Appendix A

Proof of the Bombieri-Vinogradov
Theorem

A.1 Key Lemmas

In this chapter, we give a proof of the Bombieri-Vinogradov Theorem, which was
stated without proof in Chapter [11, We start by proving the following large sieve
type result for characters:

Corollary A.1.1 (Gallagher). For any integers M, N,Q > 1,

q . M+N 2 M+N
S XX axtn| <(ve@h) 3l
q<Q v X (mod q) ' n=M+1 n=M+1

where Z; (mod g Tuns over all primaitive characters (mod q).

Proof. Let
M+N ) N
S(t) == Z ape(nt) and S(t):= Z apn €(nt).
n=M+1 n=1

First note that the value of M is irrelevant in the sense that |S(t)| = |S(t)|. Now,

let
M+N

T(x):= > aux(n).

n=M+1
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Recall that given a character x (mod ¢), we define the Gauss sum of x by

0= xtme ().

By Theorem 3.4.1, we know that

Hence,

VAN
Q=
g

x (mod ¢) ' a=1
_ ggis(g)s(g) RUNC
(A.1.1) :cqu) i ’S(g) 2,

where the last equality follows from the orthogonality relations of characters (The-
orem 3.2.1). Now, by the large sieve inequality (Theorem [11.2.3)), we have

5()

This together with equation (A.1.1)) completes the proof. ]

q

Q
2.2
ot

2
S(IN+Q) ) anl”

q=1

Now, we proceed to prove two useful lemmas.
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Lemma A.1.2. Let Q,M,N,u € Z>,. Then,

ZLZ max Z Zamnxmn

q<Q QD(Q) 1I<m<M 1<n<N
mn<u

< <M+@2>%<N+Q2>%( 3 |am|2) ( S b |2>§logMN.

1<m<M 1<n<N

Proof. We will begin by ignoring the conditions involving v and then work them in
later. By Corollary [A.1.1] we have

M+N M+N
>y L Z > anx(n <<<N+Q2) > laal
q<Q SO( ) n=M+1 n=M+1

This, together with the Cauchy-Schwarz inequality, shows that

Z (Q)Z Z Zamnxmn

=<0 ? 1<m<M 1<n<N
q . M 2 3 q . N 2 >
(S X |Z el ) (Gt X [Smen])
(A.1.2) <<(M+Q2)5(N+Q2)§( > Iaml2)2< > |bn|2)2-

1<m<M 1<n<N

If there were no condition that mn < w in the statement of our lemma, this proof
would be a straightforward application of the large sieve and the Cauchy-Schwarz
inequality. To introduce the condition mn < wu, we use the following result from
complex analysis (for a proof, see Davenport’s book):

L+ 0T (B —a))™"), iflal <f

T .
J pita Sl:lr;fﬁ dt =41 if o] =
-7
o(T=1(B—lah™), if o] > 5.
Letting 8 = logu and o = — log mn, this becomes
T
t
J m Ztn_”sm P dt =1+ O(T '(logu — logmn)™!).
T Tt
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Therefore, if we let

M
A(t, x) == Z amx(m)m™™ and B(t,x) anx n~"

m=1
then
T sintf3 MY mn
ZZam nX(mn) J A(t, x)B(t, x) — dt+ O(T IZZ|amb | log—’ )
m=1n=1 m=1 n=1

Since ‘logé‘ > 1 for z > 2, then

x

Note that
sin(tlogu) < min(1, |t|log M N).

Hence,

% ﬁ: Ambnx(mn) < J

=T

M N
' A(t,x)B(t,;@min(, n logMN> dH‘@ZZ‘ambM-

m=1 n=1

Now, we apply (A.1.2) to the first term, the Cauchy—Schwarz inequality to the
second term, and use the fact that

(A.1.3) Z—q <) a= )<<Q2

q<Q (’0( q<Q

to obtain
S | Y oo
q<Q go(q) X " 1<m<M 1<n<N
mn<u
1 2\ 1 2 % 2 % T . 1
<+ @4 @ (X fonP) (X ) [ min (o arn) a
1<m<M 1<n<N =T
%N%Q 3 3
(2 k) (X me)
1<m<M 1<n<N



Now,

. 1
1 log MN, if |t] <
min (—,logMN) =< log MN
2] Tk otherwise,
so that
T 1
J min <m,logMN> dt = 2(1 +logT — loglog M N).
-7
Therefore, letting T'= M N completes the proof. ]

Before proving our next lemma, we will explain the following method due to
Vaughan for evaluating sums of the form ) . f(n)A(n). For this purpose, let

F(s) := Z LWZ) and G(s) := Z M(;il),

m<U d<V

where U and V' will be chosen later. We begin by noting that

_ ()
¢(s)

F(s) = () F(s)G(s) = ()G (s) + (
fi(s) + fals) + fals) + fi(s)

— F(s)) (1= {(5)G(s))

This equation is called Vaughan’s identity. For j = 1,2,3,4, let a;(n) denote the
Dirichlet series coefficients of f;(s). Since

Y

¢(s) _ AWM
¢(s) “2

n=1
by comparing Dirichlet coefficients, we have

A(n) = ai(n) + az(n) + az(n) + ays(n),
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where (verify this!):

ax(n) = {A(n), ifn<U

0, otherwise,

as(n) == Y A(m)u(d),

mdr=n
m<U
sV

as(n) =Y _ pu(d)logh,

hd=n
a<sVv

ai(n) == 37 Am)( 3 w(@)

= dlk
m
kST <V

Therefore,

Z f(n)A(n) = Si + Sy + S5 + Su,

where

We write S, in the form

So== 3 (3 Atmu(@) Y- frt).

t<UV  md=t r< Y
m< St
%

Since ., A(m) = logt <log UV, we have

(A.1.4) Sy <logUV Y > f(rt).

t<UV g
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As for Ss,
Sy="Y_u(d) Y f(dh)logh

d<V h<

= >3 s |

d<v < 1
N dw
| S Y
asv w<h< &

Y

(A.1.5) < logNngx) Z f(dh)

d<v w<h<®

where the third equality follows from Exercise [A.I] For Sy, since

Y u(d)=0 for 1<k<V,

dlk
d<V

we have

(A.1.6) Si=— Y A(m) (Z u(d)) F(mk).
Usm< V<k<X o dlk

Vaughan’s identity is a standard tool in analytic number theory, and has many
other applications. The point of Vaughan’s identity is to introduce more variables
(e.g., m,d,r). Why is it useful to introduce more variables? Because, deep down,
bounding a double sum (say) amounts to bounding a single sum on average. And
bounding something on average is easier than bounding it on its own. More variables

also give us more freedom.

We need one last lemma before proving the Bombieri—Vinogradov Theorem:

Lemma A.1.3. Forx > 1, let

Uz, x) =Y A)x(n).

n<x

For all Q € Z~,, we have

©(q)

q<Q
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Proof. We consider two cases:
Case 1: Q% > .
Letting M =1,a; = 1,b, = A(n), N = z in Lemma we see that

> > maxlu(y. 0| < 1+ Qe+ QY (Y [Am)P) loge

a<Q wla) X = 1<n<z

< (( +Q2)<2@2))%(1ogx 3 A(n))éloga:

1<n<x
< (Q+Q*)(zlogx)? logx
= (:c%Q + x%QZ) log? x
< (z+25Q + 22Q%)(log Q)"

where the second bound follows from the fact that < Q2.
Case 2: (Q? < x.

Since ¥(y, x) = >_,.<, x(n)A(n), we have

U(y,x) = S1+ S2 + S3+ Sy,

where by using (A.1.5) and (A.1.6) we obtain

(A.1.7) Si= > x(nA(n) < U;
n<U
So= = 30 (D2 Amu(@) Y- x(ro)
t<UV %dg:t ré%
A<V
S K logNZmaX‘ Z X(h));
a<v " w<h<k
Si=— 3 Am) Y (D ud))x(me).
Usm< 4 v<k< o dlk

dsV
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Let’s begin by bounding S;: By Lemma [A.1.2] we have

S Tmax | Y0 Am) Y (X ald)x(mk)

q<Q QO(Q) M<m<2M V<k<% dlk ‘
g%

(]

<or+@pE (X awmp) % (3 ) loge

M<m<2M k<

SE

where 7(k) = >, 1. Now, by the prime number theorem,

> Am)?<log2M > A(m) < log2M(2M — M) = Mlog M.
M<m<2M M<m<2M

By Exercise
Z 7(k)* < zlog® 2

k<z

Hence,

M<m<2M V<k<E  dlk
%

< (M + Qz)%(% +QY)3(Mlog M)? (% log? %) ?logx
< (Q%% + QxM_% + Qx%M% + ) log® .
U

Now we sum this bound over M = 2% for > < 28 L

obtain

(dyadic decomposition) to

<I=

(A.1.8) g ﬁ 5 *m<aX\S4| < (@27 + QaU ™2 + QuV ™2 + x)log* z.
y\x
q<Q

For Sy we consider two ranges of ¢:

So=d =>4+ > =5+

t<UV t<U  U<t<UV

For SY we do exactly the same we did with Sy to obtain

(A.1.9) E ﬁ E *m<aX|S§’\ < (Q%¢7 + QaU™7 + QurUzV7 + ) log' .
y<z
q<@Q
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For S} we use the Pélya—Vinogradov inequality (Theorem 3.5.1): for ¢ > 1, we have

M+N

> x(n) < g7 logyg.
n=M+1

This together with (A.1.4) show that for ¢ > 1, we have

Sy < logUZ ‘ Zx(r)‘ < q2U(log qU)>.

t<U - r<d
For ¢ = 1, we use the trivial bound
S;, < y(log® U).
These bounds together with show that

(A.1.10) Z %Z* rggf|5’§| < (Q%U + ) (log Ux)?.

q<Q X

We treat Ss the same way we did with S to find that

(A.1.11) 3 LS max[Sy] < (QFV + a)(log V).
o ela) o s

Finally. combining (A.1.7), (A.1.10)), (A.1.9), (A.1.11) and (A.1.8) we obtain

SN max ¢(y, x)|
X

= ¢la)

< (Q%% tr+ QU + QxV_% + U%V%QIL’% + QU+ QgV)(longV)“.

If we vary U and V in a way such that the product UV is fixed, then it is possible
to see that this expression is minimized when U = V. Hence,

D i 2 max (s )| < (@ 4+ QeUE 4 Qi + Q10) (l0g Q)
q<Q X h

Now consider the following cases:

o If 25 < Q < x%, then the terms involving U are minimized by taking U =
x%Q*1 and '
QU2 +UQr? + QU < Qixs < Q%3
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e [f1 Q<L x%, then the terms involving U are minimized by letting U = 3
and
QU2 + UQx? + Q2U < x6Q).
This shows that
q

2 o(q) > max [y, X)| < (2 +20Q + 22Q*)(log Qu)*
q<Q X

A.2 Proof of the Bombieri-Vinogradov Theorem

Finally, we are ready to prove the Bombieri-Vinogradov Theorem, which was first
presented in Chapter The main idea is to reduce the problem (in a dyadic
interval U < ¢ < 2U) to Lemma . When U is too small for that approach to
work, we appeal to the Siegel-Walfisz Theorem (Theorem instead. We will
prove a slightly stronger result than the one presented in Chapter In order to
simplify notation, let E(x; ¢, a) denote the error term in the prime number theorem
in arithmetic progressions, i.e.,

E(r;q,a) = Y(x;q,a) —

T
o(q)
We also let

E(z,q) = sup |E(z;q,a)] and  E*(x,q) :=sup E(y, q).

<z
(a,9)=1 4
We are ready for our main theorem:

Theorem 11.3.3 (The Bombieri—Vinogradov Theorem). Let A > 0. Then
> E(r.q) < 22Q(log)’

q<Q

N
3

for all 22 (logz) ™ < Q

Proof. By Exercise



Now let xo denote the principal character and let

¥y, X), if X # Xo;
(Y, x) = , "
Yy, xo0) =y, if x = xo-
Then,
Y
Yyga) - o5 = o Zx
ela) (g
Therefore,
|E(y;q,a Z ¥/ (y, %)
so that

1 /

i.e., the bound is independent of a. Now, if xy (mod ¢q) is induce by x1 (mod ¢),
then

V(yxa) =)= Y. xam)An)

n<y
(n,q1)#1

= > > xi)logp

plg p'<y

plq1

log y
1
<3 |y oo
plg
< logy Z log p
plg

< logylogq
< log®(yq).

1Recall that for every character x (mod ¢) there is a unique primitive character y; (mod q)

o {xm i (n,q) = 1

0, otherwise.

that induces x, namely
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Hence

1 1
- / 1 2 - /
E(y,q) < = ;Iw (v, x)| < log”(yq) + = ;Itﬁ (v, x1)l,
so that 1
D E(r.q) < Qlog*(Qw) + Y —— > max ¢ (y,x1)|-
q<Q q<Q go(q) X1 yse

Now, we perform a change of variables: since a primitive character (mod ¢) induces
characters (mod ¢ ), where ¢; = kq, we have

%E (z,q) < Qlog*(Qu) + q% ZX: max |y (%X)\(% @(kQ))

Note that ¢(kq) = ¢(k)e(q), so that
1 1 1 1
Sy,
wlkg) ~ wlg) T ek)  ¢la)
where the last bound follows from Exercise [[1.9] This shows that

* 1 *
E E*(z,q) < logx E — E max [’ (y, x)|.
q<Q (’D(q) X yse

q<Q

Therefore, to complete the proof it suffices to show that
1

> Z* max [0 (y, x)| < 22Q(log z)*.
S ela) o vse

By Lemma we have

1 * 1
> > maxfu(yn)| < (5 +af +0iU) (log U
U<qg<2U go(q) X yse U

Now, for any Q; € [1,Q], we sum the above inequality over all U = 2* for integers
k such that %Ql < 2% < 2Q to obtain

1 . 1
> WZ max[Y(y, )| < D @ > max|v(y, )]

U<q<2U 14 X loi1<2k<2Q 14 2k <g<2k+l
xr 5 1 g
< Z <?+x6 + x22 >(10gQ$)4
LQi<2k<2Q

< (i +26log Q + x%)) (log Qx)*.
1
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Letting Q; = (logz)#, we have
x 5 1 1
<Q_ + x6 logQ—l—x2Q) KL r2Q)
1

for all Q € [x2(logz)~*, x2]. Therefore,
S S max 9y, )] < 2 Q(log o)’
(logz)A<q<Q SO(CZ) X yse

Now we bound the remaining sum over ¢ < (logz)#: By Theorem [11.4.1

max [14(y, )| < e~V < a(logx) .
Y<T

Summing over all ¢ < (logz)? we have

Z @ Z* g ¥/ (y, x)| < (log )4z (logz) " < 22Q < 22Q(log )",

1<q<(log z)4 X

This completes the proof. O

A.3 Exercises

Exercise A.1. Show that if f,g are real or complex valued functions defined on
[1, N], then

> f(dh) L g(w) dw = L > fdh)g(w) dw.

N N
hgg wghgg

Exercise A.2. Let 7(k) denote the number of divisors of k. Show that

T(k)* =) f(d).

dlk

where f is the multiplicative function defined by f(p®) = 2a + 1, where p is a prime
number and a € Zxy.

Exercise A.3. Use ExerciselA.2 to show that

Z 7(k)? < zlog® 2.

k<z

102



Exercise A.4. Show that

1 _
Y(z;q,0) = mx (go;i q)X(aW(%X)‘

Hint: Use the orthogonality relations of characters.
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