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10.1 Statement of the result.

The Subspace Theorem is a generalization of Roth’s Theorem to higher dimensions. We
start with some definitions.

Let n be an integer > 1 and r < n. We say that linear forms L; = Z?:l a; X, ...,
L, = Z?Zl o, X; with coefficients in C are linearly dependent if there are ¢y, ..., ¢, € C,
not all 0, such that ¢;Ly + --- + ¢, L, = 0. Otherwise, Ly,..., L, are called linearly
independent. If r = n, then Lq,..., L, are linearly independent if and only if their
coeflicient determinant det(Lq, ..., L,) = det(ay;)1<ij<n 7 0.

Recall that a linear subspace of Q" is a set
T={xeQ": Li(x)=0,...,L.(x) =0}

where Ly, ..., L, are linear forms in X1, ..., X,, with coefficients in Q. If L,,..., L, are
linearly independent, then 7" has dimension n — r.

The norm of x = (21,...,x,) € Z" is given by

||| := max(|zy|, ..., |za]).

As an introduction to the Subspace Theorem, we give a “symmetric formulation” of
Roth’s Theorem. We mention that this and other results below deal with ‘algebraic
numbers in C.” This includes the possibility that the algebraic numbers belong to R.
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10.1 Statement of the result. 95

Theorem 10.1.1 Let Ly = aX +3Y, Ly = vX +0Y be two linearly independent linear
forms with algebraic coefficients in C. Then the inequality

Ly () Lo ()] < max([a], [y]) ™= in x = (z,y) € 22 with ged(z,y) =1 (1)

has only finitely many solutions.

Theorem 10.1.1—Roth’s Theorem. Let o be a real algebraic number of degree
n > 3 and let Kk =2+ ¢ > 2. Consider £ € Q with

la =&l < H(E)™ (2)
and write £ = z/y with x,y € Z, ged(x,y) = 1. Then we obtain

ly(z — ay)| = y?|o — &| < max(|z], [y]) .

By Theorem 10.1.1 the latter has only finitely many solutions and therefore, (2) has
only finitely many solutions.

Roth’s Theorem=—Theorem 10.1.1. Let x = (z,y) be a solution of (1). By
interchanging L, L or x,y, we can achieve that |L;(x)| < |Lo(x)| and |z| < |y|. Since
the linear forms Ly, Ly are linearly independent, they span the vector space of all linear
forms in X, Y with coefficients in C. Hence X, Y can be expressed as linear combinations
of Ly, Ly, ie., X = a1 L1 4+ asLls, Y = aslq + ayls for certain constants a; € C. This
implies

max(|z|, [y]) < Cmax(|Ly(x)], |L2(x)]) = C - | La(x)]
where C' = Y7, |ay]. Combining this with (1) we obtain

laz + By| < Cmax(|z|, [y)~'*.

If « = 0 then 8 # 0 and the latter inequality implies |3| - |y| < Cmax(|z|, |y|)~1~¢
implying that |y| is bounded. If o # 0 the latter inequality can be rewritten as

x 0 1y - —1- —2-
L4 2] < Clal i mael, [y = C e, o)

and this inequality has only finitely many solutions by Roth’s Theorem. So (1) has only
finitely many solutions with |L;(x)| < |La(x)[, |z| < |y|. The cases |Li(x)| > |La(x)]
and/or |z| > |y| can be treated in the same way. O

The Subspace Theorem deals with a generalization of (1) with a product of n linearly
independent linear forms in n variables.
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96 10 THE SUBSPACE THEOREM

Theorem 10.1.2 (Subspace Theorem, W.M. Schmidt, 1972). Let n > 2, let
L1<X) :Oéile + +O{Zan (Z == 1,...,77,)

be n linearly independent linear forms with algebraic coefficients in C and let ¢ > 0.
Then the set of solutions of the inequality

| Li(x) - Ln(3)] < [[x[|7% in x € 27 (3)

18 contained in a union Ty U --- U Ty of finitely many proper linear subspaces of Q™.

Remark. The proof of the Subspace Theorem is ineffective, i.e., it does not enable
to determine the subspaces. There is however a quantitative version of the Subspace
Theorem which gives an explicit upper bound for the number of subspaces. This is an
important tool for estimating the number of solutions of various types of Diophantine
equations.

Theorem 10.1.2= Theorem 10.1.1 (=Roth’s Theorem). According to the Sub-
space Theorem, the set of solutions of (1) is contained in the union of finitely many
proper linear subspaces of Q2 which all necessarily have dimension 1. Consider one of
these subspaces, T', say. Notice that T = {A(zo,y0) : A € Q}, where (z¢,yo) is a fixed
vector in Q%. By multiplying (g, yo) with a suitable scalar, we can achieve that zg, yo
are coprime integers. Then the only two solutions of (1) in 7" are %(x¢,yo). Hence (1)
has only finitely many solutions. O

Example. We give an example showing that in general, if n > 3 the set of solutions
of (3) need not be finite, not even if we restrict to solutions x = (xy,...,x,) with
ged(xy, ..., 2,) = 1.

Let 0 < € < 1 and consider the inequality

|(z1 + \/§$2 + \/3353)(5151 — \/§$2 + \/3353)(5151 — \/§$2 — \/§$3)| < x| 7F (4)
to be solved in x = (z1, 29, x3) € 73. Notice that the three linear forms on the left-hand

side are linearly independent.

Consider the triples of integers (w1, z2, z3) € Z* with z3 = 0,21 > 0,1, > 0, satisfying
the Pell equation z? —2x3 = 1. These triples have ged(xy, x5, 23) = 1, there are infinitely
many such triples, and for each such triple, the left-hand side of (4) equals

(21 + V222) (21 — V212)°| =

1
— < x| 5.
1 + V21, Gl

Hence (4) has infinitely many solutions with ged(xy, 9, 23) = 1 lying in the subspace
T3 = 0.

J.-H. Evertse, Diophantine Approximation
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The triples with zo = 0, ;1 > 0,23 < 0, 3 — 322 = 1 lead to infinitely many solutions
of (4) with ged(zy, 29, 23) = 1 in the subspace x5 = 0, and the triples with x; = 0,
xy > 0, x3 < 0, 225 — 322 = —1 to infinitely many solutions with ged(z1, 29, 73) = 1
in the subspace x; = 0. The Subspace Theorem implies that the remaining solutions
with z12523 # 0 lie in finitely many proper linear subspaces of Q3. With a more precise
argument one shows that (4) has only finitely many solutions with xyzex5 # 0 (Exercise).

We give a generalization of the Subspace Theorem which may be useful for certain

applications.
We say that a system of » > n linear forms L4, ..., L, in the variables Xy,..., X, is in
general position if each n-tuple of linear forms among Ly, ..., L, is linearly independent.

Theorem 10.1.3 Let
Lz(X) :ai1X1+"'+aian (Z: 1,...,7", 7"271)

be r linear forms with algebraic coefficients in C in general position. Then the set of
solutions of the inequality

[L1(x) -+ Le(x)| < [Ix[["7"7 in x € 27 (5)

18 contained in a union Ty U --- U Ty of finitely many proper linear subspaces of Q™.

Proof. This can be derived from the Subspace Theorem. Consider for instance those so-
lutions x with |L(x)| < -+ < |L.(x)|. Let i« > n+ 1. The linear forms Ly, ..., L,—1, L;
are linearly independent. By an argument similar to that in the deduction of Theo-
rem 10.1.1 from Roth’s Theorem, one shows that there is a constant C; > 0 such that

X[l < Ci - max(| Ly (x], ..., [Ln-1 ()], [ Li(x)]) = Cil Li(x)].

It is left as an exercise to work out the remaining details and to deduce Theorem 10.1.3. O

10.2 Applications

We deduce some generalizations of Roth’s Theorem. We recall Dirichlet’s Theorem:

Let o, ..., be reals which are linearly independent over the rationals. Then there is
a constant C' > 0 such that the inequality

lagmy + -+ apz,| < Ox|[F" inx = (14,...,2,) € Z"

has only finitely solutions.
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98 10 THE SUBSPACE THEOREM

In Exercise 6.4.4 this has been proved with a; = 1. The above result can be reduced to
this special case by dividing by |ay|. We show that the exponent 1 — n is best possible

if aq, ..., a, are algebraic numbers.
Theorem 10.2.1 Let aq,...,qa, be real algebraic numbers and let € > 0. Then the
imequality

0 < |ayzy+ -+ anr,| <XV inx = (z1,...,7,) €Z" (6)

has only finitely many solutions.

Proof. We proceed by induction on n. For n = 1 the assertion is trivial. (Here we use
our assumption aj;x; # 0). Let n > 1 and suppose Theorem 10.2.1 is true for linear
forms in fewer than n variables.

We apply the Subspace Theorem. We may assume that at least one of the coefficients
aq, ..., Q, is non-zero, otherwise there are no solutions. Suppose that a,, # 0. Then (6)
implies

(s + -+ + an@n )z - - 20| < Ix[I7°

and by the Subspace Theorem, the solutions of the latter lie in the union of finitely many
proper linear subspaces T1,...,T; of Q™. We consider only solutions with a;zq + -+ - +
a,x, # 0. Therefore, without loss of generality we may assume that oz + -+ + a,x,
is not identically 0 on any of the spaces Ti,...,T;.

Consider the solutions of (6) in 7;. Choose a non-trivial linear form vanishing identically
on T;, aixy + --- + a,x, = 0. Then one of the variables z; can be expressed as a
linear combination of the others. By substituting this into (6) we obtain a similar
such inequality, with in the left-hand side a linear form in n — 1 variables which is not
identically 0. By the induction hypothesis, the latter inequality has only finitely many
solutions. So 7; contains only finitely many solutions of (6). Applying this to T3,..., T}
we obtain that (6) has only finitely many solutions. O

Let € be an algebraic number and f(X) = ag X"+ - -+a,, € Z[X] the minimal polynomial
of £&. We may write

f(X) = ao(X = &)+ (X = &) with § = €.

We define heights

H(€) := |ao| [ Jmax(1,1&]). H(&) == max(jagl, ... |an])-

i=1
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We state without proof that

(n+1)"Y2H(E) < H(E) < 2"H(E).

The upper bound is easy to prove but the lower bound requires a more involved argu-
ment.

Theorem 10.2.2 Let o be a real algebraic number and n a positive integer. Further,
let € > 0. Then the inequality

loo — €| < H(E)™"Y¢ in real algebraic numbers & of degree n (7)

has only finitely many solutions.

Proof. Let £ be a solution to (7) which is not conjugate to « (thus we exclude only
finitely many solutions £). Let f(X) = xoX" + ;X" ! + .- 4+ x, be the minimal
polynomial of £, where x = (g, ..., z,) € Z"". Notice that by the mean value theorem
we have |f(a)| = |f'(0)] - |¢ — «| for some 6 between £ and a. Further, f(a) # 0 since
« is not equal to a conjugate of £. Using that

0] <lal +10 —aof <laf +[€ —af <ol +1,

we obtain

0 < froa 4] = If(@)] = 17O)] 1€ ~of
<30 -0 — ol < CH(E) - I - ol < CHE)
~

for some constant C' > 0. By the previous theorem (with n + 1 instead of n), the latter
inequality has only finitely many solutions. These give rise to finitely many minimal
polynomials f, hence to finitely many algebraic numbers &. O

Remark. One can show that if « is real algebraic of degree > n, then the number of
solutions of (7) becomes infinite if the exponent —n — 1 — ¢ is replaced by —n — 1+ ¢
for any ¢ > 0.

10.3 Exercises.
Exercise 10.3.1 In this exercise, n is an integer = 3.
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100 10 THE SUBSPACE THEOREM

(1) Let My, ..., M, be n linearly independent linear forms in Xi,..., X, with co-
efficients in C. Prove that there is a constant C' > 0 such that for all x =
(1,...,2,) € C" we have

max(|zy,...,X,]) < Cmax(|M(x)],...,|M,(x)]).
(2) Deduce Theorem 10.1.3 from Theorem 10.1.2.

Exercise 10.3.2 Let 0 < ¢ < 1 and consider the inequality
(21 + V222 + V313) (21 — V2ms + V3as) (21 — V202 — V3z3)| < X5 (8)

to be solved in x = (1,9, 13) € Z3.

(1) Let T be a one-dimensional linear subspace of Q3. Prove that T contains at most
finitely many solutions from (8).

(2) Let T = {x € Q3 : a1y + asxs + azxz = 0}, where ay, as, a3 € Q and at least two
among a1, as,az are non-zero. Consider the solutions x = (x1,x2,x3) of (8) in T
and eliminate one of the variables x1, x4, x3 by expressing it as a linear combination
of the two others. Prove that after this elimination, the linear forms Ly, Lo, L3
become a system of linear forms in two variables which is in general position.
Distinguish between the cases az = 0 giving xo = —(ay/az)x1, and az # 0 giving
x3 = —(a1/az)x; — (az/az)xs.

(8) Prove that (8) has only finitely many solutions with xyxox3 # 0.

Remark. In 1989, Vojta proved the following refinement of the Subspace Theorem. Let
again Ly,..., L, be n linearly independent linear forms with algebraic coefficients in C
and € > 0. Then there exist a finite collection Si,...,S,, of proper linear subspaces of

Q™, which is effectively determinable and which is independent of ¢, and a finite set F;
which depends on ¢, such that the set of solutions of

|Li(x) - L,(x)| < ||x]| " inx € Z"
is contained in S;U---U S, U F..
In example (8) one can take S; = {z; = 0}, Sy = {xe = 0}, S3 = {z3 = 0}.
Exercise 10.3.3 Let Ly = oy X1+ -+ a, X, Ly = 61 X1+ - -+ ,X,, be two linearly

independent linear forms with algebraic coefficients from C. Let € > 0. Prove that the
system of inequalities

0 < [La(x)] < [Ix]I"7", 0 < [La(x)| < [Ix[I'™° in x € 2"

has only finitely many solutions.
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Exercise 10.3.4 Let ay,...,a, be real algebraic numbers such that 1,aq,...,q, are
linearly independent over Q and let € > 0. Prove that the system of inequalities

x -1 x _1-1_
o — | < el 7 e — < xTE (9)
n+1 n+1
to be solved simultaneously in x = (z1,...,Tn11) € Z"Y, has only finitely many solu-

tions.

Hint. Prove that the solutions lie in finitely many proper linear subspaces of Qm'!.
Then give a direct proof, so without using the Subspace Theorem, that any proper sub-
space T of Q™ contains only finitely many solutions of (9).

To this end, take a non-trivial equation aixry + -+ + ap®y + api1T,1 = 0 vanishing
identically on T, and assuming that T contains a non-zero solution x € Z"!, estimate

from above |ajaq + -+ + apcv, + apyl.

Exercise 10.3.5 Recall that if K is an algebraic number field of degree n, and o4, ..., 0,
are the embeddings K — C, then the norm of o € K 1is given by

Nijg(a) == Ha,-(a).

We have Nk g(a) € Q for a € K.

Let K = Q(f/ﬁ) Thus, there are precisely five embeddings o4, ...,05 : K — C, given
by 05(v/2) = p'~ /2, where p is a primitive 5-th root of unity.

Consider the Diophantine equation

Ni o1 + 29V2 + 23(V2)%) = 1 in x = (21,29, 23) € Z2 (10)

(1) Prove that the left-hand side of (10) is a product of linear forms in general position
(think of Vandermonde determinants).

(2) Let o, 8 € K with # 0 and /3 & Q. Prove that the linear forms
oi()X +0;(B)Y (i=1,...,5) are in general position.

(8) Prove that (10) has only finitely many solutions.
Remark. Equation (10) is a special case of a so-called norm form equation. A norm
form equation is an equation of the type
Ngjglarxy + -+ opey) =cinay,...,x, €Z (11)

where K is an algebraic number field, aq, ..., o, € K and where c is a non-zero integer.
In 1972, applying his Subspace Theorem, Schmidt gave a necessary and sufficient alge-
braic condition in terms of K, a, . .., v, such that (11) has only finitely many solutions
for every non-zero integer c.
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