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1. GOALS

(1) LogPic for log curves in families
(2) log line bundles: torsors under the ‘log multiplicative group’.

Representability cannot happen in the category of algebraic spaces equipped
with a log structure, since even the log multiplicative group is not representable
in this category.

But, G has a log etale cover by a log scheme.

There are two notions:

(1) Algebraic spaces equipped with a log structure;

(2) Log algebraic spaces, which are functors which have log etale covers by log
schemes.

2. DEFINITIONS

Log schemes are schemes with log structures admitting charts modelled on in-
tegral saturated monoids (maybe not of finite type).
Log multiplicaitve group:

(2.0.1) G9: LogSch® — Set : S+ T'(S, MZP).
Tropical multiplicative group:
(2.0.2) G 9: LogSch® — Set : S+ T'(S,M%).

Lemma 2.1. Neither of these is representable by an algebraic space equipped with
a log structure.
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Proof. Assume we have a representing object X, an algebraic space with log struc-
ture which represents G'9. Let Sy = Spec k with standard rank 2 log structure:

EX N2 = k; (¢, (my,my)) = c0™Hm2,

Here 0° = 1 and 07° = 0. Say (1, (0,1)) € ['(So, M%), which is a map fo: Sp — X,
and hence

falMX — MSO

(2.0.3) l l

fiO0Ox —— Og,

Given t € N, let S; = Spec k with log structure
k:X D (N<1’ O) D N(t, 1)) — k; (C, (ml, mg)) — Co(ml_tm2)+m2,

Note m; > tms.

Then M’ = M.

Think of log blowup Y; — A? where we subdivide by adding in the ray through
(t,1). Then we pull back to a point lying over the origin.

Then our map fy: Sy — X must factor through S; for all ¢, because monoid for
S is a submonoid with the same groupification.

Hence fiMyx — Mg, must factor through the intersection of all Mg,. This
intersection is N(1,0). But this is a contradiction, because our element (0,1) €
['(So, MZ') cannot come from Z(1,0). O

3. REPRESENTABLE SUBFUNCTOR

Solution: look at a subfunctor of G!?9 which is representable. Given a log scheme
X, and two sections v, § € Hﬁ(p, we say that v and & can be compared locally on
X if for all geometric points x of X, either v < § or § < .

Given X, v and 9§, we can look at the sub functor

(3.0.1) YW)={f: W = X : f*y and f*0 are locally comparable}.

Then Y is representable by a ‘logarithmic modification” of X, i.e. a map which
is locally base-change of a toric modification of toric varieties. Note that such a
map need not be birational, as base change of birational need not be birational;
consider the map from P! to a point coming by base change of blowup of origin of
affine plane.

Definition 3.1. Let P be the subfunctor of GY9 given by

(3.0.2) P(S) = {a € G!9(S) : a locally comparable to 0}.
Lemma 3.2. a) P is representable by P! with its toric log structure.

b) P is a log modification of G°9.



Proof. Proof of (a):

Say f: G — F is a morphism of presheaves on LogSch. Then f is a log modi-
fication if for all log schemes X and maps X — F', the base-change X xp G — X
is a log modification.

Consider A? with toric log structure. Then M} has tautological sections «, 3
coming from the projections to A!, i.e. My2 = cx%y’.

The difference o — (3 defines a map from A% to GY9. Then A% — {(0,0)} is
the union of the loci where v < 0 (complement of x axis) and where § < 0
(complement of z axis).

If we adjust « and 3 by the same units then @ — 8 is unchanged, so we get a
map A% — {(0,0)} — P, which descends to a map P! — P.

Then consider

P>y = {7 : locally v > 0}
and

Pog = {7 : locally v < 0}.
Then these are open sub functors of P which are isomorphic to A! with toric log
structure. They are glued in correct way, so we get isomorphism to P'. (So we
didn’t need the first part of the argument.)

Proof of (b).

We need to check that P = P! is a log modification of G!%9. Well, if Z — G!% is
a morphism of log schemes, then 7 X glog P = Z is a log modification.

Sections in M7’ come locally from log maps to affine toric varieties, so let’s
assume Z is an affine toric variety, with cone o C V for a vector space V.

Let o € M), so & € M. Such a section can be seen as a linear function on V
with integer slopes.

Now Z X ios P is represented by subdividing our cone along the vanishing locus
in V of a.

OJ

Hence, G has a log etale cover by P*. Similarly, one can show that @lnig has a
log etale cover by [P!/G,,].
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