Chapter 4

Transcendence results

We start with some generalities.

Let K D k be a field extension. Recall that o € K is called transcendental over
k if there is no non-zero polynomial f € k[X] with f(«a) = 0.

A set of elements aq, ..., a, is said to be algebraically independent over k if there
is no non-zero polynomial f € k[Xy,..., X,] with f(aq,...,q,) =0.

Let S be a subset of K. We say that S has transcendence degree r over k,
notation trdeg,(S) = r, if S has r elements which are algebraically independent
over k but no r + 1 elements which are algebraically independent over £.

When speaking about transcendence, algebraic (in)dependence, transcendence
degree without specifying a field k, we assume that k£ = Q.

Lemma 4.1. Let K D k be a field extension, and oy, ..., o, € K. Further, let L be
the algebraic closure of k in K.

(i) v, ...,q, are algebraically independent over k if and only if oy, ..., .1 are
algebraically independent over k and o, is algebraic over k(ay, ..., cn_1).
(ii) ov,...,q. are algebraically independent over L if and only if they are alge-

braically independent over k.

Exercise 4.1. Prove this lemma.
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4.1 The theorems of Hermite and Lindemann-Weierstrass

In all theorems mentioned below, we take e* = Y > 2"/n! for = € C. Further,
Q ={a € C: a algebraic over Q}.

Theorem 4.2 (Hermite, 1873). e is transcendental.

We assume that e is algebraic. Under this hypothesis, we construct M € Z with
M # 0 and |M| < 1 and obtain a contradiction. We need some auxiliary results.
Of course we have to use somehow some properties of e. We use that (e*) = e*.

Let f € C[X] be a polynomial. For z € C we define

(4.1) F(z):= /z e f(u)du.

0

Here the integration is over the line segment from 0 to z. We may parametrize this
line segment by v =1tz, 0 <t < 1. Thus,

F(z) = /0 1D f (1) zdt.

Lemma 4.3. Suppose f has degree m. Then

F(2) = (Z f(j)(0)> -9

=0

Proof. Induction on m and integration by parts. For m = 0 the assertion is obvious.
Let m > 1. Then

1

Fz) = - / (e = — [fat)et]! 1 / 00 )

= SO - J)+ [ Er

0

Apply the induction hypothesis with f” instead of f. O]

Lemma 4.4. For z € C we have

[F(2)] <2l € sup  |f(u)].

u€eC, |ul<|z|
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Proof. We have

1

0

< ol-e sup | f(w)].
u€eC, |ul<|z|

1
F(z)| < Awm”ﬂawﬁ</ewwuvMﬁ

O

Assume that e is algebraic of degree n. Let p be a prime number, which is chosen
later to be sufficiently large to make all estimates work. We apply the two lemmas
above to

(1.2) FX) = X7 (X = 1)(X —2) - (X —n)}”.
Lemma 4.5. We have

(4.3)  fU00) = (p = DH(=1)"
(4.4) f9%)=0 fora=0,....n, j=0,...,p—1, (a,5) # (0,p—1);

Proof. In general, if ¢ is a polynomial of the shape (X —a)"h with a € C, h € C[.X],
then g™ (a) =0 form =0,...,7 —1 and ¢ (a) = r!h(a). This implies (4.3), (4.4).
To prove (4.5), observe that for any g = ¢, X" + -+ + ¢y € C[X] and all j > 0 we
have

1 ] r r—j r— r—j—
(4.6) ﬁgm :cr(j)X T+ e ( jl)X e o

In particular, since f € Z[X] and the binomial coefficients are integers, we have
fU) /5! € Z|X], and so fU9)(a)/j! € Z for a = 0,...,n, j > p. This implies at once
(4.5). O

Proof of Theorem 4.2. Since e is assumed to be algebraic of degree n, there are
q0,q1, - - -, Gn € Z with

Qo+ qe+--+qe" =0, g #0.

Let p be a prime number and let f be as in (4.2). Further, let F' be as in (4.1).

Define 1
M=o <q0F(O) F@F() 4+ an(n))
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(so we replace e® by F'(a) and divide by (p — 1)!). We show that if p is sufficiently
large, then M € Z, M # 0, and | M| < 1.

(1). M eZ, M #0.
By Lemma 4.3, we can rewrite M as

1 3 a — J — J
M = m{Z%(ff(A f()(()))_Zf()(a))}

= 7=0 7=0
- () (Erw) -5 )
’ a=0 j=0 a=0 ;=0
L R, "
1)1 2= 2 4. f(a)

By Lemma 4.5 we have M € Z and

= —go {(~1)"n!}” (modp).
If p > |ngo| then M # 0 (mod p), hence M # 0.

(i) |M| < 1.

By Lemma 4.4,

[F(a)] < al € sup [P {(u 1) (u—n)}"|

lul<al

< Jal - el Tt et o,

Hence
1 n
M| = —‘ ana’
M = o L wr@
1 “ cP
< Qal | € 0" < ;
(p—1) (2' |> (p—1)

where ¢ is a number independent of p. The factorial grows much faster than the
exponential, so for p sufficiently large, we indeed obtain |M| < 1. ]

Our next result is the famous Lindemann-Weierstrass theorem (Lindemann proved
in 1883 that e“ is transcendental for algebraic a;, and Weierstrass proved the general
result in 1884).
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Theorem 4.6. Let o, ..., 0, B, ..., Bn € Q. Suppose that a, ..., o, are pairwise
distinct, and that By, ...,B, # 0. Then

Bre®t 4 -+ B £ 0.

Before proving this theorem, we state some corollaries.

Corollary 4.7. (i) Let a € Q be non-zero. Then e® is transcendental.
(i) 7 is transcendental.

Proof. (i) Suppose that e* =: 3 is algebraic. Then it follows that 1-e* — 3-¢® = 0,
contradicting Theorem 4.6.

(i1) Suppose that 7 is algebraic. Then i is algebraic. But e™ = —1 is not transcen-
dental, contradicting (i). O

Corollary 4.8. (i) Let a € Q and o # 0. Then sina, cosa, and tana are tran-
scendental.
(i) Let o € Q and o # 0,1. Then loga is transcendental (for any choice of log ).

Exercise 4.2. Prove Corollary 4.8.

Corollary 4.9. Let ay,..., o, € Q. Then the following two assertions are equiva-
lent:

(i) aq,...,ap are linearly independent over Q;

(i) e**, ..., e* are algebraically independent.

Exercise 4.3. Prove Corollary 4.9.

We start with some preliminary comments on the proof of Theorem 4.6. Let us
assume that

Bre® o B =

In the proof of the transcendence of e we assumed that gy + g1e + - - - + g,e” = 0 for
certain rational integers qqo, ..., q,. We obtained a contradiction by constructing

M=@%ﬁ@ﬂ@+~+%ﬂm>@wm@

and showing that M € Z, M # 0, |[M| < 1.
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This suggests that in the proof of the Lindemann-Weierstrass Theorem we should
construct a number of the shape

= i (AF(on) -+ A (@) (o prime)

Here M is an algebraic number, not necessarily in Q or Z. One may determine a
positive a € Z such that a™M is an algebraic integer. Following the proof of the
transcendence of e, we may be able to show that |a"?M| < 1 and a™ M # 0. This
leads to a non-zero algebraic integer of absolute value < 1. However, this is not
impossible, for instance %(1 —+/5) is an algebraic integer of absolute value < 1. So
to get a contradiction, we really have to construct an integer in Z and not just an
algebraic integer outside Z. To this end, we have to take into consideration also the
conjugates of the a; and S; and construct a number which is invariant under Galois
action.

Before proceeding, we observe that there is no loss of generality to assume
that (,...,03, are algebraic integers. Indeed, there is a positive m € Z such
that mp,...,mp, are algebraic integers (e.g, we may take for m the product
of the denominators of fy,...,0,), and clearly, >  Bie® # 0 if and only if

Z?:1 (mﬁz‘)eai # 0.
As it turns out, it suffices to prove the following weaker version of the Lindemann-
Weierstrass Theorem.

Theorem 4.10 (“Weak Lindemann-Weierstrass Theorem”). Let L be a normal
algebraic number field. Let vi,...,%, 01,...,0; € L such that

Vi, -, are distinct, 61---0; #0, 01,...,0; € Op,

and suppose moreover, that each T € Gal(L/Q) permutes the pairs (71,01), .., (Y, 0¢)-
Then

0"+ 40 £ 0.

We say that 7 € Gal(L/Q) permutes the pairs (v1,61), ..., (7, 0¢) if
(7(71),7(01)), -+ ., (7(7), 7(64)) is a permutation of (y1,d1), ..., (4, ).

We first prove the implication Theorem 4.10==Theorem 4.6. After that, we
prove Theorem 4.10.
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Theorem 4.10 = Theorem 4.6. Assume that Theorem 4.6 is false. This means
that there are distinct algebraic numbers oy, .. ., a,, and non-zero algebraic integers

Bi, ..., [, from C, such that
fre® + -+ Be* = 0.

We derive from this a contradiction to Theorem 4.10.

Let K = Q(aq,...,an,f1,...,0,) and let L be a normal algebraic number field
containing K. Further, let

Gal(L/Q) ={n =id, 7, ..., 74}

Then clearly,
d

[T (R(B)e 4 -+ mi(B)em)) = 0.

=1

By expanding the product, we get

(4.7) Z . Z R (By,) - - Ta(By,) - e tTalan) = g

i1=0  ig=1

Each 7 € Gal(L/Q) permutes the pairs (7i(cy,) + - + Ta(w,), 71(8iy) -+~ 7a(Bi,)) s
since 771, ...,7TT4 is a permutation of 7,..., 74.

The exponents 7y (a;, )+ - - - +7a(;, ) need not be distinct. We group together the
terms with equal exponents. Let 71, ..., be the distinct values among 7y (c, ) +
st 1a(u,) (0< 4y, ..., i, < d),and for k =1,...,s, denote by J, the set of tuples
(i1,...,14) such that

(o) + o+ Talon,) = e

Then (4.7) becomes
(4.8) Z(Ske% =0, where ;= Z m(8s) - 7a(Bi,)-
k=1 ,

Notice that each 7 € Gal(L/Q) permutes the pairs (v1,01), ..., (7s,ds). A priori, all
coefficients 0, might be 0. However, we show that there is a tuple (iy,..., ) such

that 7 (v, ) + - - - + 74(cu,) is different from all the other exponents. Thus, for some
k, the set Ji has cardinality 1, and d # 0.
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Define a total ordering on C by setting § < ¢ if Ref < Re( or if Ref = Re(
and Im 6 < Im (. This ordering has the property that if 6;, (; are complex numbers
with 0; < CZ for i = 1,...,7, then Z;:l 9]‘ < Z;:l Cj'

Since o, . . . , ag were assumed to be distinct, for each 7 € Gal(L/Q), the numbers
T(a1),...,7(ay) are distinct. Hence for each k € {1, ..., d}, there is an index i such
that 74,(cv, ) > Tk(e;) for j # ix. This implies

mian) + -+ Talaw,) > mi(eg,) + -+ Talay,)
for all tuples (j1,...,Ja) # (i1,...,44), and so 7y (ay, ) + - - - + Ta(a,) is distinct from

the other exponents.

Assume without loss of generality that 6y, ..., d; are the non-zero numbers among
d1,...,0s. Then (4.8) becomes

t
(4.9) D e =0.
k=1

By construction, the numbers ~q,...,7 are distinct algebraic numbers. Further,
01,...,0; are non-zero, and in fact they are algebraic integers since they are sums of
products of conjugates of algebraic integers. As observed before, each 7 € Gal(L/Q)
permutes the pairs (71, d1), ..., (7s, 0s) from (4.8). But then 7 permutes also the pairs
with 8 # 0, i.e., 7 permutes (v1,91),..., (7, d:). Now Theorem 4.10 implies that
(4.9) is false.

Thus, our assumption that Theorem 4.6 is false leads to a contradiction. O

Proof of Theorem 4.10. We follow the transcendence proof of e, with the necessary
modifications.

Let 7q,...,v be distinct algebraic numbers, and dy,...,J; non-zero algebraic
integers from the normal number field L, such that each 7 € Gal(L/Q) permutes
the pairs (v1,01), ..., (7, 9;). Assume that

(4.10) e+ 5™ = 0.

Let again p be a prime number. Further, let [ be a positive rational integer such
that lvyq, ...,y are all algebraic integers (e.g, the product of the denominators of
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Yiy...,Y. For k=1,...,t, define

t

FilX) = 17X =) T =),

J=1

Fi(z) := /OZ e fr.(u)du

My = — ,(51Fk(%) +ot 5tFk(%)),

and then,
M := M --- M,.

We prove that for p sufficiently large, we have M € Z, M # 0, and |M| < 1.

Lemma 4.11. let k € {1,...,t}. Then

t p
(A1) 7w = (- - ztp{ IT o —w} ,
=1, j#k
(4.12)  f™M() =0 forj=1,....t,m=0,....p—1, (jym) # (k,p—1),
(4.13) f,im) (v;) = p! - (algebraic integer) forj=1,...,t, m > p.

Proof. The proofs of (4.11) and (4.12) are completely analogous to those of (4.3)
and (4.4) in Lemma 4.5. We prove only (4.13). Let k,j € {1,...,t} and m > p.
Define

ge(X) = fuX/D) = UX =) [ (X —1)?
J=1,j#k
Then g, has algebraically integral coefficients. Using (4.6), one easily shows that
the coefficients of g,(j”) /m! are algebraic integers. Hence g™ (lv;)/m! is an algebraic
integer, and therefore,

) me™ (1)

m)! m)

is an algebraic integer. This implies at once (4.13). ]

Lemma 4.12. For p sufficiently large we have M € Z and M # 0.
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Proof. By Lemma 4.3 and our assumption Z§:1 d;€% = 0 we have

M, = ﬁ{zéij(’yj)}
- {Z(S (Z eV f(0 Zf;gm)(’h'))}
_ ﬁ { (Z @ew) (Z f,im><o>) DS @fém’(m}

7j=1 m=0
t tp—1

= |Zzéfk ()

7=1 m=0

An application of Lemma 4.11 gives

t
My, = =6, AL + p - (algebraic integer) with Ay = [’ H (e — 75)-
J=1,j#k

Both 6, Aj are algebraic integers, hence M), is an algebraic integer.

We show that 7(M) = M for 7 € Gal(L/Q), which implies that M € Z. Take
7 € Gal(L/Q). Then there is a permutation 7 of 1,...,t such that

(T(v), T(0k)) = (Vo= (), Orvry) for k=1,... ¢t

By applying 7 to the coefficients of fj, we obtain

t

ltp(X - T(’yk))p_l H(X - 7—(7 ))p - ltp X — Vr* (k) H X Y (j — fT *(k)-
7j=1

j=1

Hence

t tp—1

T(My) = I DI 7(7))

j=1 m=0
t tp—1

= _1,225 J)f*(k;)% )— (k)

j=1 m=0

As a consequence, we obtain indeed

(M) =7(M M) = M- M, = M.
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This holds for all 7 € Gal(L/Q). Hence M € Z.

Putd :=6;---0;, A:= Ay --- A;. Since the 6, Ay are non-zero algebraic integers,
their products d, A are non-zero algebraic integers. Similarly as above we have

T(Ag) = Apey for k = 1,...,¢, implying 7(A) = A for 7 € Gal(L/Q), hence
A € Z\ {0}. In precisely the same way, it follows that 6 € Z \ {0}.

We proved that My = —0,AY + p - (algebraic integer) for k =1,...,¢. Hence
M = +0AP + p - (algebraic integer).

But the algebraic integer is a rational number, hence in Z. Thus, we obtain a
congruence in Z,

M = 40 AP (mod p).
Now if p > |dA|, then M # 0 (mod p), hence M # 0. O

Lemma 4.13. For p sufficiently large we have |M| < 1.

Proof. By Lemma 4.4 we have for k,j =1,...,t,

1Fe(v)] < |yl - el sup | fr(w)]

Jul<|v; ]
t
< yloehesup (7] ju =l T el
ul<|v;] h=1, h#k

Iyt

< (gl ) -0l 4+ b <o

for some constant ¢ independent of j, k and p. It follows that for p sufficiently large
we have

] ¢
|Mk|<—<2|5]|> <1 fork=1,...,t
P =D'"\Z

Hence |M| = [[;_, |My| < 1. O

Thus, our assumption that Theorem 4.10 is false implies the existence of a non-
zero M € Z with | M| < 1, which is impossible. This completes our proof of Theorem
4.10. O
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4.2 Other transcendence results

We give an overview of some other transcendence results, without proof. Recall
that the logarithm on C is a multi-valued function: the logarithm of a non-zero
complex number z is defined by log z := log|z| + i arg z, where log |z| is the usual
real logarithm of the positive number |z| and arg z is any choice for the argument of
z. In the theorems below, we fix a real ¢g, and take arg z € [po, @0 + 27). Having
fixed ¢y, we have fixed the argument, the logarithm, and also a® := €®'°¢% for a,b € C
with @ # 0, where e* := Y  z"/n!. The theorems hold for any choice of (.

Theorem 4.14 (Gel'fond, Schneider, 1934). Let o, 8 € Q with o # 0,1, B € Q.
Then of is transcendental.

Corollary 4.15. Let a € Q with o & Qi. Then e™ is transcendental.

Proof. Choose log(—1) = mi. Then €™ = e~i@ls(=1) = (1)~ O

Corollary 4.16. Let aq, o, 51, B € Q be non-zero. Assume that log oy, log as are
linearly independent over Q. Then

B log o + By log ay # 0.

Proof. Suppose [y log oy + Balogas = 0. Put v := —f5/8;. Then by assumption,
v ¢ Q, and

ay = elogag — e'ylogal — a’ly?

contradicting Theorem 4.14. O]

In 1966, A. Baker proved the following far-reaching generalization.

Theorem 4.17 (A. Baker, 1966). Let ay,...,an, b1, ..., 0, € Q be non-zero. As-
sume that
log ay, ..., logay, are linearly independent over Q.

Then p1logaq + - -+ + B, log oy, is transcendental.

Definition. We say that non-zero complex numbers ay, ..., «, are multiplicatively
dependent if there are z1,...,x, € Z, not all 0, such that

ayt-arm =1,

Otherwise, aq, ..., a, are called multiplicatively independent.
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Corollary 4.18. Letn>1. Let o, ..., am, By ..., 0n,y € Q be such that

at, ..., 0, aq,...,ap are multiplicatively independent,

(617 s 7ﬁn> ¢ Qn
Then 6704?1 ---aPn s transcendental.

1

Proof. Suppose that § := Yo' -+ P is algebraic. We have

6log;(S — e’y—i—,Bl log a1 +++-+fn log an

and so, for some k € Z,
(4.14) logd =~v+ frlogag + - - - + B, log o, + 2kmi.

Note that log(—1) = (2[ + 1)7i for some [ € Z depending on the choice of the log.
By Theorem 4.17, log ¢, log a, . .., log o, and log(—1) are linearly dependent over
Q, that is, there are xy, ..., 2, Tpi1, Tuio € Z, not all 0, such that

(4.15) rilogay + -+ x, log a4+ w1 log(—1) + z121logd = 0.
Eliminating log d from (4.14) and (4.15), we get

xn+27+($n+261+$1) log a1+ - '+(xn+2ﬁn+xn> log an+($n+2'212_f1+xn+l> log(—l) =0.

In (4.15), at least one of 1, . . ., Ty, Ty 42 is # 0, since log(—1) # 0. Since (B, ..., n) &
Q™ we have x, 120; +x; # 0 for at least one ¢ € {1,...,n}. Applying again Theorem
4.17, we infer that there are yy,...,y,11 € Z, not all 0, such that

yrlogag + -+ + yp log ay, + ypa log(—1) = 0.
In fact, at least one of yy, ..., y, must be # 0. Now we get
2y1 Ce Oéiyn o €2y1 log a1 +++-+2yn log o — 672yn+1 10g(*1) — e*2yn+1(2l+1)ﬂ'i — 1

Oél Y

contrary to our assumption. O

In fact, the conditions that the «; be multiplicatively independent, and the f;
not all in Q are needed only if v = 0. These conditions can be dropped if we assume
that v # 0.
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Exercise 4.4. Letaq, ..., o, Bi,..., 00, 7 € Q,and suppose that v, o, . .., a, # 0.
Using Corollary 4.18, prove that e”afl -~ abn s transcendental.

There is a far reaching conjecture, due to Schanuel, which implies all results
mentioned before and much more.

Schanuel’s Conjecture. (1960’s) Let x1,...,x, be any (not necessarily algebraic)
complex numbers which are linearly independent over Q. Then

trdegg(@1,...,7,,€™, ..., ") = n.

We give some examples of known cases.

Examples. 1. Let x € C*. Then either = is transcendental, or x is algebraic
and then by Lindemann’s Theorem, e® is transcendental. Hence trdegg(x,e®) > 1.
Schanuel’s Conjecture is still open for n > 2.

2. Let oq,...,0,, € Q and suppose they are linearly independent over Q. By

Corollary 4.9 (a consequence of the Lindemann-Weierstrass Theorem), e*', ... e

Qn
are algebraically independent. Hence trdegg(as,. .., an, e, ..., e*) =n.
We deduce some consequences of Schanuel’s Conjecture which are still open.

Conjecture. e and 7 are algebraically independent.

Proof under assumption of Schanuel’s Conjecture. For instance by Lemma 7?7, the
transcendence degree of a set of numbers does not change if some algebraic numbers
are added to or removed from it. Moreover, the transcendence degree of this set
does not change if we multiply its elements with non-zero algebraic numbers. So by
Schanuel’s conjecture,

trdegg (e, 7) = trdegg (e, 7i) = trdegg(1, wi, e, ™) = 2.

m
Conjecture. Let o, ..., o € Q such that ay, ..., a, # 0 andlog oy, . .., log oy, are
linearly independent over Q. Then log a, ... ,loga, are algebraically independent.
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Proof under assumption of Schanuel’s Conjecture. We have
trdegg(log ay, . . ., log a,) = trdegg(log ay, ..., log ay, oy, ..., ap) = 1.
O

According to Lemma 4.3, the above conjecture implies that also log aq, . . ., log o,
are algebraically independent over Q, that is, for every non-trivial polynomial P €
Q[X1,...,X,] we have P(logay,...,loga,) # 0. Baker’s Theorem 4.17 implies
that this holds for linear polynomials P € Q[X1,..., X,], but even for quadratic
polynomials P this is still open. For instance, the above conjecture implies that
log 2 - log 3 is transcendental, but as yet not even this very special case could be

proved.

We mention some other consequences of Schanuel’s conjecture, the deduction of
which is left as an exercise.

Exercise 4.5. Deduce the following from Schanuel’s conjecture:

(i) Let o € Q, o € iQ. Then 7 and €™ are algebraically independent.

(i) Let o, B € Q with o & {0,1} and 3 of degree d > 2. Then a? b o
are algebraically independent.

(iii) Define the sequence {x,}°°; by x1 = e and z, = e*"=' forn > 2, i.e., x5 = €°,
x5 =€, etc. Then x1,...,xn are algebraically independent for every N > 1.

(iv) Let p,q be two distinct prime numbers. Then for every irrational x € R, at least
one of the numbers p*, q* is transcendental.

Remark. The following has been proved.

In 1996, Nesterenko proved (among other things), that m,e™ and I'() are al-
gebraically independent. Recall that I'(z) = [ ¢" te~'dt for > 0, that ['(n) =
(n — 1)! for every positive integer n, and that I'(3) = /7.

For a, 8 as in (ii), Diaz proved in 1989 that
trdegg (o, o, P 2 (d+1)/2)
where [z] is the largest integer < . This settles (ii) for d = 3.

In the 1960’s, Lang and Ramachandra independently proved (among other things)
that if py, pa, p3 are three distinct primes and x an irrational real, then at least one
of the numbers p{, p3, p5 is transcendental.
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