Chapter 5
Linear forms in logarithms
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5.1 Lower bounds for linear forms in logarithms

We fix ¢y € R, and define the complex logarithm by log z = log |z| + iarg z with
Yo < arg z < g + 27. In the results below, the choice of ¢y does not matter.

We recall Baker’s transcendence result from the previous chapter.

Theorem 5.1 (A. Baker, 1966). Letay,...,a, € Q\{0,1},v € Q and B, ..., Bm €
Q\ {0}. Assume that

log ay, . ..,log ay, are linearly independent over Q.
Then v+ Bylogay + -+ - + B, log ay, # 0.

One may ask about quantitative versions of this theorem, i.e., can we give a
strictly positive lower bound for the absolute value of the left-hand side? In 1967,
Baker indeed obtained such a lower bound, which we conveniently refer to as a "lower
bound for a linear form in logarithms’. Baker’s lower bound turned out to be an

59



extremely powerful tool, not only in transcendence theory, but also in applications
which do not have anything to do with transcendence, such as Diophantine equations
and Gauss’ class number 1 problem. For this reason, Baker’s lower bound from 1967
was improved by Baker himself and others. We will give some applications to certain
Diophantine equations.

We recall a lower bound for linear forms in logarithms by Baker from 1975.
Recall that the height H(«a) of a € Q is the maximum of the absolute values of the
coefficients of the primitive minimal polynomial F, of a.

Theorem 5.2 (A. Baker, 1975). Let o, ..., o € Q\{0,1} and v, B4, ..., Bm € Q.
Assume that
A:=~+pilogaq + -+ + B, log a,, # 0.

Then
A > (eB)™¢ (e=27182..))

where B = max(H (), H((1),...,H(Bm)), and where C' is an effectively computable
positive number depending on m, the degrees and heights of o, ..., o, and pq.

The assertion that C' is effectively computable means that by going through the
proof of Theorem 5.2 one can compute an explicit value of C.

For our applications, we restrict ourselves to the case that v =0 and §; = b; € Z
for i =1,...,m. In that case, we can get rid of the logarithms.

Corollary 5.3. Let ay,...,a,, € Q\ {0,1} and let by, ..., b,, € Z such that

by b
ap't o # 1

Then

ot -abr =1 > (eB) 7,
where B := max(|b|, ..., |bn|) and where C" is an effectively computable number
depending only on m and on the degrees and heights of ay, ..., .

Proof. For the logarithm of a complex number z we choose log z = log|z| 4 iarg z
with —7 < arg z < w. With this choice of log we have

0 —1)n1
log(1 + 2) :Z%-z" for z € C with |z] < 1.
n=1
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Using this power series expansion, one easily shows that
log(1+2)] < |z|(1+ |z + 2> +--+) < 2|z| for z € C with |z] < 5.

We apply this with z := af*---alm — 1. If |z| > 1/2 we are done, so we suppose

that |z] < 1/2. We have to estimate from below |log(1 + z)|.

Recall that the complex logarithm is additive only modulo 27z. That is,
log(1+2) = by logay+- - -+ by, log oy, +2kmi = by log ag + - - -+ by, log o, + 2k log(—1)
for some k € Z, since log(—1) = mi. Applying Theorem 5.2 we get

[log(1 + 2)| = (emax(B, |2k])) ™"

where (' is an effectively computable constant depending only on m and ay, . .., a,.
Since |log(1 + 2)| < 2|z| < 1 we have

2kmil <14+ |logay| - by] < (1 + Z|10gaj|> B =0,B,
j=1 j=1

say. Hence |2k| < CyB and so |log(1 + z)| = (eCoB)~C". This implies
|z| > %(eCzB)’CI > (eB)™¢
for a suitable C”, as required. O

For completeness, we give a completely explicit version of Corollary 5.3 in the case
that «q,...,q,, are integers. Recall that the height of a rational number a = z/y
with x,y € Z coprime, is given by H(a) := max(|z|, |y|).

Theorem 5.4 (Matveev, 2000). Let aq,...,a,, be non-zero rational numbers and
let by, ..., b, be integers such that

by b
a' - -a,m # 1.

Then |a? ---abm — 1| > (eB)~%", where

B =max(|bi,...,|bn]), C'=ie-m"?30™" Hmax (1,1log H(ay)).

j=1
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To illustrate the power of the above results we give a quick application.

Corollary 5.5. let a,b be integers with a > 2,b > 2. Then there is an effectively
computable number Cy > 0, depending only on a,b, such that for any two positive
mntegers m,n,

" — | > max(a™, b") .

(e max(m,n))
Consequently, for any non-zero integer k, there exists an effectively computable num-
ber Cy, depending on a,b, k such that if m,n are positive integers with a™ — b"™ = k,
then m,n < Cj.

Proof. Let m,n be positive integers. Put B := max(m,n). Assume without loss of
generality that ™ > 0". By Corollary 5.3 or Theorem 5.4 we have

I1—b"a"™ > (eB)_Cl,

where (] is an effectively computable number depending only on a,b. Multiplying
with o gives our first assertion.

Now let m,n be positive integers with a™ — b" = k. Put again B := max(m, n).
Since a,b > 2 we have a™ > 2™, b" > 2" hence a™ = max(a™, b") > 25. So,

k| > 28 . (eB)™.

This proves that B is bounded above by an effectively computable number depending
on a,b, k. O

Exercise 5.1. In 1995, Laurent, Mignotte and Nesterenko proved the following ex-
plicit estimate for linear forms in two logarithms. Let ay,as be two positive ra-
tional numbers # 1. Further, let by,by be non-zero integers. Suppose that A :=
biloga; — bylogas # 0. Then

log [A] >

1] 123 ’
—24.34 {1 ( ) 14, 21} log H(a;)log H(as) .
3 (max og log H (@) + log H(ay) +0 og H(a1)log H(az)

Using this estimate, compute an upper bound C, such that for all positive integers
m,n with 97" — 89" = 8 we have m,n < C.
Hint. Use |log(1+ 2)| < 2|z| if |2| < 3.
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In 1844, Catalan conjectured that the equation in four unknowns,
2" —y" =1 inz,y,m,n € Z with x,y,m,n > 2

has only one solution, that is, 32—23 = 1. In 1976, as one of the striking consequences
of the results on linear forms in logarithms mentioned above, Tijdeman proved that
there is an effectively computable constant C, such that for every solution (z,y, m,n)
of Catalan’s equation, one has z™,y"™ < C. The constant C' can be computed
but it is extremely large. Several people tried to prove Catalan’s conjecture, on
the one hand by reducing Tijdeman’s constant C' using sharper linear forms in
logarithm estimates, on the other hand by showing with techniques from algebraic
number theory that 2™, y" have to be very large as long as (z™,y") # (32,23), and
finally using heavy computations. This didn’t lead to success. In 2000 Mihailescu
managed to prove Catalan’s conjecture by an algebraic method which is completely
independent of linear forms in logarithms.
We give another application. Consider the sequence {a,} with a, = 2" for
n = 0,1,2,.... Note that a, — a,_1 = %an. Similarly, we may consider the in-
creasing sequence {a,} of numbers which are all composed of primes from {2,3},
ie., 1,2,3,4,6,8,9,12,16,18,24,27,32,... and ask how the gap a,, — a,,_1 compares
with a, as n — co. More generally, we may take a finite set of primes and ask this
question about the sequence of consecutive integers composed of these primes.

Theorem 5.6 (Tijdeman, 1974). Let S = {p1,...,p:} be a finite set of distinct
primes, and let ag < a; < ag < --- be the sequence of consecutive positive integers
composed of primes from S. Then there are effectively computable positive numbers
c1,Co, depending on t,py,...,ps, such that
Qn

_ =1,2,....
Cl(logan)c2 fOTn ) 4y

Qp — Ap—1 >

Proof. let n > 1. We have a,, = p’fl coplt and a,_q = plf ... pl* with non-negative
integers k;, ;. By Corollary 5.3,

(p—1

Qn

‘1 — =1 _pgl—’ﬂ .. .pét*kt| > (eB)*C,

where B := max(|ly — ki, ..., |l: — k|) and C is effectively computable and depends
only on t,py,...,p:. Note that

k< log a,, < log an’ < log a,_1 < log a.,
log p; log 2 log p; log 2

fori=1,...,¢,
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hence B < loga,/log?2. It follows that a, — a,_1 > a,(eloga,/log2)=C. O

5.2 Dirichlet’s Unit Theorem

We want to apply the results from the previous section to certain Diophantine
equations, and for this, we need some facts on units in algebraic number fields.

Let K be an algebraic number field of degree d. Recall that K has precisely d
embeddings in C. An embedding o of K in C is called real if 0(K) C R, and complex

otherwise. If ¢ is a complex embedding of K, then so is @ : = +— o(x), i.e., the
composition of ¢ and complex conjugation. Hence the complex embeddings of K
occur in complex conjugate pairs {o,7}, and so, the number of complex embeddings
of K is even. Let us denote by r; the number of real embeddings of K, and by 2r,
the number of complex embeddings of K. Thus,

1+ 27”2 =d.
Further, we order the embeddings o4, ...,04 of K in such a way that

o1,...,0, are the real embeddings,

Ori4+ro+1 = Ori41s -+ 5 Ory42ry = Orpdrg-

We denote as usual by Ok the ring of integers of K, and by Oj; the group of
units of O. Further, we define the norm and house of o € Ok by respectively,

Nijo(@) :=01(a)---0a(a),  [a]:= max |oi(a)].

Recall that the norm is multiplicative, and that Ng g(a) € Z for o € Ok.

Lemma 5.7. Let o« € Og. Then o € Oy <= Ngo(a) = £1.

Proof. =>. Let a € O%. Then a,a " € Ok. Hence Ng () € Z, Ngjg(a™) € Z.
But the product of these two integers is Ng/q(1) = 1, hence both integers are +1.

<= Suppose o; = id. Then o~ ! = :i:l_[gl:2 o;(a) is an algebraic integer in K,
hence in Og. So a € Oj. O
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To study the units of O, it is useful to consider the absolute values of their
conjugates. Clearly, for € € O} we have

|01 4ra4i ()] = lom4i(e)| fori=1,...my,
71 r1+72
[Tlo:@)l T lose)l® =1,
=1 i=r1+1
so |oi(e)| (i =1,...,71 +re — 1) determine |o;(¢)| (i =11 +7o,...,d).

The following result is known as Dirichlet’s Unit Theorem. For a proof we refer
to any textbook on algebraic number theory.

Theorem 5.8 (Dirichlet). Let r:= 1 + 19 — 1 and define the map
—
log: O = R": ¢ (log|oi(e)],...,log|a.(e))".

— —
Then log is a group homomorphism. The kernel of log is the group Uk of roots of
H

unity of K, and this group s finite. The image of log is a lattice in R".

— —

Choose units €1, ..., &, such that log (¢1),...,log (¢,) form a basis of the lattice
H
log (OF) (we call such e1,...,e, a system of fundamental units for K). Then for
every € € O, there are unique integers by, ..., b, such that

— — —
log (¢) = by log (e1) + -+ - + b, log (&)

Hence € € O}, can be expressed uniquely as

(5.1) Celr oo el with ¢ € Uy, by,...,b. € Z.

Further, the matrix

log|oi(e1)| -+ logloi(e,)|
(5.2) M = : :

10g|07‘(51)| 10g|07‘(5r)|
is invertible.

We deduce some consequences.
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Lemma 5.9. There is an effectively computable number C > 0 depending on K, &4, ..., &,
such that for every e € O} we have

max(|by,...,|b]) < C -log[e],
where by, ..., b, are the integers defined by (5.1).

H
Proof. Let b := (by,...,b.)" (column vector). Then log (¢) = Mb, hence b =
H
M~ log (). Writing M~ = (a;;), we obtain

b, = Zaij10g|0-j(8)’ (i=1,...,r).
j=1

Notice that [€] > 1 and |o;(g)| = [€'" for j = 1,...,d. Hence
|log |o;(e)|| < dloglelfor j =1,...,d.

Now an application of the triangle inequality gives

max |b;] < (fgagle |aij|> -dlog[g] = C - log|[e].
j:

]

The next lemma states that given o € O \ {0}, we can find € € O}; such that
all conjugates of ca have about the same absolute value. Then the maximum of
these absolute values, which is [ea], is about the d-th root of the product of these
absolute values, which is |Ng/g(ca)| = | Nk g(a)| since Ng/g(e) = £1.

Lemma 5.10. There is an effectively computable number ¢ > 0 with the following
property: for every non-zero o € Ok there is € € O} such that

¢ Nijola)|? < eal < ¢ Ngsg(e) V4

Proof. In general, if L is a lattice in R", then for every point x € R" there is a
point u € L such that ||lu — x|z < ¢(L) for some number ¢(L) depending only
on L. This ¢(L) can be computed in terms of a basis of L. By applying this

.
with L =log (O}), we see that there is an effectively computable number ¢; > 0,
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H
depending on the lattice log (O};), such that for every x € R” there is € € O3 with

|x— lo—g> (e)|l]2 < ¢q. This implies
}xi —logloi(e)]| < ¢y fori=1,...,r,
where x = (21, ...,7,)T. We apply this with
z; = —logloi(a)| + 3 1og [Nk ()| (i=1,...,r).
It follows that there is € € O} such that

[ 10g lo(2)] + log oi()| — 41og [Nija )| <1 fori=1,...,r,

ie.,
‘log|al~(sa)| — llog |NK/Q(a)]‘ <e fori=1,...,r
Put
& =logloi(ea)| — 3log |Nxyg(a)| (i=1,....d),
e,:=1fori=1,...,r, e:=2fori=ri+1,....,r1+ro=r+1.
Since 10g |0y 4rpri(e)| = log o, 4i(ea)| for i = 1,...,ry and S0 log|os(ea)| =

log [Nk /g(ear)| = log [Nk g(a)|, we have

ri1+re

€T1+7’2+’i - £T1+i fOI‘ Z - 1, e ,7“2, E eigi — O
=1

Hence
T T

|5T1+T2| < 67“_11-&-1"2 Z€Z|§Z| S 67“_11-&-1"2 Zei =: G,

i=1 i=1

and so,
log |o; ()] — 2 1og |NK/Q(04)|’ = |&| < max(cy,¢0) fori=1,...,d.

Picking ¢ with [Ea] = |o;(c)| we obtain that Lemma 5.10 holds with ¢ := emax(ci.e2),
[

Corollary 5.11. Given o € Ok \ {0}, one can effectively determine a finite set of
divisors V1, ...,VYm of a in Ok such that for each divisor  of a in Ok there are
e €O and i €{1,...,m} such that 5 = ev;.
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Proof. Let 3 be a divisor of a. Then Ng,qg(8) divides Nk g(a). By the previous
lemma, there is € € O}, such that

e8] < el Nk (B)M* < ¢l Nicjg ).

By one of the homework exercises, there are only finitely many algebraic integers ~
of degree at most d and house at most ¢| Ny g(c)|*/?. This implies that there are at
most finitely many v € Ok with

7] < o] Ny (e)| .

In fact, these can be determined effectively, and for each of these v it can be checked
whether they divide o in Og. This leaves us with a finite set {71,...,7x,} as in the
statement of our corollary. O]

5.3 Unit equations and Thue equations

Let K be an algebraic number field. We consider the so-called unit equation
(5.3) arx+ Py =1 inz,y € O,
where a, f € K*.

Theorem 5.12. Eq. (5.3) has at most finitely many solutions, and these can be
determined effectively.

In 1921, Siegel proved that (5.3) has only finitely many solutions, but his proof
is ineffective, in the sense that it shows only that there are only finitely many
solutions, but it does not give a method how to determine them. Our proof, based
on lower bounds for linear forms in logarithms, does give a method to determine the
solutions. This effective proof is already implicit in work of Baker from the 1960’s.
Gyéry (1978) made this explicit.

Proof. Let (z,y) be a solution of (5.3). By (5.1), there are (1,(s € Uk, as well as
ai,...,a., by,..., b. €7Z, such that

_ al a _ b1 b
x_Clgl "'grra y_C251 ...Err'

68



Thus,
aGief' -+ e + BGett - ey = 1.

We assume without loss of generality that B := max(|ai|,...,|b,]) = |b]. We
estimate from above and below,

A; = |oi(a)o(C)oi(er)™ - - oi(e,)" — 1] = |os(B)oi(y)]

for a suitable choice of i.
In fact, let |o;(y)| be the smallest, and [o(y)| = [¢] the largest among |01 (y)], . .., |oa(y)|.
Then by Lemma 5.7,
o) [y < 1

and subsequently by Lemma 5.9,
|Uz<y)| <m—1/(d—1) < e—B/C(d—l)‘

This leads to
Ay < Joy(B)]e” PO,

By Corollary 5.3 we have |A;| > (eB)™ for some effectively computable number
C' depending on a, €1, ...,¢, and the finitely many roots of unity of K. We infer

(eB)™ < |oy(B)le” P/

and this leads to an effectively computable upper bound for B. ]

Remark. There are practical algorithms to solve equations of the type (5.3) which
work well as long as the degree of the field K is not too large, and K has a system of
fundamental units whose heights are not too large. These algorithms are based on
lower bounds for linear forms in logarithms and the Lenstra-Lenstra-Lovasz lattice
basis reduction algorithm (LLIL-algorithm). For instance, in 2000 Wildanger deter-
mined all solutions of the equation x+y = 1 in z,y € O}, with K = Q(cos(27/19)).
The number field K has degree 9 and all its embeddings are real. Thus, the unit
group O} has rank 8.

In general, a form of degree d in n wvariables is a homogenenous polynomial
F(X1,...,X,) of degree d, i.c., a polynomial consisting of terms c¢X}' --- X’ with
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i1 + -+ +i, = d. Note that F(tXy,...,tX,) = t*F(Xy,...,X,). A binary form of
degree d is a homogeneous polynomial of degree d in two variables, i.e.,

F(X,Y)=aoX?+a; XY + -+ aY?

Suppose that F' has its coefficients in K. Let a, be the first non-zero coefficient of
F from the left. In some finite extension L of K, we can factor FI(X,1) as a,(X —
ap)™ - (X —ay)", where aq, . .., oy are distinct, and the multiplicities rq, ..., r; > 0.
Then we get

(5.4) FIX,)Y)=YF(X/Y,1)=a,Y"" (X —a,Y)™" - (X —aq,Y)".

Thus, a binary form can be factored into linear forms.

A Thue equation is an equation of the shape
(5.5) F(z,y)=m inz,y€Z,

where F'is a binary form with coefficients in Z and m is a non-zero integer.

We consider some special cases. First suppose that F' is linear. Then (5.5)
becomes
ar +by =m in x,y € Z.

As is well-known, this equation has no solution if ged(a, b) does not divide m, and in-
finitely many solutions if ged(a, b) does divide m. Next, suppose that F' is quadratic.
Then (5.5) specializes to

azx® + bry + cy® = m.

If the discriminant D = b* — 4ac < 0 then this equation describes an ellipsis, and
this has only finitely many points (x,y) € Z? on it. In fact, these points may be
determined by rewriting the equation as

a(z + (b/2a)y)* + (ID|/4a)y* = m.

In case that D > 0 the equation may have infinitely many solutions, e.g., the Pell
equation z2 — dy? = 1 where d > 1 is a positive integer, not equal to a square.
In fact it can be shown that if D = b? — 4ac > 0 and D is not a square, then
ax?® + bxy = cy? = m has either no, or infinitely many solutions.

Another special case is, where F' may have arbitrary degree d but the coefficient
ap of X% is 0. Then F is divisible by Y, so if (z,y) is a solution of (5.5), then y
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divides m. For each divisor y of m there are at most finitely many integers x with
F(x,y) = m, which, if they exist, can be determined effectively.

We prove the following.

Theorem 5.13. Let F' € Z[X,Y] be a binary form of degree d. Suppose that the
coefficient of X% in F is non-zero and that F(X,1) has at least three distinct zeros
in C. Let m be a non-zero integer. Then the equation

(5.5) F(z,y)=m inx,y€Z

has only finitely many solutions.

In 1909, the Norwegian mathematician A. Thue proved in an ineffective way that
Eq. (5.5) has only finitely many solutions. In 1967, Baker gave an effective proof of
this.

Proof. By assumption, F(X,Y) = agX? + .-+ + aqY¢ with ag # 0. We make a

reduction to the case ag = 1. If (z,y) is a solution of (5.5), then, by multiplying

“h ad-1
with ag ",

(apr)® + a1 (apz)?™ ! + azap(agw) 2y + - - + agal 'y = mald~".

Thus, (apz,y) satisfies a Thue equation F’(z',1') = m/, where the coefficient of X¢
in F’is 1.
Henceforth, we assume that the coefficient of X% in F is 1. Then

FX,Y)= (X —aY)" (X — oY)

with aq,...,a, € C, rq,...,7, >0 and t > 3.

We want to reduce (5.5) to a unit equation. The crucial observation here is that
the three linear forms in two variables X — ;Y (i = 1,2, 3) are linearly dependent.
More precisely, we have Siegel’s identity

(Ozg — Oég)(X — O./1Y) + (O(g — Oél)(X — OéQY) + (Oll — OQ)(X — CJ!gY) = 0.

This implies that if (x,y) € Z? is a solution of (5.5), then

(56) a2—a3.x—a1y+a3—a1.x—a2y:1'

Qg — (1 T — a3y Oy — (1 T — Qagy
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Let K = Q(a,...,a;). Then aq,...,a; € Ok since they are zeros of the monic
polynomial F(X,1) € Z[X]. Let (z,y) € Z* be a solution of (5.5). Then the
numbers z — a;y (i = 1,2,3) divide m in Og. By Corollary 5.11, we have

T — QY = &y,

where p; belongs to an effectively determinable finite set and ¢; € O}, for ¢ = 1,2, 3.
By substituting this into (5.6) we obtain

(az—as.&)f_1+ (as—al.&)e —1
Qg — Oy 43 €3 Qg — iy U3 €3 .

We may view this as a unit equation with unknowns €;/e3, €2/c3. We have only
finitely many possibilities for each p; which can be determined effectively, and by
Theorem 5.12, for each choice of puq, ps, 3 we have only finitely possibilities for the
pair (€1/e3,€2/e3) which can be determined effectively. Consequently, if (z,y) runs
through the solutions of (5.5), then the quotient (x—aqy)/(x—azy) = (11 /13)(e1/€3)
runs through a finite set which can be determined effectively. We can compute z/y
from (z — a1y)/(z — azy) and then z,y from yF(x/y,1) = F(z,y) = m. In this
way, it follows that (5.5) has only finitely many solutions which can be determined
effectively. m

Remark. Today, Thue equations can really be solved in practice, and several pack-
ages contain routines to solve Thue equations (KANT, Maple but to my knowledge
not yet SAGE). These routines are based on lower bounds for linear forms in loga-
rithms, and the LLL-algorithm.

Exercise 5.2. Let F(X,Y) € Z[X,Y] be a positive definite binary form of degree
d > 3, i.e., the coefficient of X¢ is > 0 and the zeros of F(X,1) are all in C\ R.
Prove, without using lower bounds for linear forms in logarithms, that for each
positive integer m the equation F(x,y) = m has only finitely many solutions in
x,y € L.

We finish with stating, without proof, an effective finiteness result for the equa-
tion
(5.7) by" = f(z) inx,y€Z.

where n > 2, b is a non-zero integer and f € Z[X]. For n = 2 this is called a
hyperelliptic equation and for n > 3 a superelliptic equation. Such equations can be
reduced to unit equations or Thue equations.
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Theorem 5.14 (Baker, 1968). Assume that f has no multiple zeros and that f has
degree at least 2 if n > 3 and degree at least 3 if n = 2. Then (5.7) has only finitely
many solutions, and its set of solutions can be determined effectively.

We consider a special case to illustrate the idea of the proof. Consider the
equation

(5.8) y* =2x(r —3) inx,y € Z

Let (x,y) be a solution of (5.8). The ged of 22 and x — 3 divides 6. So if p is a prime
number > 5, then p divides at most one of 2z, x — 3 and if it divides one of these
numbers, the exponent of p in the unique factorization of that number is divisible
by 3. It follows that

2r = aud, x—3="bo’

where ab is a third power, and both a and b are composed of primes from {2, 3}.
In fact, we may assume that the exponents on 2,3 in a, b are either 0,1, or 2, since
powers 23 3% can be absorbed by u,v. Thus, a,b € {£23! : k1 = 0,1,2}.
Considering the solutions (z,y) of (5.8) with fixed a, b, we get a Thue equation

au® — 2bv® = 6.
By determining the solutions (u, v) for each of these Thue equations, we can deter-
mine the solutions of (5.8).

A similar approach can be followed for equations y" = f(x) with n > 3 if f is
not reducible over Z. Then f factorizes over some algebraic number field K, and
we have to make a reduction to Thue equations of which the unknowns are taken
from O instead of Z. For such equations one has a finiteness result similar to
Theorem 5.13. In the case n = 2, one can make a reduction only to Thue equations
where the involved binary form has degree 2, and in this case, Thue’s theorem is
not applicable. Then one needs a more complicated argument.

Exercise 5.3. Let a;,b;, ¢; (i = 1,2) be integers with
ay, b17 C1, Qg, b27 Co, a1b2 - a2b17 bICQ - bQCl 7é 0.

Prove that there are only finitely many triples (z,y, z) € Z* satisfying the system of
equations

(5.9) az? — b2t =1, ay? — b2 = co.
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Hint. Let K = Q(y/a1, Vb1, \/az,vb2). Apply Theorem 5.12 and the ideas in the
proof of Theorem 5.13 to the identities

Vha(w/ar + 23/b) — Voi(yv/az + 2/bs) = 2v/arhy — y/asby,
Vba(xv/ar — 23/b1) — Vb (yv/az — 23/bs) = 21/ arby — yy/asb.

Then conclude that if (x,y, z) runs through the solutions of (5.9) then

(z/a1 + 2v/b1)/(x\/a1 — zv/b1) runs through a finite set.

Exercise 5.4. Use Fxercise 5.3 to prove that the equation

y* =222 — 3)(4x —5) inx,y€Z

has only finitely many solutions.

In 1976, Schinzel and Tijdeman obtained the surprising result that Eq. (5.7) has
no solutions with y # 0, £1 if n is too large.

Theorem 5.15 (Schinzel-Tijdeman, 1976). Let b be a non-zero integer and f(X) €
Z|X] a polynomial of degree at least 2 without multiple zeros. Then there is an
effectively computable number C depending on [ such that if by™ = f(x) is solvable
inx,y € 7Z withy # 0,+1, thenn < C.

Exercise 5.5. (i) Prove that the equation
2" =2y" =1 inx,y €Z withx > 2,y > 2

has no solutions if n > 15000.

Hint. Applying the estimate of Laurent-Mignotte-Nesterenko from Exercise 5.1 to
an appropriate linear form in two logarithms you will get a lower estimate depending
onn and x,y. But you can derive also an upper estimate which depends on n,x,y.
Comparing the two estimates leads to an upper bound for n independent of x,y.

(ii) Let a,b,c be positive integers. Prove that there is a number C, effectively com-
putable in terms of a,b, c, such that the equation

ax" —by" =c

has no solutions if n > C. In the case a = b you may give an elementary proof,
without using the result of Laurent-Mignotte-Nesterenko.
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(iii) Prove that the equation

xT

has only finitely many solutions.

5.4 p-adic analogues

The results mentioned in Section 5.1 have so-called p-adic analogues. We give one
example.

Recall that each non-zero rational number can be expressed uniquely as a product
of prime powers. We may express this as

a =+ H pordp(a),
peP

where P is the set of prime numbers, and the exponents ord,(a) are integers, at
most finitely many of which are non-zero. We define the p-adic absolute value of a
by

lal, :== p~o" @ for a € Q*, 0], :=0.

For instance, —72/343 = —23 .32 . 773, hence

| —72/343], = 273, | —72/343|5 = 372, | — 72/343|, = 7°.

Notice that for any prime number p we have
|abl, = laly[blp, [a+ bl, < max(|al,, [b],) for a,be Q.

The last inequality is called the strong triangle inequality or ultrametric inequality.

In general, if ay,...,a, are rational numbers such that |a;|, > |a;|, for i =2,... 7,
then
(5.10) |a1+"'+ar|p: |a1‘P'

The strong triangle inequality implies that the p-adic absolute value |- |, defines a
metric d, on Q, given by d,(z —y) := | —y|,- Two numbers z,y € Q are p-adically
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close, if d,(x — y) is small, which means that + —y = a/b where a,b are coprime
integers and a is divisible by a high power of p. From topology it is known how
to complete a metrical space, by adding to this space the limits of all its Cauchy
sequences. The metrical completion of Q with metric d, is denoted Q,. As it turns
out, addition and multiplication on Q can be extended to Q,, and this makes Q,
into a field, the field of p-adic numbers. In Diophantine approximation, |- |, and Q,
have the same ‘status’ as the ordinary absolute value and R, and many results in
Diophantine approximation and transcendence theory have analogues in the p-adic
setting. We will not go into this.

To gave a flavour, we give an analogue of Corollary 5.3 in the case that aq, ..., a,,
are rational numbers. There is a more general version for algebraic ay, ..., «a,, but
it requires knowledge of algebraic number theory to state this.

Theorem 5.16. (Yu, 1986) Let p be a prime number, let ai, ..., a,, be non-zero
rational numbers with |a;|, = 1 for i = 1,...,m. Further, let by, ..., b, be integers
such that
alfl . -al;,fb" # 1.
Put B :=max(|b1|,...,|bn|). Then
jay' - apy = 1], > (eB)™¢

where C' is an effectively computable number depending on p, m and ay, ..., Qy,.

For m = 1 there is a sharper result which can be proved by elementary means
(exercise below). But for m > 2 the proof is very difficult. One may define p-adic
logarithms and translate the theorem into a lower bound for the p-adic absolute
value of a linear form in p-adic logarithms. We do not work this out.

Exercise 5.6. Let a be an integer, and p a prime, such that |al, < p~' if p > 2 and
lalo <272 if p= 2. Prove that for any positive integer b we have

|(14a)’ — 1|, = |abl, > 1/ab.
Hint. First prove this for b with |bl, = 1 and for b = p. Then prove it for b = up'

where u is an integer not divisible by p and t > 0.

We give an application. Let S = {py,...,p;} be a finite set of primes numbers
and define the multiplicative group

Ug .= {j:pflpft Zl,...7ZtEZ}.
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Theorem 5.17. The equation
(5.11) r+y=1 inz,yeUs

has only finitely many solutions, and these can be determined effectively.

Proof. Let (z,y) be a solution of (5.11). We may write © = u/w, y = v/w where
u, v, w are integers with ged(u, v, w) = 1. Then

(5.12) u+v=uw.

The integers u, v, w are composed of primes from S, and moreover, no prime divides
two numbers among u, v, w since u,v,w are coprime. After reordering the primes
P1,---,Pt, We may assume that

w=Epf gl v =dplepl w =l pl
where 0 < 7 < s < ¢ and the b; are non-negative integers (empty products are equal
to 1; for instance if r = 0 then u = +1). We have to prove that B := max(by, ..., b;)
is bounded above by an effectively computable number depending only on py, ..., p;.
By symmetry, we may assume that B = b;. Then using —(u/v) — 1 = —(w/v) we
obtain
0<|£py o i p " = U = /ol =0 = 7.

From Theorem 5.17 we obtain that ||, > (eB)™¢, where C is effectively com-
putable in terms of py,...,p;. Hence

(eB) ¢ < p; P

So indeed, B is bounded above by an effectively computable number depending on
Py Dt- [

Remark. In his PhD-thesis from 1988, de Weger gave a practical algorithm, based
on strong linear forms in logarithms estimates and the LLL-basis reduction algo-
rithm, to solve equations of the type (5.11). As a consequence, he showed that the
equation x + y = 1 has precisely 545 solutions in positive integers x,y € Ug with
0 <z <y, where S ={2,3,5,7,11,13}.
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Let K be an algebraic number field and let I' be a finitely generated, multiplica-

tive subgroup of K*, i.e., there are vy,...,7 € I' such that every element of I' can
be expressed as

SRR
where ( is a root of unity in K, and zq,...,2 are integers. Further, let a,b be

non-zero elements from K and consider the equation
(5.13) ar+by=1 inz,yel.
The following result is a common generalization of both Theorems 5.12 and 5.17.

Theorem 5.18 (Gy6ry, 1979). Equation (5.13) has only finitely many solutions,
and these can be determined effectively.

In 1960, Lang gave an ineffective proof of this result, by combining earlier work of

Siegel (1921), Mahler (1933) and Parry (1950). Gy6ry’s proof is based on Corollary
5.3 and a generalization of Theorem 5.16 for algebraic numbers.
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