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EXAM ANALYTIC NUMBER THEORY
Thursday January 21, 2021, 14:00-17:00

e You are allowed to use the results from the lecture notes and the
results from the exercises, unless otherwise stated. But you have to
formulate the results you are using.

e To facilitate the grading, please give your answers in English.

e The maximal number of points for each part of an exercise is indi-

cated in the left margin. Grade is (number of points)/10.

Define the arithmetic function f by f(n) = >_ gz, p(d)d, where the
sum is taken over all positive divisors d of n with d® dividing n.

a) Prove that f is multiplicative.

b) PI'OV€ that anx f(n) = ng:pl/S :u(d)d[x/dg]
¢c) Prove that °, . f(n) = 6z/7 + O(2?/?) as z — <.



2. Letqg= p]fl x -pft where pq, ..., p; are distinct primes > 2 and kq, ..., k;
positive integers. Denote by R(q) the group of real characters modulo
q. Recall that

(Z/qZ)" = (gr) % -+ X {qu),

where g; mod pfi is the generator of the cyclic group (Z/ pfiZ)*, and

R(q) ={x{" - xi": up,...,us € {0,1}}

where y; is the character modulo pf with y;(g;) = —1.
We call n € Z a quadratic residue modulo ¢ if ged(n,q) = 1 and

2?2 = n(mod q) is solvable.

7 a) Let n € Z be a residue class modulo ¢ such that ged(n,q) = 1 and
n is not a quadratic residue modulo g. Prove that there is x € R(q)
with y(n) = —1.

8 b) Prove that

2! if n is a quadratic residue modulo g,
> X(n) = -
0 otherwise.

XER(q)

10 c) Let M, N be integers with 1 < M +1 < M+ N < ¢, denote by N’ the
number of integers in { M +1, ..., M+ N} that are coprime with ¢, and

denote by @ the number of quadratic residues in {M+1,..., M+ N}.

Prove that N

‘Q T or < 3V/qlogq.

Use the Polyéa-Vinogradov inequality for character sums:
[ > X(0)] < 3/glog g for x € Glg), x # x(q).
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3. Define Q(1) = 0, and for n = pi*--- pi*, where py,...,p; are distinct
primes and ky, ..., k; positive integers, put Q(n) = ky + -+ + k.

10 a) Let ¢ be an integer > 2 and x a character modulo ¢. Prove that

- o L2s,x%) .
D)y (n)n™ = =222 for s € C with Res > 1.
2 U =T

3 b) Let a be an integer with ged(a,q) = 1. Prove that

n=1

ad 2
Z (—1)%p- Z x(a > X ) for s € C with Res > 1.
n=1,n=a(mod q) x€G(q X)

12 c) Let a, q be positive integers with ¢ > 2, ged(a, q) = 1. Prove that

. an) _
iy 2, D=0
n<z,n=a(mod q)

5 d) Prove that the limit in c) is 0 also if a,q are positive integers with
ged(a, q) > 1.



4. Part a) is independent of the rest of the exercise. Recall that for
z € C we use the notation e(z) := e2™=.

6 a) Let n be a positive integer. Let R(n) be the number of representations

of n as a sum of two squares and three cubes of positive integers.
Define

fr(a) == Z e(ozxk),
1<z<nl/k

where k£ € {2,3}. Show that
1
R(n) :/ fo(@)?f3(a)e(—an)da.
0

10 b) Let a € R. Define
fl@):= Y ela(a®+2zy%),

1<z, y<N

where here and below, all summations are over integers. Use Cauchy’s
inequality to show that

F@QP<SN DY DY ) e(2ax(yf — 1))

1<y <N 1<y, <N 1<z<N
9 c) Prove that for every € > 0,

[f(a)]? < N? + Nt Z | Z e(axz)l.

1<]z|<2(N2-1) 1<a<N



