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ABSTRACT. Let K be a number field, k¥ > 2 an integer, (K*)* the
k-fold direct product of K* with coordinatewise multiplication,
and T a finitely generated subgroup of rank r of (K*)*. Further,
let H(«) denote the absolute exponential height of an algebraic
number «. Fix non-zero elements aq,...,ar € K. We give as-
ymptotic formulas for the number of x = (x1,...,2;) € T with
H(aix1+- - +agxr) < X as X — oo such that no non-empty sub-
sum of aix1 + - -+ + apxp vanishes. By the same method of proof,
we obtain an asymptotic formula as X — oo for the number of
non-negative integers n with H(u,) < X, where {u,} is a linear
recurrence sequence.

1. INTRODUCTION

Let K be a number field, & > 2 an integer, and S a finite set of
places of K, containing all infinite places. Suppose S has cardinality
s + 1. Denote by Ug the group of S-units of K; then Ug has rank s.
Fix non-zero ay, . ..,a; € K. Denote by H(«) the absolute exponential
Weil height of an algebraic number a.

This paper builds further on work of G. Everest. By a slight modifica-
tion of the arguments in his papers |4, 5], one can deduce an asymptotic
formula for the number of tuples (x1, ..., zg) with 1, ..., zx € Ug that
satisfy

H(ayzy + -+ apxg) < X
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and are non-degenerate in the sense that no non-trivial subsum of
Zle a;x; vanishes. In fact, Everest’s arguments yield for this number
an asymptotic formula

(1.1) c(Usg, k)(log X)* 4+ O((log X)*™) as X — oo,

where ¢(Us, k) > 0. Everest’s main tools are a result from [6] that
compares H(a1x1+- - -+agzy) with the height of the vector (x4, ..., )
(which in turn was deduced from Schmidt’s and Schlickewei’s p-adic
Subspace theorem |15, [13]), and logarithmic forms estimates.

Let (K*)* denote the k-fold direct product of K* with coordinatewise
multiplication and inversion. We consider more generally sums

a1 + e —|—akl‘k Wlth (f]jl,---7$k) S F’

where T is a finitely generated subgroup of rank r of (K*)*. We assume
that for each distinct i,7 € {1,...,k}, there is (x1,...,z5) € T" such
that z;/z; is not a root of unity. The purpose of this paper is to deduce
an asymptotic formula for the number of non-degenerate (z1,...,x) €
[ with H(a1z; + -+ + agzg) < X. Our first result (see Theorem
below) is, that this number equals

2
(12)  ¢T)(log X)" - (1 + 0(%)%%}) as X — oo,
with ¢(T") > 0 depending only on T'. In this general set-up, we could not
make Everest’s method work, so we used instead a different method,
based on a suitable quantitative version of the Parametric Subspace
Theorem [7].

By a similar argument, we obtain an asymptotic formula for non-
degenerate linear recurrence sequences u, = Zle a;(n)al, i.e., the q;
are non-zero polynomials in K[X] and the «; non-zero elements of K,
such that for any two distinct 4, j, a;/a; is not a root of unity. In fact,
we show that the number of non-negative integers n with H(u,) < X
equals

log log X )%\ 1/4
(1.3) clogX(l—i—O(w) ) as X — oo,
log X
where ¢ > 0, see Theorem [2.2] below.
We can improve on ([1.2)) in the special case

D =TF={(z,...,2): 21,..., 2, €T},
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where I'y is a finitely generated subgroup of K*. Indeed, in this situa-
tion, Everest’s method is applicable, and we obtain instead of (1.2]),

(1.4) c(I)(log X)" + O((log X)™1) as X — oo,

see Theorem below. In fact, our method of proof is a simplification
of Everest’s, which avoids the logarithmic forms estimates. In the case
I'y = Ug we obtain (1.1

Finally, we deduce an asymptotic formula where we do not count
tuples (x1,...,zx), but instead algebraic numbers o with H(a) < X
that are representable in the form a,x1+- - -4agx, with x1, ..., 2, € I'y,
see Theorem below. This extends work of Adam, Hajdu, and Luca
[1], and of Frei, Tichy, and Ziegler [11].

In all our theorems, the constants implied by the O-symbols in the
asymptotic formulas cannot be effectively determined by our method of
proof, except for the one in Theorem [2.2]on linear recurrence sequences,
where the implied constant is effectively computable.

In the next section, we introduce the necessary notation and state
the above results in a precise form. In Section [3| we have collected our
tools, and in the subsequent sections, we prove our theorems.

2. NOTATION AND RESULTS

We denote by | A| the cardinality of a set A. Throughout this paper,
K will be an algebraic number field of degree d and k£ > 2 an integer.
Let K* denote the group K \ {0} with multiplication, and (K*)* its
k-fold direct product. Denote by O the ring of integers of K. The real
infinite places of K are its real embeddings o; : K < R (i =1,...,1),
the complex infinite places of K are its pairs of conjugate complex
embeddings

{i,0;: K—>C} (i=ri+1,...,m1 +73),
and the finite places of K are the prime ideals of Og. The set of places

My of K consists of the (real and complex) infinite places and the finite
places of K. We define normalized absolute values || - ||, (v € Mk) on
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K by
I o = [o ()M it v = o is real infinite,
|- Ml = lo ()[4 if v = {0,7} is complex infinite,
|- [ly == Np=ord0)/e if v = p is finite,

where Np = |Og/p| is the norm of p, and ord,(«) is the exponent of
p in the unique prime ideal factorization of a € K, with ord,(0) = oco.
These absolute values satisfy the product formula

IT lledlo =1 for a € K*.
vEMg
The absolute, exponential height and logarithmic height of a € K
are given by
H(o):= J] max(1,|lel.), h(a):=logH(a).
vEMg

These heights depend only on «;, i.e., are independent of the choice of a
number field K containing «. For later use, note that (as is well-known),

we have
H(aq - ap) < H(ayg) - H(ay)
and
H(on+--+a,) <nH(a)--- H(ay,)
for any aq,...,qa, € K. Further, for any non-zero € K and m € Z
we have
H(a™) = H(a)™.
More generally, for a vector x = (x1,...,1;) € K* we define

IIx||» := max(||z1]|o, - - -, [|zx]ls) for v e Mg
and subsequently its exponential and logarithmic height
H(x) = H(wy,...,25) == [] max(L,[Ix],), h(x):=log H(x).
veEMg

The product of x = (z1,...,7%),y = (y1,...,y) € K* is defined
coordinatewise, i.e., Xy = (2191, ..., Zpyx). Further, if x € (K*)* i.e.,

zy - # 0 we define x71 = (z7',...,2."). One easily shows that

(2.1) H(x-y) < H(x)-H(y) for x,y € K*,
(2.2) H(x™) = H(x)™ for x € K* m € Zs,.
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Further,
(2.3) H(x™') < Hx)" for x € (K*)*.
Indeed, if x = (z1,...,x)) one may write for v € Mk,
max(L, 1) = max(L, 1% .l ;)
= Jla a7 maxc (Y- @il | [T 5l I [T 501
A1 ik

<l -l max(1, [|x[l,)*

and by taking the product over all v and applying the product formula,
one obtains (2.3).

Let S be a finite subset of My with |S| > 2, containing all infinite
places. The multiplicative group of S-units in K is defined by

Us:={ue K: |ul|,=1forve Mg\S}

It is well-known that Ug is finitely generated and that its rank is s :=
|S| — 1. Further, the torsion group of Ug is the group Wy of roots of
unity in K. Denote by wg the order of Wi.

Let S = {vo,,...,vs}, and let {71,...,7s} be a fundamental set of
S-units, or equivalently, a basis of Us/Wk, i.e., every u € Ug can be
expressed uniquely as (7' ---7> with ( € Wi and 2y,...,2, € Z.
Define the quantity

log Iyilley -+ log ||yslle,
(2.4) Rg = |det : . :
log Ivllo. -+ log[l7slle.
This is independent of the choice of vy, ..., v, V1, ..., 7s. For properties

of the introduced notions, see e.g. Chapters 2.1 and 2.2 of Evertse and
Gyo6ry [8]. The S-regulator as defined in |8 is d°Rg.

Now let I" be a finitely generated subgroup of rank r of (K*)*. Write
elements of I" as x = (z1,..., 7). Choose a basis uy, ..., u, of I'/Tys,
by which we mean that uy, ..., u, € ['and every x € I' can be expressed
uniquely as

(2.5) ¢-uj'---ur with ( € Ty, 21,...,2 € Z.

T

Write w; = (w1, ...,uy) for i = 1,... k. Let S be the smallest set
of places of K such that |ju; ||, = 1 forv € Mg\ S, i =1,...,r,
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j=1,...,k. Then S is finite, and we have
(2.6)
S ={v € Mg : there is x € I' with ||z;||, # 1 for at least one i}.

Now for the logarithmic height of x € I, we have

(27)  h(x) =) max (0,0u(z), ..., lu(2)),

vES
r

where (,;(z) := Zzi log [luijlle (veS, j=1,... k).

i=1
Let o denote the Lebesgue measure on R with x([0,1]) = 1, and u" the
product measure on R”. Define

(2.8) C(M):={¢eR : > max (0,£,(E), ... lu(§)) <1},

veES
(2.9) (D) = |Tiors| - " (C(T)).

The product formula implies ) _cf,; = 0 for j = 1,...,r, and from
this one easily deduces that C(I") is a bounded set. Hence, ¢(I) is finite.
The set C(I") depends on the choice of uy, ..., u,, but the quantity ¢(I")
is independent of this choice.

Henceforth we write x = (z1,...,xx), a = (a1,...,a;), etc. For a €
(K*)* and X > 1, define the set

Vra(X) = {X el :H(ayxy + -+ + agry) < X,

Zaixi # 0 for each non-empty I C {1,..., k}}
iel

Qur first result is as follows.

Theorem 2.1. Let K be a number field, k > 2 an integer, and I' a
finitely generated subgroup of (K*)* of rank r > 1. Assume that

(2.10) foreachi#je{l,... k} thereisx €T’
such that x;/x; is not a root of unity.

Let a= (ay,...,a;) € (K*)*. Then

Vea(X)| = c(I) (log X)" - (1 + o( (

as X — 00,

(log log X)? ) 1/(r+4)>
log X
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where c(T") is defined by (2.9). Here, the implied constant depends only
on I' and a.

By specializing to the case I' = {(af,...,a}) : n € Z}, i.e.,, r =1,

. k n

we can deduce a result for linear recurrence sequences u,, = » ., a;a.

By modifying the proof of Theorem we managed to improve and
generalize this.

Theorem 2.2. Let K be a number field, k > 2 an integer, ay, ..., a; €
K[X] non-zero polynomials, and o, ..., € K*. Assume that

(2.11)  for each i # j € {l,... k}, a;/a; is not a root of unity.

Put u,, := Zle a;(n)al forn € Zso. Then

log H log X
as X — o0,
where
H:=H(ay,...,q) = H max(1, [[ai]lv, - -, |oxllo),
UEMK
and the implied constant depends only on ay, ..., ax, a1, ..., and can

be determined effectively.

Further potential applications of our method of proof are to linear
combinations of linear recurrence sequences {byu,, +bav, : m,n € Z>o}
(see [I7] for a related result) or perhaps even {biu,, 1 + -+ + bty :
ni,...,n; € Zso}. Most generally, one might consider exponential poly-
nomials

k
n np .
{ E filng, ... on)aly -+ ag) nl,...,nZEZ},
i=1

where f; € K[Xy,...,Xj],1,...,ay € K*fori=1,... k.
We can sharpen Theorem [2.1] if we strengthen (2.10)). As before, we

write x = (x1,...,2), and put zg := 1.

Theorem 2.3. Let K be a number field, k > 2 an integer, and I' a
finitely generated subgroup of (K*)* of rank r > 1. Let S be given by
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([2-6). Assume that
(2.12) for eachv e S, i#j5€{0,...,k} there is x € T with
il 7 l5]]o-
Let a € (K*)*. Then
Vra(X)| = c(T)(log X)" + O((log X)) as X — oo.

Here, the implied constant depends only on I' and a.

An important special case is, when
D =T%={(21,...,0%) : &1,...,2, €1},

where I'; is a finitely generated subgroup of K*. Note that in this case,
rankI' = k- rankI';.

Theorem 2.4. Let K be a number field, k > 2 an integer, I'1 a sub-
group of K* of rank i > 1, and a € (K*)*. Then

Vg a(X)] = c(I'7)(log X)** + O((log X)** 1) as X — oo.
Here, the implied constant depends only on I'y, k, and a.

In general, it seems to be a difficult problem to derive an explicit
expression for ¢(I'), but this can be done in the case that I' = U¥, where
S is a finite set of places of K, containing all infinite places. Write
S = {vg,...,vs} and pick a basis {7y1,...,7s} of Us/Wk. Using the
product formula in the form log [lull,, = —>_j_, log [[ull,, for u € Us,
together with (2.4), one can show that C(UE) is the image under a
linear transformation of determinant ng of the set

where &, ; = —> 7, &, for j =1,..., k. Kerber, Tichy, and Weitzer
[12] proved that this set (called by them ‘Everest polytope’ since it
was introduced by Everest [4]) has measure ((k + 1)s)!/(ks)!(s!)**1.
Noticing that (Uf)is = WE and thus, has cardinality w¥., it follows
that

B W ((k+1)s)!

~RE (ks)!(shAT

In our next result, we do not count tuples (z1,...,x;) € I'}, but

c(U3)

instead numbers « representable in the form a2z, +- - -+ apxy. Further,
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we do not take a fixed tuple of coefficients (aq,...,ax), but instead a
finite set of such tuples.

Denote by Sy the permutation group of {1,...,k}. Henceforth, we
write

a=(ay,...,ag), b=(by,...,bx), a/b=(ay/by,...,a,/by),
a(a) = (ag(l), RN ag(k)) (U S Sk)
Let A be a finite set of tuples in (K*)* with the following properties:

2.13
( fo)r eachaec A, i,j€{l,...,k} we have a; = a; or a;/a; ¢ I'y;
(2.14)
for each a,b € A we have a =b or a/b ¢ I'%;
(2.15)

for each a € A, 0 € Sy we have o(a) € A.

From Theorem [2.4] we deduce the following result. In the deduction
we closely follow Frei, Tichy, and Ziegler [11].

Theorem 2.5. Let K be a number field, k an integer > 1, and I'y a
finitely generated subgroup of K* of rank r1 > 0. Further, let A be a
finite set of tuples in (K*)* with (2.13)), (2.14), (2.15). Let T4(X) be
the set of o € K* with the following properties:

H(a) < X;
(2.16) there are (ay,...,ax) € A, xq,...,xp € Iy
such that o« = ayx1 + -+ - + apx.
Then
. c(Tk
|TA(X)| = A I7) 1)(log;X)k”"1 + O((log X)) as X — oo.

k!
Here, the implied constant depends only on I'y, k, and A.

Note that in (2.16)) we allow subsums of a;xy + - - - + agzy to be 0.
Two special cases of Theorem are of interest:

(1) Let A = B* (k times cartesian product), where B is a finite
subset of K* such that for all b, € B with b # I/ we have
b/t & T'y. Note that B satisfies (2.13)), (2.14), (2.15)). Hence,

_ |BIF - ()

K

| T (X)) (log X)*" + O((log X)*" 7).
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(2) Let A= {a} where a € (K*)* is a tuple with (2.13)). Of course,
(2.15) need not be satisfied. But let A" := {o(a) : o € Si};
then Ta1(X) = Tw(X), and A’ satisfies (2.13)), (2.14), (2.15).
Define G(a) to be the subgroup of o € S, such that o(a) = a.
Then |A'| = k!/|G(a)|. So,

_ )

|G(a)]

| Ty (X)] = | T (X)) (log X)*"* + O((log X)*"* 7).

3. AUXILIARY RESULTS

In this section, we have collected the main tools for our proofs. We
start with a quantitative version of the so-called Parametric Subspace
Theorem. The first result of this type was proved in 1996 by Schlickewei
[14], then it was improved and generalized in 2002 by Evertse and
Schlickewei [9]. The up to now sharpest version was obtained in 2013
by Evertse and Ferretti [7]. The next result is a consequence of their
Theorem 2.1. The following notation is used:

- K is a number field, S a finite set of places of K (not necessarily
containing all infinite places) and k& > 2 an integer;

-L=(Ly :ve S i=1,...k)is a tuple of linear forms in
K[Xy,..., Xg] such that for each v € S, {L;, : 1 =1,...,k} is
linearly independent;

-c=(cp:veSi=1,...,k)is a tuple of reals.

For every parameter value ¢ > 1 we define the twisted height
(3.1)

Hpeq(x) == H (gllaé HLw(X)HvQ_Ci”> : H x|, forxe K"
vES UEMK\S

Lemma 3.1. There are constants Cp,Cy > 0, depending only on k, K
and L, with the following property. Let 0 < § < 1 and assume that

k
(3.2) ch =0 forveS, Zmax(clv, cey Cry) <1
i=1

vES

Then there are proper linear subspaces T', ..., T, of K*, with
t < C03(logdt)?
such that for every real () with
Q>0
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there is T; € {T1,...,T;} with {x € K" : Hr.q(x) <Q7°} C T

In fact, Theorem 2.1 of [7] gives a version with fully explicit Cy, Cs.
Moreover, it gives an absolute version for twisted heights defined on
the algebraic closure of Q instead of just on a number field. For our
purposes, we need only the explicit dependence on 4.

Condition is a normalization. For applications, the following
corollary, where this normalization has been removed, is more conve-
nient.

Corollary 3.2. Let Cy, Cy be the constants from Lemmal[3.1]. Let \, i, 0
be reals with A < p < 0. Further, let d = (dy, : vE€ S, i =1,...,k) be
a tuple of reals such that

k
(3.3) Y N di <A Y max(du, . diy) < 6.

veS i=1 vES
A

Put § .= g_;/\ Then there are proper linear subspaces Ty, ..., T, of K™,
with

(3.4) t < Co3(log )

such that for every real Q) with

there is T; € {T1,...,T;} with {x € K" : Hrga(x) < Q "} CT,.
Proof. We reduce to Lemma We first observe that if we increase

A, then both the upper bound for ¢ in (3.4]), as well as the lower bound
for @ in (3.5)) increase. Hence we may, and shall, assume that

k
LYY d=a

veS i=1

Clearly, 0 < 0 < 1. Define

Ql ::Q(%A
1 k
Civ :m (dw_%zdw) fOYUGS,izl,...,k.
i=1

Notice that these c¢;, satisfy (3.2)). Further, Hz ¢ o/(x) = Q*H a0(X).
Hence, Hy 40(x) < Q7" is equivalent to H .o (x) < Q'°. Also, the
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condition Q > C&/* ™ is equivalent to Q' > C,/°. Thus, Lemma
implies Corollary O

Henceforth, K is an algebraic number field, and I a finitely generated
subgroup of rank r > 1 of (K*)* where k& > 2. Elements of I are
written as x = (z1,...,x%). We fix a basis u; = (w11, ..., U1), ..., 0y =

(U1, ... ) Of T/Tiors. Let S be given by (2.6)).

Corollary (applied with @ = H(x) for x € T') is the main tool
in the proof of Theorem [2.1] It will be used in combination with the
following covering lemma, which is Lemma 6.3.6 of [§].

Lemma 3.3. Let n > 0. There is a subset £ of R¥S! of cardinality
€] < (14 4k/n)"

such that for every x € I there ise = (e, : v € S,i=1,...,k) € €
with

(3.6) > Z

veS 1=1

log ||:E1

The following lemma compares the height H(ajxq + - - - + axzy) with
H(x), for x = (z1,...,zy) € T.

Lemma 3.4. Let ' be a finitely generated subgroup of (K*)* of rank
r > 1 and let a = (ay,...,a;) € (K*)¥, ¢ > 0. There is a constant
C(T,a,e) > 0, depending only on I',a, e, such that

(3.7) H(x) <CT,a,¢e) - H(ayxy + - - + apxp) '™

for all x € T with )]
{1,...,k}.

Remark. The constant C(I';a, ¢) is not effectively computable from
the method of proof. This lemma is used in the proofs of all theorems,
except Theorem [2.2] Consequently, the implied constants in the asymp-
totic formulas in all theorems except Theorem are not effectively
computable.

ie1 @i # 0 for each non-emply subset I of

Proof. We apply [8, Theorem 6.1.1| (which is equivalent to [6, Theorem
1]), which can be stated as follows. Let T' be a finite set of places
of K, containing all infinite places. Let o, ..., y,, be T-integers, i.e.,
llyillo < 1forv e Mg\T,i=0,...,mand suppose that yo+- - -+, =0
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and that ) .., y; # 0 for each proper, non-empty subset I of {0,...,m}.
Let € > 0. Then

38 [Twax(wol . lwall) < (TTTTIwll)

veT veT i=0

where the constant implied by the Vinogradov symbol < depends on
m, K, T and e.

Now choose for T' the set of places obtained by adding to S all
infinite places of K and all places v of K such that ||a;||, # 1 for at
least one 7. Then k, K, T are determined by I' and a. Choose a set N
of cardinality 2*, consisting of positive rational integers n such that
|||, = 1 for all finite places v € T. We can choose N with an upper
bound depending only on k, K, T', hence only on I', a. Let x € " be
such that )., a;x; # 0 for each non-empty I C {1,...,k}. There is
no € N such that ng+3> ", a;x; # 0 for each non-empty I C {1,...,k}.
Let m =k+1,y0 =no, y; = a;x; fori=1,... .k, yp11 = —no—Zle Yi-
Then all conditions of the above stated [8, Theorem 6.1.1] are satisfied,
so we can apply (3.8). Since max; [|y;]|, > 1 for all v € T, and equal
to 1 for v € Mg \ T, the left-hand side of is > H(x), while the

right-hand side of (3.8 is

1+e 1
< (H |no +arzy + -+ -+ akﬂﬂkHv) < H(ayzy + - + agpxp) ' e,
veT

where the implied constants depend on I'; a, and . This implies Lemma
O

Lemma 3.5. Let I' be a finitely generated subgroup of (K*)* of rank
r>1anda=(ay,...,a) € (K*)*. Then the equation

a1+ -tary,=1 imxel

has at most c(k,r) solutions, with ) ,_, a;x; # 0 for each proper, non-

empty subset of {1,...,k}, where c(k,r) depends on k and r only.

This is the main result of [10], with ¢(k,r) exponential in r and doubly

exponential in k. Amoroso and Viada [2] improved this to c(k,r) =
(8k)4k4(k+r+1). 0

We also need a quantitative result for linear recurrence sequences.



14 J-H. EVERTSE, K. GYORY, L. HAJDU, F. LUCA, AND L. REMETE

Lemma 3.6. Let ay,...,a; be non-zero polynomials in K[X], and
aig,...,op € K*. Suppose that o;/a; is not a root of unity for each
pairi # j € {1l,...,k}. Let u, := a1 (n)ay +---+ar(n)a} forn € Zso.
Then the number of n € Zso such that u, = 0 is at most c/({), the
latter depending only on ¢ =k + degay + - - - + degay.

This was proved by Schmidt [16] with ¢/(¢) triply exponential in /.
Amoroso and Viada [3] improved this to ¢(¢) = exp exp(70¢). O

We now prove some asymptotic formulas. Define the set
Hr(X) ={xel: Hx) < X}.

Let ¢(T') be the quantity defined by (2.9). In the results stated below,
the implied constants depend on T' (in fact, a priori they depend also
on the choice of a basis {uy, ..., u,} of I'/T'ys, but we can choose such
a basis depending on I', e.g., we can choose a total ordering on the set
of tuples (uy,...,u) € (K*)*, and choose the smallest basis of I'/T "y
in this total ordering).

Lemma 3.7. Let I' be a finitely generated subgroup of (K*)* of rank
r > 1. Then

(3.9) [ Hr(X)| = ¢(T')(log X)" + O((log X)" ') as X — oo,
where the implied constant depends on I'.

Proof. We can represent elements of I' in the form ({2.5). Define the
map

(3.10) o: I —=Z": ¢uf*---u —»z=(z,...,2).

Notice that ¢ is a surjective homomorphism, with kernel I'io,s. By (2.7)
we have

o(Hr(X)) = {z WA Zmax (O,ful(z), o ,Evk(z)) < logX}

vES

= (logX)-C(I')NnZ",

where C(T') is the set defined by (2.8)). To each z € Z" we associate a
cube of measure 1,
(3.11)

Kp={¢=(&,....6)eR" : —L <& —z < gfori=1,...,r}
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Notice that these cubes cover R" and are pairwise disjoint. There is a
constant ¢ > 0, depending only on I', such that

(log X — c)C(I") C J K. C(ogX +c)C().

z€(log X)C(I)NZ™
By comparing measures, we see that
(log X — ¢ (C(1)) < |(log X)C(T) N 27| < (log X + ) u(C(T).
Recalling that the map ¢ defined above is |I'yo5] to 1, we obtain
(log X —¢)"¢e(I") < [Hr(X)| < (log X + ¢)"¢(T).
This implies Lemma (3.7 0

Lemma 3.8. Let ' be a finitely generated subgroup of (K*)* of rank
r > 1, and assume that T satisfies (2.10). Let T be a linear subspace of
K™. Then

Hr(X)NT| < (log X)) as X — oo,

where the implied constant is independent of T and depends only on T.

Proof. Assume that Hp(X) NT # (. Choose a non-zero tuple b =
(b1,...,by) € K* such that byzy + -+ + byxy, = 0 for x € T. Then at
least two of the entries of b are non-zero.

We first show that there is a finite subset 7 of K* (possibly de-
pending on b) of cardinality < ¢/(k,r) depending only on k,r with the
following property. For every x € ' with byx; + - -+ + bgxr = 0 there
are i # j € {1,...,k} and A € T such that b;b; # 0 and z;/z; = \.
Indeed, let x € T" be such that Zle bijx; = 0. Take a minimal subset [
of {1,...,k} such that b; # 0 for i € I and ), , bjz; = 0. Then I has
cardinality at least 2. Pick j € I. Then

D (=bi/bj)(i/x;) =1,
iel\{j}
and no proper subsum of the left-hand side is 0. The existence of T as
above follows by applying Lemma to the latter identity.

Fix i, 7, A, and let T; ; \ be the set of x € Hp(X) such that z;/x; = A.
Further, for ¢ # j, let I'; ; be the group of x € I' with z; = ;. By
([2-10), this group has rank smaller than r. Notice that A\ may depend
onT.
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Assume that 7, ; » is non-empty. Pick x, from this set, and for each
X € Tija, write x = xo - y. Then y € I'; ;. Further, for x € 7;;, we

have, by (2.1)), (2.3),
H(y) < H(xy'x) < X
Lemma implies that if x runs through 7; ; x, then y runs through a
set of cardinality
< (log X)) lis < (log X)" 1,

where the implied constant depends only on I', and is independent of
A. This is clearly also true if 7; ;  is empty. Hence, |7; ;1] < (log X)" 1.
Since the number of triples (7,7, \) is at most k%c/(k,r), we have
Hr(X)NT| < Z 1 Tijnl < (log X)"™' as X — oo,
ijA
where the implied constant depends only on I' and is independent of
T. [

Lemma 3.9. Let ' be a finitely generated subgroup of (K*)* of rank
r>1 and let Cy > Cy; > 0. Put xy := 1.
Letwe S andi# je€{0,...,k} be such that there are x € I' with

il 7 1125w

Then
(3.12)

[l

where the implied constant depends on I', Cy and Cs.

< CQ}‘ < (log X)) as X — oo,

Remark. Notice that we allow here that one of 7, j is 0.

Proof. Put ¢; := log C; for i = 1,2. We use the notation from (2.7), (2.8
and in addition, put £, (§) := 0. Further, put m(&) := £, (§) — € (§)-
By our assumptions on I', 4, j, w, the linear form m; is not identically

0. Let ‘H denote the set given in (3.12)). The map ¢ defined by (3.10))
maps H to

ANZ", where A:={£ € (logX)-C(I'), c1 <my(§) < o},

and is |['s| to 1. We replace A by a larger set that is easier to handle.
Choose linear forms ma, ..., m, from £, (v € S, h = 1,...,k) such
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that mq,...,m, are linearly independent. There is a constant C' > 0,
depending only on I'; such that for £ € R” we have

> max (0,£,1(8), ... Lur(§)) > C-max (jmy ()], [m,()]).

ves
This can be proved by observing first that it suffices to show this for
the set of £ € R" for which the maximum on the right-hand side is
1, second, that this set is compact, and third, that the left-hand side
is a continuous and positive real function, hence assumes a minimum
C > 0 on this set. Thus, it follows that

ACB:={£eR":c; <my(§) < o,
Imi(€)] < Ctlog X for i =2,...,k}.

We estimate |[BNZ"| from above. Consider again the cubes K, defined
by (3.11)). There is ¢ > 0 depending only on I such that

U K, C{EeR e —c<mi(§) <+,
z€BNZ"
mi(§)] < e+ C ' og X fori =2,...,k}.
It follows that
IBNZ'| < (ca—c1+2¢)(c+C 1 og X) ! < (log X)"™ as X — oo.
Hence, |H| < |Tios| - [ANZ"| < (log X)" ! as X — oo. O

4. PROOF OF THEOREM 2.1

We keep the notation introduced in Sections [2] and [3| In particular,
K is a number field, k > 2, a = (ay,...,a;) € (K*)* and I'is a finitely
generated subgroup of (K*)* of rank r > 1. Let S be the finite set of

places of K given by ([2.6).
Let € = e(X) be a positive, decreasing function of X, to be specified

later. We first estimate from above |V'(X)|, where
V(X) ={x € Vra(X):
Jw € S with ||a1z1 + - - + apZp|lw < ||%]|w - H(x) "}
Write V'(X) =1 i Viw(X), where

weS,i=1,...,

Viw(X) 1= {x € Vra(X) %]y = lfz:lu
laves + -+ + gz < llzill - HE) .
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Fix i, w. To estimate from above |V;,,(X)|, we apply Corollary [3.2]
Define the system of linear forms £ = {L;, : v € S,j = 1,...,k},
given by

Ly, =X, (veS, j=1,....k (v,j) # (w,1)),

Liw = CL1X1 +--F Clka.
Letx € V,,(X). Forve S,j=1,...,k, define e;,(x) := log ||z;||,/h(x).
Let £ be the set from Lemma with n = ¢/(2k + 2). Then
(4.1) €l <™,

where here and below, constants implied by <, > and the O-symbols
depend on I',a only. Choose e € £ with

(4.2) S e - e < .

veS j=1
Next, define the tupled = (d;, : vE€ S, j=1,...,k) by
dip =€j, (Ve S, g=1,..k (v,7) # (w,1)), di = €y — €.

Consider the set of x € V; ,(X) satisfying ([4.2) for some fixed e € £.
Take @) := H(x). We first estimate from above H g4 (x). One first
verifies that for v € S,

max [|Zy (x)[,Q™ < max fl;[,Q™

< < max ijHwQ’ej”(x)) - Qe lejo—eju(x)|

1<j<k
< QE lesesn (]
while clearly, [|x||, =1 for v € Mg \ S. This implies
(4.3) Hrag(x) <Q".
Next, since by the product formula, > _ 25:1 ejn(x) =0,

@) 13 du=70D" eju—2)

veS j=1 veS j=1

k
FO N e —en®) =) < fn—e).

veS j=1

IN
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Lastly,
(4.5) Z max(dyy, . .., dgy) < Z max €1y, - - -, Chy)
vES vES
k
< Zmax(elv(x), co k(X)) + Z Z lejo — eju(x)] < 14 n.

vES vesS j=1
We apply Corollary with A\ = (n —&)/k, p = —n, 6 = 1+,
Q = H(x). With our choice n = ¢/(2k + 2), we have

€ w—A €
S B - > :
HeA b-Arzlte 0= 2 s

2k’
It follows that for each given e € £, the set of x such that
x € Viw(X), x satisfies [1.2), H(x) > C2¥/°

is contained in a union of < e 3(loge!)? proper linear subspaces of
K". Taking the union over all e € £, using , it follows that the set
of x with

x € Vin(X), H(x)>C3*

is contained in a union of
(4.6) < (e7H™?(loge™1)?

proper linear subspaces of K*.
Let T" be one of these subspaces. By Lemma each x € V, ,(X)
has H(x) < X% Now Lemma 3.8 implies that

(4.7) Viw(X)NT| < (log X)",
where the implied constant is independent of 7'. Lastly, by Lemma [3.7]
(4.8) {xeT: Hx) <MY <« e,

Combining , , , we infer
Viw(X)| < (log X)) - (7)) (loge ™)
This holds for all i = 1,... k, w € S. It follows that V'(X) has cardi-
nality
(4.9) V'/(X)| < (log X)™™" - (1) (log e™")*.
We now consider Vr.(X) \ V'(X). Observe that for every x in this
set,

|larzy + - - - + agzi|l, > ||x|[oH(x)™° forall v e S,
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while
max(1, [|la;zy + - - + agzlly) > 1 = max(1, ||x||,) for v e Mg\ S.
Hence,
(4.10)  H(aywy + -+ + apg) > H(x)' ™ for x € Vpa(X) \ V/(X),
where s = |S|. On the other hand,
(4.11) H(ayzq + -+ apry) < H(x) forx el
Define
(4.12) HA(X) ::{x el: H(x) < X,

Zaixi # 0 for each non-empty I C {1,... ,k}}

iel
Then by Lemmas [3.7 and [3.8]
(4.13) |HE(X)] = ¢(T)(log X)" + O((log X)" ") as X — oo.

Recall that solutions with vanishing subsums have been excluded from
Vr.a(X). From (4.10), (4.11) it follows that there are positive constants
C1, Cs, depending only on I', a, such that

H(C1X) C Vra(X) C Hp(CoXVE9) UV(X),
and using , , we obtain
(4.14)
c(I)(log X)" + O((log X)) < [Vpa(X)|
< () (log X)" + 0(5 ~(log X)" + (log X)" - (71 3(log 5_1)2>.

We now choose ¢ = ¢(X) = ((log log X)?/ log X)l/(r+4). Then (4.9)) and
(4.14) together give the formula stated in Theorem [2.1]

[Vra(X)] = e(T)(log X)’ (1 + O(((bglolg—gfy)”(’”“))) as X - oo.

U
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5. PROOF OF THEOREM

Let as before K be a number field, £ > 2 an integer, ay,...,ax €
K[X] non-zero polynomials, and aq, . .., ax € K*, satisfying (2.11), i.e.,
a;/a; is not a root of unity for each pair i # j € {1,...,k}. Further,

let
k

Uy = Z a;(n)al.

i=1
Our purpose is to find an asymptotic formula for [/ (X)|, where

UX)={n€Zsy: H(u,) <X}
In this section, constants implied by <, > and O-symbols will depend

only on ay,...,ag, ai,...,qk and are all effectively computable. Let
S be a finite set of places of K, containing all infinite places, such that
the coefficients of ay,...,a; are all S-integers, while «y, ..., ay are all

S-units. Let ¢ = ¢(X) be a positive, decreasing function of X, to be
specified later. Put

H:=H(on,...,0p) = [[ max(1,[leallu, ..., [loll)-

vEME

We first estimate from above |[U'(X)|, where
U (X) ;:{n € Zog: H(uy) < X,

Jw € S with [[un]le < max [|a;(n)al|w - H*"E}.
1<i<k

Write U'(X) = Ues,iz1....k Uiw(X), where

Upso(X) :={n € Lo H(un) < X, Jlas(n)o | = max fla;(n)a].
lttnll < llas(m) - H}.
Fix i, w. To estimate from above [U;,,(X)|, we apply Corollary [3.2]

with

(5.1) x = (21,...,2,) = (a1 (n)af,...,ax(n)ay), Q= H".

Define the system of linear forms £L={L;,: ve S, j=1,...,k} by
Liy=X; (vesS, j=1,...,k (v,j)# (w,i)),
L,‘w :X1++Xk
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Further, define

_oglayl,
77 log H
dip =€, (VES, j=1,...,k, (v,]) # (w,17)), diy = €y — €,
and let d := (dj, : ve S, j=1,...,k).
We first estimate from above Hy q (%), with n € U, ,,(X) and x, @
as in (5.1). For v € S we have

(we S, j=1,...,k),

. —div . —eivy )
max [| L, (x)[,Q™™ < max ;@™ < max fla;(n)ll.,

while ||x]|, <1 for v € Mk \ S. Then

< ) e/2k
Heao(x) < Lo, las(n)lle < @,
v

provided that

(5.2) n>>e 2

Indeed, [], g maxi<;j<i |la;(n)|, < nW, and if n satisfies (5.2) with a
sufficiently large implied constant, this is smaller than Q=/? = H"¢/?k,

Next, by the product formula we have »_ Zle ejp = 0, which
implies

k
%szﬁ):_‘g/ka

veS j=1

while clearly,

Zmax(dlv, coydiy) < Zmax(elv, co ) < 1

veS veS
We apply Corollary with \ = —e/k, p = —¢/2k, 6 = 1. By
taking the implied constant in (5.2 sufficiently large, we can guar-
antee that () = H™ satisfies (3.5). It follows that the set of vectors
x = (ar(n)ay,...,ax(n)ag) with n € U;,,(X) and with (5.2)) lies in a
union of

< e 3(loge™1)?

proper linear subspaces of K". Consider such a subspace T, and take
a non-trivial equation b; Xy + -+ + 0, Xy = 0 of T. Then if x € T,
we have Z§=1 bjaj(n)a} = 0. By Lemma the number of n € Zs
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satisfying such a relation is < 1. Further, the number of n violating
(5.2)) is < e72. Tt follows that altogether,

U (X)| < e2(loge™")2
By taking the union over all w, ¢, we obtain
(5-3) U/ (X)| < e (loge™)™.

We now consider U (X) \ U'(X). Observe that for every integer n in
this set,

ltn]lo > max lla;(n)al||,H™™ for v e S,
i<

1<
hence
max(1, ||u,|ls) > Ry(n) max(1,||aqly, ..., [|akll,)"H " forve S,
where R,(n) := min(1, [|[a;(n)||s, - ., |lax(n)|,) for v € S. Further, the

set S is such that all a; are S-units. Hence,

H(up) > ([ Ro(n)) H" =9 for n € U(X) \ U'(X),

vES

where s := |S|. Let M,(n) := max(1, [[a;(n)]|o, - - -, |lax(n)],) for v €
M. Assuming aq(n) - - - ag(n) # 0, we have by the product formula,

[Tro = [T

veS veS
> [ lam)--am)ly" - ] Mo(n) ™
vEMEK\S vES
> [ Mo(n)™1 > n®W.
veEMEK

It follows that
H(u,) > n®WH"=%) for n e U(X)\U'(X),

where we have incorporated those n with a;(n)---ax(n) = 0 by demi-
nishing the implied constants. Hence,
(5.4)

H" < (H(u,)(log(2 + H(u,)) )™ for n e u(X) \ U/ (X).
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On the other hand, for n € U(X) we have
(5:5)  H(u,) < ] max(1, ai(m)ai|, ... llax(n)af|.)

vEME
< H(ay(n), ... ap(n))H" < n®VH".

From (5.5)), (5.4), we infer that there are effectively computable positive
constants C7, Cs, 71,72, depending only on aq, ..., ax, aq,...,ag, such
that

{n € ZZO  H™ S 01X(lOgX)7’yl} g Z/{(X)
C{neZsg: H" < Cy(X(og X))/ us'(x).

By comparing cardinalities, we obtain
log X
log H

+ O(loglog X ) < |U(X)]

< i (08X + Olloglog X)) + O~ log ™))

log X
<
~ logH

+ O(s log X + loglog X + ¢ ?(log 5_1)2).

By choosing € = ((loglog X)?/log X)1/4, we arrive at

o) -5 (10 (5557) ).

This completes our proof. O

6. PROOFS OF THEOREMS AND
As before, K is an algebraic number field and k£ > 2 an integer.

Proof of Theorem [2.5 Let S be given by and assume that I' sat-
isfies (2.12). Here and below, the constants implied by < and >> and
the O-symbols depend on I' and a. Put xy := 1 and take a constant
C1 > 0 which is chosen sufficiently large, but depending only on I' and
a. We first estimate from above [V'(X)|, where

V(X) = U Vijw(X),
weS, i£j€{0,....k}
with
Vijuw(X) == {x € Vra(X) ¢ [lzjllw < [|zillw < Cillz)l[w}
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(note that we allow 4,5 to be 0). We estimate from above |V ;.,(X)]
for all 4, j,w with ¢ # j, and subsequently, |V'(X)].
Fix i, j,w. Lemma [3.4] implies that for x € V; .,(X) we have

H(x) < H(ayzy + - - + apay)?.

Therefore, there is a constant Cy > 0 depending only on I' and a, such
that

Vijuw(X) C {x € Hr(CoX?) ¢ [ljlle < [lwillw < Cullzjllu}-

By assumption (2.12), there is x € I' such that ||z;||, # ||z)|w. So we
can apply Lemma to the right-hand side, and obtain

Viiw(X)| < (log X)"™' as X — .
This holds for all i # j € {0,...,k} and w € S. Thus, it follows that
(6.1) V'(X)| < (log X)" ! as X — oo.

We now consider Vr,(X) \ V'(X). Notice that for each x in this set,
and for each v € S, there is i(v) € {0, ..., k} such that

max(1, |[|x[,) = [|ziw)lle = C max Zjllo.
(L) = ol 2 O maxe ]

Taking C' sufficiently large, we have for v € S that
max(1, [|a1x1 + -+ - + arwgl|o) > max(1, ||x||,)
if i(v) = 0, and

max(1, a1 @y + -+ + apTrllo) > || @i Tiw) llo — lajz;ll,
J#i(v)
> ||Ziw) [0 = max(1, ||Ix]|,,)

if i(v) # 0. Further, it is clear that for v € My \ S,
max(1, ||ayzy + - - - + arxglly) > 1 = max(1, ||x||,)-
Therefore,
H(ayzy + - -+ agzy) > H(x) for x € Vrao(X) \ V'(X).
Clearly, we have also

H(aiz + -+ apry) < H(x) forx el
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Thus, there are constants C3,Cy > 0, depending only on I'; a, such
that

H(C3X) CVra(X) CHE(CLX) UV (X).
Finally, using (4.13)) and (6.1)), we arrive at the formula stated in The-
orem [2.4]

Vrga(X)] = e(I)(log X)" + O((log X)) as X — co.
U

Proof of Theorem [2.] Let I' = T'}, where I'; has rank r; > 1. So I has
rank kry. Condition (2.6) now becomes

S ={v € Mg : there is x € 'y with [|z||, # 1}.

Given v € S, i € {1,...,k} we can take x = (x1,...,7;) € I'¥ with
llzi|]|, # 1 and z; = 1 for all j # i. Thus, we see that I' = '} satisfies
(2.12). Now Theorem follows at once from Theorem with r =
k’Tl. O

7. PROOF OF THEOREM [2.5]

We closely follow the proof of [11, Theorem 2|. We take Theorem
2.4 as a starting point. As before, K is a number field and £ > 2 an
integer.

Let A be a finite set of tuples from (K*)*. Let V4(X) be the collection
of tuples (o, ..., q) such that

(o,..., ) = (a121, . .., arxy) with (aq,...,a;) € A, x1,..., 2 € 'y,
H(oq+ -4 o) < X,

none of the subsums of oy + - - - + «, vanishes.

In what follows, constants implied by O-symbols and <-symbols will
depend only on k,I'q, A.

Lemma 7.1. (i) We have for X — oo,
VA(X)| < (log X)".
(i) If moreover A satisfies (2.14)), then for X — oo,
Va(X)| = |A] - ¢(T7) - (log X)* + O((log X)**71).



SUMS OF ELEMENTS FROM A MULTIPLICATIVE GROUP 27

Proof. This follows easily from Theorem 2.4l Notice that, trivially,
VA(X)| < >, [Va(X)| where the sum is taken over all a € A. If A
satisfies then we have equality since Va(X), Vi (X) are disjoint
for any two distinct a,b € A. O

We assume henceforth that A satisfies (2.13)), (2.14)), (2.15)). Note
that thanks to (2.15), the set V4(X) is such that if (aq,..., o) €
Va(X), then also (agy,...,a0w)) € Va(X) for each o € Sj. Given
(a1,...,a5) € Va(X), let

(a1,...,00)p = {(qa), - Q) 1 0 € Sk}
Lemma 7.2. Let Vi(X) be the set of (aq,...,ax) € VA(X) such that
(1, ...,ax)p has precisely k! elements. Then

VA(X)\ Vi(X)| < (log X)FDm g5 X — oo.

Proof. Let (aq,...,ar) = (a121,...,a525) € Va(X) \ Vi(X). Then
there are distinct o, 7 € Sy such that (o1, - ., o)) = (A1), - - -, Cr ()5
which implies that there are distinct indices ¢, j such that a; = «;. By
(2.13) we know that a; = a;, and thus, x; = x;. So if we replace «;, o;
by the single entry 2q;, we get a tuple from V4 (X), where A’ consists
of all (k— 1)-tuples obtained by taking those tuples from A having two
equal entries, say a; = a; for some distinct indices 4, j, and replacing
a;, a; by the single entry 2a;. Now use that by the first part of Lemma
[7.1] we have |V (X)| < (log X )k, O

Lemma 7.3. Let Vi*(X) be the set of tuples (o, ...,a;) € Va(X)
such that there is (B1, ..., B) € Va(X)\ (eu,...,ar)p with S5 B; =
Zle a;. Then

V(X)) < (10,5.);)()(’“’1”1 as X — oo.

Proof. Let (aq,...,05) € Vi(X), and choose (f,...,0;) from the
set Va(X)\ (au1,...,ap)p with 32 3, — Zle a; = 0. By removing
vanishing subsums, we obtain that there are non-empty subsets I, J of
{1,...,k} such that

(71) ZO&i—ZﬁjZO,

iel jed
and no proper subsum of this expression vanishes. Here, both I, J are
non-empty because of our definition of V4(X), and we may choose [
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with |I| > 2, since otherwise (f1,...,0r) € (a1,...,ax)p, which we
excluded. Write «; = a;x; for i = 1,... k, where (ag,...,a;) € A and
x; € Ty for i =1,...,k. Pick h € I. Dividing (7.1) by a;, we get an

equation
1+Z%.ﬁ_ ...:()’
ieI\{h} O Th jeJ

of which no proper subsum vanishes. By e.g., Lemma [3.5] there is a
finite subset B of I'1, depending only on k,I'y, A, such that x;/z, € B
for i € 1. So altogether, for each (ajz1,...,axx;) € Vi(X), there are
A € B and distinct indices h,7 in {1,...,k}, such that x;/xz, = A.

Now let A” be the union of the sets A\ (h #i € {1,...,k},\ € B),
where Ay, ; 5 is the set of (k — 1)-tuples obtained by taking the tuples
(ay,...,ax) from A, and for each of these tuples, replacing the entries

ap,a; by one single entry a; — Aa;. Then by the first part of Lemma
[7.1] we obtain

V(X)) < Par(X)] < (log X) 0,
[

Proof of Theorem [2.5. Let T;(X) be the set of a satisfying but
with the additional property that no subsum of Zle a;r; vanishes.
This is the set of a such that there is (aq,...,ax) € V4(X) with
o = ai+- - -+ay. Lemmas|7.2(and [7.3/imply that with < (log X )(*—m
exceptions, every a € 7;(X) has precisely k! different representations
in the form ay + -+ 4+ o with (g, ..., a;) € V4(X), all lying in a set
(v, ..., ay)p. Thus, using the second part of Lemma [7.1]

(7.2) [TA(X)] = (k) Va(X)] + O((log X))
_ A

= Wc(lﬁf)(log X)) 4 O((log X)) as X — oo.

It remains to dispose of the non-vanishing subsum condition. Let
Ti*(X) be the set of a satisfying but now with the additional
condition that every representation o = Zle a;x; with (ay,...,ax) €
A, x; € I'y for i = 1,..., k has a vanishing subsum. Pick a € T;* with
a # 0. Then « is in fact representable as ) .., a;z;, where 2 < [I| <k
and where no subsum of Ziel a;x; vanishes. Letting A; consist of all
tuples (a; : i € I) with (aq,...,a;) € A, and including the case o = 0,



we

By
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deduce from part 1 of Lemma [7.1] that

TEX) <1+ Y a(X)] < (log X)*Dm as X — oo,

IC{1,...r}
combining this with ((7.2)), the proof of Theorem is completed.

U
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