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1 Topics of the course — an informal introduction

Currently, the study of gradient flows in metric spaces and in particular gradient flows
in metric spaces consisting of probability measures is a very active field of research. The
research extends three different areas of mathematics, each of them with a long tradition
and many interesting results. Fairly recently, connections between these areas have been
established and many new questions and results have emerged. This chapter briefly dis-
cusses the three areas and how they connect. The discussion is only an informal sketch, no
historical or mathematical correctness is claimed!

Gradient flows

If water streams downhill on a mountain, it roughly follows the direction of steepest descent.
If H(x,y) is the height of the mountain above the point (x,y), then the direction of steepest
descent is —VH (z,y), where VH = %—g + %—Z denotes the gradient of H. If the speed of
the water flow is proportional to the steepness of the hill, then the position of the water

which is at time 0 above the point ug is (u(t), H(u(t)), where u satisfies

u'(t) = =VH(u(t), t>0,
u(0) = wp.

More generally, for a function V: R — R the differential equation
u'(t) = VV(u(t))

is called a gradient flow equation, its solution is called a gradient flow and the function V'
is called a potential. The special structure with the gradient in the equation allows for a
different type of existence theorems than the usual Lipschitz conditions. It turns out that
if V is differentiable and convex, then for each initial value ug there exists a unique solution
u: [0,00) — R of the gradient flow differential equation for V. (What can go wrong with
the flow of water if —H is not convex?)

More general settings of gradient flows have been studied. For instance, there is a well
developed theory of gradient flows for potential function V: X — R, where X is a Hilbert
space. There are also generalisation for Banach spaces X. In a different direction, an
extensive theory of gradient flows has been developed for potential functions only defined
on manifolds in R? or even in Hilbert spaces.

Encouraged by the generality of the theory one could ask for a generalisation to the
general setting of a metric space X. However, this leads immediately to a major difficulty:
what should u/(t) mean if u takes values in a metric space? In Hilbert spaces and Banach
spaces the linear structure allows to define u/(¢) as the limit of (1/h)(u(t + h) — u(t) for
h — 0 and for curves on manifolds there is a sophisticated theory of differentiation. There
is no such theory for general metric spaces.

There is a clever way to avoid differentiation in metric spaces. If V' is a differentiable
convex function on a Hilbert space X, then its gradient flow equation

d(t) = VV(u(t), t>0

is equivalent to

——Ju(t) = 2||* + V(u(t)) < V(z) for all z € X.



In the latter inequalities we only differentiate the real valued function |u(t) — z||?>. The
expression ||u(t) — z|| can be written as d(u(t), z), if we denote by d the metric induced
by the norm. The ensuing formulation only uses the metric of the Hilbert space and can
thus be formulated in any metric space! It has been very difficult to develop a satisfactory
theory on existence and uniqueness of solutions of such equations and other properties like
stability and regularity. The main issue was to find a suitable notion of convexity on metric
spaces. Much of the work has been done in Italy, initiated by De Giorgi, leading to the first
book [1] on this topic by Ambrosio, Gigli, and Savaré, who developed themselves most of
the theory. There are still many questions open and research on this topic is ongoing.

Optimal transportation

Suppose a certain amount of goods is located at several distribution centers and has to
be shipped to several retail outlets, each needing its own amount of the goods. Suppose
moreover that the transportation costs on each route from distribution center to outlet
are proportional to the amount of goods transported there. What is the optimal way
to transport the goods from centers to outlets? This is typical question about optimal
transportation.

In 1781 Gaspard Monge started a long tradition of research on optimal mass transporta-
tion by his paper “Mémoire sur la théorie des déblais et des remblais”. One of the difficult
problems, called Monge’s problem, is the following. Suppose an initial distribution of mass
is given by a mass density function f: R? — [0,00) and a desired end distribution is given
by a function g: R% — [0, 00). Let us scale the total mass to be 1: [ f(z)dz = [ g(x)dx = 1.
Suppose the ‘cost’ of shipping one unit of mass from the initial position x to the end posi-
tion ¥ is c(z,y). The function c: R? x R? — [0, 00) is called the cost function. For example,
c could be a multiple of the distance between x and y, or a function of the distance. The
problem is to find the cheapest way of transporting the mass such that initial distribution
f turns into the desired end distribution g. A ‘way of transporting’ here is supposed to be
given by a function 7: R? — R? which says that all mass from initial point 2 is moved to
end point r(z). As the amount of mass at z is f(z), the total transportation cost is then

/ c(x,r(z))f(z)d.
Rd

This quantity should be minimized over all possible transport functions . The requirement
on r is that it moves the initial mass distribution f to g. That means, if B is a subset of
R?, then the total amount of mass in the end distribution contained in B, which equals
I} p 9(x) dz, should equal the total amount of mass that was present on all points that are
mapped to points in B. Hence r should satisfy

/Bg(x)dx:/r_l(B)f(x)dw.

(Monge considered the case where f and g are indicator functions of open sets U and V
and c(z,y) = |lz — yl|.

It turned out to be very difficult to determine existence of an optimal transport map r
under satisfactory conditions.

Kantorovich in 1942 formulated a more abstract optimal transportation problem. Now
the initial and end distributions are given by probability measures p and v, respectively,



on R%. The way of transporting is now not described by a function, but by a measure 7
on R? x RY. The interpretation is that n(A x B) is the amount of mass that is moved
from the set A into the set B. As all mass is preserved we have n(A x R?) = u(A) and
n(R? x B) = v(B) for A, B C R% Such a measure 7 is called a transport plan. The total

cost is
/ c(z,y)dn(z,y)
R4 x R4

and this quantity should be minimized over all transport plans 7.

Kantorovich’s problem is not as difficult to solve as Monge’s problem. Prokhorov proved
a characterisation of compactness in sets of probability measures in 1956 with which exis-
tence of an optimal transport plan is easily proved in a very general setting.

It took longer to settle Monge’s problem. In 1976 Sudakov dealt with the case d = 2
and c(z,y) = ||z — y||. Gangbo and MacCann (1995) did general dimension d for ¢(z,y) =
|z —y||’ (p > 1) and Evans and Gangbo in 1999 settled d > 2 for ¢(z,y) = ||z — y|| under
more restrictive conditions on f and g. These results have been gradually improved since
then.

Closely related to Kantorovich’s problem is the notion of the Wasserstein metric
(which is claimed to be due to Kantorovich and Rubinstein rather than Wasserstein, which
should more correctly be transcribed as Vasherstein). The Wasserstein distance between g

and v is defined as 1/2
i (1,) = ( [ - de(ac,y)) ,
R xR4

where 7 is an optimal transport plan in Kantorovich’s problem. The Wasserstein metric
turns out to be extremely useful even in areas as applied as data analysis and pattern
recognition.

Stochastic differential equations

Many systems in physics, economics, engineering, etc. can be approximately described by
a system of linear differential equations

u'(t) = —Au(t), t>0,

where A is a d x d matrix. More realistically, such systems are often subject to small
unpredictable perturbations from the outside world, called noise. An effective mathematical
description of noise uses Brownian motion, which is a stochastic process that is a suitable
continuous time limit of random walks. White noise is the derivative of Brownian motion
W, so that we arrive at the stochastic differential equation

u'(t) = —Au(t) + W'(1).

(A correct mathematical formulation is more involved, as W is not differentiable, at any
t, with probability one). A solution t +— wu(t) of the stochastic differential equation is a
stochastic process. That is, for each ¢, u(t) is a random variable, which has a distribution
p(t). Thus, the solution gives a curve t — u(t) in the set of probability measures on R?,
The same phenomenon can be described by means of partial differential equations. For
t > 0, the measure u(t) has a density p(t) with respect to the Lebesgue measure. This



density satisfies the so-called Fokker-Planck equation

@(t x):lzd:@(t :U)—{—Zd: 0 ((t :U)(Aa:)) t>0, zeR?
ot 21,:1 oz — oz; PAE: ')’ ’ '

Instead of solving the stochastic differential equation and consider the distributions pu(t)
of u(t), one could solve the Fokker-Planck equation and consider the measures u(t) with
density p(t). Both ways yield the same curve ¢ — p(t) in the set of probability measures
on RY.

Connection

How are these three areas of mathematics connected? Felix Otto (1998) showed that the
curve of measures u(t) given by the stochastic differential equation (or Fokker-Planck equa-
tion) is a gradient flow in the metric space of probability measures endowed with the
Wasserstein metric. Important contributions in this direction have been made by Yann
Brenier. The recent progress in gradient flows in metric spaces and optimal transportation
problems and the new connections of these fields have sparked a new interest in these top-
ics. In 2010 Cédric Villani won the famous Fields Medal for, among others, his work on
geometric aspects of gradient flows in metric spaces.

It is the aim of this course to understand the connection of gradient flows, optimal
transportation and stochastic differential equations. This includes understanding the basics
of each of the three ingredients. On our way we will encounter tools that are widely used
in other fields of mathematics as well.

We will first consider the set of probability measures on R? with a suitable topology.
Instead of R¢ we extend our scope to general metric spaces that are separable and complete
and we enter the theory of probability measures on metric spaces.

2 Probability measures on metric spaces

When we study curves in spaces of probability measures we will be faced with continuity
and other regularity properties and therefore with convergence of probability measures.
The probability measures will be defined on the Borel g-algebra of a metric space. Since
we want to be able to apply the results to probability measures on a Hilbert space, it is
not too restrictive to assume separability and completeness but we should avoid assuming
compactness of the metric space.

We will consider Borel probability measures on metric spaces, narrow convergence of
such measures, a metric for narrow convergence, and Prokhorov’s theorem on compactness
relative to the narrow convergence.

2.1 Borel sets

Let (X,d) be a metric space. The Borel o-algebra (o-field) B = B(X) is the smallest o-
algebra in X that contains all open subsets of X. The elements of B are called the Borel
sets of X.

The metric space (X,d) is called separable if it has a countable dense subset, that is,
there are 1,29, ... in X such that {x1,2s,...} = X. (A denotes the closure of A C X.)



Lemma 2.1. If X is a separable metric space, then B(X) equals the o-algebra generated
by the open (or closed) balls of X .

Proof. Denote
A := o-algebra generated by the open (or closed) balls of X.

Clearly, A C B.

Let D be a countable dense set in X. Let U C X be open. For x € U taker >0, r € Q
such that B(x,r) C U (B(z,r) open or closed ball with center z and radius r) and take
yz € DN B(x,r/3). Then x € B(yy,r/2) C B(x,r). Set ry :==r/2. Then

U=|{BWara) 2 €U},
which is a countable union. Therefore U € A. Hence B C A. O

Lemma 2.2. Let (X,d) be a separable metric space. Let C C B be countable. If C separates
closed balls from points in the sense that for every closed ball B and every x € X \ B there
exists C € C such that B C C and x ¢ C, then the o-algebra generated by C is the Borel
o-algebra.

Proof. Clearly o(C) C B, where o(C) denotes the o-algebra generated by C. Let B be a
closed ball in X. Then B = ({C € C : B C C}, which is a countable intersection and
hence a member of ¢(C). By the previous lemma we obtain B C o(C). O

If f:S8 — T and Ag and Ap are g-algebras in S and T, respectively, then f is called
measurable (w.r.t. Ag and Ar) if

fHA) ={zeS: flz)e A} € Ag for all A€ Ar.

Proposition 2.3. Let (X,d) be a metric space. B(X) is the smallest o-algebra with respect
to which all (real valued) continuous functions on X are measurable (w.r.t. B(X) and B(R)).
(See [14, Theorem 1.1.7, p. 4].)

2.2 Borel probability measures

Let (X,d) be a metric space. A finite Borel measure on X is a map p : B(X) — [0, 00)
such that

() =0, and
Ay, Ag, ... € B mutually disjoint = pu(U;2, Bi) = > oy 1(Bi)-

w is called a Borel probabiliy measure if in addition pu(X) = 1.
The following well known continuity properties will be used several times.

Lemma 2.4. Let X be a metric space and p a finite Borel measure on X. Let Ay, Ao, ...
be Borel sets.

(1) If Ay C Ay C -+ and A = ;2 Ai, then p(A) = limy, o0 pu(Ap).
(2) If A1 D Ay D -+ and A =2, then p(A) = lim, o u(Ay).



The next observation is important in the proof of Theorem 2.13 (the Portmanteau theorem).

Lemma 2.5. If i is a finite Borel measure on X and A is a collection of mutually disjoint
Borel sets of X, then at most countably many elements of A have nonzero p-measure.

Proof. For m > 1, let A,;, :={A € A: u(A) > 1/m}. For any distinct Ay,..., A; € A, we

have
k

w(X) > (| A)) = (A1) + - + p(Ag) > k/m,
=1

hence A,,, has at most mu(X) elements. Thus
{Ae A:pA)>0}= ] An
m=1

is countable. O

Ezample. If u is a finite Borel measure on R, then p({t}) = 0 for all except at most
countably many ¢ € R.

Proposition 2.6. Any finite Borel measure on X is regular, that is, for every B € B
w(B) = sup{u(C):C C B, C closed}  (inner regular)
= inf{u(U):U D B, U open}  (outer regular).
Proof. Define the collection R by

w(A) =sup{u(C): C C A, Cclosed} and

AER = (A —inf{u(U): U > A, U open}.

We have to show that R contains the Borel sets. step 1: R is a o-algebra:
0 € R. Let A € R, let e > 0. Take C closed and U open with C ¢ A C U and
w(A) < u(C)+¢e, u(A) > u(U) —e. Then U C A C C¢, U® is closed, C° is open, and

1(A) = p(X) = p(A) > p(X) = p(C) — e = p(C°) — ¢,
u(A€) = p(X) — p(A) < p(X) = p(U) + e = u(U°) +e.

Hence A° € R.
Let A1, As,... € R and let ¢ > 0. Take for each 4

U; open , C; closed with
Ci C Ai C UZ‘, A
w(Us) — p(Ai) <27%, p(A;) — p(Ci) < 27%/2.

Then |J, C; € U; Ai € U, Ui and |J; U; is open, and

pJv) —nJa) < n(Ju\UJa)
1 i i=1 1=1

IN
=
—
g
—
=
N
IA
Nk
=
=
—
=



Further, u(JS2, Ci) = limg o0 (¥, Cy), hence for some large k, u(LS2, Ci)—p(UF, Cy) <
€/2. Then C := Ule Ci C U2, Ai, C is closed, and

M(QAi)—u(C) < M(Q UC ) +2/2
< ([jl \UC)+5/2
< (:(A \C)) +e/2
<

Z w(A; \ C;) +¢/2
i=1

= 3 (1A — u(Ci)) +e/2 < ef2+ /2.

=1

Hence |J;2, A; € R. Thus R is a o-algebra.

step2: R contains all open sets: We prove: R contains all closed sets. Let A C X be
closed. Let U, := {z € X : d(z,A) < 1/n} = {x € X : Ja € A with d(a,z) < 1/n},
n =1,2,.... Then U, is open, Uy D Uy D ---, and (;2, U; = A, as A is closed. Hence
wu(A) = limy, oo u(U,,) = inf,, u(Uy,). So

w(A) <inf{u(U):U D A, U open} < i%f,u(Un) = pu(A).

Hence A € R.
Conclusion: R is a o-algebra that contains all open sets, so R D B. O

Corollary 2.7. If u and v are finite Borel measures on the metric space X and pu(A) = v(A)
for all closed A (or all open A), then u=v.

A finite Borel measure p on X is called tight if for every € > 0 there exists a compact set
K C X such that pu(X \ K) < ¢, or, equivalently, u(K) > u(X) —e. A tight finite Borel
measure is also called a Radon measure.

Corollary 2.8. If u is a tight finite Borel measure on the metric space X, then
w(A) =sup{u(K): K C A, K compact}
for every Borel set A in X.
Proof. Take for every € > 0 a compact set K. such that u(X \ K.) <e. Then
WANK.) = p(A\ K9) > u(A) — p(K) > p(A) — ¢
and

wANK,) = sup{u(C):C C K.NA, C closed}
< sup{u(K): K C A, K compact},

because each closed subset contained in a compact set is compact. Combination completes
the proof. O



Of course, if (X, d) is a compact metric space, then every finite Borel measure on X is tight.
There is another interesting case. A complete separable metric space is sometimes called a
Polish space.

Theorem 2.9. If (X, d) is a complete separable metric space, then every finite Borel mea-
sure on X 1s tight.

We need a lemma from topology.

Lemma 2.10. If (X,d) is a complete metric space, then a closed set K in X is compact
if and only if it is totally bounded, that is, for every e > 0 the set K is covered by finitely
many balls (open or closed) of radius less than or equal to .

Proof. =) Clear: the covering with all e-balls with centers in K has a finite subcovering.

<) Let (x,), be a sequence in K. For each m > 1 there are finitely many 1/m-balls
that cover K, at least one of which contains x,, for infinitely many n. For m = 1 take a
ball By with radius < 1 such that Ny := {n : z,, € By} is infinite, and take ny € Ny. Take
a ball By with radius < 1/2 such that Ny := {n > ny : 2, € Bo N By} is infinite, and take
ng € Ny. Take Bs, radius < 1/3, N3 := {n > ny : x,, € B3N By N By} infinite, ng € Ns.
And so on.

Thus (zp,)r is a subsequence of (z,), and since x,, € By for all £ > k, (xy, ) is a
Cauchy sequence. As X is complete, (x,,), converges in X and as K is closed, the limit is
in K. So (x,), has a convergent subsequence and K is compact. O

Proof of Theorem 2.9. We have to prove that for every ¢ > 0 there exists a compact set K
such that u(X \ K) <e. Let D ={aj,as,...} be a countable dense subset of X. Then for
each 6 > 0, Uy, B(ag,0) = X. Hence p(X) = limy o0 (Uj—; Blag,6)) for all § > 0. Let
€ > 0. Then there is for each m > 1 an n,, such that

Nm
M( U B(a. 1/m)) > u(X) — 27,
k=1
Let
o0 Nm
= ﬂ U B(ag,1/m).
m=1k=1
Then K is closed and for each § > 0,
Nom, Nm,
K c | Bla,1/m) c | Blax, 9)
k=1 k=1

if we choose m > 1/6. So K is compact, by the previous lemma. Further,

wov ) = u( U X\UBak,l/m»)_Z (X\UBak,l/m)

m=1 m=1
0o Nm 0o
= Z( Upak,l/m >< 27Me =¢.
m=1 k=1 m=1



2.3 Narrow convergence of measures

Let (X,d) be a metric space and denote
Cyp(X) :={f: X — R: f is continuous and bounded}.
Each f € Cp(X) is integrable with respect to any finite Borel measure on X.

Definition 2.11. Let u, pt1, 2, . . . be finite Borel measures on X. We say that the sequence
(1i)i converges narrowly to p if

/fd,ul-—>/fd,uasiaooforalleCb(X).

We will simply use the notation p; — p. (There is at most one such a limit p, as follows from
the metrization by the bounded Lipschitz metric, which is discussed in the next section.)

Narrow convergence can be described by means of other classes of functions than the
bounded continuous ones. Recall that a function f from a metric space (X,d) into R
is called lower semicontinuous (l.s.c.) if for every x, x1,xz9,... with 2; — x one has

f(z) <liminf f(x;)

1— 00

and upper semicontinuous (u.s.c.) if

f(@) = limsup f(x;).

1—00

The limits here may be 0o or —oo and then the usual order on [—o00, 00| is considered. The
indicator function of an open set is l.s.c. and the indicator function of a closed set is u.s.c.

Proposition 2.12. Let (X,d) be a metric space and let u, py, 2, ... be Borel probability
measures on X. The following four statements are equivalent:

(a) i — p that is, [ fdu; — [ fdp for every f € Ch(X)
(b) [ fdu; — [ fdu for every bounded Lipschitz function f : X — R

(¢) liminf; .o [ fdu; > [ fdp for every l.s.c. function f: X — R that is bounded from
below

(¢’) limsup, o [ fdu; < [ fdp for every u.s.c. function f : X — R that is bounded from
above.

Proof. (a)=(b) is clear.
(b)=(c): First assume that f is bounded. Define for n € N the Moreau-Yosida approx-
imation

fulw) = il () +nd(2.y)). e X.

Then clearly inf f < fo < f1 < fo <--- < f, so that, in particular, f, is bounded for each
n. Further, f,, is Lipschitz. Indeed, let u,v € X and observe that for y € X we have

falw) = (F() +nd(v.y)) < (&) +nd(wy) = () +nd(v,))

< nd(u,v).

10



If we take supremum over y we obtain f,(u) — fn(v) < nd(u,v). By changing the role of u
and v we infer

[fn(w) = fn(v)] < nd(u,v),
so fp is Lipschitz.
Next we show that lim,,_.. fn(2) = f(z) for all z € X. For z € X and n > 1 there is a
Yn € X such that

fn(@) = f(yn) + nd(z, yn) — 1/n = inf f + nd(z, yn) — 1, (1)

O
nd(x,yn) < fo(x) —inf f+1 < f(x) —inf f+1 for all n,

hence y, — x as n — oo. Then (1) yields

liminf f, (@) > liminf f(y) > f(2)

n—oo

as f is L.s.c. Since fp(z) < f(z) for all n, we obtain that f,(z) converges to f(x).
Due to the monotone convergence, [ fpdp 1 [ fdu. As f > fn,

i—00

liminf/fd,uz' Zliminf/fndui:/fn dp

for all n, by (b). Hence liminf; .o [ fdp; > [ fdu.
If f is not bounded from above, let m € N and truncate f at m: fAm = z —
min{ f(x),m}. The above conclusion applied to f A m yields,

/f/\md,ugliminf/f/\md,uigliminf/fdui

and ffd,u = lim,, o0 f fAmdy <liminf; o ffd,ul-.
(¢)<(c’): multiply by —1.
(c)=(a): if f is continuous and bounded, we have (c) both for f and —f. O

Narrow convergence can also be described as convergence on sets.

Theorem 2.13 (Portmanteau theorem). Let (X, d) be a metric space and let p, pu1, fi2, . . .
be Borel probability measures on X. The following four statements are equivalent:

(a) p; — p (narrow convergence)

(b) liminf; o p;(U) > p(U) for all open U C X

(b’) limsup,_, . p:i(C) < pu(C) for all closed C C X

(c) pi(A) — u(A) for every Borel set A in X with u(0A) = 0. (HeredA= A\ A°.)

Proof. (a)=-(b): If U is open, then the indicator function 1y of U is L.s.c. So by the previous
proposition,

1— 00 1— 00

liminf 4, (U) :liminf/lUdui > /1Udu:,u(U).

11



(b)=(b’): By complements,
limsup p;(C) = limsup <,ui(X) - ,ui(C’c)) =1 — liminf p;(C°)

1—00 1—00 100

1= (%) = p(X) — p(C°) = u(C).

v

(b’)=(b): Similarly.
(b)+(b")=(c): A° C A C A, A° is open and A is closed, so by (b) and (b’),

limsup p;(A) < limsupp(A4) < p(A) = p(AU0A)
< p(A) + p(9A) = p(A),

liminf p;(A) > liminf p4;(A°%) > p(A°%) = u(A\ 0A)
> p(A) — p(04) = p(A),

hence p;(A) — p(A).
(c)=(a): Let g € Cp(X). Idea: we have [ fdu; — [ fdp for suitable simple functions;
we want to approximate g to get [ gdu; — [gdu.
Define
v(E) = u({z: g(z) € E}) = u(¢g"*(E)), F Borel set in R.

Then v is a finite Borel measure (probability measure) on R and if we take a < —||g]|co,
b> ||g]lcc, then v(R\ (a,b)) = 0. As v is finite, there are at most countably many o with
v({a}) > 0 (see Lemma 2.5). Hence for € > 0 there are to, ..., t, € R such that

() a=to<t;<-<tm=Dh
(ii) tj —t;1 <eg, j=1....m,
(i) v({t;}) = 0,ie, p({z:g(x)=t;}) =0, j=0,...,m.
Take
Aji={re X tj1<g(x)<t;} =g [tj-1,tj)), 7=1,...,m.
Then A; € B(X) for all j and X = |Jj, A;. Further,
A; C{x 1 tj—1 < g(x) <t;} (since this set is closed and D A;),
Aj D {z :tj—1 < g(z) <t} (since this set is open and C Aj),
S0
p04;) = p(A;\ A7) < p({z - g(z) =tj1 or g(z) =1;})
= p(fz:g(@) =tj}) + p{z: g(z) =t;}) =0+0.
Hence by (e), pi(A;) — u(A;) as i — oo for j =1,...,m. Put

m
h:= Z tjfllAj,
7=1

then h(z) < g(x) < h(z) + ¢ for all z € X. Hence

I/gdu@-— gdu| = I/(g—h)duﬁ/hdm—/(g—h)dﬂ—/hdul
< [lo=lapi+] [nap— [nau+ [1g-nlas

< o0 + 1ty (i Ag) — () )|+ ep(X).
j=1

—
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It follows that limsup; | [ gdu; — [ gdu| < 2e. Thus [gdp; — [ gdu as i — oo. O

2.4 The bounded Lipschitz metric

Let (X,d) be a metric space. Denote
P = P(X) := all Borel probability measures on X.

We have defined the notion of narrow convergence in P. We will show next that narrow
convergence is induced by a metric, provided that X is separable. This results goes back
to Prokhorov [15]. Instead of Prokhorov’s metric, we will consider the "bounded Lipschitz
metric” due to Dudley [6], as it is easier to work with. (See also [7, 18].) Denote

BL(X,d) :={f: X — R: f is bounded and Lipschitz}.

Define for f € BL(X,d)
1fllBL = [1fllec + Lip(f),

where
[ flloo := sup | f(z)]
rzeX

and

Llp(f) = sup M

LW iy L @) = S s Ld(z,y) Ve,y € X}

Then || - ||pr, is a norm on BL(X,d). Define for u,v € P(X)

dpy,(p,v) := sup{|/fd,u—/fd1/|: f e€BL(X,d), ||flsL < 1}.

The function dpy, is called the bounded Lipschitz metric on P (induced by d), which makes
sense because of the next theorem.

Theorem 2.14 (Dudley, 1966). Let (X,d) be a metric space.
(1) dgpy, is a metric on P = P(X).
(2) If X is separable and , py, o, ... € P, then

i — p (narrowly) <= ppL(pi, p) — 0.

Proof. (See [7, Theorem 11.3.3, p. 395].)
(1): To show the triangle inequality, let u,v,n € P(X) and observe that

[ ran= [gan <) [ran= [gavi+ [rav- [ ran vsenLixa,

so dpr.(p,n) < dpr(w,v) + dpr(v,n). Clearly, dpr,(p,v) = dpr(v, u) and dpr(p, n) = 0. If
dpr(pu,v) =0, then [ fdu = [ fdv for all f € BL(X,d). Therefore the constant sequence

s[4, - .. converges narrowly to v and v, v, ... converges to pu. The Portmanteau theorem

13



then yields v(U) < p(U) and u(U) < v(U) hence p(U) = v(U) for any open U C X. By
outer regularity of both p and v it follows that ;= v. Thus dpy, is a metric on P.

(2): If dpy,(pi, o) — 0, then [ fdu; — [ fdp for all f € BL(X,d) with ||f]|pr, <1 and
hence for all f € BL(X,d). With the aid of Proposition 2.12 we infer that p; converges
narrowly to pu.

Conversely, assume that y; converges narrowly to yu, that is, [ fdu; — [ fdp for all
f € Cyp(X). Denote

B:={f e€BL(X,d) : [|fl[BL < 1}.
In order to show that dpr, (1, ) — 0 we have to show that [ fdu; converges uniformly in
f € B. If X were compact, we could use the Arzela-Ascoli theorem and reduce to a finite
set of functions f. As X may not be compact, we will first call upon Theorem 2.9.

Let X be the Completlon of the metric space (X,d). Every f € B extends uniquely to
an f: X — R with || f||r = || f||pL- Also u extends to X:

fi(A) := n(ANX), AC X Borel.

Let € > 0. By the lemma, there exists a compact set K C X such that WK)>1—e.
The set G := {f|x : f € B} is equicontinuous and uniformly bounded, so by the Arzela-
Ascoli theorem (see [7, Theorem 2.4.7, p. 52]) it is relatively compact in (C(K),| - ||co)-
Hence there are fi,..., f;, € B such that

Vf € B 3¢ such that || flx — filxlls < € (2)
(the e-balls around the f; cover B). Take N such that

I/ﬁwz/ﬁMK6

fork=1,...,N and i > N. Let f € B and choose a corresponding ¢ as in (2). Denote
K. ={x € X : dist(z, K) < ¢},

which is an open set in X. (Here dist(z, K) := inf{d(z,y): v € K}.) For z € K., take
y € K with d(z,y) < €, then

[f(@) = fulz)] < If( ) = Fl+1/y) - f{(y)| +1fe(y) = fo(=)|
< Lip(f)d(x,y) + & + Lip(fo)d(y, z)

< 3e.

Further, X \ K. is closed, so

limsup (X \ Ko) < p(X \ K.) S p(X\K) = (X \K) <e

1— 00

so there is an M with p;(X \ K.) < e for all i > M. Hence for i > N V M,

[ = [ sl < !/szdm—/xfeduH/KE\fe—f\d(uwru)

+/X\K6 o — f1d(s + )

€+6€+/ 2dui+/ 2du
X\K- X\Ke
< 1le,

N

hence dpy, (pi, p) < 1le for ¢ > NV M. Thus, dpy,(u;, ) — 0 as i — oo. O
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Proposition 2.15. Let (X,d) be a separable metric space. Then P = P(X) with the
bounded Lipschitz metric dgy, is separable.

Proof. Let D :={aq,as,...} be a countable set in X. Let
k
M= {aléal—i—---—i—akéak :al,...,akEQﬂ[O,l], ZO(]‘:L ]{3:1,2,...}.
j=1

(Here 6, denotes the Dirac measure at a € X: 6,(A) = 1 if a € A, 0 otherwise.) Clearly,
M C P and M is countable.
Claim: M is dense in P. Indeed, let 4 € P. For each m > 1, ;2 B(a;,1/m) = X.

Take k,,, such that
km,

u(|J Blaj,1/m)) = 1-1/m.

j=1
Modify the balls B(a;, 1/m) into disjoint sets by taking A}" := B(a1,1/m), AT* := B(a;,1/m)\
[Uf;ll B(a;, 1/m)] ,J=2,...,kn. Then A", ... A" aredisjoint and (JI_; A7* = J]_, B(a;,1/m)
for all 5. In particular, M(U§T1 A7) >1—1/m, so

km

> A7) €L —1/m,1].

Jj=1

We approximate

(AT )00y + -+ + p(AR})0ay,,
by

o = 01" 0ay + - + agbm(sakm’

where we choose o € [0,1] N Q such that Z?zl af' =1 and
km
> IAT) — o' < 2/m.
j=1
(First take §; € [0,1] N Q with zz?’:”l 18 — w(AT")| < 1/2m, then >, 8; € [1—3/2m,1 +

1/2m]. Take a; = £;/32; 8 € [0,1] N Q, then > a; = 1 and Zf:l\ﬁj —aj| =1 -

km km
V)32 Bil 22520 By = 1325 B = 1| < 3/2m, s0 351 oy — p(AF)| < 1/2m + 3/2m = 2/m.)
Then for each m, p, € M. To show: p, — p in P, that is, u, — p narrowly. Let
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g € BL(X,d). Then

(/gdum—/gdu‘ = ‘g:aTg(aj)—/gdu‘

km

< ZM(AT)Q(aj)—/QdM‘+(2/m)51]1P l9(ay)|

Jj=1

< / Zg (@)Lap du— [ gdu|+ 2/m)lgle

< I3 [ (st@tay = gtap) du= [ g1 pomc e + @/mlgl
j=1
km km

< 3 s o) — a@a(47) + lallen (U 470°) + 2/l
j=1* € 7j=1

< ZLlp (1 /m)u(AT) + (3/m)g]]oo

< (3/m)||gHBL-
Hence [ gdpm — [ gdu as m — oo. Thus, pm, — p. O

Conclusion. If (X, d) is a separable metric space, then so is P(X) with the induced bounded
Lipschitz metric. Moreover, a sequence in P(X) converges in metric if and only if it con-
verges narrowly and then in both senses to the same limit.

2.5 Measures as functionals

Let (X, d) be a metric space. The space of real valued bounded continuous functions Cy(X)
endowed with the supremum norm || - || is a Banach space. It is sometimes convenient to
apply functional analytic results about the Banach space (Cy(X), | - ||so) to the set of Borel
probability measures on X. We will for instance need the Riesz representation theorem
in the proof of Prokhorov’s theorem. Let us consider the relation between measures and
functionals.

Recall that a linear map ¢ : Cp(X) — R is called a bounded functional if

PN < M|fllec for all f e Cyp(X)
for some constant M. The space of all bounded linear functionals on Cj(X) is denoted by
Cp(X) :={p: Cy(X) — R: ¢ is linear and bounded}
and called the (Banach) dual space of Cp(X). A norm on Cy(X)" is defined by

lell = sup{le(f)] : f € Co(X), [Iflle <1}, @ € Cp(X)'.

A functional ¢ € Cy(X)' is called positive if ¢(f) > 0 for all f € Cp(X) with f > 0.
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For each finite Borel measure p on a metric space (X, d), the map ¢, defined by

oulf) :=/fd/~c, feCy(X),

is linear from C3(X) to R and

oulPI < [ 171d0 < 1o (X).
Hence ¢, € Cy(X)". Further, ||p,| < u(X) and since ¢,(1) = u(X) = ||1|loopt(X) we have

[pull = p(X).

Moreover, ¢,, is positive.

Conversely, if X is compact, then Cy(X) = C(X) ={f : X — R : f is continuous} and
every positive bounded linear functional on C'(X) is represented by a finite Borel measure
on X. The truth of this statement does not depend on X being a metric space. Therefore
we state it in its usual general form, although we have not formally defined Borel sets, Borel
measures, Cp(X), etc. for topological spaces that are not metrizable. We denote by 1 the
function on X that is identically 1.

Theorem 2.16 (Riesz representation theorem). If (X, d) is a compact Hausdorff space and
p € C(X) is positive (that is, o(f) > 0 for every f € C(X) with f > 0) and (1) = 1,
then there exists a unique Borel probability measure p on X such that

o(f) = / fdu for all f € C(X).

(See [16, Theorem 2.14, p. 40].)

Let us next observe that narrow convergence in P(X) corresponds to weak™® convergence
in Cy(X)". The weak* topology on Cy(X)’ is the coarsest topology such that the function
© — @(f) on Cyp(X) is continuous for every f € Cp(X)'. A sequence 1,2, ... in Cp(X)’
converges weak™ to ¢ in Cy(X)" if and only if

0i(f) — o(f) asi— oo forall f e Cy(X).
If w, pq, po, . . . are Borel probability measures on X, it is immediately clear that
pi — pnarrowly in P(X) <= ¢, — ¢, weak* in Cy(X)’,

where, as before, ¢, (f) = [ fdu; and ¢, (f) = [ fdp, f € Cp(X), i > 1.
For the next two theorems see [10, Exercise V.7.17, p. 437] and [17, Theorem 8.13].

Theorem 2.17. If (X,d) is a metric space, then
Cy(X) is separable <= X is compact.
Theorem 2.18. If E is a separable Banach space, then {p € E': |o|| < 1} is weak™

sequentially compact.
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Consequently, if (X, d) is a compact metric space, then the closed unit ball of Cy(X)’
is weak™ sequentially compact. In combination with the Riesz representation theorem we
obtain the following statements for sets of Borel probability measures.

Proposition 2.19. Let (X,d) be a metric space. If (X,d) is compact, then (P(X),dpy) is
compact, where dgy, is the bounded Lipschitz metric induced by d. (Note that any compact
metric space is separable.)

Proof. Assume that (X,d) is compact. Then Cp(X) = C(X) = {f : X — R: f is
continuous}. The unit ball B’ := {p € Cp(X): |l¢| < 1} of Cp(X)" is weak* sequen-
tially compact. As (P(X),dpy) is a metric space, sequentially compactness is equivalent to
compactness. Let (1), be a sequence in P(X) and let

on(f) ::/fdun7 n € N.

Then ¢, € B for all n. As B’ is weak™ sequentially compact, hence there exists a ¢ € B’ and
a subsequence (¢, )i such that ¢,, — ¢ in the weak® topology. Then for each f € Cp(X)
with f >0,
Qp(f) = lim San(f) >0,
k—o0

so ¢ is positive. Further, ¢(1) = limg_,o ¢, (1) = 1. Due to the Riesz representation
theorem there exists a u € P(X) such that p(f) = [ fdu for all f € C(X) = Cp(X). Since
©n, — ¢ weak™, it follows that p,,, — p narrowly. Thus P(X) is sequentially compact. O

2.6 Prokhorov’s theorem

Let (X,d) be a metric space and let P(X) be the set of Borel probability measures on X.
Endow P(X) with the bounded Lipschitz metric induced by d.

In the study of measure valued functions or the limit behavior of stochastic processes
one often needs to know when a sequence of random variables is convergent in distribution
or, at least, has a subsequence that converges in distribution. This comes down to finding
a good description of the sequences in P(X) that have a convergent subsequence or rather
of the relatively compact sets of P(X). Recall that a subset S of a metric space is called
relatively compact if its closure S is compact. The following theorem by Yu.V. Prokhorov
[15] gives a useful description of the relatively compact sets of P(X) in case X is separable
and complete. Let us first attach a name to the equivalent condition.

Definition 2.20. A set I' of Borel probability measures on X is called tight if for every
€ > 0 there exists a compact subset K of X such that

w(K)>1—¢ forall pel.

(Also other names and phrases are in use instead of ‘T" is tight”: ‘T" is uniformly tight’, ‘T
satisfies Prokhorov’s condition’, ‘T" is uniformly Radon’, and maybe more).

Remark. We have shown already: if (X, d) is a complete separable metric space, then {u}
is tight for each p € P(X) (see Theorem 2.9).

Theorem 2.21 (Prokhorov, 1956). Let (X,d) be a complete separable metric space and let
T be a subset of P(X). Then the following two statements are equivalent:
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(a) T is compact in P(X).
(b) T is tight.

Let us first remark here that completeness of X is not needed for the implication (b)=-(a).
The proof of the theorem is quite involved. We start with the more straightforward impli-
cation (a)=(b).

Proof of (a)=(b). Claim: If Uy, Us, ... are open sets in X that cover X and if ¢ > 0, then
there exists a k£ > 1 such that

k
p({JUi)>1-¢ forall peT.
i=1
To prove the claim by contradiction, suppose that for every k£ > 1 there is a u; € I with
Mk(Ule U;j) <1—e. As T is compact, there is a u € I' and a subsequence with pg, — p.
For any n > 1, i, U; is open, so

Ui)

-

p((JU:) < liminf g (

J—00

-
Il
—
-
Il
—_

< liminf g, (

J—0

Ui)ﬁl—e.

C =

.
I
A

But J;2, Ui = X, so u(U;, Ui) — u(X) =1 as n — oo, which is a contradiction. Thus
the claim is proved.

Now let £ > 0 be given. Take D = {aj,ag,...} dense in X. For every m > 1 the open
balls B(a;,1/m), i =1,2,..., cover X, so by the claim there is a k,, such that

km
,u< U B(aj;, 1/m)> >1—e2"™ forall pel.
1=1

Take

oo km

K = ﬂ UE(ai,l/m).

m=11i=1

Then K is closed and for each § > 0 we can take m > 1/6 and obtain K C Uf;"l B(a;,9), so
that K is totally bounded. Hence K is compact, since X is complete. Moreover, for each
uwel

wxv ) = U

IN
(]
=
L—

m=1 i=1

= Z (1 - M(@P(a,, 1/m)))
m=1 i=1

< i e27M=¢
m=1



Hence I’ is tight. O

The proof that condition (b) implies (a) is more difficult. We will follow the proof from
[14], which is based on compactifications. We have shown already that if X is compact,
then P(X) is compact (see Proposition 2.19). In that case (a) trivially holds. In the cases
that we want to consider, X will not always be compact. We can reduce to the compact
case by considering a compactification of X.

Lemma 2.22. If (X, d) is a separable metric space, then there exist a compact metric space
(Y,0) and a map T : X — 'Y such that T is a homeomorphism from X onto T'(X).

(T is in general not an isometry. If it were, then X complete = T'(X) complete = T'(X) C Y
closed = T'(X) compact, which is not true for, e.g., X =R.)

Proof. Let Y := [0,1]N = {(&)2, : & €[0,1] Vi} and

8&m =Y 270G —nl,  &meY.
=1

Then ¢ is a metric on Y, its topology is the topology of coordinatewise convergence, and
(Y,0) is compact.
Let D = {a1,as,...} be dense in X and define

a;(z) := min{d(z, a;), 1}, reX, i=12,....
Then for each k, oy : X — [0, 1] is continuous. For x € X define
T(@) = (as(2) 2, € V-
Claim: for any C' C X closed and = ¢ C there exist € > 0 and 7 such that
ai(r) <e/3, wi(y) >2¢/3 forallyeC.

To prove the claim, take ¢ := min{d(z,C),1} € (0,1]. Take i such that d(a;,z) < /3.
Then «;(z) < ¢e/3 and for y € C' we have

ai(y) = min{d(y,a;),1} > min{(d(y,z) — d(z,a;)),1}

min{(d(z,C) —¢/3),1}

>
> min{2¢/3,1} = 2¢/3.

In particular, if x # y then there exists an ¢ such that «o;(z) # «;(y), so T is injective.
Hence T': X — T'(X) is a bijection. It remains to show that for (z,), and x in X:

Ty, — v <= T(x,) — T(x).

If z,, — z, then o;(x,) — «;(x) for all i, so §(T(x,),T(x)) — 0 as n — oo.

Conversely, suppose that z,, / x. Then there is a subsequence such that & {z,,, Tpn,,...}.
Then by the claim there is an 7 such that a;(x) < ¢e/3 and «;(zy, ) > 2¢/3 for all k, so that
a;(zp,) /7 ai(z) as k — oo and hence T'(x,, ) /4 T(z). O

We can now complete the proof of Prokhorov’s theorem.
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Proof of (b)=(a). We will show more: If (X,d) is a separable metric space and I' C P(X)
is tight, then T is compact. Let I' C P(X) be tight. First observe that T is tight as well.
Indeed, let € > 0 and let K be a compact subset of X such that u(K) > 1—e¢ for all u € I
Then for every p € I there is a sequence (uy,,), in I' that converges to p and then we have
p(K) = limsup,, oo pin(K) > 1 —¢.

Let (ftn)n be a sequence in I'. We have to show that it has a convergent subsequence.
Let (Y,0) be a compact metric space and T': X — Y be such that T is a homeomorphism
from X onto T(X). For B € B(Y), T~(B) is Borel in X. Define

Un(B) := un(T7Y(B)), BeBY), n=1,2,....

Then v € P(Y) for all n. AsY is a compact metric space, P(X) is a compact metric space,
hence there is a v € P(Y) and a subsequence such that v,, — v in P(Y). We want to
translate v back to a measure on X. Set Yy := T'(X).

Claim: v is concentrated on Yj in the sense that there exists a set £ € B(Y) with
E CYyand v(E)=1.

If we assume the claim, define

I/Q(A) = I/(A N E), Ae B(Yo)

(Note: A € B(Yy) = ANE Borel in E = AN E Borel in Y, since E is a Borel subset of
Y.) The measure vy is a finite Borel measure on Yj and v(F) = v(E) = 1. Now we can
translate vy back to

u(A) == w(T(A)) = vo((T71)71(4)), A€ B(X).

Then p € P(X). We want to show that y,, — pin P(X). Let C be closed in X. Then T'(C')
is closed in T'(X) = Yp. (T(C') need not be closed in Y'.) Therefore there exists Z C Y closed
with ZNYy=T(C). Then C ={z € X :T(z) e T(C)} ={x € X : T(x) € Z} =T~ Y(2),
because there are no points in 7'(C') outside Yy, and ZNE =T(C) N E. Hence

limsup pip, (C) = limsupvy,, (Z)
k—o0 k—o0
< v(Z2)

V(ZNE) +v(ZNE°) = v(T(C)NE) +0
— W (T(C)) = u(C).

S0 fin, — M. B
Finally, to prove the claim we use tightness of I'. For each m > 1 take K, compact in
X such that u(K,,) >1—1/m for all p € I". Then T'(K,,) is a compact subset of ¥ hence

closed in Y, so

v(T'(Ky)) > limsup vy, (T(Kp))
k—oo
> limsup pip, (Ky) > 1—1/m.
k—o0
Take E :=J;._1 K. Then E € B(Y) and v(E) > v(K,,) for all m, so v(E) = 1. O
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Ezample. Let X =R, p,(A) :=n"A(AN[0,n]), A € B(R). Here \ denotes Lebesgue mea-
sure on R. Then p, € P(R) for all n. The sequence (), has no convergent subsequence.
Indeed, suppose jin, — i, then

(=N, NY) < Timinf p((—N, N))
= liminf n~'A([0, N]) = liminf N/n = 0,

n—oo n—oo

so u(R) = supys>q u((—=N,N)) = 0. There is leaking mass to infinity; the set {u, : n =
1,2,...} is not tight.

2.7 Marginals and disintegration

This section contains some basic and some advanced concepts from measure theory. We
begin by recalling image measures and product measures.

Let (X, A, ) be a measue space and let (7', 8) be a measurable space. Recall that a
map 7: X — T is called measurable if r—!(B) € A for every B € B. The measure y is
mapped under r to a measure 74/ on 1" given by

ryn(B) = p(r~(B)), BeB.

The measure ryp is called the push forward or image measure of p under r. Then for

B e B,
[ 15 dran(t) = ran(B) = e B) = [ 110y @) dute) = [ 1600 o)
T X

and by linear combinations and monotone convergence theorem this generalizes to

[ @ydrpnt) = [ (@) duta)
T X

for each Borel measurable f: T — [0, 00] and then also for each Borel function f which is
integrable with respect to rypu.

If Q, F,P) is a probability space, then a (real valued) random variable is a Borel mea-
surable function f: @ — R. The image measure f4P is called the (probability) law or
distribution of f.

Lemma 2.23. If (X;, A;), i = 1,2,3, are measurable spaces, f': X; — X; 1, i = 1,2, are
measurable maps, and u is a measure on Ay, then

Fa(fam) = (f2o fHup.

Given two measure spaces (X, A, ) and (Y, B,v), one can construct the product space
of these two. A subset of X x Y is called a rectangle if it is of the form A x B for some
A€ Aand B € B. The o-algebra in X x Y generated by the rectangles is called the product
o-algebra, denoted A ® B. On the rectangles we can define

V(A X B) = p(A)v(B)

and extend ~ by Carathéodory’s extension theorem to a measure on A ® B, called the
product measure of ;1 and v and denoted p ® v.
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If v is a measure on X x Y (more correctly, on A ® B), then its first marginal or
X -marginal is the measure p defined by

w(A) =v(AxY), AecdA,
and the second marginal or Y -marginal of v is given by
v(B)=v(X xB), Be€B.

Clearly the product measure p ® v has marginals g and v, but there may be many more
measures with these marginals.

The marginals of a measure v on X X Y are image measures under the coordinate
projections. Define 7!(z,y) = x and 7%(z,y) = v, (z,y) € X x Y, then 7'(';%’)’ is the first
marginal of v and wiw the second marginal.

Obviously, the concept of marginals applies to larger products. If (X;,A;), i =1,...,n
are measurable spaces and if 7y is a measure on A1 ® - - - ® A, then 7'(';%’)’ is the jth marginal
of v, where 7/ (x1,...,2,) = x;. From Lemma 2.23 it is clear that

1 13 1

1,3(

where 7°(z1,...,2,) = (21,23), and that the obvious similar formulas hold as well.

Next we will consider disintegration. Consider two probability spaces (X,.A, ) and
(Y,B,v). If for each x € X a probability measure v, on B is given such that z — v;(B) is
measurable for all B € B, then

1C) = /X lo(2,y) dve(y) du(z), C € A®B,

defines a probability measure on the product X xY. How many of the probability measures
on X XY can we construct this way? The answer is: all of them, provided the spaces X
and Y are sufficiently nice.

Theorem 2.24 (Disintegration, product form). Let (X,dx) and (Y,dy) be two separable
complete metric spaces. Let v € P(X xY) and p(A) =~v(AxY) for A C X Borel. Then
for every x € X there exists a v, € P(Y) such that

(i) x — vy(B) : X — R is Bx-measurable for every B € By, and

(i1) flz,y)dy(z,y) :/ </ f(z,y) dux(y)> dp(z) for every Borel measurable f :
XxY x \Jy
X xY — [0, 00].

If we make a picture of the situation of the theorem with X a horizontal line segment,
Y a vertical line segment and X X Y a rectangle, then v is a measure on the rectangle.
For each subset A of X we can consider the vertical ‘strip’ A x Y. Its ~-measure will be
the marginal measure p of the set A. The measure v, can be viewed as a measure on the
vertical line above x. The theorem says that if we integrate for each z over the vertical
line above = with respect to v, and then integrate these values over X with respect to p,
we retrieve the integral over the rectangle with respect to . It is probably superfluous to

23



mention that an entirely similar theorem holds true where the inner integral runs over X
and the outer integral over Y.

The above disintegration theorem for product spaces is a special case of the next the-
orem. In a picture we can imagine that instead of considering a rectangle divided into
vertical lines we can take a different shape composed of disjoint curved lines. The next
theorem gives a rigorous formulation of such a situation. The set Z replaces the product
X x Y and the map w replaces the coordinate projection on X. As we do not have the
second coordinate space Y anymore, the measures v, will be measures on the whole space
Z, but concentrated on 7~ !({z}). This more general form also includes the case similar to
the above theorem with the order of integration interchanged.

Theorem 2.25 (Disintegration, general form). Let (Z,dz) and (X,dx) be separable com-
plete metric spaces, let m : Z — X be a Borel map, lety € P(Z), and let u(A) := (7~ 1(A)),
A C X Borel. Then for every x € X there exists a v, € P(Z) such that

(i) vy is concentrated on w1({x}), that is, v,(Z \ 7~ ({x})) = 0 for p-almost every
x e X,

(4) z v Vr(2)(C) : Z — R is Borel measurable for every Borel C C Z, and

(i) [ £)an) = | ( Lo, 7 d%(y)) an(z).

The double integral at the right hand side can be rewritten. Firstly, the measure v,
is concentrated on 7~ 1({z}), so that the set of integration in the inner integral may be
replaced by Z. Secondly, u is the push forward of v under m and the outer integral can
therefore be transformed to an integral over Z, Thus the equality of (iii) becomes

s = [ ( [ 1w duﬂzxy)) d(2).

In this form it is clear that the inner integral at the right hand side is an integrable function
of the variable z.

A dsicussion with proofs can be found in [7, Section 10.2, p. 341-351] or [5, II1.70-74].
We will prove the general form at the end of the next section.

2.8 Conditional probabilities

Disintegration is closely related to the concept of reqular conditional probabilities in prob-
ability theory. In fact, the disintegration theorems of the previous section follow from a
theorem on existence of regular conditional probabilities. Since it is a fundamental concept
in advanced probability theory and clarifies the importance of the underlying spaces being
complete separable metric spaces, we include a discussion of regular conditional probabil-
ities and an existence proof here. We begin with a discussion on conditional expectation.

Let (Q,F,P) be a probability space. Consider a (real valued) random variable f on
Q, that is, f is an F-Borel measurable function from {2 to R. For an interpretation, the
probability space may be seen as a lottery. It draws outcomes w from 2 inexhaustibly, some
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of them being more likely than others. The distribution of the likelyness is given by the
measure P. The probability at each time that the outcome w will lie in a set A from F is
P(A). The value of the random variable f will be f(w), if the outcome of the lottery is w.
The expected (average) value of f (after very many drawings of the lottery) is

Bf = [ f)dP(w) = [ 2 dfyPlo)

The probability that the value of f will be in a Borel set B of R is P({w € Q: f(w) € B}),
which equals f4P(B). Often one abbreviates

{feB}:={weQ: f(w)e B}

The probability that f is in B can be recovered from the expected value of the random
variable 13, since

]P’(f S B) :/Ql{feB} dP = El{feB}-

Consider a set A € F and its complement A° = Q \ A. Suppose that for each drawing
of the lottery someone tells us whether w is in A or not. Then we still don’t know what
the value of f will be, but we can give a more precise expected average than Ef. Indeed,
if wis in A, then the expected value of f will be the average value of f on A, which is
4 F(&)dP(&)/P(A). If w is said to be in A® the expected value is [,. f(§)dP(£). The
combination of these two values is called the conditional expectation of f conditional on
the information w € A or w € A°. Notice that the conditional expectation is not just a
number, but depends on w. It is itself a random variable.

Of course one can easily extend to the case that the given information is whether w is
in Ay or As or ... in A,, where A;..., A, are disjoints sets with A; U---U A,, = Q. The
conditional expectation g of f is now equal to [ A, [(w)dP(w)/P(4;) if w € A;. This can be
written in one formula as

(9= 3 /A (€ P& PA 4 ()

It is easily observed that the conditional expectation ¢ is the unique function that g such
that g is constant on each A; and on that set the average of g equals that of f, which comes
down to [, gdP= [, fdPfori=1,...,n.

The situation is more difficult if there are infinitely many sets A involved. For instance,
if Q@ = [0, 1] it could be that someone tells us if w is between 0 and 1/3, between 1/3 and 2/3
or between 2/3 and 1. In the first case we are also told whether w is in [0,1/9), [1/9,2/9)
or [2/9,1/3) and in the third case whether w is in [2/3,2/3+1/9), [2/3+1/9,2/3+2/9) or
[2/342/9,1]. In each of the cases [0,1/9), [2/9,1/3), [2/3,2/3+1/9), and [2/3+2/9, 1] we
get the information in which of the three equal parts w is and then for each first and third
part of the subinterval again information in which of the three equal parts, and so on. An
explicit formula for the conditional expectation is now more difficult. In the general setting,
the information given is described by a sub-c-algebra C of F. We suppose that for each
A € C we are told whether w is in A or not. In the case of the finite partition Aq,..., Ay,
C will simply be the (finite) o-algebra generated by these sets. Knowing whether w € A;
or nor for each ¢ is equivalent to knowing it for each set of the o-algebra. It may not
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be possible to partition {2 into smallest disjoint pieces of C. Instead of saying that the
conditional expectation should be constant on each of the pieces of a disjoint partition we
require instead that it should be C measurable. In the above cases of finitely many sets this
condition is equivalent. Thus we arrive at the following definition.

Definition 2.26. Let (Q, F,P) be a probability space, let f:  — R be a random variable,
and let C be a sub-o-algebra of F. The conditional expectation of f given C, denoted E[f|C]
is a random variable on €2 such that

(a) E[f|C] is C-measurable

(b) /AE[f]C]d]P’:/Afd]P’ for all A € C.

It is a consequence of the Radon-Nikodym theorem that E[f|C] exists for each F-
measurable f with [|f]|dP < oo and that it is unique up to P-almost everywhere equality.
Furthermore, f — E[f|C] in linear from the vector space of F-measurable P-integrable
functions to the vector space of C-measurable P-integrable functions, E[1|C] =1 a.e. on €,
and if f < g a.e. on Q, then E[f|C] < E[g|C] a.e. on Q. The following lemma is sometimes
useful.

Lemma 2.27 (Monotone convergence for conditional expectations). Let (2, F,P) be a
probability space, let f1, fa, ... be positive F-measurable P-integrable functions on 2 and let
C be a sub-cg-algebra of F. If fr < fry1 a.e. for each k and f = limyg_, fi a.e., then

E[f|C] = kli)ngoE[fk\C] a.e. on .

Proof. Denote g, = E[f|C], k € N. We have 0 < gi, < gi41 a.e. for all k. Let g := suppey gk-
Then g is C-measurable and positive a.e. By means of the monotone convergence theorem
applied to f and to g we obtain that

/ngP’:lim/gkd]P’:/fkdIP’:/fd]P’,
c k- Jc c c

for every C' € C, which means that g is (a.e. equal to) the conditional expectation of f given

C. O

Is there a similar concept of conditional probability? If we throw a dice and someone
tells us that the outcome is odd, we know what the probability is that the outcome is 1, 2,
3,4, 5 or 6. In the general setting of a random variable f on a probabiity space (2, F,P)
and a sub-o-algebra C of F a reasonable definition of the conditional probability that f € B
given C would be

Ppc(B) = E[l{sepy[C]-

This leads to serious technical difficulties. To make sense, the conditional probabilities that
fisin B or not in B should add up to 1. More generally, given that we know for each w
whether it is in C or not for every C' € C, the probability that f € B should give a probability
measure on the collection of Borel sets B of R. The random variable E[1 ;¢ }|C], however,
is only determined up to P-almost everywhere equality. This means that for a Borel set
B C R the conditional probabilities that f € B or f ¢ B need not add up to 1 on a subset
of € of measure 0. Of course we can ignore this set. However, the collection of all Borel
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sets B of R is uncountable, so we can not simply take union of all exception sets of measure
0 to make sure that the conditional probability is a probablity measure for almost every w
in 2. We will list the desired properties of conditional probabilities in the next definition
and then study its existence. Instead of only real-valued random variables we may as well
consider random variables with values in R™ or even more general metric spaces.

Definition 2.28. Let (2, F,P) be a probability space, (T, B) a measure space, F': Q — T a
measurable map, and C C F a sub-o-algebra. A (reqular) conditional probability distribution
for F given C is a function Py¢: B x  — [0, 1] such that

(a) B+ Pyc(B,w) is a probability measure on B for P-almost every w € (2
(b) For every B € B the map w + Pyc(B,w) is C-measurable and
Pro(B,w) = E[l{pepy|Cl(w) for P-almost every w € .

A regular conditional probability distribution does not always exist. As pointed out
above, the difficulty in the definition is that there may be uncountably many sets B in B.
It turns out that a regular conditional probability can be constructed if the sets of B can
suitably be approximated by sets of a countable subcollection. It is here where topology
starts playing a role. Such an approximation by a countable collection can be carried out
if T is a separable complete metric space.

Theorem 2.29 (Existence of regular conditional probabilities). If T is a separable complete
metric space, B its Borel o-algebra, (0, F,IP) a probability space, F: Q@ — T a measurable
map, and C a sub-c-algebra of F, then there exists a regular conditional probability distri-
bution Pyc for F' given C on B x ). It is unique in the following sense: if P’ is another
reqular conditional probability distribution for F given C, then for P-a.e. w €  we have

P'(B,w) = Pyc(B,w) for all B € B.

In the proof of the theorem we will need the following lemma. Recall that a collection
V of subsets of a set T is called an algebra if it contains the empty set, T\ A € V for all
AeVand AUBeVforall A,BeV.

Lemma 2.30. IfV and D are two algebras of subsets of a separable complete metric space
T,V CDand u: D — [0,00) is (finitely) additive and for every B € V we have

w(B) =sup{u(B): K C B, K €D, K compact},
then p is o-additive on V.

Proof. Suppose not: there are By, Bg,... in V disjoint and B € V such that B = |J;2, B;
and 6 := u(B) — 3.0% u(B;) > 0. Let Cj, :== B\ U B;. Then Cy € V, Ci 2 Chat,
Nrey Cr = 0, and p(Cy) > 0 for all k. Take for each k a compact set K, € D with K, C Cy,
such that u(Cy \ Kz) < 27%6/2. Then

p(Kin-NEKy) = p((Crn--nCy)\ | (Cr\ Ki))
k=1

> (Cn) = > 1(Cr \ Ki)
k=1

> p(Cn) = 6/2 > 6/2,
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so K1N---NK, #0 for all n. Since the sets K}, are compact it follows that (-, Kx # 0.
This contradicts C, 2 Ky, and (- C = 0. O

Proof of Theorem 2.29. Choose a countable dense subset {t1,t2,...} of T. Let
U:={B,(t): keN, reQ,r >0},

where B, (t) denotes the open ball in T" with center ¢ and radius . The collection U is
countable and generates the o-algebra B. Let V be the algebra generated by Y. Then
also V is countable. (Indeed, there are finite Uy C Uy C -+ such that U = [J;—, Ui. The
algebra V, genereted by Uj, is also finite and (J;; Vi is an algebra and equals V. Hence V is
countable.) The image measure pp = FuP of P under F is a Borel probability measure on
T and since T is separable and complete up is tight. Hence for every B € V we can choose
a sequence By C By C B3y C --- of compact sets in T with By C B for every k such that
pr(B) = limg .o up(Bg). Then the functions 1ypep, ) increase in k and converge P-a.e. to
l{repy- Due to mononote convergence for conditional expectations,

E[l{reB,|C] — E[l{reny[C].

Let D be the algebra of subsets of T' generated by V and by the compact sets of each of the
sequences By C By C that have chosen above for each B € V. Then D is countable.

For each set D € D the conditional expectation E[1{pcpy|C] is determined up to P-a.e.
equality. Let us fix for each D € D a particular choice of E[1{rcpy|C] on © and define

Ppie(D,w) == E[l{repy[C], w € Q.
We claim that there exists a subset W € F with P(W) = 0 such that
(1) For every D € D, w + Ppjc(D,w) is C-measurable;
(2) For every D € D, Ppic(D,w) >0 for all w € Q\ W;
(3) Ppie(T,w) =1 and Ppic(d,w) = 0 for all w € Q\ W;
(4)

4) For every D1,..., D, in D disjoint,

n
Prie(DyU-+-UDp,w) =Y Ppe(Dj,w) for all w € Q\ W;
Jj=1

(5) For each B € V with the sequence(B;) corresponding to B as chosen above,

Ppie(B,w) = jlir&E[l{pij}\C](w) for all w € Q\ W.

Indeed, the functions w +— Ppjc(D,w), D € D, defined above satisfy all these properties if
‘for all w € 2\ W’ is replaced by ‘for P-almost every w in €. Since there are only countably
many sets D in D, we can take W to be the union of all the exception sets in the ‘P-almost
everywhere’ relations. Then P(WW) = 0 and (1)—(5) hold.

Next we extend the definition of Ppic(B,w) to all B € B and show it to be a probability
measure. Because of (2), (3), and (4), the map D +— Ppc(D,w) is additive and positive.
Because of the lemma and property (5), for every w € Q\ W the map D + Ppc(D,w)
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is o-additive on the algebra V. By the Carathéodory extension theorem, it extends to a
o-additive measure p,, on the g-algebra generated by V, which is Bas B2OV D U and U
generates B. Clearly u,(T) = 1, by (3). We show that (B,w) — p,(B) has the desired
properties of the regular conditional expectation.

Let

& :={B € B: w+ uy,(B) is C-measurable and
pw(B) = E[l{pepy|Cl(w) for P-a.e. w € Q}.

Then £ 2 V since p,(B) = Ppc(B,w) = E[l{pepy|C] for B € V and we have (1). Also,
£ is a o-algebra. For a proof, notice that ) € ¥V C £ and that for B € £ we have that
wi— puy(T\ B) =1 — p,(B) is C-measurable and

fo(T\ B) =1 — pu(B) = 1 — E[l{pepy[C](w)
= E[lg — I{pepy|Cl(w) = E[lg\(reny[C](w)
= E[l{per\nC](w) ae. w € Q,

so that T\ B € €. Further, if By, By, ... € £ are disjoint, B = |J;-; B, then p,(B) =
> pey to(By) for almost every w € Q, so w — pu,(B) is C-measurable, and by the monotone
convergence theorem for conditional expectations,

po(B) = Ellirep,y|Cl(w) = E[Y  1ipep,)ICl(w)
k=1 k=1

=E[lyy reBy[Cl(w) = E[lirepy[Cl(w) ae w €,

so B € £. Hence & is a o-algebra. Since B is the smallest o-algebra containing U and £ is
a o-algebra containing V D U, we conclude that £ O B. Hence every B € B satisfies the
two properties in the definition of £, which means that

(B,w) — PF\C(B7W) = pw(B)

is a regular conditional probability distribution for F' given C.

To see the uniqueness, we use that P'(B,w) = E[l{pepy|C](w) for almost every w € Q
and every B € B. Since V is countable we can combine the exception sets for B € V and
obtain a W’ € F with P(W’) = 0 such that P'(B,w) = Pp|c(B,w) for every w € Q\(WUW’)
for every B € V. Now fix w € Q\(WUW’). Since P'(-,w) and Pp¢(-,w) are both probability
measures on B and V is an algebra generating B on which they coincide, they must be equal
on B (by a uniqueness theorem related to Carathéodory’s extension). Hence for P-almost
every w € §2 we have

P'(B,w) = Ppc(B,w) for all B € B.

O

Let us next show how the disintegration theorem follows from the existence of regular
conditional probabilities.

Proof of disintegration theorem, general form. Take (Q,F,P) = (Z,Bz,7),C = {r 1 (A): A €
Bx}, (T,B) = (Z,Bz), and F(z) = z for all z € Z. Then the regular conditional probability
Ppic: Bz x Z — [0,1] exists.
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For each B € By, z +— Ppjc(B, 2) and z — E[l{pcpy|C](2) are equal y-almost everywhere
on Z. Both are C-measurable and therefore constant on each set of the form 7=1({x}),
where © € X. (Otherwise the subset of 771 ({z}) where it equals one of the different values
would be a non-empty strict subset, but there is no Borel set A in R for which 771(A)
is a non-empty strict subset of m#~!({x}), which contradicts the C-measurability.) From
constant and almost everywhere equal, it also follows that Ppc(B, z) = E[l{rcp|C](2) for
all z € 7=*({z}) (and not just for almost all z).

Let Z1 be the set of all z € Z for which B + Ppc(B,z) is a probability measure.
Then v(Z;1) = 1. Let X be set of all z € X for which there exists a z € 7~ 1({z}) with
z € Z1. Then u(X1) = 1. Indeed, for every z € 7= 3(X \ X1) the set 7~ {n(z)} doesnot
contain an element of Z;, so z € Z \ Z, hence 77 1(X \ X1) C Z \ Z; and therefore
WX\ X1) = 7(n (X \ X1)) < 4(Z\ Z1) = 0.

For x € X; we can now unambiguously define
Vy(B) := Ppc(B,2), B € Bz,

for some z € 71 ({z}) N Z;. Fix any probability measure v/ on Bz. For z € X \ X1 we
define v, :=v'.

Then clearly for x € X, v, is a Borel probability measure on Z. For x € X, we have
for some z € 771 ({z}) that

ve(Z\ 7' ({2}) = Ppie(Z \ 77" ({z}), 2)
= E[l{pez\x-1({21)}IC](2)
= E[l 1)) [Cl(2)
=112y (2) =0,

where we used that Z \ 7= !({z}) = 7~ 1(X \ {x}) € C. Hence v, is concentrated on
Z\ 7 t{x}) for all z € X;.

For any B € Bz we have that z +— v..\(B) = Ppic(B, 2)1z,(2) + V'14 7, (2), which is
Bz measurable.

Finally, for B € Bz,

/Awm m)@@Z//m@mM@mw
_L%U<my /aszmw>
- [ Bllreniclz) ap(2)

= / Lipepy dP
z

:Lummwa
/ /wl({x}) vy du / Jleyd

holds for f = 1p for any B € Bz. Then by linear combination also for functions of the from
f = r_iarlp,. Then by the monotone convergence theorem the formula also holds for

Hence
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any positive Borel measurable function f: Z — [0, 00]. By taking difference of two positive
Borel functions we also find the formula for any bounded Borel function f. O

3 Optimal transportation problems

Optimal transportation problems aim to minimize costs or energy needed to transport mass
from a given initial state to a given final state. We will consider the Monge and Kantorovich
optimal transportation problems in metric spaces and discuss existence and uniqueness of
optimal transportation plans.

3.1 Introduction

Monge studied a question concerning transportation of a volume of mass from a given initial
position to a given end position in such a way that the total cost of the transportation
computed as mass times distance is minimal. In modern formulas such a problem reads as
follows. Let Vy, Vi be open subsets of R% with equal volumes (i.e., equal Lebesgue measures).
Find a bijective map 7: Vy — Vj such that

/ Vol — ()| da
Vv

is minimal. Without loss of generality the total volume may be assumed equal to 1. Instead
of a volume of mass, one could consider a distribution of mass over R? given by a probability
measure /4 (or, more specifically, a density function f). The desired end distribution is geven
by a probability measure v. A transportation map r should be such that all mass that should
be in a set B in the end situation should equal all mass transported to B from somewhere
in the initial state. Thus we should require that v(B) = u(r~!(B)) for each Borel set B.
That is, v = ryp. Instead of R? one could consider arbitrary separable complete metric
spaces and instead of the distance one could consider an arbotrary cost function c¢. This
yields the problem that is nowadays referred to as Monge’s problem:

Given two separable complete metric spaces X and Y and two measures p € P(X),
v € P(Y), and given a Borel measurable function ¢: X x Y — [0,00), find a Borel
measurable map r: R? — R? such that v = ryp and

| clar(@)dnte)
X
is minimal.

Kantorovich stated a more general version of this problem in 1942. His idea is to
describe a transportation by a measure 1 on the product space X x Y. The amount of mass
transportated from A to B is then given by n(A x B). All mass that should be present in
the set B in the end situation should come from somewhere, so v(B) = n(X x B). Similarly
all mass present in A in the begin should go somewehere, so u(A) = n(A x Y). Hence u
and v are the first and second marginals of 7 Denote the set of all transport plans by

I(pu,v) ={n € P(X xY): n has first marginal y en second mnarginal v}.

Kantorovich’s problem is:
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Given two separable complete metric spaces X and Y and two measures pu € P(X),
v € P(Y), and given a Borel measurable function ¢: X xY — [0, 00), find v € T'(u, v)
such that

/ c(z,y)dn(z,y)
XxXY
is minimal.

Definition 3.1. The measure n € I'(u, v) is called optimal for c if

/cdn = min{/ c(z,y)dy(z,y): v € T'(p,v)}

(possibly co = 00).

3.2 Existence for the Kantorovich problem

The existence of an optimal measure for the Kantorovich problem is a consequence of
Prokhorov’s theorem.

Lemma 3.2. Let X and Y be separable complete metric spaces and let p € P(X) and
vePY). Then T'(u,v) is a compact subset of P(X xY).

Proof. Notice that X x Y is also separable and complete. We first show that I'(u,v) is
tight. As X and Y are separable and complete, the measures p and v are tight. Let € > 0.
Choose compact sets K C X and L C Y such that u(K) > 1—¢/2 and v(L) > 1 —¢/2.
Then K x L is compact in X x Y and for v € T'(u, v),

VX XY N KxL) < 9((X\K)xY)+(X x (Y\L))
= UX\K)+pu(Y\L)<e/2+¢/2.

Hence I'(u, v) is tight. By Prokhorov’s theorem, I'(u, v) is relatively compact in P(X x Y').

It remains to show that I'(p, v) is closed in P(X xY'). Let (7, )n be a sequence in I'(u, v)
and 7 € P(X xY) be such that 4, — 7 narrowly. Due to the Portmanteau theorem we
have for any C C X closed,

n(C xY) > limsupn,(C xY)

n—oo

= limsup u(C) = pu(C)

n—oo

and for U C X open,
nUxY) < linH_lgfﬁn(U xY)
~ lminfp(U) = u(U).
Let C' C X be closed and let
Up ={z e X: dist(z,C) <1/m}, m>1.
Then each Uy, is open and (1,51 U = C and (5, (U x Y) = C' x Y. Hence
n(CxY) = lim n(UnxY)
< lim pu(Un) = p(C).
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Thus, n(C xY) = u(C). Hence p is the marginal on X of 7. In a similar way we can show
that the marginal of 7 on Y is v and therefore n € T'(u, v). O

Theorem 3.3. Let X and Y be separable complete metric spaces, let € P(X) and v €
P(Y). Let c: X xY — [0,00) be continuous. Then there exists n € T'(u,v) such that

/cdn:min{/cdfy: veT(u,v)}.

Proof. Write o := min{ [ edy: v € T(u,v)}. If @ = oo, then n = p ® v € I'(u,v) satisfies
[ ¢dn = 00 = a. Otherwise, for n > 1, take a v, € I'(u, v) with

/cdnn <a+1/n.

By the previous lemma, I'(u,v) is compact. Hence there exists n € I'(u, ) and a subse-
quence eta,, — 1 as k — co. For k> 1 and m > 1 we have [c¢Amdn,, < [cdny,, <
a+ 1/ng. Hence

/cdn: lim [ cAmdnp= lim lim [ cAmdn,, <a.

m—00 m—o0 k—o00

Remark. The previous theorem is a special instance of a general principle: a l.s.c. function
on a compact metric space has a minimum. The above lemma says that I'(u, ) is a compact
metric space. The map n — [ ¢dn is Ls.c. due to Proposition 2.12(c).

3.3 Structure of optimal transportation plans

The support of an optimal transportation plan is a special type of subset of X x Y. The
support of a measure 1 on a metric space Z is defined by

suppn = {z € Z: n(U) > 0 for every open neighborhood U of z}.

Suppose that a certain amount of mass is transported from z1 to y; and from x5 to ys.
Then transporting that mass from zs to y; and from x; to y2 (keeping the rest the same)
would also yield a transportation plan. If the plan is optimal, such permutations could not
decrease the cost. This observation leads to the following definition.

Definition 3.4. A set S C X x Y is called c-monotone if

n n

Z c(To(s), Yi) > Z c(zi, i)

i=1 i=1
for every (x;,y;) € S,i=1,...,n, and every permutation o of {1,...,n}.

The next theorem states that optimal transportation plans have c-monotone supports.
We begin with a lemma.
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Lemma 3.5. Let X and Y be separable complete metric metric spaces, p € P(X), v €
P(Y), and n € I'(u,v). Then there exists a pu-full Borel set A C X such that

Vee AdyeY: (z,y) € suppn.

Further, p(n™ (suppn)) = 1 and v(z (suppn)) = 1.

Proof. The set S := suppn is closed hence Borel. As X x Y is separable and complete, n
is tight, so
1=n(S) =sup{n(K): K CS, K compact}

Choose K,, C S compact such that n(K,) > 1— 1/n, for n > 1. Then 7% (K,) is compact
in X and p(r*(K,)) =n(K,) >1—1/n. Hence A :=J, K, is a p-full Borel set in X. If
x € A then z € 7% (K,,) for some n, so (z,y) € K,, C S for some y € Y. O

Theorem 3.6. Let X and Y be separable complete metric spaces, p € P(X), v € P(Y),
and c: X XY — [0,00) continuous. If n € T'(p,v) is optimal for ¢ and [ cdn < oo, then

suppn :={z € X xY: n(U) > 0 for every neighborhood U of z}

1S a c-monotone set.

Proof. (See [11, Theorem 2.3].) Suppose that suppn is not c-monotone. Then there are
n € N and a permutation o of {1,...,n} such that the function

Flut, o tn,v1, .. 0p) 1= Z <c(u0(i),vi) — c(uy, vz))

i=1

is strictly negative at some (z1,...,Zn, y1,...,Yn) with (x;,y;) € suppn. We will construct
a more cost efficient measure than 7 and thus show that 5 is not optimal for c.

As f is continuous, we can choose Borel neighborhoods U; of x; and V; of y; such that
flur, ... up,v1,...,0n) <0 foru; € Uy and v; € Vi, i =1,...,n. As (z4,y;) € suppmn,

A:=minn(U; x V;) >0

Define 7; € P(X x Y) by

1
(W) = —n((U; xV;) N W W C X xY Borel.
771( ) n(UZ % V) (( ) ) = ore
Consider
Z=(X xY)"
and p € P(Z) given by
P=Mm: Q.
Let 7TiXI Z — X be deﬁnedbyﬂix(ul,vl, ey U, V) = U andﬂ'ZY: Z — Ybyﬂ'zy(ul,vl, .
v;. Recall that 7TiX ® 71'}/ denotes the map (u1,v1,...,un,vn) — (us,v;). Define

n

yo= 77—22(7‘(‘ @1y )up + = Z ®7T)

= n——Zm —Z Ty O T} )P

=1
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Then

) = W) =2 S ()
=1
1 A
> n(W)——Z NGARAK n((Ui x Vi) N W)
> W)~ = S n(w) =0,
i=1

for every Borel set W C X x Y. So « is a positive Borel measure. It is easy to check that
v € P(X xY). Further, for A C X Borel,

( Ty ® )#p(A xY) = p({(ur,v1,...,up,v,) € Z: ( Uq(i), Vi) € AXY})
p{(u1,v15 -+ Un,Un) € 2 Ug(y € A})
= no(i)(AX Y)a

SO

n

HAXY) = n(AxY)—gzmmeH%Z( w © 7 )pp(Ax V)
=1 =1

= __anAXY Zna(z AXY (A)

and similarly v(X x B) = v(B) for B CY Borel. Hence v € I'(u, v).
Finally,

fop i emden= [ e @ @) ap

SO

/cd7

N
/ cdy+ = Z /Z (e(mo (@), (2)) = elw¥ (2), 7 (2)) do2)

- /cdn+5/ FEX @), wX (@)Y ()oY (2) do()
T JUL XV XX U X Vi

< /cdn,

since p is concentrated on Uy x Vi x --- x U, x V,, and f < 0 on this set. Thus we have
that ~ is more cost efficient than 7, so that 7 is not optimal. O

A converse to this theorem will be proved in the next section.

3.4 Kantorovich potentials

Consider again the Kantorovich problem. Throughout this section let (X,dx) and (Y, dy)
be separable complete metric spaces. Let ¢: X x Y — [0,00] be a cost function and let
pw € P(X) and v € P(Y). Imagine that a supplier has goods distributed at different
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positions according to the measure p and that a demander wants the goods to be delivered
at different positions given by the distribution v. A transportation plan v € I'(u,v) says
that an amount v(A x B) of the goods located in the set A will be transported to positions
in the set B. The total costs of this transportation plan will be [, c(z,y)dy(z,y). A
transportation company wants the costs to be paid by the supplier and/or the demander.
Suppose that the company charges ¢(x) per unit to the supplier to take goods from position
x and t¥(y) per unit to the demander to deliver the goods at position y. Of course the
supplier and demander are not willing to pay more than the total costs needed for the
shipping, so that
o) +v(y) <clz,y) forallz € X, yeY.

The optimazation problem for the transportation company is

masx{ /X () du(z) + /Y by) duly): olz) +b(y) < cla,y) for all z € X, y € Y},

This problem is sometimes called the dual problem to the Kantorovich problem. The optimal
price functions ¢ and v turn out to play an important role in the analysis of optimal
transportation plans, which will yield an answer to Monge’s problem. We will first associate
a certain function ¢ to a c-monotone set and then show that that the functions ¢ and ¢°
associated to the support of an optimal transportation plan are optimal prices for the dual
problem.

Definition 3.7. Let ¢: X x Y — [0,00) be Borel measurable. Let S C X x Y be a
non-empty c-monotone set. Fix (zg,yo) € S. The function ¢: X — [—00, 00| defined by

»
¢(x) = inf{ Z <C($z‘+1,y) - C(Cﬂi,yi)) :peN,
i=1
Tpr1 =z, (x5,y;) € Sfori=1,...,p}
is called the Kantorovich potential of S for ¢ fixed at (zg, o).

The relation between the cost functionals ¢ and ¥ will be given by the following gener-
alization of the Legendre-Fenchel transform.

Definition 3.8. For a function ¢: X — [—00, 0], the c-transform of ¢ is defined by

) = inf (cw.y) —p(x)).  yeY.

The c-transform of a function ¥: Y — [—o00, 00] is

V@) = f (c(ey) ~wly),  reX.

yey

Here we use the convention that inf () = oo, inf co = oo, inf(—o00) = —o0, and the infimum
of a set that is not bounded below is —ooc.

In the case X = Y = R? and c(z,y) = (z,y) the function ¢° is Legendre-Fenchel
transform of f or, if d = 1, the Legendre transform.
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Proposition 3.9. Let c: X x Y — [0,00) be Borel measurable. Let S C X XY be a non-
empty c-monotone set. Fix (xg,yo) € S. Let ¢ be the Kantorovich potential of S for ¢ fized
at (zo,y0). Then

(1) ¢ is Borel measurable

(2) ¢(x0) =0

(3) p(x) > —o0 forallz € A:={uec X: Jy €Y with (u,y) € S}
(4) o(x) + ¢°(x) = c(z,y) for all (z,y) € S

(5) ¢°“(x) = @(x) for all x € A.
Proof. Define

¢q(z) = inf { Zp: ( c(Tig1, i) — c(xi,yi)> :

1=0
Tpt1 = T, (xlayl) 657 1:17"'7p7 1 gpSQ}
Clearly ¢q(z) | ¢(z) for all z € X.

We first show that ¢, is upper semicontinuous for each ¢. Suppose up — u in X. Let
€ > 0. Then

p—1

pq(u) = c(z,yp) — c(@p, yp) + Z (C(l“z‘ﬂ,yz‘) - C(l“z‘,yz‘)> —€
=0
for some p < ¢ and (z;,y;) € S. Then
p—1
‘Pq(uk) S c(uka yp) - C(.%'p, yp) + Z (c(xi-f-h yl) - C(I’Z‘7 yl))7
1=0
SO
p—1
hiﬂ sup pq(ug) < c(u,yp) — c(zp, yp) + Z (C($i+1,yz‘) - C(Cﬂi,yi))
e i=0

< pg(u) +¢.

Hence ¢, is u.s.c.

(1): We know that ¢, is u.s.c. hence Borel and ¢, — ¢ pointwise, so ¢ is Borel
measurable.

(2): On one hand, choose (z1,y1) = (x0,y0) € S. Then p(xo) < c(xo,y1) — c(x1, 1) +
c(x1,y0)—c(xo,yo) = 0. On the other hand, as S is c-monotone, for (z;,y;) € S,i=1,...,p,

p p
Zc(xa(i ZC xlayl
=0

1=0

in particular with the permutation o(i) =i+ 1 for 0 <i < p—1 and o(p) = 0. So, with

the notation x,11 = xo,
p
Z ( xl-ﬁ-layl (xl7yl)) Z 07
=0
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50 ¢(zg) > 0. Hence p(xg) = 0.

(21): p(u) < @(2) +c(u,y) — c(z,y) for all w € X and (z,y) € S. Indeed, for any p € N

and (z;,y;) € S,i=1,...,p, we have
e(u) < @ps1(u)

p
< co(u,y) +Z( (Tit+1,Yi) —C(%’,yz’)),

=0
where z,11 = . So, by taking infimum over {(z;,y;): 0 <1i < p},
p(u) < cu,y) = c(z,y) + ().
(3): If (z,y) € S, then by (21),
p(x) = elxo) — c(xo,y) + c(x,y)
c(z,y) — c(xo,y) € R.

(4): Let ¢ := ¢° Then p(z) + 9(y) = c(x,y) for all (z,y) € S. Indeed, by definition,

Y(y) = inf <C(u,y) - w(@)-

ueX

We have by (23) that c(u,y) — o(u) > c(z,y) — (), so

Y(y) > c(z,y) — ().

From the definition of ¢ we find with u = = also ¥ (y) < ¢(x,y) — o(z).
(5): Let z € A. We have

@ (a) = inf (c(w) - soc(y)>,

yey
= inf (c >
ueX

Let y € Y. Then c(z,y) — ¢°(y) > c(x,y) — (c )forallueX so (with u = )
c(x,y) — ¢°(y) > ¢(x). Hence p°“(z) > ¢(x). Conversely, since x € A, there exists ay € YV
such that ¢°(y) = c(z,y) ~p(x). Then ¢*(z) < clz,y)~ ¢ (y) = c<x,y>—( (z,9)—¢(z)) =
(@) O

We are now ready to prove a characterization of optimal transportation plans in terms
of c-monotonicity of their supports.

Theorem 3.10. Let X and Y be separable complete metric spaces, u € P(X), v € P(Y),
and c: X XY — [0,00) continuous.

(1) If n € T(u,v) is optimal for ¢ and [ cdn < oo, then
suppn :={z € X xY: n(U) > 0 for every neighborhood U of z}

1$ a c-monotone set.
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(2) If n € I'(p,v) is such that

— suppn is c-monotone, and
- ,u<{x eX: [,clzy)dv(y) < oo}> >0, and
— u<{y €eY: [yclz,y)du(z) < oo}) >0

then n s optimal for c.

(3) In the situation of (2), one also has

min{/cd’y: ’YGP(M,I/)}
:max{/gpd,u+/¢dl/: o e LY (p), v e L'(v),

o(z) +¢(y) < e(z,y) Y(z,y) € X x Y}

and the maximum at the right hand side is attained at the Kantorovich potential ¢ of
suppn for ¢ (fized at some point (xo,yo)) and ¥ = ¢°.
Proof. (1): has been proved in the previous section.

(See [11, Theorem 2.3].) Suppose that suppn is not c-monotone. Then there are n € N
and a permutation o of {1,...,n} such that the function

flur, .o tun,v1,...,0p) = Z <c(u0(i),vi) - c(ui,vi))

i=1

is strictly negative at some (z1,...,Zn, y1,...,Yn) with (x;,y;) € suppn. We will construct
a more cost efficient measure than 7 and thus show that n is not optimal for c.

As f is continuous, we can choose Borel neighborhoods U; of x; and V; of y; such that
flug, ... up,v1,...,0p) <0 foru; € Uy and v; € Vi, i =1,...,n. As (24,y;) € supp,

A:=minn(U; x V;) >0

Define 7; € P(X x Y) by

1
(W) = —n((U; xV;) N W W C X x Y Borel.
772( ) T](Uz % V) (( X ) ) = X ore
Consider
Z=(XxY)"
and p € P(Z) given by
P=Mm: Q.
Let 7¥: Z — X bedefined by 71X (u,v1,. .., Un,vp) == w;and 7} : Z — Y by n} (uy,v1,. ..
v;. Recall that 7TiX ® 71'}/ denotes the map (u1,v1,...,un,vn) — (us,v;). Define

n

yo= 77—22(7‘(‘ @1y )up + = Z ®7T)

= n——Zm —Z Ty O T} )P

=1
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Then

W) = W)= 23 (W)
=1
> g -1 A wixvnw)
- n 2 U V)
> W)= =Y u(w) =0,
=1

for every Borel set W C X x Y. So « is a positive Borel measure. It is easy to check that
v € P(X xY). Further, for A C X Borel,

( O'(Z)®7T )#p(AXY) = p({(u1,v17"'>unavn)€ZZ (UO.(Z),’UZ)GAXY})
= p({(wr,v1,. . un,0n) € Z: up(y € A})
= @) (A XY),

SO

n

WAXY) = n(AxY)—gzmmxngD 7 @ ) pp(Ax V)

=1
= __2772 AXY Zna(z AXY (A)

and similarly v(X x B) = v(B) for B CY Borel. Hence v € T'(u, v).
Finally,

/Xxy“”” o )pr= [ el ().} () dn

SO

/cd’y

N
[ean+ > [ (e (ml () = el (). () o)

- /cdn+i/ FEX @), m X (@ (2), Y () dp(2)
T JUL XV XX U X Vi

< /cdn,

since p is concentrated on Uy x Vi x --- x U, x V,, and f < 0 on this set. Thus we have
that ~ is more cost efficient than 7, so that 7 is not optimal.

(2) and (3): Let S := suppn, which is a c-monotone subset of X x Y. Fix (zg,y0) € S
(n(S) = 1 so S is non-empty) and let ¢ be the Kantorovich potential of S for ¢ fixed at
(20, y0). The proof is divided into several claims, clustered by topic. We first establish some
properties of ¢, then of 9 = ¢, and then we show that ¢ and 1 are L' functions. Then
we derive some more connections between ¢, ¥ and 7, and finally we conclude the proof.

Due to Proposition 3.9 we know that (A1) ¢ is Borel measurable, (A2) ¢(xg) = 0, (A3)
p(x) > —oo for all z in

A:={ue X: JyeY with (u,y) € S},
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(B1) ¢(z) + ¢°(z) = c(x,y) for all (z,y) € S, and ¢°“(z) = ¢(z) for all z € A.

Since p(A) = n(S) = 1, it follows that ¢(z) > —oo and therefore ¢(z) € R for p-a.e.
x € X. Then also ¥(y) € R for v-a.e. y € Y, by (B1).

Claim B2: % is v-measurable. Due to Claim B1,

Y(y)ls(z,y) = (C(az,y) - go(x)) 1s(z,y) forall (z,y) € X xY
and (z,y) — c(z,y) — ¢(x) is a Borel map by Al. Hence (z,y) — ¥(y)ls(z,y) is n-

measurable. By disintegration, there exist n, € P(X), y € Y, such that y — [ f(z,y) dny(z)
is v-measurable and

/X><Y f(x,y)dn(x,y)Z/Y</X f(x,y)dny(x)> dv(y)

for every Borel function f: X xY — [0,00]. The set S = suppn is closed and therefore a
Borel set. From the disintegration formula with f = 1g we obtain that

/ 1s(z,y)dny(z) =1 for v-almost every y.
X

+
If we apply now the disintegration to f(z,y) = (c(:v, y) — go(:c)) 15(y) for some Borel set
B CY, then

+ X X = C\T — X * X
YT (y)ls(z,y) dn(z,y) /xw<( »Y) — ¢ )) dn(z,y)

- /B ( /X <c(x,y)—cp(x))+d77y(x)> dv(y)

XxB

and

[ tosenaen = [ ([ otonsenan@) ao)

_ /B¢+(y) </X ls(x,y)dny(:c)> dv(y).

It follows that

v (y) (/X Ls(z,y) dm;(%)) = /X <C(x7y) - w(ﬂc))+ dny(z) for v-ae. y €Y,

SO

v (y) = /X <C(ﬂf,y) - 90(56))+ dny(xz) for v-a.e.y €Y.

Hence 9T is v-measurable. Similarly, ¢~ is v-measurable and thus 1 is v-measurable.
Claim C1: ¥t (y) < c(z,y)+¢~ (z) for all (z,y) € S. Asc > 0, we have c(x,y)+¢p~ (z) >

0. Also c(z,y) + ¢~ () > ¢(z,y) — @(x) = 1(y). Hence c(z,y) + ¢~ (x) = YT (y).
Claim C2: ¢t € LY(u) and o+ € L'(v). By assumption, u(X1) > 0, where

X = {x € X: /Yc(x,y) dv(y) < oo}.
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Choose x € X; such that v({y: (z,y) € S}) = 1. Then ¢ < ¢(z,-) + ¢ (z) v-a.e. on Y

(by Claim C1), so
/ prdr < / c(z,y) + (x)> dv(y) < oo,

since x € X7 and ¢~ (z) € R (by Claim A4). Similarly, o™ (z) < c(z,y) + ¢~ (y) for
(z,y) € S and there exists a y s.t. u({z: (z,y) € S}) =1, ¥~ (y) € R (Claim Blbis), and
Jx clz,y)dp(z) < oo, so

/gp+dy</ (z,y) dp(x /¢ ) du(x
X

Claim C3: [y c(x,y)dn < co. We have

/XXyCd” = /(so(w)+¢(y)) dn(z,y)
= /@dﬂ+/¢dy
/@*du+/w+dy<oo.

Claim C4: ¢ € L'(u) and ¢ € L'(v). For (z,y) € S we have

= clz,y) = ¥(y) = cl,y) - (y)
> —c(z,y) =t (y),

so o~ (x) < e(x,y) + T (y). Hence
[ean = [e @y < [ (o) + 07 0) ditay)

= /cdn+/1/1+du<oo.

So [leldu < [t du+ [~ dp < co. Similarly, [ |[¢|dv < cc.
Claim D1: ¢(z) + ¥(y) < ¢(z,y) for all (z,y) € X x Y. We have

IN

o(z)

Wly) = int (clu,y) - p(u)) < cla,y) - o).

ueX

Claim D2: For vy € I'(u, v),

/ cdy
XxY

Y

y (@(fﬂ) + w(y)) dvy(z,y)

/.
— / o(x) du(z) + / Y(y) dv(y)
/.



Conclusion: From D2 we see that 7 is optimal for ¢, that is,

min{/ cdry: ’yel“(,u,y)} :/ cdn.
XxXY XxY

Further,
max{ [ fdu+ [gdvi 1L, g€ L), f@) +9(0) < clay) Viay) € X x Y
= /cp(w) du(x)Jr/w(y) dv(y) = /cdn-

Finally, we have ¢ = ¢¢ by definition of . O

Remark. The conditions in the previous theorem that

o [cdn< oo,
. ,u<{x €eX: [ye(zy)dr(y) < oo}> > 0, and

. 1/<{y€Y: Jx c(z,y) du(z) < oo}) >0,

are implied by the stronger condition that [cdu® v < oo, as is easily seen with the aid of
Fubini.

Let us next consider a special case and show that there the Kantorovich potential
inherits some regularity of the cost function. Recall that a map h from a metric space A

into another metric space B is called locally Lipschitz if for every zg € X and every r > 0
there exists an L € R such that

d(h(z), h(zo)) < Ld(x,x0)

for all z in the open ball B(zg,r) around x¢ with radius r. This means that the restriction
of h to each ball is Lipschitz. For example, the function t — t*> from R to R is locally
Lipschitz but not Lipschitz.

The special situation that we are mostly interested in is the case X = Y = R and

c(z,y) =z -yl

Proposition 3.11. Consider X = Y = R Let c(z,y) = hlz —y), =,y € R, where
h: RY — [0, 00) is differentiable, locally Lipschitz, and such that Vh from R? to its range is
bijective with a Borel measurable inverse. Let S C X X Y be a non-empty c-monotone set
and assume that

A={z e X: JyeY with (z,y) € S}

is bounded. Fizx (xo,y0) € S. The Kantorovich potential ¢ of S for ¢ fixed at (xg,yo) is
locally Lipschitz on A and ¢°© is locally Lipschitz on X.

Proof. Take R > 0 such that A C B(0,R). Let » > 0. We show that ¢ is Lipschitz
on B(0,7). Since h is locally Lipschitz, h is L-Lipschitz on B(0, R + r) for some L. Let
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x1,w2 € B(0,7). Let € > 0 and choose y € B(0, R) such that ¢°(y) > —oo (use (3) of
Proposition 3.9). Then

e“(x1) — p“(z2) < clm1,y) —¢°(y) — (0(962, y) — ¢ (y) — 6)
= h(z1—y)—h(za—y) +e¢
< Lz — 22| + &

as x; +y € B(0,r + R), and hence
¢“(x1) — ¢*“(22) < Lfz1 — 22l.

Thus, by interchanging the role of z1 and zg, | (21) — p“(z2)| < L||x1 — z2||. Hence ¢
is locally Lipschitz.
By (5) of Proposition 3.9 it follows that ¢ is locally Lipschitz on A. O

3.5 Existence and uniqueness for the Monge problem

We will now address the questions
e When is the optimal transportation plan 7 of the Kantorovich problem unique?

e When does the optimal 1 solve the Monge problem, that is, n = (i ® 7)4u for some
Borel map r : X — Y7 (Recall, i(x) =z for all x € X.)

We begin with a sloppy sketch of the argument and then prove a version of a theorem on
uniqueness and the Monge problem and mention a more general theorem.

We will consider the case that X = Y = R? and c(z,y) = h(x — y) for some strictly
convex function h. In particular, we have h(z) =
x| in mind, where || - || is the usual Euclidean norm of R,

Suppose 1 € I'(u, v) is optimal for ¢ and that ¢(z,y) = h(z — y) with h differentiable.
We want to find a Borel map 7: X — Y such that n = (i ® r)gp, that is, n(W) =
pw({x: (z,r(z)) € W}) for Borel sets W C X x Y. In other words, we want to show that 7
is concentrated on the graph of a Borel map. We will try to find for each x € X a unique
point y with (z,y) in the support of 7.

Let ¢ be a Kantorovich potential associated to suppn. For (z,y) € suppn we have
¢(x) +¢°(y) = h(z —y). Since p°(y) = infuex (h(u -y - w(@) = h(z —y) = ¢(z), the
function u — h(u —y) — p(u) attains its minimum at v = z. Hence, if ¢ is differentiable at
:L"

Vh(z —y) = Vp(z).
If u— Vh(u) is invertible, we obtain z —y = (Vh)"1(Ve(z)), so

y=a—(Vh) ™ (Ve(z)).

Hence for = such that ¢ is differentiable at x there is exactly one y with (x,y) € suppn.
Thus we can take

r(z) =2 — (V)" (Vo()).
The main mathematical problems to make the argument work are the differentiability of
© and the Borel measurability of . We will not be able to obtain everywhere differentiability
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of . Instead we will impose conditions that yield that ¢ is locally Lipschitz and then use
Rademacher’s theorem to conclude its Lebesgue almost everywhere differentiability. We
need the map r at least u-a.e. defined and therefore require that u is absolutely continuous
with respect to the Lebesgue measure on R

Recall that a map f : R* — R™ is called differentiable at = € R? if there exists a linear
operator L, : R? — R™ such that for every € > 0 there is a ¢ > 0 with

flx+u) = f(u) = Lou
[

<e forallueR? with 0 < ||ul| < 4.

If m = 1, then L, is represented by a vector, which is denoted by V f(x), that is, Lyu =
(Vf (), u).

Denote the Lebesgue measure on RY by £¢.

Theorem 3.12 (Rademacher). Let f: RY — R be locally Lipschitz. Then f is differentiable
L%-almost everywhere. Moreover, D = {x € R%: fdifferentiable at x} is a Borel set and

otherwise

is a Borel map from R? to R%.

Now we are in a position to prove a theorem on uniqueness for the Kantorovich problem
and existence for the Monge problem. More sophisticated statements are given in Theorem
3.14.

Theorem 3.13. Consider X =Y = R?. Let ¢(x,y) = h(z — y), =,y € RY, where h: R —
[0,00) is differentiable, locally Lipschitz, and such that Vh from R? to its range is bijective
with a Borel measurable inverse. Let p,v € P(R?) be such that

o [xuy bz —y)dy(z,y) < oo for some v € T'(p,v),
. u({x eX: [y h(z—y)dv(y) < oo}) >0,

. u<{y eY: [(hlz—y)du(z) < oo}) >0,
and such that
o 1 is absolutely continuous with respect to LY,
e supp v is bounded.
Then:
(1) there is a unique n € I'(u,v) that is optimal for c;

(2) 7 is induced by an optimal transport map, that is, there exists a Borel map r: R? — R?
such that n = (1 ® ) up;

(3) the map r of (2) satisfies
r(z) =z — (Vh)"H(Ve“(x)) for p-a.e. z € RY,

where ¢ is a Kantorovich potential associated to suppn.
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Proof. Let A1 C X be a p-full Borel set such that for all z € A; there is a y € Y such that
(z,y) € suppn, p“(x) = p(z) (use Proposition 3.9), and ¢(z) € R.
Take R > 0 such that suppr C B(0, R). Then for z € A;,

pl)= it (cl.y) = ¢'(@)).

since

pla) = @)= nf (cz.y) = ¢*())

< it (elwy) - W) = (@),

where the latter equality follows from Proposition 3.9(4).

Due to Proposition 3.11, ¢ is locally Lipschitz.

Let Ay be an L%full Borel set such that ¢° is differentiable at every z € Ay (by
Rademacher’s theorem). Then Aj is also p-full, as p is absolutely continuous with rspect
to £ Let A:= A; N Ay. Then A is a u-full Borel set and for every x € A we have

e there is a y € R? with (2,%) € suppn and therefore y € B(0, R) and p(x) + ¢°(y) =
h(x - y),

o p(z) = p*(),

e o(x) € R and ¢ is differentiable at z.

Let x € A. There exists y such that (z,y) € suppn. Consider such a y. The function
ur— h(u —y) — ¢“(u) then attains its minimum ¢¢(y) at v = = and is differentiable at x.
So

Vh(zx —y) — Ve“(z) = 0.

Hence Vi(z) is in the range of Vh and z — y = (Vh) "1 (V(z)), so
y =z~ (Vh) ™ (Ve™(x)). 3)
Define

[ z—(Vh) TN (Ve*<(x)) z€A
rie) = { 0 : v A

Due to Rademacher’s theorem and the assumptions on h, we infer that r: R — R? is a
Borel map. Moreover, we have (z,7(z)) € suppn for all z € A, as follows from (3). Further,
in the arguments preceding (3) y is an arbitrary element of R? with (z,y) € supp7n and
thus we obtain that for x € A,

(z,y) € suppn <=y =r(x).

Consequently,
n({z € A: (z,7(2))}) = n(suppn \ (A xY)) = 1.
Next we claim that

n=(Qr)gu.
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For a proof, let U x V C R? x R? with U C R? and V C R? Borel. Then
n(U x V) = n(U XV N {(z,r(z)): z € X})
- n((Uﬁ {z: r(z) € V}) x Y)

= WU {z: (@,r(@) €UxV})
= ((®@r)gu(U x V).

Finally, we address uniqueness of 7. Suppose 71,72 € I'(u,v) are both optimal for c.
Then also n := %771 + %?72 € I'(u,v) is optimal for ¢. By the first part of the proof given
above, we obtain Borel maps 71,7: R¢ — R such that

m=0@@r)gp and 1= ().

As mp is absolutely continuous with respect to n, we have

Ul({(ﬂc,r(x)): T € Rd}) =1.

Then
m ({(x,r(x)) T € ]Rd} N {(x,rl(x)): T € ]Rd}> =1,

771<{(m,r(x)): T € Rd,r(x) = rl(gy)}) — 1

Hence r = ry p-a.e. and, consequently, m = (i ® 71)4p = (i @ r)gp = 1. Therefore
n = 2. O

The conditions in the previous theorem can be relaxed. In particular the condition that
the support of v be bounded and the differentiability of h. An interesting setting is where
h is strictly convex. The extension of the result requires more sophisticated knowledge on
almost everywhere differentiability, which we will not discuss here. We only mention the
result.

Theorem 3.14. Consider X =Y =R%. Let ¢(x,y) = h(z —y), v,y € RY, where h: R? —
[0,00) is strictly convex. Let u,v € P(R?) be such that

o [y clz,y)dy(z,y) < oo for some vy € I'(u,v),
. M({ﬂ: cX: fY c(z,y)drv(y) < oo}) >0,

. y<{y eY: [yelx,y)du(z) < oo}) >0,
and such that

o 1 is absolutely continuous with respect to L.
Then:

(1) there is a unique n € I'(u,v) that is optimal for c¢;
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(2) 7 is induced by an optimal transport map, that is, there exists a Borel map r: R? — R?
such that n = (1 ® 7)pp;

(3) the map r of (2) satisfies
r(z) =z — (Oh)"Y(Vp(x) for p-a.e. z € RY,

where ¢ is a Kantorovich potential associated to suppn.

4 Gradient flows in Hilbert spaces

Let (H,(,)) be a Hilbert space over R and consider a function ¢: H — R. We view ¢
as a potential and we are interested in flows in H that stream in the direction of steepest
descent of . More specifically we will study the differential equation

y(t) ==Ve(y®), t=0.

If there exists for each z € H a differentiable map y: [0,00) — H such that y.(t) =
—V(yz(t)), then the map (¢, z) — y.(t) is called a gradient flow in H for the potential .
Let us first define the notion of differentiability that we will consider.

Definition 4.1. Let (X, | - | x) and (Y, | - |ly) be normed spaces, let U be an open subset
of X,let f: U =Y, and let z € X. Then f is called (Fréchet) differentiable at x if there
exists a bounded linear map L,: X — Y such that

S+ h) = f@) = Lehlly

lim
h—0 17l x

=0,

that is, for every € > 0 there exists a 6 > 0 such that for all h € X with 9 < ||h]|x < ¢ we

have 5 I A
F 4 h) = §@) ~ Lablly __
172/l x
The map L, is called the (Fréchet) derivative of f at x and denoted by f'(x).

If X =R"” and Y = R™, then one often considers f’(x) to be the matrix representation
of L, with respect to the standard basis rather than the linear map itself. If X is a Hilbert
space and Y = R, then L, is a bounded linear functional on X and therefore by the Riesz-
Fréchet representation theorem there exists a y € X such that Lyh = (h,y) for all x € X.
This representation element y is then called the gradient of f at x and denoted by V f(z).
Thus, a function ¢: H — R (where H is a Hilbert space) is differentiable at z if and only
if there exists an element Vo(x) € H such that

b [0+ 1) = (@) = (b, Vpla))|

= 0.
IR]|—0 [|A]]

A map y: [0,00) — H is differentiable at ¢ € (0,00) if and only if

1
y'(t) := lim

s—t § —

<y(s) - y(t)) exists in H

and it is called (right) differentiable at 0 if
1

y'(0) := 151{{)1 S (y(s) - y(O)) exists in H.
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4.1 Existence and uniqueness

Definition 4.2. Let H be a Hilbert space and let ¢: H — R be differentiable. A gradient
flow curve for ¢ is a map y: [0,00) — H such that

y is differentiable at each ¢ € (0, c0),
y is right differentiable at 0,
y'(t) = —Vo(y(t)) for all t > 0.

If ¢ is such that V¢ is a Lipschitz map, then existence and uniqueness of gradient flow
curves follow from the “standard” theory of differential equations with Lipschitz coefficients.
Let us formulate the result for the Lipschitz case with a sketch of its proof and then discuss
what kind of conditions we want to impose on . Recall that a map F': X — X (where X
is a normed space) is called Lipschitz if there exists a constant L such that

|F(z) — F(y)|| < L||z — y| for all 2,y € H.

Theorem 4.3. Let X be a Banach space and let F: H — H be a Lipschitz map. For every
u € X there exists a unique differentiable y: [0,00) — X such that y'(t) = F(y(t)) for all
t >0 and y(0) = u.

Proof. Let us sketch a proof. Consider the integral equation

y(t) =u +/0 F(y(s))ds, t=>0.

The integral here is a Banach space valued integral, which can be defined as a limit of
Riemann sums. It suffices to show that the integral equation has a unique continuous
solution, since it will then be differentiable due to the continuity of F' and the fundamental
theorem of calculus (in Banach spaces). Fix T > 0 and denote E : C([0,T]; X), the space
of continuous functions on [0, 7] with values in E. Endow E with the norm

[flle = sup e [|f(t)]x, f€E,
t€[0,T]

for some sufficiently large o to be determined later on. Then (FE, || - ||g) is a Banach space.
Define

(R(f)(t) ::u—{—/o F(f(s))ds, te[0,T], f€E.

Then R maps F into E and

ICR()E) = (R(9)(B)]lx = H/O F(f(s)) — Flg(s)) dz| x
< | E(f(5)) = F(g(s))llx ds

<L | |If(s)=g(s)|xds, forall t €[0,T],
0
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where L is the Lipschitz constant of F'. Hence
t
IR(7) = R(o)l = supe [(RUO = (R)Olx < supeL [ 7(5) = g(s) | ds

t T
< supL/ e~ aPhatease 0% f(s) — g(s) | x da < L/ e || f — gllp ds
t 0 0

< (L/2a)1 = e“)|f = gllp < (L/2a)||f — gl

Choose o > L. Then R is a strict contraction F. The Banach fixed point theorem yields
existence of a unique fixed point of R, which is easily seen to be a solution of the integral
equation for ¢ € [0,T]. If we do the same for 7" instead of T' we find a unique solution for
t € [0,7"]. Due to uniqueness the two solutions coincide on [0,7] N [0,7”]. Therefore we
can obtain a unique solution defined at each point of [0, c0). ]

Without a Lipschitz condition existence (and/or uniqueness) could fail. For instance,
the one dimensional differential equation

y'(t) = —y(t)*, t>0, (4)

vy _
_E_l’
SO % =t+c soy(t)= tj%c With Y (0) = u we obtain ¢ = —1, so
1
t) = .
y(t) t—i-%

If w > 0, then the solution exists for all ¢ > 0. If uw < 0, then y(t) = H% exists for all
t €10, —%) If ¢t approaches —1/u, then y(t) — oo, which means that the solution ‘blows

)

up’.
The differential equation
y'(t) =F(y(t), t=0, (5)

with

H% if u >0,
yt)=4 0 ifu=0,
11_,5 if u < 0.

The solution exists for all ¢+ > 0, whatever the sign of u. Both function z — —z? and F are
equally non-Lipschitz. The different behavior is due to the difference in sign at the right
hand side. In equation (4), if () is positive for some ¢, then the derivative is negative, so y
decreases, so the derivative becomes less negative, so y decreases slower, etc. The solution
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‘stabilizes’. If y(t) is negative for some ¢, however, y'(t) will be negative, so y decreases,
so 3’ becomes even more negative, so y decreases even faster, etc. Hence y(t) goes quicker
and quicker to —oo. If the right hand side would be Lipschitz, the ‘growth’ to —oo would
be at most exponential. In the case of —y(t)? as right hand side, the amplifying effect is
so strong that it results in blow up. In (5) the right hand side is such that y would start
decreasing as soon as it is positive and increasing as soon as it is negative. So in (5) the
right hand side always ‘stabilizes’.

It is therefore no surprise that (5) has a solution y: [0,00) — R for any initial condition.
A similar effect holds true for any decreasing continuous right hand side. Is there an
analogous effect in higher dimensions?

Phrases as ‘decreasing’ or ‘opposite sign’ do not make sense for functions on R”. The idea
is to involve the notion of convexity. Decreasing functions on R correspond to derivatives
of concave functions, or rather —1 times derivative of convex functions. Convexity is also
defined for functions on R™ or even on arbitrary vector spaces. The right hand sides that
we will consider are minus the gradient of a convex function.

Definition 4.4. Let X be a vector space over R. A function ¢: X — R is called conver if
for every z,y € X we have

(1 —=t)z+ty) < (1 —t)p(z) +tp(y) for all ¢t € [0, 1].

The following theorem is the main theorem on existence and uniqueness of gradient
flows for convex functionals on Hilbert spaces. Its proof is long and complicated. We will
only consider a very brief sketch. For full details one can consult [4, 8, 9] (Crandall-Liggett,
Brezis, Clement).

Theorem 4.5. Let H be a Hilbert space over R. If p: H — R is differentiable and convex,
then for every uw € H there exists a unique y: [0,00) — H such that

y'(t) ==Velyt), t=0,
y(0) = u.
Idea of proof. Fix h > 0. Discretize the differential equation with FKuler’s implicit scheme,

y((n+ Dh) — y(nh)
h

= —Vp(y(nh).

Then, with y,, = y(nh),
Ynt1+hVo(Yni1) = yn,
so that
Y1 = (I +hVe) ™ (yn).
One of the difficulties is to show that the function x — x + hVp(z) is invertible. Then

Jn(x) == (I +hVe) Yz), z€H,
is called the resolvent associated to V. We obtain
Yn = Ji?(u)’
and this is hoped to be a good approximation for y(nh). The next steps are to show that
y(t) := lim 7 ()

exists and that the function y thus defined is the unique solution. U
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In many practical situations the functional ¢ will not be entirely convex, for instance
the function z +— (z — 1)?(x 4 1)2. The existence theorem above can be extended to such
functions as well. A function ¢ H — R is called a-convezr (for some a € R) if

[0
7ot Sl

is convex on H. Instead of ¢ being convex in the previous theorem it is sufficient that ¢ is
a-convex for some o € R.

4.2 Evolution variational inequality

The gradient flow differential equation

y'(t) = =Ve(y(t))
for a convex function ¢ on a Hilbert space H can be rewritten in a form which does not
involve the derivative of ¢ nor any other linear structure of the Hilbert space. It only uses
the metric of H. This form then makes sense in any metric space and we will use it to
generalize the concept of gradient flow.

Theorem 4.6. Let H be a Hilbert space over R and let ¢: H — R be differentiable and
convez. For a differentiable y: [0,00) — H we have
y'(t) = —Vo(y(t)) for allt >0
if and only if
1d

577 v (®) - z||> + (y(t) < ¢(z) forallt >0, 2 € H.

For the proof we need the following lemma.
Lemma 4.7. Vp(z) is the unique a € H such that
(a,z —x) < @(z) — p(x) for all z € H.
Proof. Let z € H. Define
zi=(1—-t)z+txr, 0<t<L1
Then convexity of ¢ yields
p(z) < (1= 1t)p(2) + teo(z).
Since ||zx — z|| — 0 as t — 0, we have
[p(zt) — p(x) = (Vop(x), 20 — o)
Iz — ]
Observe that ||z; — z|| = (1 — t)(z — ). We obtain
(Topla), = — o) =t L AR )

i (V@) 2 — @) e(z) — (@)
—ho<u—ww—mr u—ow—mO

< 04 1im (L= 2() + to(x) — o(@)
t10 11—t

=¢(2) — ¢(@).

—0ast— 0.

Iz = x|

t10 1—-t¢
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For the uniqueness, suppose a € H is such that (a,z —z) < p(z) — ¢(x) for all z € H. Fix
y € H with ||y|| = 1. Then

Dol — (Bt

< VSD( )’y> thH
< (P(x + ty) B (p(.%') B <V@($),ty> —0.+t—0
- [tyll ’ ’

so (a — Ve(z).y) < 0. This holds for all y € H, so (consider y and —y) (a — Vy(z),y) =0
for all y € H, so a — V(x) = 0. O

Now we can prove the theorem.
Proof of theorem. Denote F(z) = ||z||?> and G(t) = y(t) — z. Then

SR(@() = P(C)E (1) = (2r,G' (1),

hence
%Hy(t) — 2] = (2(y(t) — 2),y' (1))

If /() = —=Vp(y(t)), then

Clly(e) — 21 = 20y(1) — 2.9/ (1) = 2AVo(w), 2 — y()
< 2((2) — e(y(1)),

due to the lemma.
Conversely, if 4|y (t) — z||2 + ¢(y(t)) < ¢(z) for all z € H, then

(=Y (t), 2 — y(1)) < p(2)e(y(t))
for all z € H, so, by the lemma,
y'(t) = =Vo(y(t)).
O

There is a similar theorem for functions ¢ that are only a-convex for some oo € R. We
state it without proof.

Theorem 4.8. Let p: H — R be a-convex for some a € R and differentiable. For a
differentiable y: [0,00) — H we have

y'(t) = =Ve(y(t)) for allt >0
if and only if ]
1 o
5V = 2l + S lu() = 2] + e(u(®) < o(2)

forallze H, t > 0.

93



5 Gradient flows in metric spaces

Let (X, d) be a complete metric space. In view of the equivalent formulation of a gradient
flow in a metric space we will call a curve y: [0,00) — X a gradient flow for a potential
function ¢: X — R if

1d 9

S S dw(0),2) + ply(1) < plz) Torall € X, 120,
There are three issues to take care of. First, some regularity of y is needed to guarantee
that %d(y(t), 2)? exists. Second, A suitable condition on ¢ replacing the convexity of the
Hilbert space case will be needed. Third, existence and uniqueness needs to be established.

5.1 Absolutely continuous curves

For a function y: [0,00) — X we cannot talk about differentiability because X need not
have any linear structure. Instead we can define a suitable notion of absolute continuity.
We start by recalling some facts from real analysis.

If y: [a,b] — R is differentiable almost everywhere, then its derivative y’ is measurable,
where we set y/(t) = 0 at every ¢t where y is not differentiable. If 3’ is integrable, that is
y' € L'[a,b], can we recover y from y' in the sense that

o) = [ oL

In general not.

Ezample. The Cantor function g: [0,1] — [0,1] is defined as follows. On [1/3,2/3] g
equals 1/2, on [1/9,2/9] g equals 1/4 and on [7/9,8/9] g equals 3/4. Then on [1/27,2/27]
g equals 1/8, on [7/27,8/27] g equals 3/8, etc. It can be show that g is continuous,
increasing, differentiable almost everywhere, and that ¢’ = 0 almost everywhere. Clearly,

1
0 9'(t)dt # g(1) — g(0).
Functions which are anti-derivatives of their almost everywhere derivative are the so-

called absolutely continuous functions. There is a more explicit way to describe thid prop-
erty, which we take as definition.

Definition 5.1. Let (X, d) be a metric space. A function [a,b] — X is called absolutely
continuous on [a,b] if for every £ > 0 there exists a 6 > 0 such that for any disjoint
subintervals (a1,b1), ..., (ay,by) of [a,b] we have

3 dly(ar) y(by) < .
k=1

An absolutely continuous function is continuous. The Cantor function is continuous
but not absolutely continuous. The following theorem is well known in real analysis and
we include it without a proof.

Theorem 5.2. For y: [0,00) — R the following statements are equivalent:

(a) y is absolutely continuous
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(b) there exists a v € L'[a,b] such that y(t ) + f s)ds for all t € |a,b].
If (a)-(b) hold true, then y is differentiable almost everywhere and y' = v almost everywhere.
The following lemma is very useful.
Lemma 5.3. Let y: [0,00) — (X, d). The following statements are equivalent:

(a) y is absolutely continuous on [a,b]

(b) there exists a u € L'[a,b], with u > 0 a.e. such that d(y( ) < f r)dr for all
a<s<t<b.
Proof. (b)=(a): Let U(t f s)ds, t € [a,b]. Then U is absolutely continuous. Let

e > 0. Take § > 0 such that

ai,b an, by) disjoint
i Zk(1(bkzakj<6 }:ZW (bg) — Ulag)| <e.

Then

U(t) = sup{> " dly(ts-1),y(te)): a =t < - < t, = b} = Var (y; [a,B]),

which is called the total variation of y over [a,t]. We first show that U(t) is finite for all
t. For € > 0 take § > 0 corresponding to the absolute continuity of y. Fix a partition
a=5y<...<S8p=>bsuch that |sp — sp_1| < J for all k. Then

Z d(y(sj—1),y(s;)) < me.
j=1

Let a =tp < ... < t, = b. Make a joint refinement a = rg < ... < r; =0b; {to,...,tn} C
{ro,...sm} {805+ 8m} C {ro,...,r}. By the triangle inequality,

n l
Zd(y(sk—l Z Tz 1,Y ZZEIkd Tz 1,Y (TZ))
k=1 i=1

k=1 1

where I, = {i: 7; € (sg—1,8k]}. Then > . ; d(y(ri—1),y(r;)) < e for all k by the choice of
6 and sq,...S,. Hence

Zd(y(tk—l),y(tk)) < me.
k=1
Clearly, U(t) > U(s) + d(y(s, y(t)), so

d(y(s),y(t)) <U(t) —Ul(s).
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Next we show that U is absolutely continuous. Let € > 0. Take § > 0 corresponding to
the absolute continuity of y. Let (aq,b1),..., (an,b,) be disjoint subintervals of [a, b] such
that >, _,(by — ar) < d. Observe that

U(bg) — Ulag) = sup{z d(y(ti—1),y(t)): ax =tg < -+ < ty, = b}.
=1

Choose tlg, o tE , such that

m

mp

> dy(ti),y(t) > Ut) = Ulti—1) —</n
=1

for each k =1,...,n. Then S (tF | —#,) < by — ay, so
D U (tk) = Ultr—1)| < e +ne/n = 2e.
k=1

Hence there exists a u € L'[a, b] such that U(t) = U(a) + f(j u(s)ds. U is increasing, so
u>0ae and

t
Ut)—-U(s) = / u(s) ds.

O

Definition 5.4. Let (X, d) be a metric space. A function y: (0,00) — X is called absolutely

continuous on (0, 00), notation y € AC((0,00); X), if y is absolutely continuous on [a, b] for
every 0 < a < b.

Notice that y(t) = Int is such that 3/(t) = 1/t € L'[a,b], so y is absolutely continuous
on [a,1] for all @ > 0 but not on [0, 1].

5.2 Gradient flows

Let (X, d) be a metric space.

Definition 5.5. Let ¢: X — R. The Ewvolution Variational Inequality (EVI) is the in-

equality
1d
Ead(y(t), 2)% + o(y(t)) < () for ae. t >0, for all z € X.

We say that a map y: [0,00) — X is a solution of (EVI) if
y: [0,00) — X is continuous,
y € AC((0,00); X), and
y satisfies (EVI).

A solution of (EVI) is called a gradient flow for the potential .
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If X is a Hilbert space, there exists a solution of (EVI) if ¢ is convex. In an arbitrary
metric space there are no lign segment and convexity is not defined. It turns out that there
is a similar existence theorem for gradient flows in arbitrary complete metric spaces if ¢
satisfies a suitable condition replacing the convexity. It actually is a joint condition on ¢
and the metric of X. As a motivation for the condition we consider an identity in Hilbert
spaces first.

Lemma 5.6. Let (H,(,)) be a Hilbert space. For every x,u,v € H and every t € [0,1] we
have
(1= tyu+to —z]* = (1 = t)|lu—2|* + tljv — 2| — (1 = 1) Ju - v|>.

Proof.
11— 8)(u — ) + (o — 2)|> = (1 = )%|u— 2|2 + 3]|o — 22+ 26(1 — t){u — x,0 — x)
=(1=2t+t)|u—z|® +3|lv — z||* + 2t(1 — t)(u — z,v — )
= (1= Dllu = 2]+t — 22 = 10 = 1) (flu - 2| = 2(u — 2,0 = 2) + v - 2|]?)
= (1= t)l|u — 2l + tlo — ]| — t(1 — )]ju - v]>

It follows from the lemma that ¢: H — R is convex if and only if for every 6 > 0
Ol(L = )+ to — 2 + (1 = t)u+ tv) <(1 =) (Ollu = 2 + p(w) ) + ¢(Blu — 2l + o(v))
—0t(1 —t)||u — 0|2
for all ¢ € [0, 1].

Let (X, d) be a metric space and let ¢: X — R. Consider the following to conditions on ¢:

(H1) For every z,u,v € X there exists v: [0,1] — X continuous such that v(0) = u,
7(1) = v and such that

0d(4(8),2)? + (1) <(1 = ) (9d(u,2)? + p(w)) + ¢ (0d(v,2) + (v) )
—0t(1 — t)d(u,v)?
for all t € [0,1] and all 6 > 0.

(H2) ¢ is bounded below on some closed ball, that is, there exist m € X, r > 0, and a € R
such that ¢(x) > « for every x € X with d(x,m) <.

The following theorem on existence and uniqueness of gradient flows for ¢ holds true.

Theorem 5.7. Let (X,d) be a complete metric space, let p: X — R be lower semicontinu-
ous and such that (H1) and (H2) hold. Then for every u € X there exists a unique solution
y of (EVI) with y(0) = u. That is,

y: [0,00) — X is continuous,
u is absolutely continuous on (0, 00),
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and
%%d(y(t), 2)2 + o(y(t)) < p(2) a.e. on (0,00) for all z € X.

Moreover,
t — o(y(t) is decreasing

and if uy,us € X with corresponding solutions yi,y2, then

d(y1(t),y2(t)) < d(uy,us) for allt > .

Condition (H1) is a mixed condition on the function ¢ as well as on the metric d. For
instance, if ¢ = 0, then the remaining property of the metric d needed to satisfy (H1) is
quite similar to the structure of a Hilbert space metric. Apart from Hilbert spaces, there
is another interesting class of metric spaces that satisfy (H1) for ¢ = 0 (and many other
functions ¢): the Wasserstein spaces. They are spaces of probability measures endowed
with a metric defined as an optimal cost in a Kantorovich problem.

6 Wasserstein spaces

6.1 The Wasserstein metric

The set of Borel probability measures on a complete separable metric space can be endowed
with the topolgy of narrow convergence. This topology is metrizable, for instance by the
bounded Lipschitz metric. With the aid of Kantorovich’s optimal transport problem we can
define another metric. It turns out that this metric suits well to the conditions concerning
existence of gradient flows.

Recall the following existence result.

Theorem 6.1. Let (X,d) be a separable complete metric space and let c: X — [0,00) be
lower semicontinuous. For every u,v € P(X) there exists an optimal transport plan v for
c, that is,

v €Dl(u,v):={neP(X): eta(Ax X)=pu(A4), n(X x A) =v(A) for all A C X Borel}

and

/ c(x,y) dy(r,y) = inf{ c(x,y)dn(z,y): ne€l(u,v)}
XxX XxX

The set of all optimal transport maps for ¢ with marginals p and v is denoted by I,
For p > 1 the map (z,y) — d(z,y)P is continuous. Define for u,v € P(X),

Wy (p, v) :=inf{ d(x,y)” dn(x,y): 1 € T(p,v)}"/?
XxX

1/p
(/ d(z,y)? d’y(w,y)> , with v € To(p,v).
XxX

Note that W,(i,v) = co may occur. We will restrict W), to a subset of P(X) on wich it is
finite.
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Definition 6.2. Let (X, d) be a separable complete metric space and let p > 1. A € P(X)
is said to have finite pth moment if there exists an xg € X such that [ d(z,y)? du(z) <
00. The subset of measures with finite pth moment is denoted by

Pp(X) :={p € P(X): there exists zp € X such that / d(z,y)? dpu(z) < oo}
X

Observe that P,(X) = P(X) if the metric space has finite diameter in the sense that
there exists an R > 0 such that d(x,y) < R for all z,y € X.

The finiteness of the integral in the definition of P,(X) does not depend on the choice
of the point xg.

Lemma 6.3. Let (X,d) be a separable complete metric space. Let p € P,(X). Then
/X d(x,z)? du(z) < oo for every z € X.
Proof. By Holder’s inequality,
RPN ER—
where % —1—3 =1. So for a,b > 0,

(a+bP < 2071 (aP + bP).

Hence »
d(a,y)” < (d(@,30) + d(wo, )" < 277 (d(@,20)" + d(z0,2)7),
so that
[ w2y du@) <27t [ o due) + 27 [ dtan, 2 duta),
X X X
which is finite. O

Theorem 6.4. Let (X,d) be a separable complete metric space and let p > 1. Then W, is
a metriz on Pp(X).

Proof. Let p,v € Pp(X).
Wy(p,v) < oco: Since pp @ v € I'(p, v), Fubini yields

Wp(p,v)P < /

XxX

< [ ([ 27 (stm.o0p + dlan ) dute)) dvto)
=2 ([ dap duto) + [ dtzoyraviy)) < .

d(%y)pd(u@V)(w,y):/X(/Xd(w,y)pdu(w)> dv(y)

Wy (g, 1) = 0: Define f: X — X x X by f(z) = (z,2), x € X, and define n := fup.
Then n(S) = pu({z: f(z) € S}) = p({z: (z,z) € S}) for any Borel set S C X x X, so
(A x X) = p(A) and n(X x A) = v(A) for any Borel set A C X. Hence n € I'(u, nu) and

0 < Wi (ju, )? = /X | day) dne.) = /X A(f ()P du(x) = 0.
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Thus Wp(p, ) = 0.
Wy (p,v) = Wy(v, u): Let v € To(p,v) (for the cost function (z,y) — d(z,y)?). Then

d(z,y)? dy(xy) = / A(f () (. y),

XxX

Wi = [

XxX

with f(z,y) := (y,z) and n := fgvy. Then n € I'(v, u), so that

A, y)P dn(e,y) = /X (s, ) = Wyl

Wi = [

XxX

The desired equality follows if we do the same computation with the roles of u and v
reversed.
If Wp(p,v) =0 then p = v: Let v € I'(u, v) be optimal, that is,

/ d(z,y)? dy(z,y) = Wp(p,v)” = 0.
XxX

Denote the ‘diagonal’ of X x X by
A:={(x,z): =€ X}.

Suppose that S :=suppy € A. Then there exists a z € S\ A. Take U C X x X open such
that z € U, UNA = (). Then v(U) > 0 (since z € S) and d(z,y)? > 0 for all (x,y) € U.

Hence

| dwypirey = [ ey dieg) >o
XxX U

which is a contradiction. Therefore S C A. Next, let X C X be a Borel set and define
D :={(z,z): v € A}. Then (Ax X)NS =D, so

p(A) =7(Ax X) =7((Ax X)NS) =7(D) =7((X x A)N5) = v(X x A) = v(A).

Finally, we show the triangle inequality for W),. Let 1, pa, us € Pp(X). Take 2 €
Lo(p1, o) and a3 € Ty(ug, u3). Due to the disintegration theorem there exists a family
(V1,2)zex in P(X) such that

x +— 11 4(A) is measurable for every A C X Borel

and

/XXX h(z,y) dyi2(z,y) :/X (/X h(zx,y) dl/lw(y)) dys (z)

for every Borel measurable h: X x X — [0, 00) and, similarly, there exists a family (v3,),ecx
in P(X) with y — v3,(A) measurable for each Borel set A C X and

/X i h(x,y) dyas(y, 2) = /X ( /X h(y, z) dygvy(y)> dpia(y)

for every Borel measurable h: X x X — [0,00). Define for V'C X x X x X Borel
W)= [ v iy () dne ) din o),
xJxJx
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Then v € P(X x X x X),

YAX X x X)= /A/X /X ldvs y(2) dvy o (y) dp () = pa(A),

VX x Ax X) = //1du1x ) dpa (2 //1XXxxydu1m()dm()

/ Lxxadyia(z,y) = v12(X x A) = pa(A),
XxX

V(X x X xA) = /X/X/X 1a(2) dvs y(2) dvr gz (y) dpa ()

:/ /1A(z)du3,y(z)d’}’12(3€,y)
XxX Jx

= [ [ @ dnyGdnw = [ 16 dune)
xJx XxX

= Y23(X x A) = p3(A).

Denote m3(x,y, 2) := (z, z) and define 13 := (713) 47, that is, y13(Ax B) = vy(Ax X x B).
Then 713 € I'(u1, p3), so

Walpn, z) < (/XXX Al 2)F s Z)> N N (/XXXXX d(mi3(z,y,2)) dy(z,y, z)> N

» 1/p
< ([ () + i) )
XxXxX
= lld(z,y,2) = d(z,y) + d(y, 2)l|Lr(y) < [ld(@, )| Lo (7) + 1Ay, 2)]l Lo ()

— / d(z,y)P dy(z,y) + / d(y, z)" dy(y, 2)
XXxXxX

XxX

) </X /X /X d(x, y)? dvs y(2) dv 2 (y) dul($)> N
' </X /X /X d(y, 2)" dvs y (2) dv1,.(y) du1(:c)> N
— (/XXX d(z,y)? dvy(z, y)> 1/p + ( /x /X d(z, 2)P dvs y(2) dya(z, y)) 1/p

=Wyt + ([t v 2) ) ) "

= Wp(p1, p2) +/Xd(y,2)p dy3(y, 2)
= Wy (1, p2) + Wp(p2, p3).
Thus W), satisfies the triangle inequality. O

The metric W), on P,(X) is called the Wasserstein-p metric on P(X).

If the metric space (X, d) has finite diameter, then the topology induced by W), is the
topology of narrow convergence. The proof needs a lemma on infinite products of measures,
which we cite first.
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Lemma 6.5. Let (Xo,do),(X1,d1),... be separable complete metric spaces, let Xoo =
II2 ) X; endowed with the metric

d((2:)i, (i)s) 22 "min{d(x;, yi), 1},

=0
and let p; € P(X;) for all i.
(i) For every v; € I'(ws, pri+1), 1 =0,1,..., there exists a v € P(Xs) such that

(Tiig1)pv =" foralli=1,2,...,
where m; ,_,_1((%)] 0) = (@i, Tit1), (xj)]qio € Xeo
(ii) For every ~y; € T'(uo, psi), i = 1,2,. .., there exists a v € P(Xo) such that

(mo,i) v =i foralli=1,2,....

Also the next lemma on supports of measures is needed.

Lemma 6.6. Let (X,d) be a separable complete metric space and let p € P(X). If U is an
open subset of X with p(U) > 0, then U N supp p # 0.

Proof. p is tight, so there is a compact set K C X such that u(K) > 0. We argue by
contradiction. Suppose that for all € K and for all U, open with z € U, we have
p(Uz) = 0. Then |J, U, is an open cover of K, so K C |J;; Uy, for some zy,...,z, € K.
Then p(K) < 30, u(Uyg,) =0, which is a contradiction. O

Proposition 6.7. Let (X, d) be a separable complete metric space such that sup{d(z,y): =,y €
X} < oo. Let (pin)n be a sequence in Pp(X) and let p € Pp(X). Then

U — W narrowly, i.e.
Jx fdun — [ fdp for all f € Cy(X).

Proof. =) Take for each i =1,2,... ay; € I',(p, it;) and let v be as in (ii) of Lemma 6.5.
Then

Wy(pin, p) =0 <=

[ dmata)mola) dvta) = [ dmon @) dv(a)

- / A,y d(mon)gr(a,y) = [ d(e,y)P dyn(zy)
XxX XxX

= Wp(lu‘uun)p - Oa n — oo,
so for f: X — R bounded Lipschitz

‘/f ) djin /f ) dyu(z

S/ |f (mn () — f(mo(2))|dv(z) < (/ (@) — f(mo(@)? du(x)>1/p

oo Xoo

‘ [, m@yan) =~ [ ) ivta)

1/p
<tip() ([ dima(o)mo(a)) vl )
< Lip() Wyt i) = = o
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Hence p,, — p narrowly (as convergence with respect to bounded Lipschitz functions is
sufficient for narrow convergence).

<) Choose v; € T'y(u, p;), for each ¢ = 1,2,.... Since {u;: ,i = 1,2,...} U{u} is
compact in P(X), Prohorov’s theorem yields that this set is tight. Let ¢ > 0. Then there
exists a compact K C X such that

wi(K) >1—¢/2 for all i and pu(K) >1—¢/2.
The set L := K x K is compact in X x X and

V(X X XA\ L) <7i((X\ K) x X) 4+ %(X x (X\ K))
= X\ K) +pi(X\ K) <e,

so {vi: 1 =1,2,...} is tight. By Prohorov’s theorem this set is then compact in the metric
space P(X x X) and therefore there is a subsequence and a v € P(X x X) such that ~;, —
in P(X x X). Since (z,y) — d(z,y)? is a bounded continuous function on X x X (by the
assumption that the diameter is finite) it follows that

/ d(z,y)? dy(z,y) = lim d(z,y)? dyiy, (x,y) = Hm Wy(p, pi,)-
XxX k—oo Jxxx k—o0
Also, the coordinate projections m; and ms from X x X to X are continuous, so that
p=(m1)pi, — (m1)gy and py, = (72)47%, — (m2)#7y. Hence v € T'(p, p).

We show next that « is an optimal transport plan from p to p for the cost function
c: (z,y) — d(x,y)P. We first show that S := supp~y is c-monotone. Let (z;,y;) € S for i =
1,...,n and let o be a permutation of {1,...,n}. For each r > 0 we have v(B,(z;,y;)) > 0,
where B, (z;,y;) denotes the open ball in X x X with radius r centered around (z;, y;). The
Portmanteau theorem yields that

So for k large we have v;, (By(xi,y;)) > 0for i = 1,...,n. Hence for every r > 0 there exists
a K € N such that v;, (By(x;,y;)) > 0 for all k > K. With the aid of the previous lemma it
follows that for each r > 0 and each i € {1,...,n} there is a point (z],y]) € supp~;, with
d(z],z;) <rand d(y],y) <.

Since +;, is optimal, its support supp;, is c-monotone, so

n

D@l uh) =D elalyp).
=1

i=1
Let 7 | 0. Since c is continuous we get

n

Z (o (i), Yi) 2 Z (@i, Yi)-
i=1

i=1

Hence supp~y is c-monotone. By a theorem from optimal transportation theory is then
follows that v is an optimal transport plan for c.
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Next we infer that [y d(x,y)? dy(x,y) = 0. We define f: X — X x X by f(z) =
(z,x). Then fyp € T'(u,p), so

/ d(fv,y)pdv(w,y)é/ d(z,y)P df yp(,y)
XxX

XxX

= / d(z,z)P du(x) = 0.
X
Thus,

klim Wy, i) = klim d(z,y)P dv,
—© T JXxX

= / d(x’y)p d’y(:ﬂ,y) = 0.
XxX

By the same arguments we can show that for every subsequence of (W, (i, 11;)); there is a
subsequence which converges to 0. That is sufficient to conclude that Wp(p, ;) — 0. O

If the metrix space (X, d) does not have finite diameter then the topology on Pp(X)
induced by W), is a little stronger than the topology of narrow convergence. For sake of
completeness we cite the equivalence. A sequence (yy,), in Pp(X) is said to have uniformly
integrable p-moments if there exists an xg € X such that

lim sup/ d(x,z9)? dpn(x) =0,
X\Br(z0)

=0 neN
where B, (xo) denotes the open ball in X with radius r and center xy.

Proposition 6.8. Let (X,d) be a separable complete metric space and let (uy,), be a se-
quence in Pp(X) and pn € Pp(X). Then

L — W narrowly and

Wp(pn, 1) = 0 (tin)n has uniformly integrable p-moments.

Theorem 6.9. Let (X,d) be a separable complete metric space. Then (Pp(X),W,) is a
separable complete metric space.

Proof. To show completeness, let (uy), be a Cauchy sequence in (P,(X), W)). Choose a
subsequence (g, )x such that Wy (pn, , tn,,,) < 27%. We can relabel the subsequence and
thus assume that Wy (i, ptny1) < 27", Choose v; € I'o(p, ptiy1) and make v € P(Xo)
with (m;;41)4v = 7; for all 4, as in Lemma 6.5. Then

[e.9]

Z/ d(z,y)? dyn(z,y) < .
k=1 XxX

d(mp (), Tper ()P dv(z) =
S [ dlm) ) )

As in the proof of completeness of L? spaces (with functions taking values in R), one can
deduce that there exists a m: Xo — X such that

/ (7 (), 7 (2))P () — 0.
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Let ftoo := (Too) V. Then po € Pp(X) and

W@uhuum>sh/ A, )P (. 7o) 1
XxX

— [ dlal) @) @) 0, 1 .
Xoo

The separability can be shown in the same way as the separability of (P(X),dgr):
the set of convex combinations with rational coefficients of point measures at point of a
countable dense subset is dense in Pp,(X). O

6.2 Geodesics in metric spaces

In the definition of convexity of real valued functions on vector spaces (in particular Hilbert
spaces) the notion of line segment plays a role. In an arbitrary metric space, there is no
linear structure and therefore there are no line segments. There is an alternative notion.
Line segments are the shortest paths between two points and shortest pats can be defines
in arbitrary metric spaces.

Let (X, d) be a metric space.

Definition 6.10. A geodesic in X is a curve u: [a,b] — X such that
d(u(r),u(t)) = d(u(r),u(s)) + d(u(s),u(t)) foralla <r < s <t <bh.
A constant speed-one geodesic is a curve u: [a,b] — X such that
d(u(s),u(t)) =t —sforalla<s<t<b.

Usually we will write ‘geodesic’ if we mean ‘constant speed-one geodesic’.

Ezample. Consider (R?, || - ||1), that is, d((u,v), (z,9)) = |u — 2| + [v — y|. Let A = (0,0)
and B = (1,1). Then

u(t) = (1 —=1)(0,0) +¢t(1,1) = (t,t), t € [0,1]
is a geodesic from A to B, since
d(u(s), u(t)) = [|(t,t) = (s,5)[1 = 2|t — s|.

In this example this is not the only geodesic connecting A and B. Indeed, also

is a geodesic connecting A and B, since
|t —sl, 0<s<t<l,
d(u(s),u(t)) = [t —sl, 1<s<t<2,

|(1,t—1) = (s,0)]1 =1—s+t—-1=t—s], 0<s<1<t<2
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Let us consider geodesics in the Wasserstein spaces over X = R, If uq, o € Pp(X),
(1 —t)p1 + tpo is an element of P,(X) for every ¢ € [0,1]. This segment is however not a
geodesic. By means of an optimal transportation plan geodesics can be constructed.

Let X = R? with the Euclidean metric d(z,y) = ||z — yll2. Define the projections
m,me: X X X — X by

m(z,y) = x and mo(z,y) =y for all z,y € X.
Theorem 6.11. Let p, vinP,(RY). If n € To(p1, pu2) and
= (1 —t)m + tma.

Then the curve u defined by
u(t) := (ar)yn,t € [0,1]

is a constant speed-one geodesic with u(0) = u and u(l) = v and

Wi (u(s), (1)) = |s = t{Wp (s, v).
Proof. Observe that

/X Az, 0 du(t) / el d(a) () = / sl dnfe.)
- / 11 = ) + ty|? dn(z )
XxX
p—1 — P p €T
< [ 2 (1= el + ) dnta)

=27 ([ A= orlelp duto) + [ ol av(a)) < .

so pu(t) € Pp(RY).
Let 0 < s <t <1 and define v := (as, a¢)gn. Then v € P(X x X),

V(A X X) = /X () dr(e) = /X Taex(n().on(2) dn(e)
- / La(es(2)) diy(z) = / 1a(2)d( alphay)gn(z)
XxX X

= (as)#n(A4) = pu(s)(A)

and similarly

VX X A) = pu(t)(A)
for A C X Borel. Hence v € T'(u(s), u(t)). Therefore,

W (p(s), u(t))” S/Xxyd(w,y)”dv(x,y) =/XxX d(z,y)" d(as, ar)yleta(z, y)
— [ deulog)astan) dute.y)
XxX
:/ (1 = 8)z + sy — (1 — )z — ty||? di(z, y)
Rd xRd

= [ = sPlle = gl dnte) = It = s Wi
X

since n € I'p(p, v). O
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It follows from the theorem that ¢ — pu(t) is absolutely continuous, because

W, (u(s), p(t)) < / W (41, v) dr

Recall the convexity condition (H1) on a function ¢: X — R that was imposed on ¢
in order to have a gradient flow for ¢ in the metric space X: For every z,yo,y1 € X there
exists a v: [0,1] — X with y(0) = yo, v(1) = y1 and

(e, 7(8)? + (1) <(1 = 6)(dlw,90)* + 2(30) )
+t<d(x7y1)2 + w(w)) = (1= t)d(yo, 1)”
for all t € [0,1]. If ¢ = 0 then (H1) is only satisfied if there exists a curve 7 such that

d(z,y(t))* < (1 = t)d(z,y0)* + td(z,51)* — t(1 — t)d(yo, y1)".

Since in linear spaces the usual convexity property makes use of line segments, it seems
reasonably to consider geodesics for . It turns out that this may be too restrictive in the
Wasserstein space Pa(R%).
Example. Let X = R? and p =
map r which maps (0,0) to (—
That means that

0 %5(2 1 and v = %5(0,0) + %5(,271). Then any Borel

1
29(0,0)
2,1) and (2,1) to (0,0) is optimal for (z,y) — |z — yl>.

1((0,0),(=2,1)) = 1/2 and 1((2,1), (0,0)) = 1/2
defines an optimal transport plan 7. So
Walut = [ o=yl dnfavy) = 5/2+5/2 =5
R2xRR?2
Let pu(t) = (ou)4n, where oy = (1 —t)m +tm, t € [0,1]. Then

p(t)(A) =n({z: a(z) € A}) = n({(z,y): (1 —t)z+ty € A}).

If (z,y) = ((0,0),(—2,1)), then (1 — t)z + ty = (—2t,t) and if (z,y) = ((2,1),(0,0)) then
(I1—-t)z+ty=(2—2t,1—t). Hence

((t) = 30(_otp) + 36(2—201-1)-

Take x = %5(0,0) + %5(0,_2), then a transport plan with marginals y and u(t) charges
((0,0), (—2¢,1)) and ((0,—2), (2—2t,1—¢)) both with mass 1 or both ((0,0), (2—2¢t,1—1t))
and ((0,2), (—2¢,1)) with mass 1. Hence

Wa(x, u(t))? = min{5t* — 7t + L& 562 — 3t + 3}.
This yields that
Wa(x, 1(0)* = 9/2,  Wax,u(1))* =9/2, Walx, u(1/2))* = 17/4
and it follows that
Wa(x, u(1))? < (1= )Walx, u(0))*Wa(x p(1))? — t(t — H)Wa(pu(0), po(1))?
is not satisfied at t = 1/2.
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The example suggest that in the Wasserstein spaces geodesics are not suitable curves
v to consider in order to verify condition (H1), for instance not for the function ¢ = 0. It
turns out that a generalization of the geodesics in Wasserstein spaces yields a convenient
class of curves.

Definition 6.12. Let (X, d) be a separable complete metric space and let u, v, 5 € P(X).
A generalized geodesic joining 1 and v with base point (8 is a curve

pu(t) = (777%)4n, t €10,1]

where n € I'(u, v) (which means that n € ¢P(X x X x X) has marginals p, v and () is
such that

1,2 1,3
77#7 nero(ﬁ7ﬂ)7 7"# Ero(ﬂ,y),

and

7273 = (1 — t)m? + tnd,

T2 (2,y,2) = (2,y), ™3 (2,y,2) = (2,2), (z,5,2) € X x X x X.
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