FOURTH HOMEWORK ASSIGNMENT
DEADLINE MAY 27.

Exercise 1. Let di,ds be distinct positive integers, none of them a square.
Prove that there are only finitely many triples of integers x1, x2, x3 such that
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x5 —dixy =1 and 25 — dyz] = 1.

Hint. Write (23 — d;2?) (22 — dyx?) as a product of four linear forms and apply
the Subspace Theorem.

Exercise 2. For a finite set of primes S = {pi,...,pi}, define Ug :=
{£p7* - pi* 21, 20 € Lo}

Let Sy, ...,S, be finite, non-empty, pairwise disjoint sets of primes and let
ao, - - - , @y be non-zero integers. Prove that the equation
apro+ -+ apr, =0 inzy € Ugy,...,x, € Ug,

has only finitely many solutions.

Hint. Induction on n. In the induction step, write ayxy + - - - + a,x, = —agxg.
Let SoU---US, = {p1,...,p¢}. Apply the p-adic Subspace Theorem with
S = {oo,p1,...,p:} and with appropriate linear forms in zy,...,z, forp € S
(so without xy). The difference with Theorem 2.3 is that now, the solutions
Zo, ..., T, are pairwise coprime. Therefore, it is not necessary to restrict to
non-degenerate solutions.

Exercise 3. Prove that there are only finitely many positive integers n such
that
3"—1

(1) ST

To this end, work out the following steps.

€ Z.

(a) Let n be a solution of (1) and define

3" =1

2n —1
1

Xp = (T1ny - o, Ton) 1= (4” , —6", —=3", 2", 1) €7’



Prove that 2?21 Tin = ‘;Zj and that there exist C' > 0,6 > 0 indepen-
dent of n such that | 327, x4, < O||x,[|* .

(b) Prove that the set of vectors x,, such that n is a solution of (1) lies in a
union of finitely many proper linear subspaces of Q®. Apply the p-adic
Subspace Theorem to the vectors x,, with S = {00, 2,3} and with for
each p € S the linear forms Xi,..., X5, X7 +---+ X;.

(c) Complete the exercise.




