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Abstract

A generalization of Emery’s inequality for stochastic inte-
grals is shown for convolution integrals of the form ( fg g(t —
s)Y (s—)dZ(s))t>0, where Z is a semimartingale, Y an adapted cadlag
process, and g a deterministic function. An even more general in-
equality for processes with two parameters is proved. The inequality
is used to prove existence and uniqueness of solutions of equations
of variation-of-constants type. As a consequence, it is shown that
the solution of a semilinear delay differential equation with functional
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Lipschitz diffusion coefficient and driven by a general semimartingale
satisfies a variation-of-constants formula.
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1 Introduction

The variation-of-constants formula is a key tool in the study of long term
behavior of semilinear stochastic differential equations. It describes the dif-
fusion and nonlinearity in the drift as perturbations of a deterministic linear
equation and thus enables to reveal information on the long term behavior
(see for instance [1, 12]). In the case of stochastic delay differential equations
driven by semimartingales, however, such a variation-of-constants formula
seemed to be unknown. We will prove in this paper a variation-of-constants
formula for stochastic delay differential equations with linear drift and a func-
tional Lipschitz diffusion coefficient driven by a general semimartingale. Our
proof includes the extension of several other important results. In particular,
we present an extension of Emery’s inequality for stochastic integrals.
Consider the stochastic delay differential equation

dX(t):/(_ O]X(t+a)u(da)dt+F(X)(t—)dZ(t), t>0,

>0
(1)
X(t) = ®(t), t<0,

where p is a finite signed Borel measure on (—o0,0], Z is a semimartingale,
F'is a functional Lipschitz coefficient, and (®(t)):<o is a given suitable initial
process. We want to show that the solution of (1) satisfies the variation-of-
constants formula

X(t):/og(t—s)dJ(s)+/og(t—s)F(X)(s—)dZ(s), t >0, (2)

where the process J of bounded variation given by

J(t) = ®(0) + /0 /(_ y ®(s+ a)u(da)ds (3)
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contains the initial condition. The function ¢ is the fundamental solution of
the underlying deterministic delay equation, that is,

g‘l[O,oo) = /( ]g(- + a)u(da) Lebesgue a.e. on [0, 00),
—00,0
9(0) =1, g(t) =0, t <0.

(4)

It is well known (see [6]) that equation (4) has indeed a unique solution g
with the property that g|j,) is absolutely continuous.

If a solution of (2) exists, it can be shown by a Fubini argument that it
also satisfies the original stochastic delay differential equation (1). Since (1)
is known to admit a unique solution, we infer that this solution then satisfies
(2). Thus, it remains to prove existence of solutions of (2). Our proof of
existence (and uniqueness) of solutions of (2) is an extension of the proof for
stochastic differential equations presented in [11]. The idea there is to use
localization in order to reduce to a Banach fixed point argument in a suitable
space of stochastic processes. The key estimate to obtain a contraction is an
inequality due to Emery, see [5] or [11, Theorem V.3]. It says that for an
adapted cadlag process Y and a semimartingale Z the size of the stochastic
integral can be estimated by

‘ /O.Y(s—) dZ(s)

for certain suitable norms on spaces of processes and semimartingales.

It turns out that for the more general equations of variation-of-constants
type an extension of Emery’s inequality is needed, namely for integral pro-
cesses of the form [ g(s—s)Y (s—) dZ(s), where g is a deterministic function.
We will show that for a large class of functions g the inequality

< Yllsel1 21 a, (5)

HT

< BIY 5ol Z] o (6)

HT

/0 "o — )Y (5—) dZ(s)

holds, where R is a constant independent of Y and Z. We establish an even
more general inequality for integrals of the form fo. Y (e,5—)dZ(s), where YV
belongs to a class of processes with two parameters.

With the inequality (6) we can prove that the variation-of-constants type
equation

X(t) = J(t) + / gl — )F(X)(s-)dZ(s), >0 (7)
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has a unique (up to indistinguishability) adapted cadlag solution X, for any
semimartingales J and Z. The nonlinear coefficient F' is here assumed to be
functional Lipschitz. With the aid of the solution of (7) we are then able to
prove the next variation-of-constants formula for stochastic delay differential
equations. For abbreviation, we denote by D the space of all adapted cadlag
processes on a filtered probability space that satisfies the usual conditions.

Theorem 1.1. Let p be a finite signed Borel measure on (—oo,0] and let
g : R — R be the unique solution of (4) with gljc) absolutely continuous.
Let F : D — D be functional Lipschitz. Let J and Z be semimartingales.
Then a process X € D satisfies

~—

X = J X(s+ a)u(da)ds 8
0 = g0+ [ [ X+ aua) (
+/ F(X)(s—)dZ(s), t>0,

if and only if it satisfies the variation-of-constants formula (2). Moreover,
there ezists one and only one X € D satisfying (8) and (2).

The outline of the paper is as follows. In order to remain self-contained,
Section 2 settles notation and briefly reviews the basic constructions and
tools that we need in the sequel. In Section 3 we prove an inequality of
Emery type for stochastic integrals of two parameter processes. Section 4
then derives the inequality (6). Existence and uniqueness of solutions of
equation (7) are discussed in Section 5. Finally in Section 6 we prove the
variation-of-constants formula of Theorem 1.1.

2 Preliminaries

2.1 Processes

All random variables and stochastic processes are assumed to be defined on
a fixed filtered probability space (2, F, (F:):, P), where the filtration (F),
satisfies the usual conditions (see [9, Definition 1.2.25]). Let I C [0, 00) be an
interval and let D(I) denote the set of all adapted processes (X (t));e; with
paths that are almost surely cadlag (that is, right-continuous and the left
limit exists at every ¢ € I distinct from the left endpoint of I). If X, Y € D(J)



satisfy X (t) = Y(t) a.s. for every t € I, then they are indistinguishable,
that is, X (t) = Y (¢) for all ¢ € I a.s. (see [9, Problem 1.1.5]). We will
identify processes that are indistinguishable. Every process X € D(I) is
jointly measurable from I x  — R (see [9, Remark 1.1.14]). For a process
X € D(I), where 0 € I, and a stopping time T" we define the stopped process
XT by

(XY (H(w) = XEAT(W))(w), we, tel,

and X7~ by
X (t)(w) o<ty + X (EAT(w)=) (W) g7
0 if T(w) =0,

weQ,tel Here (X(EANT(w)—))(w) = limgre) X (tAs)(w) for w € Q with
T(w) > 0. Stopping times are allowed to attain the value co. The jumps of
a process X € D(I), where I C [0, 00) is an interval with left endpoint a, are
defined by (AX)(t) = X(t) — X(t—) fort € I, t # a, and (AX)(a) = X(a).
Further, by convention, X (a—) = 0.

For an interval I and a function f : I — R we define the total variation
of f over I as

m—1
Var,(f) = sup > | f(tre1) = f(th)]
k=0
where the supremum is taken over all ty,...,t,, € [ with to <t; <---<t,

and all m € N. A process X € D(I) with paths that have almost surely
finite total variation over each bounded subinterval of I will be called an
FV-process and Var;(X) is defined pathwise.

Let L? denote the Lebesgue space LP(§2, F,P), where 1 < p < co. For a
process (X (t))wer for which sup,c; | X (¢)| is F-measurable, define

1 X |52y =

sup [ X (2)]
tel

Lp

(possibly oo) and
S7(1) = {X € (D) : | X lsr) < o<}

Notice that for X € (/) indeed sup,c; |X ()| equals sup;c;ng |X(t)| as.,
which is F-measurable. More than that, if a process (X (¢)):e; is only jointly
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measurable from I x € to R then the pathwise supremum sup,.; | X ()| is
already F-measurable, as follows from [2, I11.13 and I11.33 or I11.44], since F
is P-complete. If the interval of definition is clear from the context, we will
simply write S? and ||e||s».

2.2 Semimartingales

We adopt the definitions and notation of [3, 7, 8]. Recall that a process
X € D[0,00) is called a semimartingale if there exist a local martingale
M and an FV-process A such that X(¢) = X(0) + M(t) + A(t) a.s. for
all ¢ > 0. For two semimartingales X and Y we denote by [X,Y] their
covariation (see [3, VIL.42] or [8, p. 519]). For any semimartingale X the
process [X, X] is positive and increasing (see [8, Theorem 26.6(ii)]). We
denote [X, X]o = sup;5o[X, X|(2).

We will use the above terminology also for processes X € Dla, b], where
0 < a < b. Wesay that X € Dla, b] is a local martingale (or semimartingale)
if there exists a local martingale (or semimartingale) Y € D[0, co) such that
X(t) =Y(t) for all t € [a,b]. If X1, X5 € Dla,b] are semimartingales and
Y1,Ys € D[0, 00) are semimartingales such that X;(¢) = Y;(¢) for all ¢t € [a, b],
i = 1,2, then we define [ X1, Xo|(t) := [Y? = Y7, Y2 = Y7)(t), t € [a,b].

For a semimartingale Z € D[a, b] with Z(a) = 0 we define

1 Z || stojag) = nf{||[M, M](b)"? + Var,y(A)||zr : Z = M + A with  (9)
M a local martingale, A an FV-process,
and M(a) = A(a) = 0}

(possibly 0o0) and let
HP[a,b] := {Z semimartingale : Z(a) = 0, ||Z]| grjap < 00}

The space HP[0,00) is defined similarly by replacing the norm in (9) by
I[M, ML + Varjg oo)(A)|| z». Observe that for any stopping time 7" and any
Z € HP[a,b] we have Z1~ € HP[a,b] and || Z7 || m» < || Z]| 1o

Theorem 2.1. Let 1 <p < oo and0 < a < b. The spaces (SP[a, b], ||s||sp(a,5])
and (HP[a,b], ||o||ara,y) are Banach spaces. Moreover, if Z € HP[a,b] then
Z € SP[a,b] and there exists a constant ¢, > 0 (independent of a and b) such
that

| Z || spap) < cpllZ||mpiap for all Z € HP[a,b].



Proof. 1t is said in [11, p.188-189] that ||e||sr(0,00) and [[e||fr[0,c) are norms.
It is straightforward that (S?[0,00), ||e||sr[0,c)) is complete. Completeness of
H?[0,00) endowed with ||e||gr[o,c0) is mentioned in [3, VIL.98(e)]. The sets
{X € §°[0,00) : XP = X, X* =0} and {X € H?[0,00) : X’ = X, X = 0}
are closed subspaces of SP[0,00) and HP|0,00), respectively, and they are
isometrically isomorphic to SP[a,b] and HP[a,b]. The existence of ¢, is the
content of [11, Theorem V.2]. O

The next statement easily follows from [11, Theorem V.1, Corollary, p.
189- 190].

Corollary 2.2. Let 1 < p < oo and let 0 < a < b. If Z € HP[a,b], then
[Z,Z)(b)/? € LP and

112, Z)(0)' 2| e < 1 Z ) ogas.

Further, if M € Dla,b] is a local martingale with M(a) = 0 and
[M, M](b)}/? € L?, then M € HP[a,b] and

M| ro1aiy = N[0, M) 10

2.3 Stochastic integrals

We use the stochastic integral as presented in [3, 7, 8]. Let us summarize the
properties which we need. The predictable o-algebra P is the o-algebra in
[0, 00) x §2 generated by the processes (X (t)):>o that are adapted to (Fi-)i>o
and which have paths that are left-continuous on (0,00). Here F;_ is the
o-algebra generated by F, with s < tif ¢t > 0, and Fo_ := Fy. A process X
is predictable if (t,w) — X (t,w) is measurable with respect to the predictable
o-algebra. Then X is jointly measurable from I x €2 to R. For an interval
I containing 0, a process (X (t));es is locally bounded if there exist stopping
times T}, T oo, that is, 0 = Ty < 17 < ... with sup, 7 = oo a.s., such that
for each k there is a constant ¢;, with, a.s., |[X7#(t) — X (0)] < ¢, for all t € I.
For any process X € D0, co0) the process t — X (t—) is both predictable and
locally bounded. We consider the class £ of processes of the form

H(t) = Ho1lgoy(t) + Holouw(t) + -+ + Hoo1lg,100)(t), €20, (10)

where H_, Hy are Fy-measurable and H; are F;,-measurable random vari-
ables for ¢ > 1 such that essup |H;| < oo and where 0 = t5 < t; < -+ <
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t, = 00, n € N. For a semimartingale X and a process H given by (10) the
stochastic integral is defined by

(HeX)( /H )dX (s ZHH< t/\t)—X(tZ-_l/\t)), t>0.

The next theorem (see [3, VIIL.3 and 9], [7, Theorem 1.4.31 and 1.4.33-
37], or [8, Theorem 26.4], and [8, Theorem 26.6(ii) and (v)]) extends the
stochastic integral to all locally bounded predictable processes.

Theorem 2.3. Let X be a semimartingale. The map H — HeX on & has
a unique linear extension (also denoted by H — HeX ) on the space of all
predictable locally bounded processes into the space of adapted cadlag processes
such that if (H™),, is a sequence of predictable processes with |H™(t)| < K (t)
for allt > 0, n € N and for some locally bounded predictable process K and
H"(t)(w) — H(t)(w) for allt >0, w € Q and for some process H, then

(H"eX)(t) — (HeX)(t) in probability for all t > 0.

Moreover, for every locally bounded predictable processes H and K the fol-
lowing statements hold:

(a) HeX is a semimartingale;
(b) Ke(HeX) and (K H)eX are indistinguishable;

(c) A(HeX) and HAX are indistinguishable and (HeX)(0) =
A(H«X)(0) = H(0)X(0);

(d) if X is a local martingale then HeX 1is a local martingale and

[HeX, HeX]( / H(s X](s) forallt >0

(e) if X is of bounded variation then HeX is of bounded variation and

Var(g ooy (HeX) < sup | H (t)| Varp, oo)(X);

t>0

(f) if T is a stopping time, then lpreX = X' and (HeX)' =
(H1pm)eX = HeXT up to indistinguishability.



It follows that the stochastic integral fot H(s—)dX(s), t > 0, is well
defined for any H € D[0,00) and any semimartingale X. If X is an FV-
process and H € D[0, co), then the stochastic integral f(f H(s—)dX(s) equals
the pathwise defined Stieltjes integral.

The precise formulation of Emery’s inequality reads as follows (see [5] or
[11, Theorem V.3]).

Theorem 2.4 (Emery’s inequality). Let p,q,r € [1,00] be such that % +
% = % (with the convention that é =0). Let T > 0. For every process
(Y'(t))tepo,m in SP[0,T] and every semimartingale (Z(t))iejo,r) in H70,T] the

process ([, Y (s—)dZ(s))iep,r) is in H'[0,T] and

‘ /O.Y(s—) dZ(s)

In Section 3 and Section 6 we need the following stochastic Fubini theo-
rem.

< Yl s, Z || mago,1-
H™[0,T]

Theorem 2.5. Let (A, A) be a measurable space and let j be a finite signed
measure on A. Let ®: A x [0,00) x  — R be an A ® P-measurable map,
where P denotes the predictable o-algebra in [0,00) x 2. Let Z be a semi-
martingale with Z(0) = 0. If for each a € A the process ®(a,e) is locally
bounded, then

(a) for every a € A there exists an adapted cadlag version (1,(t))i>o of the

stochastic integral
t
( / B(a, 5) dZ(s))
0 >0

such that the map (a,t,w) — I,(t,w) is AR B([0,00)) @ F-measurable;

(b) if moreover the process [, ®(a,«)?|ul(da) is locally bounded, then a.s.

/A</th>(a, 5) dZ(S)) p(da) =/Ot (/A ®(a, s)u(da)) dZ(s), t >0,

where for the inner integral at the left hand side the versions of (a) are
chosen.

Proof. Due to [11, Theorem IV.15], [11, Corollary IV.44] yields (a). Observe
that the measurability conditions provide that the process [, ®(a,s)*|p|(da)
is predictable. Assertion (b) follows therefore by linearity from [11, Theorem
IV.46], again due to [11, Theorem IV.15]. O



3 A class of processes with two parameters

In this section we prove the next theorem.

Theorem 3.1. Let 1 < p< oo, 1 <qg<oo,andl <r < oo be such that
% + % =21 Let T > 0 and let (Y(t, s))tsefor) be a process such that Y (t,)
is an adapted cadlag process for every t € [0, T] and such that there exists a
process (Y1(t,s))sepo,r) with

¢
Y (t,s—) =Y(0,s—) +/ Yi(u,s)du for allt € [0,T] a.s.
0

for each s € [0,T], where (t,s,w) +— Yi(t,s,w) is B([0,7]) ® P-
measurable and such that fOTYl(u,.)z du s a locally bounded process and
SUp,epo,r 1Y1(u,o)lls» < oo.  Then for every Z € HI0,T| the process

Jo Y (s, s=)dZ(s) has a version which is a semimartingale and for this ver-

ston we have
Lp(Y) = [[Y (oy0=)[sp0,m) + (1 + cT)Tts[%%] 1Y1(2, ) ||s0- (11)
S )

IfT,(Y) < oo, then [JY (s, s—)dZ(s) € H[0,T].

We use Y(e,e—) as shorthand notation for the process (Y(t,t—))icpo17-
Similarly, ;Y (e, s—)dZ(s) denotes (fot Y (t,5—)dZ(s))sejo,r], Where for each
t the random variable fot Y (t,s—)dZ(s) is a priori only defined up to a set
of probability zero. As soon as we have shown that it has a semimartin-
gale version, we will always choose that version. Notice that for each u
the process Yj(u,e) is jointly measurable from [0,7] x Q to R, so that
SUPsepo,ry |Y1(w, t)|: Q — [0, oc] is F-measurable.

Throughout the section let p, ¢, r, T', and the processes (Y(t,5))sscpo1]
and (Yi(t,s))tscp,r be as in Theorem 3.1. Let further Z € D[0,T] be a
semimartingale with Z = M + A, M(0) = A(0) = 0, where M is a local
martingale with [M, M](T)"? € L? and A an FV-process with Varp1)(A4) €
L. We divide the proof of Theorem 3.1 into several lemmas. We will consider
the integral process fo. Y (e, s—) dZ(s), substitute Y7, and apply the stochastic
Fubini theorem. We begin by estimating the quadratic variation and total
variation of the ensuing terms.

< W) Z]| rago,my,
H7[0,T]

/0. Y (e, 5—) dZ(s)

where
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Lemma 3.2. The map s — Y (s,s—) is a predictable locally bounded process
and

M'Y(s,s—)dM(s),/O'Y(s,s—)dM(s) (T) < sup [Y(s,s—)2[M, M](T).

s€[0,T7]
Proof. As (s,w) — Y(0,s—,w) is P-measurable and (¢, s,w) — Yi(t, s,w) is
B(]0, T) ®P-measurable, we have that (¢, s,w) — Y (¢, s—,w) is B([0,T]) @P-
measurable. Hence (s,w) — Y (s, s—,w) is P-measurable. Further, the pro-
cess (Y'(0, 5))seo,r is adapted and cadlag, so that Y'(0, e—) is locally bounded,
and ([; Y1(u,s)du)seor is locally bounded since (fOTYl(u, $)? du)sepo,r) 1s
locally bounded. Hence (Y(s,5—))scpo,r) is locally bounded. The inequality
follows from Theorem 2.3(d). O

Lemma 3.3. The process [ Y (s, s—) dA(s) is an FV-process and

Varg ( /0 Y (e 5o) dA(s))

< sup ([¥ (s, 5-)] + Varn (Y (s, 5-)) ) Varr(4).

s€[0,T

Proof. If we consider the stochastic integrals as pathwise Stieltjes integrals
we find for a partition 0 =tq <t; < ---<t, =T a.s.

m—1

/0 (10,410 ()Y (tg1s 5=) = Lo, (8)Y (th, s—)) dA(s)

< Var[O,T] (A) SFp ] Var[OVT] (]_[07.](8)}/(0, S-)) .
s€l0,T

k=0

As
Var(o ) (Lioa) ()Y (o:5=) ) < |Y (5. 52)] + Vargy (Y (o 5-)).

we obtain the desired inequality. Since ( fOTYl(u, $)? du)sepor] is a locally
bounded process, it has a.s. bounded paths and since Y (0,) is cadlag, it
follows that sup cp 7 [Y(s,5—)] < o0 a.s.

It remains to show that [~ Y(s,s—)dA(s) is a cadlag process, which
comes down to showing that [ U(s, s—) dA(s) has a.s. cadlag paths, where

Ult,s—) = fotYl(u, s)du, t,s € [0,T]. For any n € N, set ¢} := kT/n and

3
—

Va(t, s) = Linn @)U(tr,s), st €10,T],

k+1
0

e
Il
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and observe that a.s. we have

sup
te[0,T

/Ot U(t,s—) dA(s) — /Ot Vi (t, s—) dA(s)

< Vargg(A)sup  sup  sup |U(t,s—) — U(t}, s—)|
k te[th ir, 1) s€[0,T]

k+1
T 1/2
< Varp,r)(4)v/T/n sup (/ 5/1(%3)2du) ;
sefo,7] \Jo
due to the Cauchy-Schwarz inequality. Moreover, the process

Js Va(s,5—) dA(s) has a.s. cadlag paths.

We finish the proof by uniform approximation of almost every path. By
assumption, fOTYl(u, ¢)2du is locally bounded, so there are stopping times

T, T oo a.s. such that fOTYl(u,s ATy)?du < My on Q for all s, for certain

constants My, ¢ > 1. Thus, for almost every w, t — fot Via(t, s—) dA(s)(w) is
cadlag for every n, there is an ¢y such that Ty(w) > T for all £ > ¢, and

/OU(t,s—)dA(s)(w)—/o Via(t, s—) dA(s)(w)

< Var[07T}(A(.,w))(MgOT/n)l/2

sup
te[0,7

for all n. It follows that [ U(s,s—)dA(s) is a cadlag process and therefore
Js Y (s, s—) dA(s) is an FV-process. O

In the next lemma we need Emery’s inequality for integrands that are not
cadlag. It is easy to verify that Emery’s proof in [5] establishes the inequality

/0 "V(s)dZ(s)

< WV lse | Z]| zago,m)- (12)
HT[0,T]

for any predictable process (V' (t))ieo,r) with ||V]|sr < 0o and any Z € HY,

Lemma 3.4. For a suitable version of ( [ Y1(u,s) dM(s))uep,r), the process
Js (f5 Yi(u, s)dM(s)) du is an FV-process with

o ([ ([ vatws) anrs)) au)

12

< &1 sup [|Yi(u,o)|lse || M| 5o
LT UE[O7T]




Proof. Due to the stochastic Fubini Theorem 2.5, there exists for each
u € [0,7] a version of (fotYl(u,s)dM(s))t such that (u,t,w)
[3Yi(u,s)dM(s)(w) is B([0,T]?) ® F-measurable. — Then (u,w) +
Jo Yi(u, s) dM(s)(w) is B([0, T]) ® F-measurable and this process is adapted
as well. Further,

[
:/OT /Oqu(u,s)dM(s)
<CT/OT

where we have used Emery’s inequality (12). It follows firstly that u +—
Jo Yi(u,s)dM(s) is an element of the Bochner space L'([0,T],L"). With
the aid of a well known inequality from the theory of Bochner integration
(see [4, Lemma II1.11.16(b) and Theorem II1.2.20]) we obtain

T T
0 LT 0

Secondly, by Fubini’s theorem, we infer that u — [ Yi(u,s)dM(s) is a.s.

integrable, so that ( fot Jy Yi(u, s) dM(s) du), has a.s. absolutely continuous
paths. For absolutely continuous functions the total variation is given by the
L'-norm of the weak derivative and thus the assertions follow. O

T

P(dw))w du

T
dug/
LT 0

/0 Ya(u, 5) dM(5)

/ Vi, 5) dM(s)(w)

0

du
Sr

/0 Ya(u, 5) dM(s)

du < CT‘T sup ||}/1(u7’)||sp HM”H‘I?
Hr UE[O7T]

du du.

/0 Vi, 5) dM(s)

/0 Vi, 5) dM(s)

LT

Lemma 3.5. The process [, Y (s, s—)dZ(s) has a version which is a semi-
martingale and for that choice,

/O.Y(.,s—) dZ(s) = (/0 Y(s,5-) dM(s))
+ (/O.Y(.,s—)dA(s)Jr/O. /Ouyl(u,s) M (s) du),

where the process inside the first pair of parentheses is a local martingale and
the process inside the second pair of parentheses an FV-process.

Proof. We use the stochastic Fubini Theorem 2.5. Let t € [0,7].
The map (a,s,w) — 17(a)Yi(a,s) is B([0,T]) ® P-measurable, so
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fo a)Yi(a,e)*da is predictable. The latter process is also locally
bounded as fo Yi(a,«)?da is locally bounded. Hence we obtain a.s.

/Ot (/019 1is,ry(a)Yi(a, ) dM(s)) da
- /019 ( /Otl[s,T}(CL)Yl(a, s) da) dM(s) for all ¥ € [0, ).

For ¥ =t the right hand side equals

Y (t,s—)dM(s Y (s, s—) dM(s).
[ yesoans- [

It follows that the process at the right hand side of the desired identity is
a version of the process at the left hand side. Lemma 3.2, Theorem 2.3(d),
and Lemmas 3.3 and 3.4 complete the proof. O

Proposition 3.6. We have

< T (YV)|[M, MY(T)Y? + Vargory(A)l| s,

H[0,T]

/0 TV (e, 52) dZ(s)

where I',(Y') € [0, 00] is given by (11).

Proof. First observe that

<
Lp

T T
/ sw [Yi(t,o)ldt| < / IVit, o) lsn dt,
0 0

c€[0,T]

T
sup / |Yi(t,s)| dt

s€[0,7] Jo

Lp

which is clear for p = co and similar to the according step in the proof of
Lemma 3.4 for p < co. Hence

T
sup [ i)

s€[0,71J0

sup Varjo7)(Y (e, 5))
s€[0,T]

<T sup [|Vi(t,e)] s
te[0,T

Lpr Lpr

Next, Lemmas 3.2-3.5 together with Holder’s inequality and Corollary 2.2

14



yield

| vesaze

H[0,T)

<

UO'Y(S,S—) M (s). / Y (s, 5-) dM(s)} e

+Varon ( /0 TV (o, 5—) dA(s) + /(0,.] ( /0 Yi(u, s) dM(s)) du)

< Tp(YV)I[M, MI(T)Y? + Vargp,ry(A) o

Lr

O

Finally, Theorem 3.1 follows from Proposition 3.6 by taking the infimum
over the semimartingale representations 7 = M + A.

4 Application to convolutions

This section concerns an Emery inequality for convolutions of the form

/Otg(t )Y (s—)dZ(s), teo,T],

where ¢ is a deterministic function, Y an adapted cadlag process, and Z
a semimartingale. If the function ¢ is right-continuous, then the integral
process is defined up to versions. If one of them is a semimartingale, we will
simply say that the process is a semimartingale.

Let W1>]a, b] denote the space of absolutely continuous functions h from
the interval [a, b] into R whose weak derivative A’ is in L*[a, b]. Let further
the vector space of pure jump functions of bounded variation PJBVa,b]
consist of all j : [a,b] — R such that

](t) = Z O‘il[tzwb] (t)v te [av b]v (13)

for some ¢; € [a,b] and oy; € R, i € N, with > 7 |ay| < o0.
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Theorem 4.1. Let 1 < p < o0, 1 < ¢ < o0, and 1 < r < oo be such
that%—i—% = % LetT > 0. If g : [0,T] — R is such that g = h + j with
h € Wh*[0,T] and j € PJBV|0,T], then there exists a constant R > 0
such that for every Y € SP[0,T] and every Z € H9(0,T] we have [; g(s —
s)Y(s—)dZ(s) € H"[0,T] and

If j is given by (13), then we have

/O. oo — $)Y (5—) dZ(s)

< R|Ylsepo,11| Z | ra0,17-
H™(0,T)

R = [h(0)] + (14 ) T[W||oc + Y levil,

i=1
where ¢, is the constant of Theorem 2.1.

The proof is divided into the next two lemmas. We will first study ab-
solutely continuous functions g by means of Theorem 3.1 and then consider

pure jump functions. We write H" as shorthand for H"[0, T, S? for S?[0, T,
etc.

Lemma 4.2. Let 1 < p< oo, 1 <g<oo, andl <r < oo be such that
%—i—% = % Let T > 0. If g : [0,T] — R is absolutely continuous with
derivative g € L®[0,T], then for every Y € SP and every Z € HY one has
Js (e —s)Y(s—)dZ(s) € H" and

Proof. We begin by extending ¢ by setting ¢(t) := ¢(0) for t € (—o0,0).
Then ¢ is absolutely continuous on (—o0,T], ¢'(t) = 0 for t < 0, and the
supremum norms of g and ¢’ are not changed by the extension. We choose
a version of ¢’ € L*®[0,T] such that the essential supremum ||¢’l|» equals
sup;co.7) 9'(t)|. Define for s,t € [0, 77,

/0 Cgle— 8)Y (s—) dZ(s)

< (19(O)]+ (1 + e Tllg oo IV 150112 10

HT

Y(t,s):=g(t—s)Y(s) and Yi(t,s):=g(t —s)Y(s—).
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Since g is continuous, Y (¢, «) is an adapted cadlag process for every t € [0, 7.
Further, Y (e, s) € L>[0,T] a.s. and for ¢ € [0, 77,

/0 Yi(u, s)du = /0 g(u—s)Y(s=)du=Y(t,s—) —Y(0,s—).

Also, (t,s,w) — Yi(t,s,w) is B([0,T]) ® P-measurable, fOTYl(u,.)2 du =

OT g (u — ¢)>duY (e—)? is a locally bounded process, sup, |Y;(u, s)| € L? for

all u, and

sup [[Yi(u,o)[lse < |9 lloc|[Y 52 < 00
u€[0,T]

Moreover, I',)(Y) < <|g(0)| + (14 cT)T||g’]|OO) |Y|ls» < co. Hence, an appli-
cation of Theorem 3.1 completes the proof. 0

The next lemma concerns pure jump functions.

Lemma 4.3. Let 1 < p< oo, 1 <g<oo, andl <r < oo be such that
%+%:%. Let T >0 and let g : [0,T] — R be given by

g(t) = ailpm(t), telo,T],
=1

where t; € [0,T] and o; € R, i € N, are such that > ;| |oy| < co. Then for
every Y € S* and every Z € H? one has [; g(s — s)Y (s—)dZ(s) € H" and

< (ZI%I) 1Y |lse | Z]] rra-
Hr i=1

Proof. Let Y € SP and Z € HY. Observe that ¢ is a cadlag function. For
m € N let

/0 T (e — 5V (s—) dZ(s)

gn(t) == il my(t), t€0,7T].
=1

Emery’s inequality (Theorem 2.4) yields

)

. m (o—ti)*
[ nte =)z <3kl | [ vz
<Y laullYlss 2l

1

17



If we apply for n > m the previous inequality to g, — ¢, instead of g,,, we
obtain that (g,(e — s)Y (s—)dZ(s)), is a Cauchy sequence in H". As H" is
complete (Theorem 2.1), it follows that [; gn(e — )Y (s—)dZ(s) converges
in H" to some H € H". For fixed ¢ € [0,T] we have

|(gm(t = 5) = g(t = 5))Y (5=)] < lgm = glloo|Y (5-)]

for 0 < s <tand ||gm — g/l — 0 as m — oo. Hence by Theorem 2.3,

/08 ot — W)Y (u—) dZ(u) — /0 ot — W)Y (u—) dZ (u)

in probability for all s € [0,¢], and in particular for s = t. It follows that
H(t) = [, g(t —u)Y (u—)dZ(u) and that the desired inequality holds. O

5 Existence for equations of variation-of-
constants type

In this section we will exploit the extended Emery inequality to show exis-
tence and uniqueness for stochastic equations of variation-of-constants type.
We follow the proof of existence and uniqueness for stochastic differential
equations as given in [11].

Definition 5.1. Let I C [0,00) be an interval. A map F : D(/) — D(I)
is called functional Lipschitz if there exists an increasing jointly measurable
(finite) process (K (t))es such that for all X, Y € D(I),

(a) XT= =YT" = F(X)T= = F(Y)T~ for every stopping time T,
(b) [F(X)(t) = F(Y)(t)] < K(t) subsenjo.q | X(s) =Y (s)| a.s. for all t € 1.

Recall that equalities of processes such as in (a) are meant up to indis-
tinguishability. It is contained in (b) that a functionally Lipschitz map F is
well-defined this way. Indeed, if X and Y in ID(/) are indistinguishable, then
(b) yields that F(X)(t) = F(Y)(t) a.s. for all ¢ € I and hence F(X) and
F(Y) are indistinguishable.

We will establish the next result by a sequence of lemmas.
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Theorem 5.2. Let (Z(t))i>0 be a semimartingale, let J € D, let F: D — D
be a functional Lipschitz map, and let g : [0,00) — R be such that g =
h+j with h € Wh*[0,T] and j € PJBVI0,T] for every T > 0. Then the

equation
X(t) = J(#) —i—/otg(t— S F(X)(s—)dZ(s), t>0,

has a unique (up to indistinguishability) solution X € D. If J is a semi-
martingale, then so is X.

Given constants 1 < p < oo, o > 0, and R > 0, we will use the following
property of a function g : [0, 5] — R:

g is cadlag and for every Y € SP[0, ] and Z € H*|0,ty] we have

Js (e — )Y (s—)dZ(s) € HP[0,t] and (14)

112 e = 5)Y (s=) AZ(5) lvi0a) < RIY lsvio00 |1 Z =01
Lemma 5.3. Let 1 < p < oo, let tg > 0, and let J € SP[0,ty]. Let F :
D0, to] — D[0,to] be functional Lipschitz as in Definition 5.1 with F(0) =0
and sup;ep ) K ()] < k a.s. for some constant k. Let g : [0,t)] — R be
a function and R > 0 be a constant such that (14) is satisfied. Let Z €
H>[0,t0] be such that || Z| gt < 1/2v, where v = c,kR. Let T be a
stopping time. Then the equation

T—

X(t) = JT(t) + (/O'g(. — §)F(X)(s—) dZ(s)) (1), 0<t<to,

has a unique solution X in SP[0,to] and || X||se(0.t0] < 2| sr[0,t0]-

Proof. Define
AX)(t) :=J(t) + /tg(t —s)F(X)(s—)dZ(s), te€][0,ty], X € SP[0,10].

By the assumption (14), the assumption F'(0) = 0, and the fact that H? C SP
we have that A(X) € S? for every X € SP. Further, for X, Y € S? we have

A(X) — A(Y) = /O.g(- ) (F(X)(s-) — F(Y)(s-)) dZ(s) € B,
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Moreover, due to assumption (14),

A" =AY [l < IA(X) = AY) o
1

< R|F(X)—FY)|se||Z||ge <
RIF(X) = FOlls 12l < 5

E|X =Y se,

so |AX)T™ = A(Y)T |lsr < | A(X)T™ = AY) || < %HX —Y||g». Since
SP is complete, we find a unique fixed point X € S? of A(e)?~. This X is
the solution as asserted, and

. . 1
1X = Tllsr = IAX)"™ = A0 [lsr < 51X lsw,

so that || X ||sr < | X = J|s» + || J]|s» < 5[ X |52 + [|/]|s» and hence || X||s» <
2[|J |- O

Definition 5.4. (see [11, p.192]) Let I = [0,00) or I = [a,b] for some
0<a<b Let Z € H*®(I), and o > 0. Then Z is called a-sliceable, denoted
by Z € S(a), if there exist stopping times 0 = Ty < 77 < -+ - < T} such that
Z=27%" and ||(Z — ZT)'+ 7 ||y S afor i =0,...,k — 1.

Theorem 5.5. (see [11, Theorem V.5]) Let Z € D[0, 00) be a semimartingale
with Z(0) =0 a.s.

(a) If « > 0, Z € S(a), and T is a stopping time, then ZT € S(a) and
7T e S(a).

(b) For every a > 0 there exist stopping times Ty T 0o , that is, 0 = Ty <
Ty < -+ and sup, T}, = o0 a.s., such that ZT+~ € S(a) for all k.

It follows that for every o« > 0, to > 0, and Z € H®|0,t,] there exist
stopping times T} 1 oo such that Z7+~ € S(a) for all k.
The next lemma extends Lemma 5.3 to more general semimartingales.

Lemma 5.6. The existence and uniqueness assertions of Lemma 5.3 remain
true if the condition || Z| g < 1/(27) is relazed to Z € S(1/(27)).

Proof. Let Sy, S, ..., S, bestopping times such that 0 = Sy < 57 < -+ - < .5y,
Z = 7% and |[(Z — Z%)5+17 ||gee < 1/27 for 0 < i < £ — 1 (these exist
because Z € S(1/27)). Let T; := S; AT, 1 =0,...,0. Then 0 =Ty < T} <
v < Ty and (2 — 250 g = (2 — Z5)50)T e < 1/27. We
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argue by induction on 7. If the equation stopped at T;— has a unique solution,

we first show that the equation stopped at T; has a unique solution and then

we show existence and uniqueness for the equation stopped at T;,1—.
Suppose that i € {0,...,¢ — 1} is such that the equation

Xt)=J"(t)+ </0.g(- —$)F(X)(s—) dZTi_(s)) - (t), 0<t<to,

(15)
has a unique solution X € SP. In order to simplify notation, we extend
FU)(t) == F(U)(ty), J(t) :== J(ty), and Z(t) := Z(ty) for t > t; and
U € D[0, ty]. Further we interpret [c,b] = () if ¢ > b. Let

Y;aX+<Aﬂﬂ)+A<K?ﬂ.—@F@Q@ﬂdZ@»GD)hnm.

Observe that Y7~ = XTim and YT =Y.
Next we claim that Y is the unique solution in S? of

T;

V@:JWw+<4Q@—@wa&ywﬂ@) (), 0<t<ty (16)

For a proof, notice that we have Y1~ = X%~ so F(Y)lim = F(X)Ti~
and

T;

on ( [ ate= 7015 dZ<s>) (0
— X () + AT(T) (1)
T ( [ ste=rx)s-) dZ<s>) (T) 141,10 (1)
= Y(t), 0 <t < ty,

so Y satisfies (16). Further,

sup [Y(s)|

s€[0,to]

< XNlse 4 1 11se + 2RIF(X) |50 (| Z]] mre<
Lp

so Y € SP. To see uniqueness, suppose that V' € SP is another solution of
(16). Then V7T~ satisfies the equation for X, so V= = X7i= = YTi~. From
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(16) it is clear that V' = VT and that

v T = <AJ(T¢) +A (/O.g(. — 8)F(X)(s—) dZ(S)) (Tz’>) L7, o]
= Yl —y"-,

so that V' =Y. Thus the claim has been proved.
Let us introduce D;U := (U — UT))Ti+1~ and G(U) = F(Y + U) — F(Y),
U € D0, ty]. Consider the equation

Tiv1—

Ut) = (DiJ(t) + (/O.g(. —s)F(Y)(s—) dZTH—l_(S)) (t) (17)

_ ( /O T gle— $)F(Y)(5-) dZ(s))TiATM_ (t))

Tip1—

#([ s -v6weanize) T 0, v<i<n,

We claim that (a) equation (17) has a unique solution U in S?, and (b)
the process V := U + YT +17 is the unique solution of

Tip1—

vio =50 ( [Cae=9Fmazi @) @, 0<i<n

For a proof of (a), observe that the sum of the first three terms of (17) is
a member of SP; GG is functional Lipschitz with G(0) = 0 and satisfying the
same estimates as F', and

1DiZ(s)|lr = 1(Z = Z") " e < 1/27.

Now apply Lemma 5.3.

To show (b), notice that it is clear from (17) that U = UT+1~ and Ui~ =
0. Consequently, F(Y + U)Ti~ = F(Y)%~. Due to (16) we can easily check
that

Tiy1—

O e </0 gle = s)F(Y + U)(s—) dZTm—(s))

For any solution V, the process V — Y Ti+1~ gatisfies (17) and therefore equals
U. Thus we have proved the claim.
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We conclude that if equation (15) has a unique solution X in S?, then
the equation (15) with T; replaced by T;;; has a unique solution in S? as
well. As for i = 0, X = 0 is the unique solution X in S?, we find that there
exists a unique solution V' € S? of (15) with i = ¢.

Finally, let

T—

X(t) = JT‘(t)+(/O.g(.—s)F(V)(s—)dZ(s)) (1), telot).

Because T, = T A Sy and Z%~ = Z we have X7t~ = V and hence
T—

([fot-areoeaze) = ([ - orame)azie)

T—

= ( / .g(°—S)F(V)(8—)dZ(s))T_ .
U

We will increase the generality of the assumptions building on Lemma
5.6 in Proposition 5.8 below. The next lemma is needed in the proof of
Proposition 5.8.

Lemma 5.7. Let Y € D[0,00) and let Z € D[0, 00) be a semimartingale. Let
1 <p<ooandletg:[0,00) = R be a function such that for every ty > 0
there ezists a constant R > 0 such that (14) is satisfied. Then

(/ gl — )Y (s) dZ<s>)t>0

Proof. By convention, Y (0—) = 0, so we may assume Z(0) = 0. Observe that
there exist stopping times T} T oo such that Y7+~ € SP[0, 00) for all k. Use
Theorem 5.5 to choose the stopping times T}, such that also Z7+~ € H*°[0, 0o)
for each k. Then for cach to > 0, (fy g(s — 8)Y o™ (s—) dZTe(s))selone) €
HP?[0,t0). Hence

(/O.g(- —5)Y(s—) dZ(S))TMto— ) (/ch(. YT (s) dZTk_(s))Tk/\to_

equals a stopped semimartingale. It follows that 5 g(s — )Y (s—)dZ(s) is a
local semimartingale and hence a semimartingale by [7, Proposition 1.4.25(a)
and (b)]. O

s a semimartingale.
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Proposition 5.8. Let Z be a semimartingale, let J € D[0,00), and let F :
D0, 00) — D0, 00) be functional Lipschitz. Let g : [0,00) — R be a function
such that for every ty > 0 there exists a constant R > 0 such that (14) is
satisfied. Then

X(t) = J(t) +/0 g(t = s)F(X)(s—)dZ(s), (18)

t >0, has a unique solution X in D[0,00). If J is a semimartingale, then so
15 X.

Proof. We use the notation of Definition 5.1. As F(X)(0—) = 0 for all X,
we may assume that Z(0) = 0. We begin by replacing J by J + fo'g(. —
s)F(0)(s—)dZ(s) and F by F(e)—F(0). Thus we may assume that F'(0) = 0.

We proceed by showing the following claim. Let ¢y > 0. Suppose that
|K(t,w)| < k for a.e. w and all 0 < ¢ < . Let S be a stopping time. Then
there is a unique process X € I such that

S—

X(t) = J5(t) + </0.g(.—s)F(X)(s—)dZ(s)) (1), 0<t<ty (19)

To prove the claim, let R > 0 be a constant corresponding to ¢, such
that (14) is satisfied. Let v := ¢,kR. For every stopping time 7" such that
J'= € 8% and Z'~ € S§(1/2v), Lemma 5.6 says that there is a unique
Xr € S? such that

S—

Xr = T+ ([ o - p G- a2 ()

By uniqueness we have for any two such stopping times 77 and 75 that
X%_ = X%_, where T3 = T A'T,. Due to Theorem 5.5, there exist stopping
times T, T oo such that J7~ € S? and Z7¢~ € §(1/27) for all £. Define

X(t) = ZXTz(tﬂ[TszTz)(t)v 0 <t <t
/=1

Then (X (t))i>o is an adapted cadlag process and X°~ = X. Further, for
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¢ > 1, we have X7t~ = X7, and by (a) of Definition 5.1,

((J + /O'g(. —8)F(X)(s—) dZ(s))S_> T,—
S <(/o.g(' — §)F(X71,)(s—) dZ(s))Tl)S

= Xp, = X",

It follows that X satisfies (19).

To show uniqueness, let Y be another adapted cadlag solution of (19).
There exist stopping times Sy T oo with Y5~ € S? for all £. Then Y (SeATe)—
satisfies the same equation as X%_ and by uniqueness we obtain Y (5eA o)~ =
X%_ = XTI~ Since sup, Sy A Ty = oo a.s., it follows that X =Y and
we have proved the claim.

Next, fix tg > 0. For n € N define the set

Q, ={weQ: K(t),w) < n}.

Then Q,, € F for each n and P(|J,, ©2,) = 1. There is an ny € N such that
P(€2,) > 0 for all n > ng. Define for n > ng a probablity P, on (£, F) by

P(4) = PANQIB(Q,) ", AcF.

Let 7" be the P,-completion of F and F}* the P,-completion of F;, for ¢t > 0.
The filtration (F}"); in (Q, F", P) satisfies the usual conditions. Further, Z is
a semimartingale on (2, ™, (F}"):, Pn). Relative to P, we have K (t) < n a.s.
for all ¢ € [0, o], so by the first claim there exists an (F}");-adapted process
X™ with P,-a.s. cadlag paths such that

X"(t):J(t)+/tg(t—s)F(X")(s—)dZ(s), 0<t<to, (20)

P,-a.s. Since for n > ng, P,_1 is absolutely continuous with respect to P,,
the stochastic integral [ g(t—s)F(X")(s—)dZ(s) defined on (Q, F"~', P,_1)
equals P,_i-a.s. the stochastic integral with the same notation defined on
(Q, F™, P,) (see [11, Theorem II.14]). Hence X™ is an (F;'~*);-adapted cadlag
process on (Q, F*"~! P, ) for which (20) holds P, _;-a.s. Due to uniqueness,
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we obtain that X"(t) = X"~1(¢) for all ¢t € [0,ty] P,_1-a.s. Define

X(tw) = 1q,, (W) Xn,(t,w)+ Z Lo, (W) X"(t,w), we, tel0t.

n=nog+1

Then X has P-a.s. cadlag paths, as 1o, X™(e) has P-a.s. cadlag paths for all
n. To see that X is adapted, let t € [0,%y] and B € B(R). For n € N,
{X™(t) € B} € FJ', so there exists A, € F; with Lixnipeny = la, Pu-
a.s. Then IP’—a.s., 1{X(t)eB}1Qn = ].{Xn(t)eB}lQn = 1An19n for all n. Let
A= N2 Upnoy A € Fi. Then P-as., 14lg, = infypnsup,,5ela,le, =
infosn, sup,, 5 1a,, 1o, 1o, = lixenyla, for all n, hence {X(t) € B} € F,.
Moreover, X" and X are P,-indistinguishable, so F(X™) and F(X) are P,-
indistinguishable and therefore (18) holds for 0 < ¢t < ty P,-a.s. Thus X is
the unique adapted cadlag process satisfying (18) for all ¢ € [0, to] P-a.s.
Finally, we can vary ty and glue solutions together to obtain a unique
X € D such that (18) holds for all ¢ > 0. It follows from Lemma 5.7 that X
is a semimartingale whenever J is a semimartingale. O

Theorem 5.2 follows from Theorem 4.1 and Proposition 5.8. Notice that
the function g in Theorem 5.2 need not be continuous. In this way Theorem
5.2 generalizes [10].

6 Variation-of-constants formula for SDDE
with linear drift

It is the aim of this section to prove Theorem 1.1. It is well known that (4)
has a unique solution g : R — R with g[[ ) absolutely continuous (see [6]).
Then f(—oo,O] g(e+a)p(da) is bounded on [0, T] and hence gl € WH[0,T]
for every T > 0.

The proof of Theorem 1.1 proceeds as follows. Due to Theorem 5.2,
there exists a solution of (2). By means of a stochastic Fubini argument, we
will show that this solution also satisfies (8). As equation (8) has only one
solution, we then know that the solutions of (8) and (2) coincide and the
proof is complete. The Fubini argument is given next.

Lemma 6.1. Let p be a finite signed Borel measure on (—o00,0| and let
g : R — R be the solution of (4) with gl absolutely continuous. Let
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F : D[0,00) — D[0,00) be functional Lipschitz. Let (Z(t))i=0 and (J(t))i0
be semimartingales. If X € D[0, 00) satisfies

X = g®X0)+ [ gli—9)ao e1)
+ [ ot - 9P COG- 0z, 20
then
X(1) = X(0)+J(#) + /O t X
+/OtF(X)(s—)dZ(s), >0,

Proof. Observe that we may assume that Z(0) = 0 and J(0) = 0. We will
first apply the stochastic Fubini theorem twice to prove the identity

T (s+a)t
/O /(_ . /0 9(s +a—m)F(X)(m—)dZ(m)u(da) ds (22)

:/0 g(T—m)F(X)(m—)dZ(m)—/o F(X)(m—)dZ(m),

for any T > 0 and any X € D. Since we will only evaluate g on (—o0, 7],
we may assume that ¢ is bounded. Fix an s € [0,7]. The map (a,t,w) —
g(s+a—t)F(X)(t—)(w) is bounded and B((—o0, 0]) @ P-measurable. Further,
the process F'(X)(e—) is predictable and locally bounded, the function g is
Borel measurable and bounded, and

/(_ ; g(s +a—o)*F(X)(s=)*|nl(da) < llgll3 |l (=00, 0]) F(X)(e—)*.

The stochastic Fubini theorem (Theorem 2.5) therefore yields that
t
| ([ s+ a=mrcom-)azom ) utao
(—00,0] 0
t
:/ (/ g(s+a— m),u(da)F(X)(m—)) dZ(m) a.s.
0 (—00,0]
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for every t > 0. Since g(J) = 0 for ¥ < 0, the inner integral at the left hand
side of the previous equality runs only up to (s + a)™ if ¢ > s. The map
(s,m,w) — f(—oop] g(s+a—m)u(da)F(X)(m—) is measurable with respect
to B([0,T]) ® P, because (s,m) f(_wo] g(s +a—m)u(da) is B([0,T]) ®
P-measurable. Moreover, for each s > 0 the processes f(—oo,O] g(s +a—

o)p(da) F(X)(e=) and [ ([i_. 5 9(s +a — o)u(da) F(X)(s—))*ds are locally
bounded, since g is bounded, p is a finite measure, and F'(X)(s—) is locally
bounded. Hence, again by the stochastic Fubini theorem (Theorem 2.5), we
have

4T(Aiﬁﬂﬂg@+a—wmmmwwxxm—wwum)ds

_ /O t ( /0 ' /(_oo?o]g(s—ka—m),u(da)F(X)(m—)ds) dZ(m) as.

for every t > 0. Next, we substitute ¢ =T in the previous equality, use that
g(¥) = 0 for ¥ < 0, and rewrite the right hand side by noting that for m > 0,

/mT /(_0070] g(s+a—m)u(da)ds = /OT—m g (s)ds = g(T —m) — 1.

Thus we arrive at the identity (22).
Similarly, we have for any 7" > 0 that

/OT /(_OO’O] /O(s+a>+ g(s+a—m)dJ(m)u(da)ds (23)
= /OTQ(T —m)dJ(m) — /OT d.J(m).

Next assume that X € D satisfies (21). Set X (¢) := 0 for ¢ < 0. Then

X(u) = mwxm»yA g~ 5)dJ(s)

+/0 g(u— $)F(X)(s—)dZ(s), forallueR.
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Therefore,

/Ot /(_570] X(s+a)u(da)ds = /Ot /(_OO,O]X(S + a)u(da) ds
= /0 t /( _ooyo]g(SJra)u(da) dsX (0)

t (s+a)t
+/ / / g(s+a—m)dJ(m)u(da)ds
0 J(=00,00 /0

. / /<_oo,01 /0( " g5 +a— m)F(X)(m—) dZ(m)u(da) ds
:/Otg’(s)dsX(0)+/0tg(t—m) dJ(m) = J(t)

4 /Otg(t —m)F(X)(m—)dZ(m) — /OtF(X)(m—) dz(m)
- <g(t) - 1)X(o) + /Otg(t —m)dJ(m) — J(t)

+ /Otg(t —m)F(X)(m—)dZ(m) — /Ot F(X)(m—)dZ(m)
= X(t) — X(0) — J(t) — /OtF(X>(m—> dZ(m),

for all ¢ > 0. Here the third equality is justified by the identities (22) and
(23), which yields the assertion. O
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