Gradient flows in measure spaces
(Topics in Analysis 2011)

Assignment 3

Let (X, d) be a separable complete metric space, let 1 < p < oo and consider

1/p
Wy(p,v) := inf {/X Xd(a:,y)p dn(z,y): n € T(u, V)} , v € Pp(X).

The aim of this assignment is to provide an alternative proof that W), satisfies the triangle
inequality, by more elementary means than the disintegration theorem (see P. Clément and
W. Desch, An elementary proof of the triangle inequality for the Wasserstein metric, Proc.
Amer. Math. Soc. 136 (2008), no. 1, 333-339).

1. Let p1, po, u3 € Pp(X) be such that there exists a countable set V = {v,v9,...} € X

such that p;( X\ V) =0,i=1,2,3. Let y12 € I'(it1, n2) and 23 € I'(p2, u3). Define
for k,m,n € N,

o ( it iagiln ) it iy ({on}) # 0,
kmmn +—

p2({vm}) .
0 if 12 ({vm}) = 0

and define a measure v on X x X x X by

= Z ak,m,n(évk & 5Um & 5vn)a
k,m,neN
where §,, € P(X) denotes the point measure (Dirac measure) at v € X.
(a) Show that 77#27 = 71,2 and that Wi?’w = 92,3, where 72(z,y,2) = (z,y) and
723(x,y,2) = (y, 2), (z,9,2) € X x X x X.
(b) Show that v € P(X x X x X).
(c) Show that

Wp(p, pa) < </XXXd($,y)p d71,2(~’5ay)>1/p + (/XXX d(y,z)? dy2,3(y, Z)> l/p-

(Hint: define a suitable measure v; 3 € I'(p1, i£3).)
(d) Conclude from (a)—(c) that

W, ps) < Wplp, p2) + Wylpz, pi3).-
2. Let € > 0.

(a) There exists a countable subset V' = {vj,v9,...} C X and there exist mutually
disjoint Borel sets S1, S2,... C X such that v; € S; and S; C {z € X: d(z,v;) < &}.
for all 7 € N.



(b) Let p € Pp(X) Show that there is a fi € P,(X) such that (V' \ X) =0 and
a({vi}) = p(S;) for all i € N.

(c) Let p,v € Pp(X) and v € I'(i, v). Show that there exists a 4 € I'(f1, 7) such that

‘ </xXx A y) il y)> " </XXX d(z, y)P dy(z, y)> N

where fi and © are as in (b) (for p and p replaced by v, respectively).
(d) Let 7 € I'(@1, 7). Show that there exists an n € I'(u, ) such that

</X><X dl@,2)" dn(a, Z)> " < </X><X d(z, 2)" dij(z, y)) " + e,

where p, v, i, are as in (c).
(Hint: n(U) = 3 pyer mpesitt s (ux v)(UN (Sk x 81)), U € X x X Borel, where
I={(k,1) e N*: u({vrv({u}) # 0}.

3. Use 1 and 2 to show that

<e,

W, p3) < Wy(p, p2) + Wy(pe, p3) for all py, pua, pz € Pp(X).
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