Chapter 7
The Subspace Theorem

Literature:
W.M. Schmidt, Diophantine approximation, Lecture Notes in Mathematics 785, Springer Verlag
1980, Chap.IV, VL, VII

The Subspace Theorem is a higher dimensional generalization of Roth’s Theo-
rem on the approximation of algebraic numbers by rational numbers. We explain
the Subspace Theorem, give some applications to simultaneous Diophantine ap-
proximation, and then an application to higher dimensional generalizations of Thue
equations, the so-called norm form equations.

7.1 The Subspace Theorem and some applications

In the formulation of the Subspace Theorem, we need some notions from linear
algebra, which we recall below. Let n be an integer > 1 and » < n. We say
that linear forms L; = Z;‘:l a1 X, ..., Ly = Z?=1 a,; X; with coefficients in C are
linearly dependent if there are cq, ..., ¢, € C, not all 0, such that ¢; L1+ - -+c¢,. L, = 0.
Otherwise, L1, ..., L, are called linearly independent. If » = n, then Lq,..., L, are
linearly independent if and only if their coefficient determinant det(Ls, ..., L,) =

det(ai;)1<ij<n 7 0.

A linear subspace T of Q™ of dimension r can be described as

.
T:{Zziai: 21,...,zr€@},
i=1
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where ay, ..., a, are linearly independent vectors from Q™. Alternatively, T can be
described as

T={xeQ": Li(x)=0,...,L,_.(x) =0}

where Lq,..., L,_, are linearly independent linear forms in X;,...,X,, with coeffi-
cients from Q.

The norm of x = (z1,...,2,) € Z" is given by

IIx|| := max(|z1|, ..., |z.|).

In what follows, Q is the set of algebraic numbers in C.
Theorem 7.1. (Subspace Theorem, W.M. Schmidt, 1972). Let n > 2, let
LZ(X) :CY“Xl —f——f—aan (Z = 1,...,71)

be n linearly independent linear forms with coefficients in Q and let C' > 0,
0 > 0. Then the set of solutions of the inequality

(7.1) L1(x) - Lo(x)| < Cllx||™ inx € Z"

1s contained in a union Ty U---UTy of finitely many proper linear subspaces of Q™.

Remark. The proof of the Subspace Theorem is ineffective, i.e., it does not enable
to determine the subspaces. There is however a quantitative version of the Subspace
Theorem which gives an explicit upper bound for the number of subspaces. This
is an important tool for estimating the number of solutions of various types of
Diophantine equations.

We show that the Subspace Theorem implies Roth’s Theorem. Recall that the
height of £ € Q is H(§) = max(|z|, |y|), where £ = x/y, xz,y € Z, ged(x,y) = 1.

Corollary 7.2. Let a € Q and C > 0, k > 2. Then the inequality
(7.2) E—al<C-H(E)™ in§cQ
has only finitely many solutions.
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Proof. Let & = z/y be a solution of (7.2), with z,y € Z, ged(z,y) = 1. Write
Kk =2+ ¢ with § > 0. By multiplying (7.2) with y* we obtain

ly(z — ay)| < Cy* max(|z|, [y]) > < C - max(|z[, [y])~°.

Since the linear forms Y and X — aY are linearly independent, this is an inequality
to which the Subspace Theorem is applicable. It follows that the pairs of integers
(z,y) € Z* with ged(z,y) = 1 such that £ = x/y is a solution of (7.2) lie in a union
of finitely many proper, i.e., one-dimensional linear subspaces of Q2. But a given
one-dimensional subspace of Q? consists of all points of the shape A(zo, o) with
A € Q where (zg,yo) € Z?, thus the rational number £ is uniquely determined by
the subspace. This proves Roth’s Theorem. O

The Subspace Theorem states that the set of solutions of (7.1) is contained in
a finite union of proper linear subspaces of Q", but one may wonder whether (7.1)
has only finitely many solutions. For instance, it may be that there is a non-zero
Xg € Z™ with Li(xg) = 0. Then for every A\ € Z, the point AX, is a solution to (7.1),
and this gives infinitely many solutions to (7.1). To avoid such a construction, let
us consider

(7.3) 0 < |Ly(x) - Ly(x)| <C-||x]|7° in x € Z".

In the case n = 2 the number of solutions is indeed finite.

Lemma 7.3. Let L; = anX + apY (i = 1,2) be two linearly independent linear
forms with coefficients in Q and let C > 0,6 > 0. Then the inequality

(7.4) 0 < |Li(x)Ly(x)| < C|x||7° inx = (z,y) € Z*

has only finitely many solutions.

Proof. By the Subspace Theorem, the solutions of (7.4) lie in finitely many one-
dimensional linear subspaces of Q2. So we have to prove that each of these subspaces
contains only finitely many solutions. Let T be one of these subspaces. Then
T = {\xg: A € Q} where we may choose xg = (x¢,%) € Z* with ged(xg,yo) = 1.
Note that A(zo,yo) € Z* if and only if A € Z. If Li(xo)La(x) = 0 then (7.4) has no
solutions in 7. Suppose that L;(x¢)La(X¢) # 0. Then x = Ax, is a solution of (7.4)
if and only if
0 < N[ L1 (x0) La(x0)] < C - [A| ™[0l ™,
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i.e., if [A\?*0 < C||xol|7°|L1(x0) La(%0)| . This shows that || is bounded, hence
that 7' contains only finitely many solutions of (7.4). O

In case that n > 3, (7.3) may very well have infinitely many solutions. We
illustrate this with an example.

Example. Let 0 < § < 1 and consider the inequality

(7.5) 0 < |(z1 4+ V222 + V333) (21 — V229 + V323) (21 — V219 — V3z3)| < ||x]7°
to be solved in x = (x1,79,23) € Z*. Notice that the three linear forms on the
left-hand side are linearly independent.

Consider the triples of integers x = (xy, 9, x3) € Z3 with 73 = 0, 2125 # 0. For
these points, ||x|| = max(|z1],|z2],0). By Dirichlet’s Theorem, the inequality

x _
Vo= 2 <o

has infinitely many solutions (z;,xs) € Z? with x5 # 0. For these solutions, ||x|| has
the same order of magnitude as |z3|. Indeed,

|1 /22| < |72 P+ V2 < 14 V2,

and so, ||x|| = max(|z1], |z2]) < (1 + \/§)|x2|

So for the points under consideration,

0 < |(z1 + V220 + V3as) (21 — V2xy + V3x3) (21 — V220 — V323)|
= (21 + V2x3)(x1 — V212)?|
< (L+V2)[x| - (23")? < 1+ vV2) x|~

~
< Il

provided ||x|| is sufficiently large. It follows that (7.5) has infinitely many solutions
X in the subspace x3 = 0.

Exercise 7.1. (i) Prove that (7.5) has infinitely many solutions in the spaces x1 =0
and x9 = 0.

(ii) Prove that (7.5) has only finitely many solutions with x1x2x3 # 0

Hint. The solutions of (7.5) lie in finitely many proper linear subspaces of Q3.
Let T be one of these subspaces. Let axy 4+ bxo + cxs = 0 be a non-trivial equation
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vanishing identically on T, with at least one of a,b,c # 0. Since we only have to
consider spaces T containing solutions with x1xox3 # 0, we may assume that at most
one among a, b, c is zero. Given a solution (x1, 2, x3) of (7.5) in TNZ3, express one
of the variables x1,xo,x3 as a linear combination of the two others and substitute
this in (7.5). What results is a product of three linear forms in two variables. You
may handle this using an extension of the Subspace Theorem, treated below.

Let Ly, ..., L, be linear forms with coefficients in C in the variables X;,..., X,
where r > n. We say that Lq,..., L, (or more correctly the hyperplanes L; =
0,..., L, =0 being defined by them) are in general position if each n-tuple of linear
forms among L, ..., L, is linearly independent.

Theorem 7.4. Let
LX) =an X1+ +anX, (i=1,...,1, 7 >n)

be r linear forms with coefficients in Q in general position and let § > 0. Then the
set of solutions of the inequality

(7.6) |Ly(x) - Ly(x)| <O ||x||"™"° inx € Z"

1s contained in a union Ty U --- U Ty of finitely many proper linear subspaces of Q™.

This can be deduced by combining the Subspace Theorem with the following lemma.

Lemma 7.5. Let My,..., M, be linearly independent linear forms in Xq,..., X,
with complex coefficients. Then there is a constant C > 0 such that

Ix[| < Cmax (|My(x)],...,[Mu(x)|) for allx € C".

Proof. Since the linear forms M, ..., M, are linearly independent, they span the
complex vector space of all linear forms in Xy, ..., X,, with complex coefficients. So
we can express Xi,..., X, as linear combinations of M;,..., M, i.e.,

X@:ZﬁwM] with Bij e C (7/: 17"'7”)'

j=1
Take x = (x1,...,2,) € C" and put M := maxi¢;<, |M;(x)|. Then
max |z;| < max ZW’J |M;(x)| < C-M with C':= max Z|ﬂm|

1<i<n 1<i<n
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Proof of Theorem 7.4. We partition the solutions x of (7.6) into a finite number of
subsets according to the ordering of the numbers |L;(x)|, ..., |L.(x)|, and show that
each of these subsets lies in at most finitely many proper linear subspaces of Q.
Consider the solutions x € Z™ from one of these subsets, say for which

(L) < - < [Le(x)].

By Lemma 7.5, fori =n+1,...,r, since Lq,..., L,_1, L; are linearly independent,
there is a constant C; such that for all solutions x under consideration,

x|l < Cimax([Li(x)], .., [Lna ()], [ Li(x)]) = Cil Li(x)].
Together with (7.6) this implies

Li(x) - Lo(x)] < Clx|™° T L)

i=n+1

< C- (Cn+1 T C’,,)HXHﬂ;.

So the solutions x under consideration lie in at most finitely many proper linear
subspaces of Q. n

The next result is a slight variation on a theorem of Dirichlet.

Lemma 7.6. Let aq,...,a, € R be numbers which are linearly independent over
Q. Then there is C' > 0 such that the inequality

(7.7) |y 4 -+ o, < C|X[F" inx = (24,...,2,) €Z"

has infinitely many solutions.

Proof. Let f; = —a;/a,, (i = 1,...,n — 1) For instance from Minkowski’s convex
body theorem (see Chapter 2), one deduces that there are infinitely many x =
(x1,...,2,) € Z™ such that

(78) |l'n — 511’1 —_ Bnajn—l| g maX(|$l|7 ceey |xn—1|)1_n

Given a solution of this inequality, it follows easily that

|2,] < 1+Z\,@Z 2] < C | Inax |:171|

say, hence ||x|| < C'max;j<i<n—1|2z;|. By inserting this into (7.8) and multiplying
with |a,| we get (7.7) with C' = |a,|C™ L. O
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In the case that the coefficients «; are algebraic, we have the following counter-
part.

Theorem 7.7. Let oy, ..., € Q and C > 0,8 > 0. Then the inequality
(7.9) 0 < |oymy + -+ anty| < Ox||7" 0 inx = (241,...,2,) € Z"

has only finitely many solutions.
Remark. For n = 2 this implies Roth’s Theorem.

Proof. We proceed by induction on n. For n = 1 the assertion is obvious. (Here
we use our assumption ajz; # 0). Let n > 1 and suppose Theorem 7.7 is true for
linear forms in fewer than n variables.

We apply the Subspace Theorem. We may assume that at least one of the
coefficients ayq, ..., a, is non-zero, otherwise there are no solutions. Suppose that
aj # 0. Then (7.6) implies

(121 4+ Qnen)a -] < Cllx]

and by the Subspace Theorem, the solutions of the latter lie in a union of finitely
many proper linear subspaces T1,...,T; of Q". We consider only solutions with
a1 + -+ + apz, # 0. Therefore, without loss of generality we may assume that
a1 + - - - + a,x, is not identically 0 on any of the spaces T71,...,T;.

Consider the solutions of (7.6) in 7;. Choose a non-trivial linear form vanishing
identically on T;, ayz1 + - - - + a,z, = 0. Suppose for instance, that a,, # 0. Then z,
can be expressed as a linear combination of z1,...,x, 1. By substituting this into
(7.6) we obtain an inequality

—n— 2—n—4§
0 < |Bray + -+ Buo12n_1| < C|x|"7° <C(1<Zm<zzx_l|x,~|) )
By the induction hypothesis, the latter inequality has only finitely many solutions
(1,...,Zn_1). So T; contains only finitely many solutions x of (7.6). Applying this
to 11, ...,T; we obtain that (7.6) has altogether only finitely many solutions. O

Instead of approximating a given algebraic number « by rationals, we can also
consider the approximation of a by algebraic numbers of degree at most d. Recall
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that the primitive minimal polynomial of ¢ € Q is the polynomial F := aoX? +
ay Xt + .-+ ag € Z[X] such that F(§) = 0, F is irreducible, and ag > 0,
ged(ag, . .., aq) = 1. Then the height of € is H(§) := max(|ag|, . - ., |adl).

We consider
(7.10) € —a| <C-H()™ in ¢ € Q with degé < d.

Theorem 7.8. For every C >0, k> d+1, (7.10) has only finitely many solutions.

Proof. Write k = d + 1+ 60 with 6 > 0. Let & be a solution of (7.10). Let F' =
2o + 11X + -+ + 24X? be the primitive minimal polynomial of ¢&. Then x :=
(zo,...,7q) € Z¥" and H(£) = ||x||. We want to show that there are only finitely
many possibilities for F', and to this end, we want to estimate from above |F(«)| =
| 2%, 20| and apply Theorem 7.7.

Since F'(§) = 0 we have

Pl = | [ P+t =) (= )dt| < =g o |6+ tla = ).

Using [ +t(a—§)] < |a—¢| < |a| + C for 0 <t < 1, we obtain

d

[F'(€+ ta =N < Y lail -illal + O < C'x]

i=1

say. Hence |F(a)| < | — «f - C'||x]|. There are only finitely many & which are
conjugate to «. For the remaining solutions & of (7.10) we have F'(«) # 0, and so

d
0 <Y zal|=|F(a)| <C'x] - € —al <O Olx|| ™.
1=0

By Theorem 7.8 with n = d 4 1, the latter inequality has at most finitely many
solutions x € Z%*!. These give rise to at most finitely many possibilities for F,
hence to at most finitely many possibilities for £. m

Exercise 7.2. In this exercise you are asked to prove another generalization of
Roth’s Theorem. Let C' > 0,0 > 0, and let oy, . . ., ay, be real algebraic numbers such
that

1, a1,...,q, are linearly independent over Q.
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Consider the system of inequalities

1 o
(7.11) |21 — a1 1| < Ox|| 7770, 2, — anan ] < O 7770
to be solved simultaneously in x = (z1,...,ZTn41) € Z". Prove that (7.11) has only

finitely many solutions.

Hint. First apply the Subspace Theorem. Then show that a subspace T, given by
an equation a1xy + -+ + api1,01 = 0 with a; € Q, say, contains only finitely many
solutions. There is no obvious way to do this with the Subspace Theorem, so you
have to prove this directly without using the Subspace Theorem.

7.2 Norm form equations

Recall that if F(X,Y) is an irreducible binary form in Q[X,Y] of degree d with
coefficient of X" equal to 1, say, then

F(X,)Y) = f[(x —aY)

=1

where o). .., a(? are the conjugates of an algebraic number a. If K = Q(«), and
o1,...,0s are the embeddings of K in C, with o;(a) = a(?, then

d
F(X,Y) =[(X = 0i(@)Y) = Ngjo(X —aY).

=1

That is, F' is a norm form in two variables. The Thue equation
Nipx —ay) =c inz,y € Z

has only finitely many solutions if [K : Q] > 3 (by Thue’s Theorem) or if K is an
imaginary quadratic field (then the solutions represent points with integer coordi-
nates on an ellipsis). It may have infinitely many solutions if K is real quadratic.
For instance if K = Q(\/E) with d a positive, non-square integer, then the Pell
equation ¥ — dy* = Ng/g(z — V/dy) = 1 has infinitely many solutions.

We consider a generalization of the Thue equation, involving norm forms of
an arbitrary number of variables. Let K = Q(#) be an algebraic number field of
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degree d. Then the monic minimal polynomial fy of € can be expressed as fy =
H?Zl(X —0®), where 1), ... 0@ € C are the conjugates of §. The embeddings of
K in C are given by 04(f) = 0@ for i = 1,...,d. Define G := Q(6", ..., 6@). Then
G is a normal number field. Denote by Gal(G/Q) the Galois group, i.e., the group
of automorphisms of G. Recall that each 7 € Gal(G/Q) permutes 1), ... 6@,
On the other hand 7 is uniquely determined by its images on 8, ... 6@ Hence
cach 7 € Gal(G/Q) may be identified with a permutation of 81, ... 8@ and thus
Gal(G/Q) is isomorphic to a subgroup of Sy (that is the permutation group on d
elements).

Now suppose that 2 < n < d and let aq,...,qa, be elements of K which are
linearly independent over Q, that is, the only solution in x1,...,z, € Q of ziay +
oo+ xpa, =0is xy = -+ - = x, = 0. Define the polynomial

d

F(Xh oo 7Xn) = NK/Q<a1X1 +ooe aan) = H(Ui(a1>X1 + -+ Uz<an)Xn)

i=1

Notice that if we apply any 7 from the Galois group Gal(G/Q), then it permutes
the linear factors of F', hence it leaves the coefficients of F' unchanged. So F' has its
coefficients in Q.

We deal with the so-called norm form equation
(7.12) Ngglarxy + -+ opey) =c inx = (21,...,2,) € Z".

If n = 2, the left-hand side is a binary form and (7.12) becomes a Thue equation.

In 1972, Schmidt gave a necessary and sufficient condition such that (7.12) has
only finitely many solutions. His proof was based on the Subspace Theorem. Here,
we prove a special case of his result.

Theorem 7.9. Suppose that n < d, and let aq, ..., «, be elements of K which are
linearly independent over Q. Assume that Gal(G/Q) = S;. Then (7.12) has only
finitely many solutions.

We need some lemmas.

Lemma 7.10. The vectors (o1(a;),...,04(a;)) (i =1,...,n) are linearly indepen-
dent in C%.
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Proof. In general, any linearly independent subset of a finite dimensional vector
space can be augmented to a basis of that space. In particular, we can augment
{a1,..., 05} to a Q-basis {ay,...,aq} of K. As a consequence, there are b;; € Q
such that

d
0'=> bya; fori=0,....d—1.
j=1

Then also, 0;(0)) = g;é bjroi(ay) fori=1,...,d, j=0,...,d— 1, and this leads
to a matrix identity and determinant identity

(009)) = (o1(ar)) - (bl-j>T, det (5,(07)) = det ((ay)) -det (b, ).

By Vandermonde’s identity we have

det <ai(9)j) = I 69 -69) #o.

1<i<j<d

Hence det (ai(&j)) # 0, and so the vectors (o1(a;),...,04()) (i = 1,...,d) are
linearly independent in C¢. O]

Lemma 7.11. Let L; := o;(a1) X1+ -+ 0i(an) X, fori=1,...,n. Then the linear
forms Ly, ..., Lg are in general position.

Proof. Lemma 7.10 implies that the matrix

o1(aq) -+ o1(an)

oi(aq) -+ oglay)

has column rank n. Then the row rank of this matrix is also n, which implies that this
matrix has n linearly independent rows. Suppose that the rows with indices i1, ..., %,
are linearly independent. This means precisely that the linear forms L;,, ..., L;, are
linearly independent, i.e., det(L;,, ..., L;,) # 0.

Let (j1,-..,Jn) be any other n-tuple of n distinct indices from {1,...,d}. We
have to show that also L,,, ..., L;, arelinearly independent, i.e., det(L,,,...,L;,) #
0. The assumption that Gal(G/Q) = S; means that if we let act Gal(G/Q) on
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(0WM, ..., 0@) we obtain all permutations of (V) ...,0@). In particular, there is
T € Gal(G/Q) such that

T(Q(il)) — 901)) o ,7—(9(%)) — gUn)

This implies 7 0 0;, = 0j,,...,7 0 0;, = 0j,, and consequently, that 7 maps the
coefficients of L;, to those of Lj, for k =1,..., n. It follows that indeed

det(le, e Ljn) = T(det(Lil, . 7Lin)) # 0.

]

Proof of Theorem 7.9. We proceed by induction on the number of variables n. First
let n = 1. Then equation (7.12) becomes

Nk o(onzy) = NK/Q(oz)x‘li =c,

and this clearly has only finitely many solutions.

Next, let n > 2, and assume the theorem is true for norm form equations in
fewer than n unknowns. Since the linear forms Lq,..., L, are in general position,
by Theorem 7.4, for any C' > 0,9 > 0 the set of solutions of

|F()] = |Li(x) - La(x)| < Clx]|*™"

lies in a union of finitely many proper linear subspaces of Q". It follows that the
solutions of (7.12) lie in only finitely many proper linear subspaces of Q".

We show that (7.12) has only finitely many solutions in each of these subspaces.
Let T be one of these subspaces. For solutions in 7', one of the coordinates can be
expressed as a linear combination of the others, with coefficients in Q. Say that we
have x, = a1x1 + - -+ + a,_12,_1 identically on T', where a; € Q. By substituting
this in (7.12) we get a norm form equation in n — 1 variables

NK/Q(Blml + o Br1Tnor) = ¢,

where 3; = a; +a;a, for i =1,...,n—1. It is not difficult to show that 51, ..., B._1
are linearly independent over Q. Hence by the induction hypothesis, this last equa-
tion has only finitely many solutions (x1,...,7, 1) € Z"'. This implies that the
original equation (7.12) has only finitely many solutions (xi,...,z,) € T. This
completes our proof. O
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We give examples of norm form equations with infinitely many solutions. We
recall the following fact:

Lemma 7.12. Let K be an algebraic number field and o an element of the ring of
integers Ok of K. Then

a is a unit of Og <= Ngg(a) = £1.
Proof. Well-known. O

It is more convenient to rewrite (7.12) as
(7.13) Nkg(§) =c in§ e M,

where
M = {a1x1+~~—|—an$n: T1,...,Tp GZ}

Notice that M is a free Z-module in K of rank n, i.e., its elements can be expressed
uniquely as Z-linear combinations of a basis of n elements.

Take an algebraic number field K such that the unit group Oj; of the ring of
integers of K is infinite. By Dirichlet’s Unit Theorem, this holds for any number
field K which is not Q or an imaginary quadratic field (i.e. a number field of the
shape Q(yv/—a) with a € Z-(). Take M = Og. It is known that Ok is a free
Z-module of rank equal to [K : Q|. Now clearly, if ¢ € O, then £ = £? is a solution
to

NK/Q(&) =1 in f S OK,
and so this last norm form equation has infinitely many solutions.

More generally, (7.13) has infinitely many solutions if
pOp = {p&: £€ 0Ly CM

for some p € K*, and some subfield L of K which is not equal to Q or to an imaginary
quadratic field. Now Schmidt’s result on norm form equations is as follows.

Theorem 7.13. (W.M. Schmidt, 1972) Let K be an algebraic number field,
ai,...,ap elements of K which are linearly independent over Q, and M = {> " | cux; :
x; € Z}. Then the following two assertions are equivalent:
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(i) there do not exist p € K* and a subfield L of K not equal to Q or to an imagi-
nary quadratic field such that puOp C M;

(ii) for every c € QF, the equation
(7.13) Nkig(§) =c in&eM

has only finitely many solutions.

The implication (i)==(ii) is deduced from the Subspace Theorem. The proof is
too difficult to be included here. We prove only the other implication, that is, if (i)
is false then there is ¢ € Q* such that (7.13) has infinitely many solutions. Indeed,
for every ¢ € O; we have pe? € M and Ngjg(e) = £1. Thus, by letting ¢ run
through O}, we obtain infinitely many elements & = pe? € M with

Nio(€) = Nijo()Nkjo(e)® = Nijo(p)-

Example. Let
K=Q(\V2), M:={xV2+z,V2+ x3\6/§5 D Ty, Ta, T3 € L}
Notice that K contains the subfield L = Q(+/2). One can show that
Op = {14+ 2oV2+25Vd: 2, €2}, O ={£(1-V2)": neZ}
We have M = /20, and Nk (1 — \3/5) = 1. Hence every n € Z yields a solution
f::{j/ﬁ(l—\g/ﬁ)"GMOf
Niol€) = Nijg(V2) = 2.

Exercise 7.3. Let K = Q(v/2). Note that the embeddings of K in C are given by
0:(V/2) = pi/2 fori =0,...,4, where p = *™V"1/5. Let ¢ € Q*, and consider the
norm form equation

4

(7.14) NK/@(xl—l—\‘r’@xg—l—\s/ng) = H(mﬁ—pi\s@xg—i-pziﬂxg) =c in xq,T9,x3 € 7.
=0

(i) Prove that the left-hand side of (7.14) is a product of linear forms in general
position.
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(i1) Prove that if o, f € K* and o/ & Q, then the linear forms o;(a) X1 + 0;(8) X2
(i=0,...,4) are in general position.

(iii) Prove that (7.14) has only finitely many solutions (you are allowed to apply
Theorem 7.4 but not Theorem 7.13).
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