then all conditions of the above stated [8, Theorem 6.1.1] are satis�ed,
so we can apply (3.8). Since maxi ‖yi‖v ≥ 1 for all v ∈ T , and equal
to 1 for v ∈ MK \ T , the left-hand side of (3.8) is � H(x), while the
right-hand side of (3.8) is

�
(∏
v∈T

‖n0 + a1x1 + · · ·+ akxk‖v
)1+ε

� H(a1x1 + · · ·+ akxk)
1+ε,

where the implied constants depend on Γ, a, and ε. This implies Lemma
3.4. �

Lemma 3.5. Let Γ be a �nitely generated subgroup of (K∗)k of rank

r ≥ 1 and a = (a1, . . . , ak) ∈ (K∗)k. Then the equation

a1x1 + · · ·+ akxk = 1 in x ∈ Γ

has at most c(k, r) solutions, with
∑

i∈I aixi 6= 0 for each proper, non-

empty subset of {1, . . . , k}, where c(k, r) depends on k and r only.

This is the main result of [10], with c(k, r) exponential in r and doubly
exponential in k. Amoroso and Viada [2] improved this to c(k, r) =

(8k)4k4(k+r+1). �

We also need a quantitative result for linear recurrence sequences.
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Lemma 3.6. Let a1, . . . , ak be non-zero polynomials in K[X], and

α1, . . . , αk ∈ K∗. Suppose that αi/αj is not a root of unity for each

pair i 6= j ∈ {1, . . . , k}. Let un := a1(n)αn1 + · · ·+ak(n)αnk for n ∈ Z≥0.

Then the number of n ∈ Z≥0 such that un = 0 is at most c′(`), the

latter depending only on ` := k + deg a1 + · · ·+ deg ak.

This was proved by Schmidt [16] with c′(`) triply exponential in `.
Amoroso and Viada [3] improved this to c′(`) = exp exp(70`). �

We now prove some asymptotic formulas. De�ne the set

HΓ(X) := {x ∈ Γ : H(x) ≤ X}.

Let c(Γ) be the quantity de�ned by (2.9). In the results stated below,
the implied constants depend on Γ (in fact, a priori they depend also
on the choice of a basis {u1, . . . ,ur} of Γ/Γtors, but we can choose such
a basis depending on Γ, e.g., we can choose a total ordering on the set
of tuples (u1, . . . ,uk) ∈ (K∗)k, and choose the smallest basis of Γ/Γtors

in this total ordering).

Lemma 3.7. Let Γ be a �nitely generated subgroup of (K∗)k of rank

r ≥ 1. Then

(3.9) |HΓ(X)| = c(Γ)(logX)r +O((logX)r−1) as X →∞,

where the implied constant depends on Γ.

Proof. We can represent elements of Γ in the form (2.5). De�ne the
map

(3.10) ϕ : Γ→ Zr : ζuz11 · · ·uzrr 7→ z = (z1, . . . , zr).

Notice that ϕ is a surjective homomorphism, with kernel Γtors. By (2.7)
we have

ϕ(HΓ(X)) =
{
z ∈ Zr :

∑
v∈S

max
(
0, `v1(z), . . . , `vk(z)

)
≤ logX

}
= (logX) · C(Γ) ∩ Zr,

where C(Γ) is the set de�ned by (2.8). To each z ∈ Zr we associate a
cube of measure 1,
(3.11)
Kz := {ξ := (ξ1, . . . , ξr) ∈ Rr : −1

2
< ξi − zi ≤ 1

2
for i = 1, . . . , r}.
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Notice that these cubes cover Rr and are pairwise disjoint. There is a
constant c > 0, depending only on Γ, such that

(logX − c)C(Γ) ⊆
⋃

z∈(logX)C(Γ)∩Zr

Kz ⊆ (logX + c)C(Γ).

By comparing measures, we see that

(logX − c)rµr(C(Γ)) ≤ |(logX)C(Γ) ∩ Zr| ≤ (logX + c)rµr(C(Γ)).

Recalling that the map ϕ de�ned above is |Γtors| to 1, we obtain

(logX − c)rc(Γ) ≤ |HΓ(X)| ≤ (logX + c)rc(Γ).

This implies Lemma 3.7. �

Lemma 3.8. Let Γ be a �nitely generated subgroup of (K∗)k of rank

r ≥ 1, and assume that Γ satis�es (2.10). Let T be a linear subspace of

Kn. Then

|HΓ(X) ∩ T | � (logX)r−1 as X →∞,
where the implied constant is independent of T and depends only on Γ.

Proof. Assume that HΓ(X) ∩ T 6= ∅. Choose a non-zero tuple b =

(b1, . . . , bk) ∈ Kk such that b1x1 + · · · + bkxk = 0 for x ∈ T . Then at
least two of the entries of b are non-zero.
We �rst show that there is a �nite subset T of K∗ (possibly de-

pending on b) of cardinality ≤ c′(k, r) depending only on k, r with the
following property. For every x ∈ Γ with b1x1 + · · · + bkxk = 0 there
are i 6= j ∈ {1, . . . , k} and λ ∈ T such that bibj 6= 0 and xi/xj = λ.
Indeed, let x ∈ Γ be such that

∑k
i=1 bixi = 0. Take a minimal subset I

of {1, . . . , k} such that bi 6= 0 for i ∈ I and
∑

i∈I bixi = 0. Then I has
cardinality at least 2. Pick j ∈ I. Then∑

i∈I\{j}

(−bi/bj)(xi/xj) = 1,

and no proper subsum of the left-hand side is 0. The existence of T as
above follows by applying Lemma 3.5 to the latter identity.
Fix i, j, λ, and let Ti,j,λ be the set of x ∈ HΓ(X) such that xi/xj = λ.

Further, for i 6= j, let Γi,j be the group of x ∈ Γ with xi = xj. By
(2.10), this group has rank smaller than r. Notice that λ may depend
on T .
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Assume that Ti,j,λ is non-empty. Pick x0 from this set, and for each
x ∈ Ti,j,λ, write x = x0 · y. Then y ∈ Γi,j. Further, for x ∈ Ti,j,λ we
have, by (2.1), (2.3),

H(y) ≤ H(x−1
0 x) ≤ Xk+1.

Lemma 3.7 implies that if x runs through Ti,j,λ, then y runs through a
set of cardinality

� (logX)rank Γi,j � (logX)r−1,

where the implied constant depends only on Γ, and is independent of
λ. This is clearly also true if Ti,j,λ is empty. Hence, |Ti,j,λ| � (logX)r−1.
Since the number of triples (i, j, λ) is at most k2c′(k, r), we have

|HΓ(X) ∩ T | ≤
∑
i,j,λ

|Ti,j,λ| � (logX)r−1 as X →∞,

where the implied constant depends only on Γ and is independent of
T . �

Lemma 3.9. Let Γ be a �nitely generated subgroup of (K∗)k of rank

r ≥ 1 and let C2 > C1 > 0. Put x0 := 1.

Let w ∈ S and i 6= j ∈ {0, . . . , k} be such that there are x ∈ Γ with

‖xi‖w 6= ‖xj‖w.

Then

(3.12)∣∣∣∣{x ∈ HΓ(X) : C1 ≤
‖xi‖w
‖xj‖w

≤ C2

}∣∣∣∣� (logX)r−1 as X →∞,

where the implied constant depends on Γ, C1 and C2.

Remark. Notice that we allow here that one of i, j is 0.

Proof. Put ci := logCi for i = 1, 2. We use the notation from (2.7), (2.8)
and in addition, put `0w(ξ) := 0. Further, put m1(ξ) := `iw(ξ)− `jw(ξ).
By our assumptions on Γ, i, j, w, the linear form m1 is not identically
0. Let H denote the set given in (3.12). The map ϕ de�ned by (3.10)
maps H to

A ∩ Zr, where A := {ξ ∈ (logX) · C(Γ), c1 ≤ m1(ξ) ≤ c2},

and is |Γtors| to 1. We replace A by a larger set that is easier to handle.
Choose linear forms m2, . . . ,mr from `vh (v ∈ S, h = 1, . . . , k) such
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that m1, . . . ,mr are linearly independent. There is a constant C > 0,
depending only on Γ, such that for ξ ∈ Rr we have∑

v∈S

max
(
0, `v1(ξ), . . . , `vk(ξ)

)
≥ C ·max

(
|m1(ξ)|, . . . , |mr(ξ)|

)
.

This can be proved by observing �rst that it su�ces to show this for
the set of ξ ∈ Rr for which the maximum on the right-hand side is
1, second, that this set is compact, and third, that the left-hand side
is a continuous and positive real function, hence assumes a minimum
C > 0 on this set. Thus, it follows that

A ⊆ B := {ξ ∈ Rr : c1 ≤ m1(ξ) ≤ c2,

|mi(ξ)| ≤ C−1 logX for i = 2, . . . , k}.

We estimate |B ∩Zr| from above. Consider again the cubes Kz de�ned
by (3.11). There is c > 0 depending only on Γ such that⋃
z∈B∩Zr

Kz ⊆ {ξ ∈ Rr : c1 − c ≤ m1(ξ) ≤ c2 + c,

|mi(ξ)| ≤ c+ C−1 logX for i = 2, . . . , k}.

It follows that

|B ∩ Zr| � (c2 − c1 + 2c)(c+ C−1 logX)r−1 � (logX)r−1 as X →∞.

Hence, |H| ≤ |Γtors| · |A ∩ Zr| � (logX)r−1 as X →∞. �

4. Proof of Theorem 2.1

We keep the notation introduced in Sections 2 and 3. In particular,
K is a number �eld, k ≥ 2, a = (a1, . . . , ak) ∈ (K∗)k, and Γ is a �nitely
generated subgroup of (K∗)k of rank r ≥ 1. Let S be the �nite set of
places of K given by (2.6).
Let ε = ε(X) be a positive, decreasing function of X, to be speci�ed

later. We �rst estimate from above |V ′(X)|, where

V ′(X) :={x ∈ VΓ,a(X) :

∃w ∈ S with ‖a1x1 + · · ·+ akxk‖w ≤ ‖x‖w ·H(x)−ε}.

Write V ′(X) =
⋃
w∈S, i=1,...,k Vi,w(X), where

Vi,w(X) :=
{
x ∈ VΓ,a(X) : ‖x‖w = ‖xi‖w,

‖a1x1 + · · ·+ akxk‖w ≤ ‖xi‖w ·H(x)−ε
}
.
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Fix i, w. To estimate from above |Vi,w(X)|, we apply Corollary 3.2.
De�ne the system of linear forms L = {Ljv : v ∈ S, j = 1, . . . , k},
given by

Ljv := Xj (v ∈ S, j = 1, . . . , k, (v, j) 6= (w, i)),

Liw := a1X1 + · · ·+ akXk.

Let x ∈ Vi,w(X). For v ∈ S, j = 1, . . . , k, de�ne ejv(x) := log ‖xj‖v/h(x).
Let E be the set from Lemma 3.3, with η = ε/(2k + 2). Then

(4.1) |E| � ε−r,

where here and below, constants implied by �, � and the O-symbols
depend on Γ, a only. Choose e ∈ E with

(4.2)
∑
v∈S

k∑
j=1

|ejv − ejv(x)| ≤ η.

Next, de�ne the tuple d = (djv : v ∈ S, j = 1, . . . , k) by

djv := ejv (v ∈ S, j = 1, . . . , k, (v, j) 6= (w, i)), diw := eiw − ε.

Consider the set of x ∈ Vi,w(X) satisfying (4.2) for some �xed e ∈ E .
Take Q := H(x). We �rst estimate from above HL,d,Q(x). One �rst
veri�es that for v ∈ S,

max
1≤j≤k

‖Ljv(x)‖vQ−djv ≤ max
1≤j≤k

‖xj‖vQ−ejv

≤
(

max
1≤j≤k

‖xj‖wQ−ejv(x)
)
·Qmaxk

j=1 |ejv−ejv(x)|

≤ Q
∑k

j=1 |ejv−ejv(x)|,

while clearly, ‖x‖v = 1 for v ∈MK \ S. This implies

(4.3) HL,d,Q(x) ≤ Qη.

Next, since by the product formula,
∑

v∈S
∑k

j=1 ejv(x) = 0,

1
k

∑
v∈S

k∑
j=1

djv = 1
k

(∑
v∈S

k∑
j=1

ejv − ε
)

(4.4)

≤ 1
k

(∑
v∈S

k∑
j=1

|ejv − ejv(x)| − ε
)
≤ 1

k (η − ε).
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Lastly,∑
v∈S

max(d1v, . . . , dkv) ≤
∑
v∈S

max(e1v, . . . , ekv)(4.5)

≤
∑
v∈S

max(e1v(x), . . . , ekv(x)) +
∑
v∈S

k∑
j=1

|ejv − ejv(x)| ≤ 1 + η.

We apply Corollary 3.2 with λ = (η − ε)/k, µ = −η, θ = 1 + η,
Q = H(x). With our choice η = ε/(2k + 2), we have

µ− λ =
ε

2k
, θ − λ ≥ 1 + ε, δ =

µ− λ
θ − λ

≥ ε

2k(1 + ε)
.

It follows that for each given e ∈ E , the set of x such that

x ∈ Vi,w(X), x satis�es (4.2), H(x) ≥ C
2k/ε
2

is contained in a union of � ε−3(log ε−1)2 proper linear subspaces of
Kn. Taking the union over all e ∈ E , using (4.1), it follows that the set
of x with

x ∈ Vi,w(X), H(x) ≥ C
2k/ε
2

is contained in a union of

(4.6) � (ε−1)r+3(log ε−1)2

proper linear subspaces of Kk.
Let T be one of these subspaces. By Lemma 3.4, each x ∈ Vi,w(X)

has H(x)� X2. Now Lemma 3.8 implies that

(4.7) |Vi,w(X) ∩ T | � (logX)r−1,

where the implied constant is independent of T . Lastly, by Lemma 3.7,

(4.8) |{x ∈ Γ : H(x) ≤ C
2k/ε
2 }| � ε−r.

Combining (4.6), (4.7), (4.8), we infer

|Vi,w(X)| � (logX)r−1 · (ε−1)r+3(log ε−1)2.

This holds for all i = 1, . . . , k, w ∈ S. It follows that V ′(X) has cardi-
nality

(4.9) |V ′(X)| � (logX)r−1 · (ε−1)r+3(log ε−1)2.

We now consider VΓ,a(X) \ V ′(X). Observe that for every x in this
set,

‖a1x1 + · · ·+ akxk‖v ≥ ‖x‖vH(x)−ε for all v ∈ S,
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while

max(1, ‖a1x1 + · · ·+ akxk‖v) ≥ 1 = max(1, ‖x‖v) for v ∈MK \ S.

Hence,

(4.10) H(a1x1 + · · ·+ akxk)� H(x)1−sε for x ∈ VΓ,a(X) \ V ′(X),

where s = |S|. On the other hand,

(4.11) H(a1x1 + · · ·+ akxk)� H(x) for x ∈ Γ.

De�ne

H′Γ(X) :=
{
x ∈ Γ : H(x) ≤ X,(4.12) ∑
i∈I

aixi 6= 0 for each non-empty I ⊆ {1, . . . , k}
}
.

Then by Lemmas 3.7 and 3.8,

(4.13) |H′Γ(X)| = c(Γ)(logX)r +O((logX)r−1) as X →∞.

Recall that solutions with vanishing subsums have been excluded from
VΓ,a(X). From (4.10), (4.11) it follows that there are positive constants
C1, C2, depending only on Γ, a, such that

H′Γ(C1X) ⊆ VΓ,a(X) ⊆ H′Γ(C2X
1/(1−sε)) ∪ V ′(X),

and using (4.13), (4.9) , we obtain

c(Γ)(logX)r +O
(
(logX)r−1

)
≤ |VΓ,a(X)|

(4.14)

≤ c(Γ)(logX)r +O
(
ε · (logX)r + (logX)r−1 · (ε−1)r+3(log ε−1)2

)
.

We now choose ε = ε(X) =
(
(log logX)2/ logX

)1/(r+4)
. Then (4.9) and

(4.14) together give the formula stated in Theorem 2.1,

|VΓ,a(X)| = c(Γ)(logX)r
(

1 +O
(( (log logX)2

logX

)1/(r+4)
))

as X →∞.

�
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5. Proof of Theorem 2.2

Let as before K be a number �eld, k ≥ 2 an integer, a1, . . . , ak ∈
K[X] non-zero polynomials, and α1, . . . , αk ∈ K∗, satisfying (2.11), i.e.,
αi/αj is not a root of unity for each pair i 6= j ∈ {1, . . . , k}. Further,
let

un :=
k∑
i=1

ai(n)αni .

Our purpose is to �nd an asymptotic formula for |U(X)|, where

U(X) := {n ∈ Z≥0 : H(un) ≤ X}.

In this section, constants implied by�,� and O-symbols will depend
only on a1, . . . , ak, α1, . . . , αk, and are all e�ectively computable. Let
S be a �nite set of places of K, containing all in�nite places, such that
the coe�cients of a1, . . . , ak are all S-integers, while α1, . . . , αk are all
S-units. Let ε = ε(X) be a positive, decreasing function of X, to be
speci�ed later. Put

H := H(α1, . . . , αk) =
∏
v∈MK

max(1, ‖α1‖v, . . . , ‖αk‖v).

We �rst estimate from above |U ′(X)|, where

U ′(X) :=
{
n ∈ Z≥0 : H(un) ≤ X,

∃w ∈ S with ‖un‖w ≤ max
1≤i≤k

‖ai(n)αni ‖w ·H−nε
}
.

Write U ′(X) =
⋃
w∈S, i=1,...,k Ui,w(X), where

Ui,w(X) :=
{
n ∈ Z≥0 : H(un) ≤ X, ‖ai(n)αni ‖w = max

1≤j≤k
‖aj(n)αnj ‖w,

‖un‖w ≤ ‖ai(n)αni ‖w ·H−nε
}
.

Fix i, w. To estimate from above |Ui,w(X)|, we apply Corollary 3.2,
with

(5.1) x = (x1, . . . , xk) = (a1(n)αn1 , . . . , ak(n)αnk), Q = Hn.

De�ne the system of linear forms L = {Ljv : v ∈ S, j = 1, . . . , k} by

Ljv := Xj (v ∈ S, j = 1, . . . , k, (v, j) 6= (w, i)),

Liw := X1 + · · ·+Xk.
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Further, de�ne

ejv :=
log ‖αj‖v

logH
(v ∈ S, j = 1, . . . , k),

djv := ejv (v ∈ S, j = 1, . . . , k, (v, j) 6= (w, i)), diw := eiw − ε,

and let d := (djv : v ∈ S, j = 1, . . . , k).
We �rst estimate from above HL,d,Q(x), with n ∈ Ui,w(X) and x, Q

as in (5.1). For v ∈ S we have

max
1≤j≤k

‖Ljv(x)‖vQ−div ≤ max
1≤j≤k

‖xj‖wQ−eiv ≤ max
1≤j≤k

‖aj(n)‖v,

while ‖x‖v ≤ 1 for v ∈MK \ S. Then

HL,d,Q(x) ≤
∏
v∈S

max
1≤j≤k

‖aj(n)‖v ≤ Qε/2k,

provided that

(5.2) n� ε−2.

Indeed,
∏

v∈S max1≤j≤k ‖aj(n)‖v � nO(1), and if n satis�es (5.2) with a
su�ciently large implied constant, this is smaller than Qε/2k = Hnε/2k.
Next, by the product formula we have

∑
v∈S
∑k

j=1 ejv = 0, which
implies

1

k

∑
v∈S

k∑
j=1

djv = −ε/k,

while clearly,∑
v∈S

max(d1v, . . . , dkv) ≤
∑
v∈S

max(e1v, . . . , ekv) ≤ 1.

We apply Corollary 3.2 with λ = −ε/k, µ = −ε/2k, θ = 1. By
taking the implied constant in (5.2) su�ciently large, we can guar-
antee that Q = Hn satis�es (3.5). It follows that the set of vectors
x = (a1(n)αn1 , . . . , ak(n)αnk) with n ∈ Ui,w(X) and with (5.2) lies in a
union of

� ε−3(log ε−1)2

proper linear subspaces of Kn. Consider such a subspace T , and take
a non-trivial equation b1X1 + · · · + bkXk = 0 of T . Then if x ∈ T ,
we have

∑k
j=1 bjaj(n)αnj = 0. By Lemma 3.6, the number of n ∈ Z≥0
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satisfying such a relation is � 1. Further, the number of n violating
(5.2) is � ε−2. It follows that altogether,

|Ui,w(X)| � ε−3(log ε−1)2.

By taking the union over all w, i, we obtain

(5.3) |U ′(X)| � ε−3(log ε−1)2.

We now consider U(X) \ U ′(X). Observe that for every integer n in
this set,

‖un‖v ≥ max
1≤i≤k

‖ai(n)αni ‖vH−nε for v ∈ S,

hence

max(1, ‖un‖v) ≥ Rv(n) max(1, ‖α1‖v, . . . , ‖αk‖v)nH−nε for v ∈ S,

where Rv(n) := min(1, ‖a1(n)‖v, . . . , ‖ak(n)‖v) for v ∈ S. Further, the
set S is such that all αi are S-units. Hence,

H(un) ≥
(∏
v∈S

Rv(n)
)
Hn(1−sε) for n ∈ U(X) \ U ′(X),

where s := |S|. Let Mv(n) := max(1, ‖a1(n)‖v, . . . , ‖ak(n)‖v) for v ∈
MK . Assuming a1(n) · · · ak(n) 6= 0, we have by the product formula,∏

v∈S

Rv(n) ≥
∏
v∈S

‖a1(n) · · · ak(n)‖v
Mv(n)k+1

≥
∏

v∈MK\S

‖a1(n) · · · ak(n)‖−1
v ·

∏
v∈S

Mv(n)−k−1

≥
∏
v∈MK

Mv(n)−k−1 � nO(1).

It follows that

H(un)� nO(1)Hn(1−sε) for n ∈ U(X) \ U ′(X),

where we have incorporated those n with a1(n) · · · ak(n) = 0 by demi-
nishing the implied constants. Hence,
(5.4)

Hn �
(
H(un)(log(2 +H(un)))O(1)

)1/(1−sε)
for n ∈ U(X) \ U ′(X).
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On the other hand, for n ∈ U(X) we have

H(un)�
∏
v∈MK

max(1, ‖a1(n)αn1‖v, . . . , ‖ak(n)αnk‖v)(5.5)

� H(a1(n), . . . , ak(n))Hn � nO(1)Hn.

From (5.5), (5.4), we infer that there are e�ectively computable positive
constants C1, C2, γ1, γ2, depending only on a1, . . . , ak, α1, . . . , αk, such
that

{n ∈ Z≥0 : Hn ≤ C1X(logX)−γ1} ⊆ U(X)

⊆
{
n ∈ Z≥0 : Hn ≤ C2

(
X(logX)γ2

)1/(1−sε)} ∪ U ′(X).

By comparing cardinalities, we obtain

logX

logH
+O(log logX) ≤ |U(X)|

≤ 1

(1− sε) logH

(
logX +O(log logX)

)
+O(ε−3(log ε−1)2)

≤ logX

logH
+O

(
ε logX + log logX + ε−3(log ε−1)2

)
.

By choosing ε =
(
(log logX)2/ logX

)1/4
, we arrive at

|U(X)| = logX

logH

(
1 +O

(((log logX)2

logX

)1/4))
.

This completes our proof. �

6. Proofs of Theorems 2.3 and 2.4

As before, K is an algebraic number �eld and k ≥ 2 an integer.

Proof of Theorem 2.3. Let S be given by (2.6) and assume that Γ sat-
is�es (2.12). Here and below, the constants implied by � and � and
the O-symbols depend on Γ and a. Put x0 := 1 and take a constant
C1 > 0 which is chosen su�ciently large, but depending only on Γ and
a. We �rst estimate from above |V ′(X)|, where

V ′(X) :=
⋃

w∈S, i 6=j∈{0,...,k}

Vi,j,w(X),

with

Vi,j,w(X) := {x ∈ VΓ,a(X) : ‖xj‖w ≤ ‖xi‖w ≤ C1‖xj‖w}
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(note that we allow i, j to be 0). We estimate from above |Vi,j,w(X)|
for all i, j, w with i 6= j, and subsequently, |V ′(X)|.
Fix i, j, w. Lemma 3.4 implies that for x ∈ Vi,j,w(X) we have

H(x)� H(a1x1 + · · ·+ akxk)
2.

Therefore, there is a constant C2 > 0 depending only on Γ and a, such
that

Vi,j,w(X) ⊆ {x ∈ HΓ(C2X
2) : ‖xj‖w ≤ ‖xi‖w ≤ C1‖xj‖w}.

By assumption (2.12), there is x ∈ Γ such that ‖xi‖w 6= ‖xj‖w. So we
can apply Lemma 3.9 to the right-hand side, and obtain

|Vi,j,w(X)| � (logX)r−1 as X →∞.

This holds for all i 6= j ∈ {0, . . . , k} and w ∈ S. Thus, it follows that

(6.1) |V ′(X)| � (logX)r−1 as X →∞.

We now consider VΓ,a(X) \ V ′(X). Notice that for each x in this set,
and for each v ∈ S, there is i(v) ∈ {0, . . . , k} such that

max(1, ‖x‖v) = ‖xi(v)‖v ≥ C1 max
j∈{0,...,k}\{i(v)}

‖xj‖v.

Taking C1 su�ciently large, we have for v ∈ S that

max(1, ‖a1x1 + · · ·+ akxk‖v)� max(1, ‖x‖v)

if i(v) = 0, and

max(1, ‖a1x1 + · · ·+ akxk‖v)� ‖ai(v)xi(v)‖v −
∑
j 6=i(v)

‖ajxj‖v

� ‖xi(v)‖v = max(1, ‖x‖v)

if i(v) 6= 0. Further, it is clear that for v ∈MK \ S,

max(1, ‖a1x1 + · · ·+ akxk‖v) ≥ 1 = max(1, ‖x‖v).

Therefore,

H(a1x1 + · · ·+ akxk)� H(x) for x ∈ VΓ,a(X) \ V ′(X).

Clearly, we have also

H(a1x1 + · · ·+ akxk)� H(x) for x ∈ Γ.
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Thus, there are constants C3, C4 > 0, depending only on Γ, a, such
that

H′Γ(C3X) ⊆ VΓ,a(X) ⊆ H′Γ(C4X) ∪ V ′(X).

Finally, using (4.13) and (6.1), we arrive at the formula stated in The-
orem 2.4,

|VΓk
1 ,a

(X)| = c(Γ)(logX)r +O((logX)r−1) as X →∞.

�

Proof of Theorem 2.4. Let Γ = Γk1, where Γ1 has rank r1 ≥ 1. So Γ has
rank kr1. Condition (2.6) now becomes

S = {v ∈MK : there is x ∈ Γ1 with ‖x‖v 6= 1}.

Given v ∈ S, i ∈ {1, . . . , k} we can take x = (x1, . . . , xk) ∈ Γk1 with
‖xi‖v 6= 1 and xj = 1 for all j 6= i. Thus, we see that Γ = Γk1 satis�es
(2.12). Now Theorem 2.4 follows at once from Theorem 2.3 with r =

kr1. �

7. Proof of Theorem 2.5

We closely follow the proof of [11, Theorem 2]. We take Theorem
2.4 as a starting point. As before, K is a number �eld and k ≥ 2 an
integer.
LetA be a �nite set of tuples from (K∗)k. Let VA(X) be the collection

of tuples (α1, . . . , αk) such that

(α1, . . . , αk) = (a1x1, . . . , akxk) with (a1, . . . , ak) ∈ A, x1, . . . , xk ∈ Γ1,

H(α1 + · · ·+ αk) ≤ X,

none of the subsums of α1 + · · ·+ αk vanishes.

In what follows, constants implied by O-symbols and �-symbols will
depend only on k,Γ1,A.

Lemma 7.1. (i) We have for X →∞,

|VA(X)| � (logX)kr1 .

(ii) If moreover A satis�es (2.14), then for X →∞,

|VA(X)| = |A| · c(Γk1) · (logX)kr1 +O((logX)kr1−1).



SUMS OF ELEMENTS FROM A MULTIPLICATIVE GROUP 27

Proof. This follows easily from Theorem 2.4. Notice that, trivially,
|VA(X)| ≤

∑
a |Va(X)| where the sum is taken over all a ∈ A. If A

satis�es (2.14) then we have equality since Va(X), Vb(X) are disjoint
for any two distinct a,b ∈ A. �

We assume henceforth that A satis�es (2.13), (2.14), (2.15). Note
that thanks to (2.15), the set VA(X) is such that if (α1, . . . , αk) ∈
VA(X), then also (ασ(1), . . . , ασ(k)) ∈ VA(X) for each σ ∈ Sk. Given
(α1, . . . , αk) ∈ VA(X), let

(α1, . . . , αk)P := {(ασ(1), . . . , ασ(k)) : σ ∈ Sk}.

Lemma 7.2. Let V∗A(X) be the set of (α1, . . . , αk) ∈ VA(X) such that

(α1, . . . , αk)P has precisely k! elements. Then

|VA(X) \ V∗A(X)| � (logX)(k−1)r1 as X →∞.

Proof. Let (α1, . . . , αk) = (a1x1, . . . , akxk) ∈ VA(X) \ V∗A(X). Then
there are distinct σ, τ ∈ Sk such that (ασ(1), . . . , ασ(k)) = (ατ(1), . . . , ατ(k)),
which implies that there are distinct indices i, j such that αi = αj. By
(2.13) we know that ai = aj, and thus, xi = xj. So if we replace αi, αj
by the single entry 2αi, we get a tuple from VA′(X), where A′ consists
of all (k−1)-tuples obtained by taking those tuples from A having two
equal entries, say ai = aj for some distinct indices i, j, and replacing
ai, aj by the single entry 2ai. Now use that by the �rst part of Lemma
7.1 we have |VA′(X)| � (logX)(k−1)r1 . �

Lemma 7.3. Let V∗∗A (X) be the set of tuples (α1, . . . , αk) ∈ VA(X)

such that there is (β1, . . . , βk) ∈ VA(X) \ (α1, . . . , αk)P with
∑k

i=1 βi =∑k
i=1 αi. Then

|V∗∗A (X)| � (logX)(k−1)r1 as X →∞.

Proof. Let (α1, . . . , αk) ∈ V∗∗A (X), and choose (β1, . . . , βk) from the
set VA(X) \ (α1, . . . , αk)P with

∑k
i=1 βi −

∑k
i=1 αi = 0. By removing

vanishing subsums, we obtain that there are non-empty subsets I, J of
{1, . . . , k} such that

(7.1)
∑
i∈I

αi −
∑
j∈J

βj = 0,

and no proper subsum of this expression vanishes. Here, both I, J are
non-empty because of our de�nition of VA(X), and we may choose I
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with |I| ≥ 2, since otherwise (β1, . . . , βk) ∈ (α1, . . . , αk)P , which we
excluded. Write αi = aixi for i = 1, . . . , k, where (a1, . . . , ak) ∈ A and
xi ∈ Γ1 for i = 1, . . . , k. Pick h ∈ I. Dividing (7.1) by αh, we get an
equation

1 +
∑

i∈I\{h}

ai
ah
· xi
xh
−
∑
j∈J

· · · = 0,

of which no proper subsum vanishes. By e.g., Lemma 3.5, there is a
�nite subset B of Γ1, depending only on k,Γ1,A, such that xi/xh ∈ B
for i ∈ I. So altogether, for each (a1x1, . . . , akxk) ∈ V∗∗A (X), there are
λ ∈ B and distinct indices h, i in {1, . . . , k}, such that xi/xh = λ.
Now letA′′ be the union of the setsAh,i,λ (h 6= i ∈ {1, . . . , k}, λ ∈ B),

where Ah,i,λ is the set of (k − 1)-tuples obtained by taking the tuples
(a1, . . . , ak) from A, and for each of these tuples, replacing the entries
ah, ai by one single entry ah − λai. Then by the �rst part of Lemma
7.1, we obtain

|V∗∗A (X)| ≤ |VA′′(X)| � (logX)(k−1)r1 .

�

Proof of Theorem 2.5. Let T ∗A(X) be the set of α satisfying (2.16) but
with the additional property that no subsum of

∑k
i=1 aixi vanishes.

This is the set of α such that there is (α1, . . . , αk) ∈ VA(X) with
α = α1 +· · ·+αk. Lemmas 7.2 and 7.3 imply that with� (logX)(k−1)r1

exceptions, every α ∈ T ∗A(X) has precisely k! di�erent representations
in the form α1 + · · ·+ αk with (α1, . . . , αk) ∈ VA(X), all lying in a set
(α1, . . . , αk)P . Thus, using the second part of Lemma 7.1,

|T ∗A(X)| = (k!)−1|VA(X)|+O((logX)(k−1)r1)(7.2)

=
|A|
k!
c(Γk1)(logX)kr1 +O((logX)kr1−1) as X →∞.

It remains to dispose of the non-vanishing subsum condition. Let
T ∗∗A (X) be the set of α satisfying (2.16) but now with the additional
condition that every representation α =

∑k
i=1 aixi with (a1, . . . , ak) ∈

A, xi ∈ Γ1 for i = 1, . . . , k has a vanishing subsum. Pick α ∈ T ∗∗A with
α 6= 0. Then α is in fact representable as

∑
i∈I aixi, where 2 ≤ |I| < k

and where no subsum of
∑

i∈I aixi vanishes. Letting AI consist of all
tuples (ai : i ∈ I) with (a1, . . . , ak) ∈ A, and including the case α = 0,
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we deduce from part 1 of Lemma 7.1 that

|T ∗∗A (X)| ≤ 1 +
∑

I({1,...,r}

|VAI
(X)| � (logX)(k−1)r1 as X →∞.

By combining this with (7.2), the proof of Theorem 2.5 is completed.
�
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