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4 Three term S-unit equations

4.1 Introduction

Although Thue’s method is a brilliant one, approximation of an algebraic number « by ratio-
nals is a slight overkill if one wants to prove finiteness of the solution set of Thue’s equation.
In Thue’s work one also finds explicit polynomial constructions which were meant to deal
with special values of . It turns out that these constructions suffice to prove finiteness of
the solution set of a large class of Diophantine equations.

Theorem 4.1.1 (Siegel-Mahler) Let K be an algebraic number field and T a finitely gen-
erated subgroup of K*. Let a,b € K*. Then the equation

ar+by=1, =x,yel
has at most finitely many solutions.

Letting r be the rank of I', it was shown by J.H.Evertse in 1984 that the number of solutions
is bounded by 3 x 7%"%" where d = [K : Q]. In 1996 Beukers-Schlickewei showed that 28716
is a bound, independent of K.

As a first application we show finiteness of the number of integer solutions to F'(z,y) = m
where F'is an irreducible form of degree > 3. Write

F(z,y) = agr? + alxdfly + 4 ad,lxyd’l + adyd.

Without loss of generality we can assume that ag = 1. Namely, al 'F can be rewritten in
an integer form in apz and y. Call the new form G and consider G(z,y) = al 'm instead.
So let us suppose ay = 1 from now on. Let K be the splittinhg field of F(x,1) and write
F(z,1) = H?Zl(x—ozi) where the «; are integers in K. Then the equation F(z,y) = m implies
that for every ¢ there exist p; € Ok and a unit (; such that * — oy = p;8;. The elements
1; can be taken from a finite set of possibilities. Taking the first three, we can combine them

linearly to eliminate x, y:
(2 — az)p Py + (a3 — ar)pafz + (az — ar)psfBs = 0.
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Since the group of units in a number field is finitely generated, we can apply the Siegel-Mahler
theorem. We conclude that there exist finitely many possibilities for 51 /3. Hence there exist
finitely many possibilities for (z —ayy)/(x —aqy) and hence for z/y. This proves the finiteness
of the solution set.

4.2 The hyperelliptic equation
Here we deal with a generalization of Mordell’s equation, namely
V=a"+az" a1z + ay,

where the a; € Z are given and z,y are the unknowns. Let us write f(z) = 2" + a;2" ' +
-+ a,. We have the following theorem.

Theorem 4.2.1 (Siegel) Suppose that f(z) is squarefree and has at least three distinct com-
plex zeros. Then the number of solutions is finite.

Proof. Without loss of generality we can assume that f has simple zeros. Let K be the
splitting field of f. The equation can be rewritten as y*> = (v — ay)(z — ag) -+ (7 — )
where the «a; are integers in K. Let p be a prime ideal divisor of  — a; and x — o; with
i # j. Then p divides o; — ;. Hence, any ideal (z — o;) equals Jin? where J; divides
[T, (o — ;). We conclude that there exists a finite set T of triples (u1, po, ps) € K* such
that * — a; = &%, 1 = 1,2,3 for some (p1, po, p3) € T, and where &; are integers in K.

79

Taking all differences,
& — ks = ay—ar #0
mf% - Mng = az—ay #0
psés — & = o1 —az#0
Let L = K(\/t1, /112, v/#3). Then
§ivim — &2 = Pses
§ov/li2 — &3v/ls = e
Ev/s — &1v/in = D
where the ¢; are integer units in L and the triples 51, 82, 83 € L belong to a finite set. Hence
bier + Paea + Fzez = 0.
After division by [ses,

(B1/Bs)(e1/€3) + (B2/P3)(€2/€3) + 1 = 0.

From the Siegel-Mahler theorem we know that there exist at most finitely many solutions € /€3
and €;/e3. Hence there are finitely many possibilities for the ratios & /& and consequently a
finite number of possibilities for (z —a1)/(x —ay). So the finiteness of the solution set follows.

qed

In a similar way we can deal with the socalled superelliptic equation
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Theorem 4.2.2 Let m € Z>3 and f € Z[z]. Suppose f is not divisible by an m-th power has
at least two distinct zeros. Then the equation

has at most a finite number of solutions x,y € 7.

4.3 Proof of Siegel-Mahler theorem in Z

To avoid technicalities that have to deal with algebraic extension we restrict ourselves to Q
and to so-called S-units. Let S be a finite set of primes in Z. The ring generated by Z and
all inverse 1/p with p € S is denoted by Zg (localization of Z at S). The units in Zg are
precisely those rational numbers 7 such that |r|, = 1 for all p ¢ S. The statement reads as
follows.

Theorem 4.3.1 Let S be a finite set of primes in Z. Then the number of solutions to
r+y=1
in x,y € Zs 1s at most finite.
After multiplying out denominators of possible solutions we get the following corollary.
Corollary 4.3.2 . Let S be a finite set of primes in Z. Consider the equation
A+B=C (5)

in positive integers A, B,C' that factor into primes in S, and gecd(A, B,C) = 1. Then the
number of solutions is at most finite.

Note that this corollary is equivalent to the original statement. So we just prove the corollary.

Proposition 4.3.3 Let p,q,r be postive integers and consider the following polynomials in
zZ.

(p+g+r+1! 1, . .
R(z) = b (;!q!r! /0 21 —x)(x—2) do
(p+q+r+1)! [ . .
Qz) = P Z!qm /o 2P(1 —22)(1 —z)" dx
Pz = F ;’3;;* Ol /0 (1= (1— 2)2)a(1 — 2)" da.

Then P,Q, R € Z[z], the degrees of P,Q, R are p,q,r respectively and

R(z) = (=1)"2""1Q(2) + (1 — 2)" "1 P(2).



Proof. We prove that R € Z[z], the proof for P, Q) runs similarly. Expanding the integrand

of R in powers of z shows that we get terms of the form (,:) (‘l’) 2Pk with 0 < k < 7,0 <

[ < q. They are integrated and then multiplied by %. Hence we get coefficients,

(p+q+r+1)!x AYEA 1
plg!r! k) \1 p+k+1+1

Wrting out everything into factorials gives us

(p+q+r+Dp+k+1)!
(p+k—+1+1D)pE(r — k) (qg—1)

This equals the product of binomial coefficients

p+q+r+1\[(p+Ek+I\[(k+I\[(qg—1l+7T—k
€ Z.
g+r—k—1 D k r—k
Hence R(z) € Z[z].

Denote G(z, z) = 2P(1 — z)?(x — z)" and observe the trivial identity

/01 Gla, 2) dr = /Oz(;(:v,z) dH/:G(m) .

In the first integral on the right we apply the substitution £ — xz to obtain
1
(—1)%””“/ 2P(1 —z2)(1 — 2)" dx.
0
In the second integral on the right we substitute x — 1 — (1 — z)x and we obtain

1
(1-— z)q+7"+1/ (1—(1—2)z)P29(1 — )" du.
0
This proves our identity.
qed

Now choose n € N and let P, Qn, R, be the above polynomials for the choice ¢ =1 =n,p =
n — 1 and let P,,Q,, R, be the above polynomials for the choice p =r =n,q=n — 1.

Proposition 4.3.4 Let n € N be given and let A(z) be any of the siz polynomials (1 —
2) Py, Qn, Ry, Py, 2Q, Ry Then, for any o € R we have

[A(a)] < (6V/3)" max(1, |a]").

Secondly, . .
ann - Z(l - Z)ann = Cp 7£ O,

where ¢, 18 a constant polynomial.



Proof. We prove the estimate for R, («), the others run similarly. Notice

% /0 z2"(1—x)"(z — )" do
< %/0 21— 2)"(z — a)"| da.

It is a straightforward exercise to show that

m[%>i:] 12(1 — z)(z — o)| max(1, |o|) < 6V3
ze|0,

|Bu()| =

and
(3n+1)!
n!3
for all n € N (by induction on n). This yields our estimate for |R,(c)|.
Consider the identities

<27

Ru(z) = (1)2Qu(2) + (1 2" P, (2)
Ru(z) = (~1"21Qu(2) + (11— 2Py (2)

Subtract zQ,, times the first equality from Q,, times the second equality. We obtain
ZQN(Z)RR(Z) - Qn(z)én(z) =(1- Z)Qn((l - Z)ZP,L(Z)Q,I - Qn<z)]5n)

By construction we know that the degrees of z@an and Qan are < 2n. Hence, after division
by (1 — 2)** we find that (1 — 2)2P,(2)Qn — Qn(2)P,) is a constant. Since P,(0) # 0 and
@,(0) # 0 this constant is non-zero.

qed

Corollary 4.3.5 Let a,b, c be integers with c = a+ b and let n € N A € R. Then there exist
integers A,, B, C,, such that

1. a® A, +b"B, = "C,,.

2. max(|An], |Bal, |Cl) < (6v/3)" max([al, [b], [¢])"

3. A, —AB, #0

Proof. Define the polynomials P,, Q,, R, and P,, Q,, R,, as above. Take A, = (=1)"c"Qn(a/c), B, =
P, (a/c), C, = ¢"Ry,(a/c). Theidentity a** A, +b*"B,, = ¢*"C,, follows immediately from
R.(a/c) = (=1)"(a/c)*Qn(a/c) + (b/c)* 1 P,(a/c). Furthermore,

|Cal = " Ru(a/e)| < (6V3)"|e]" | max(1, |a/c|)" < (6v3)" max(|al, [o], |])"
and similarly for |A4,| and |B,|. )
Suppose that A, — AB,, = 0. Then we define instead A4, = (—1)"c¢""'aQ,(a/c), B, =

C”Pn(a/c), C, = C”Rn(a/c). For this choice of A,,, B,, C,, we do have A,, — AB,, # 0.
qed

We use Corollary 4.3.5 to prove another one.



Corollary 4.3.6 Leta,b,c, a, B, gamma be non-zero integers such that a+b = ¢, ged(a, b, c) =
1 and aa®™ + Bb*" = ~vc®™. Then

max(lal, [b, |e]) < 6v/3 - 2" max(|al, ], |y[)".

Proof. We construct A,, B,, C, satisfying the properties of Corollary 4.3.5 with A = «/p.
Suppose that |c| > max(|al, |b]). From the equalities A,a*" + B,b*" = C,,c*", aa®" + fb*" =
vc®™ and ged(a, b, ¢) = 1 it follows that ¢*" divides A, 8 — B,«. Since A, 3 — B,a # 0 we find
the estimates

[e]** < |BAL| + |aBy,| < 2max(|al, |B], [y)(6v/3)" max(|al, |b]. [¢])".
Since |c| = max(|al, |0], |c|) it follows that
max(|al, [b], [¢])" < 2- (6v/3)" max(|al, |], |7])-

Our assertion follows.
qed

Proof of Theorem 4.3.1. We subdivide the solutions of equation (S) according to their
exponent vectors. More particularly, write

A:Hpap7 B:Hpbp7 C:Hpcp

peES pES peES

and interpret the concatenation of sequences (a,)pes, (by)pes(Cp)pes as a vector in R** where
s = |S|. Thus we obtain a mapping ¢ from the set of triples A, B,C to R**. In particular
the solution set of (S) is mapped into R3*. Vectors in R can be denoted as (x,y,z) where
x,y,z) € R*. On R3 we define the norm

1(x.y.2)|| = max(} " |z, logp, > |y,|logp, Y _ |z| log p).
p p p

Notice in particular that ||¢(A, B,C)|| = logmax(|A|,|B|,|C|). We can subdivide R%, into
positive cones as follows. Choose € > 0. Then there exists a finite set V' C R of vectors
v with ||v|| = 1 having the following property: to any non-zero vector x € R3% there exists
v € V such that ||(v —x/||x|])|| < e. We say that x is in the cone defined by v. We will prove
that any such cone can contain at most a finite number of points ¢(A, B, C) where (A, B, C)
is a solution of (S).

Let v € V and suppose its cone contains infinitely many solutions. Let (a, b, c) and (A, B, C)
be two such solutions of (S). We may suppose that max(A, B,C) > max(a,b,c). Then, by
definition of a cone,

oA, B,C)  la,b,c) H<2
HI!¢(A,B,C>H llé(a b, o)l =
Hence 16(A, B,C)|
H@b(ARC) - mﬁé(a»bﬂ) ‘ < 2¢||p(A, B, C)]|.



llo(A,B, O]
d ll¢(ab,0)|

[6(A, B,C) = 2né(a, b, c)| < 2€[|¢(A, B, O)|| + [|¢(a, b, )|

Now let n be the integer such that the difference between 2n an is minimal. Then

This inequality implies that A/a®", B/b*",C/c®™ are rational numbers whose numerators and
denominators are bounded by max(A, B, C)* max(a,b,c). From the construction of n we
know that max(A, B,C) < max(a,b,c)*"!. Hence, the numerator and denominator of
A/a®*, B/b*", C/c* are bounded by max(a, b, ¢)#" 21, Let D be the common denominator
of these numbers. We apply Corollary 4.3.6 with « = DA/a*",3 = DB/V*",yv = DC/c*.
We obtain
max(a, b, ¢) < 6v/3 - 2Y/"(max(a, b, ¢) (1 +8)+8/n.
Since we have assumed infinitely solutions in V' we can take n as large as we like and we
conclude that
max(a, b, ¢) < 6v/3max(a, b, c)'%.

Take € < 1/16 and taking max(a, b, ¢) large enough we get a contradiction.
Thus the cone defined by v contains at most finitely many solutions.

qed

4.4 Exercises
1. Solve the diophantine equation y? = z(z — 1)(z — 2) in z,y € Z.

)
2. Solve the diophantine equation y? = z(z —1)(z —2)(x — 3) in x,y € Z. You can do it in
the usual way, but you can also notice that z(x —1)(z —2)(z — 3) = (z* =3z + 1) — 1.

3. Solve the diophantine equation y? = x(x — 1)(z — 2)(z — 3)(z — 4)(z — 5) in z,y € Z.
Hint: you can do it the usual way, but you can also use the identity

z(x —1)(x —2)(z — 3)(x — 4)(x — b)
= (2% — 1522 /2 4 1152/8 — 75/16)* — 18922 /64 + 9452 /64 — 5625/256.
4. Solve the diophantine equation 1 + 2%¥ = 3¥ in integers z,y > 0. Also solve 1 + 3% = 2Y.

5. Let a be a positive integer > 20. We will solve 1 4+ a” = (a + 1)V in integers x,y > 0
using the polynomial method sketched in the previous section and show that x =y =1
is the only solution. Assume that we are given a solution x,y.

(a) Show that z >y > 0.9x.

(b) Show that x is odd.

(c) Let x = 2n + 1. Using Corollary 4.2.5 construct integers A, B, C' such that A +
a*"B = (a+1)>"C and A # B and |A|, |B|,|C| < (6v/3)"(a + 1)™.

(d) Replace in the above equality a®® by (a + 1)¥ — 1 and show that we get a contra-
diction.



